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A QUASISTATIC UNILATERAL CONTACT PROBLEM WITH
SLIP-DEPENDENT COEFFICIENT OF FRICTION FOR
NONLINEAR ELASTIC MATERIALS

AREZKI TOUZALINE

ABSTRACT. Existence of a weak solution under a smallness assumption of the
coefficient of friction for the problem of quasistatic frictional contact between
a nonlinear elastic body and a rigid foundation is established. Contact is
modelled with the Signorini condition. Friction is described by a slip dependent
friction coefficient and a nonlocal and regularized contact pressure. The proofs
employ a time-discretization method, compactness and lower semicontinuity
arguments.

1. INTRODUCTION

Contact problems involving deformable bodies are quite frequent in industry as
well as in daily life and play an important role in structural and mechanical systems.
Because of the importance of this process a considerable effort has been made in its
modelling and numerical simulations. An early attempt to study frictional contact
problems within the framework of variational inequalities was made in [§]. The
mathematical, mechanical and numerical state of the art can be found in [12].
In this paper we investigate a mathematical model for the process of unilateral
frictional contact of a nonlinear elastic body with a rigid foundation. We assume
that slowly varying time-dependent volume forces and surface tractions act on it,
and as a result its mechanical state evolves quasistatically. The contact is modelled
with the Signorini condition and the friction is described by a slip-dependent friction
and a nonlocal and regularized contact pressure. The model of slip-dependent is
considered in geophysics and solid mechanics corresponding to a smooth dependence
of the friction coefficient on the slip u,, i.e. u = p(Ju,|) . The quasistatic contact
problem with slip-dependent coefficient of friction for linear elastic materials was
studied in [5] by using a new result obtained in [I1]. In [9], the contact problem
with slip-dependent coefficient of friction was studied in dynamic elasticity. By
using the Galerkin method and regularization techniques, the authors of [9] proved
the existence of a solution in the two-dimensional case (in-plane and anti-plane
problems), hence for the case one-dimensional shearing problem, the solution that
has been found in two dimensions is unique. The quasistatic problem with unilateral
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contact which used a normal compliance law has been studied in [I] by considering
incremental problems and in [I0] by another method using a time regularization.
In [I5] the quasistatic unilateral contact problem involving a nonlocal friction law
for nonlinear elastic materials was solved by the time-discretization method. By
using a fixed point method, Signorini’s problem with friction for nonlinear elastic
materials has been solved in [6]. The same method was used in [I4] to study
the quasistatic contact problem with normal compliance and friction for nonlinear
viscoelastic materials. Here, we try to complete the study of the elastic contact
problem presented in [5]. Based on a time-discretization method, we prove the
existence of a solution for a variational formulation of the quasistatic frictional
problem, where this problem is given in terms of two variational inequalities as in
[4,[15]. Thus this method is similar to the one that has been used in [4}, [13] in order
to study quasistatic contact problems for linear elastic materials. Given a time
step, we construct a sequence of quasivariational inequalities for which we pove the
existence of the solution. Then, we interpolate the discrete solution in time and,
using compactness and lower semicontinuity, we derive the existence of a solution
of the quasistatic contact problem if the coefficient of friction is sufficiently small.

2. VARIATIONAL FORMULATION

Let Q C R?, d = 2,3, be the reference domain occupied by the nonlinear elastic
body. € is supposed to be open, bounded, with a sufficiently regular boundary I'.
I' is decomposed into three parts I' = Iy UT, UT3 where I'1, Ty, T3 are disjoint
open sets. Let T' > 0 and let [0, 7] be the time interval of interest. We assume
that the body is fixed on I'y x (0,7') where the displacement field vanishes and that
meas'; > 0. The body is acted upon by a volume force of density @1 on Q x (0,7)
and a surface traction of density ¢z on I's x (0,7). On I's x (0,T) the body is in
unilateral contact with friction with a rigid foundation.

Under these conditions the classical formulation of the mechanical problem is
the following.

Problem (P1). Find a displacement field u :  x [0, 7] — R¢ such that
dive+¢; =0 inQx(0,7),
o= F(e(u)) inQx(0,T),
u=0 onIx(0,7),
ov =y onlsyx(0,7T),
o, (u) <0,u, <0,0,(w)u, =0 on Iz x (0,7T),

/\/\/\/\/\
R SR R
ez 2

|o7| < p(|ur])| Ro (u)]
lor| < p(|ur])|Roy(u)| = 4, =0 on I's x (0,7), (2.6)
lor| = p(jur])|Roy(u)| = 3IXA>0: 0, = =iy

u(0) =up in Q. (2.7)
Here represents the equilibrium equation; represents the nonlinear elastic
constitutive law in which F' is a given function and e(u) denotes the small strain
tensor; and are the displacement and traction boundary conditions on I'y
and I's respectively, in which v denotes the unit outward normal vector on I' and ov
represents the Cauchy stress tensor; represent the unilateral contact boundary
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conditions. Conditions represent the associate friction law in which o denotes
the tangential stress, 1, denotes the tangential velocity on the boundary, p is the
coefficient of friction and R is a regularization operator. Finally, represents the
initial condition. In and below, a dot above a variable represents its derivative
which respect to time. We denote by .S; the space of second order symmetric tensors
on R? and it is endowed with its natural inner product. Moreover, in the sequel,
the index that follows a comma indicates a partial derivative, e.g., u; ; = Ou;/0x;.
Here ¢ and div are the deformation and divergence operators defined by

) = (W), () = 5 (s +owy), divo = (o35),

respectively, where we denote by v and ¢ the displacement and stress fields in the
body.

To proceed with the variational formulation, we consider the following spaces
(repeated convention indexes is used):

H=1*0) H, =H Q)Y
Q =A{7 = (1;;);73; = 755 € L*(Q)} = L* ()7,
Q1 ={oce€Q;divec e H}.

The spaces H, () and @, are real Hilbert spaces endowed with the inner products

(u,v)g = / wvide, (0,T)g = / 0 Ti;d,
Q Q
(0,7)q, = {(0,T)g + (dive,divr) .

Keeping in mind the boundary condition (2.3)), we introduce the closed subspace of
H, defined by

V={veH;v=0 onTy}.
and K be the set of admissible displacements

K={veV;v, <0 onls}.
Since measT'; > 0, we have Korn’s inequality [§],

le(lle = callvllm,  VoeV, (2.8)

where the constant cq depends only on  and I'y. We equip V' with the inner
product

(u, v}y = (e(u),e(v))q
and let ||.||y be the associated norm. It follows from Korn’s inequality (2.8)) that the
norms || - || g, and || - ||y are equivalent on V. Therefore (V|| -||v) is a Hilbert space.

Moreover by Sobolev’s trace theorem, there exists do > 0 which only depends on
the domain 2, I'3 and I'; such that

HU”LZ(Fg)d < dQHUHV YveV. (29)

For every v € Hy, we denote by v, and v, the normal and tangential components
of v on I' given by

Uy, = V.V, Uy =V — U,
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Similarly, ¢, and o, denote the normal and the tangential traces of a function
0 € Q1. When o is a regular function, then o, = (ov).v, 0, = ov — o,v, and the
following Green’s formula holds:

(o,e(v))g + (divo,vyg = / ov.wda Vv € Hj. (2.10)

r

For every real Banach space (X, |.||x) and T > 0 we use the notation C([0,T]; X)
for the space of continuous functions from [0,7] to X; C(]0,T]; X) is a real Banach
space with the norm

x) = t .
Ieleqon = mas le(t)lx

For p € [1, 00|, we use the standard notation of LP(0,T; V) spaces. We also use the
Sobolev space W°°(0,T; V) with the norm

lvllw1. 0,730y = l[vllLo=0,75v) + 10l oo (0,751 5
where a dot now represents the weak derivative with respect to the time variable.

In the study of contact problem (P1) we assume that the nonlinear elasticity
operator F': Q x S; — Sy that satisfies:

(a) There exists Ly > 0 such that
|F(z,e1) — F(z,e2)| < Lile; — e9],
for all 1,62 € Sy, a.e. © € ()
(b) there exists Ly > 0 such that
(F(z,61) — F(x,69)).(e1 — €2) > Lole1 — &2,

for all 1,62 € Sy, a.e. © € ()
(¢) ¢ — F(z,¢) is Lebesgue measurable on €, for all € € Sg;
(d) F(z,0) =0 for almost all z in .

(2.11)

Remark 2.1. From the hypotheses on F' we have F(z,7(z)) € @, for all 7 € Q
and thus we can consider F' as an operator defined from @ to Q.

The coefficient of friction satisfies
(a) p:Tg xRy — Ry
(b) there exists L,, > 0 such that

i w) = (., 0)] < LyJu—of

for all u,v € R4, a.e. on I's (2.12)
(¢) There exists p* > 0 such that p(z,u) < p* for all u € Ry, a.e.

x €I's;
(d) the function z — u(x,u) is Lebesgue measurable on I's, for all

ue Ry,

We suppose that the body forces and surface tractions satisfy
©1 € WHS(0,T; H), ¢y € WH(0,T; L*(T'9)%). (2.13)
Using Riesz’representation theorem we define the element f(¢) by

<f(t),v>vz/n<p1(t).vda:—|—/ pa(t).vda Vv eV, tel0,T].

I
The hypotheses on ¢; and @9 imply that

fewhe0,T;V).
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Let us define the subset V of Hy by
V ={ve H;dive(v) € H}.
Similarly define

H(l's) = {w‘rg_ cwe HY(D),w=0on Ty}

equipped with the norm of H'/2(I") and (.,.) shall denote the duality pairing be-
tween H(T'3) and its dual H'(T'3). We define the normal component of the stress
vector ov on I's at time ¢ as follows. Let u € V such that diveo(u) = —p;(t) in Q
and o(u)v = ¢a(t) on I'y. Then o, (u(t)) € H'(T'3) is given by

Yw € H(F3) :
(o (u(t)), w) = (F(e(u(t))), e(v))q — (f(t),v)v, (2.14)

Yo e Viv, =w,v, =0 onl;.

Next we define the functional j: V x V — R by
j(u,v) =/ w(|ur(@)])|Roy (u)|[or(a)|da V(u,v) €V x V,
I's

and da is the surface measure on I's. We assume that R : H'(I's) — L*°(T'3) is a
linear and continuous mapping.
Finally we assume that the initial data wug satisfy

ug € KN ‘77
(F(e(uo)), e(v — uo))q + jluo, v —ug) > (f(0),v —ug)y Vv e K.

Using Green’s formula (2.10) it is straightforward to see that if u is a sufficiently
regular function which satisfy (2.1)-(2.6]) then for almost all ¢t € [0, T7:

(2.15)

u(t) € K,
(F(e(u(t)),e(v —u(t)))q + j(ult),v) — jlu(t),u(t))
> (f(t),v —a(t))v + {ov(u(t)), v, — W (t)) YveV,
(o0 (u(t), 20 —uu(t)) VzeK.

Therefore, using (2.7) and the previous inequalities yields to the following varia-
tional formulation of problem (P1).

Problem (P2). Find a displacement field u € W°°(0,T; V') such that u(0) = ug
in Q and for almost all t € [0, 7], u(t) € KNV and
(F(e(u(?))),e(v) = e(@t))q + j(ul(t), v) — j(u(t), u(t))
> (f(t),v —u(®)v + (ov(ut), v, — i (t)) YveV,
(on(u(t)), 2z —uy(t)) Vze K. (2.17)

(2.16)

The main result of this paper is the following.

Theorem 2.2. Let T > 0 and assume that (2.11)), (2.12)), (2.13) and (2.15) hold.
Then problem (P2) has at least one solution u for a sufficiently small friction coef-
ficient.
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3. INCREMENTAL FORMULATION

This evolution problem can be integrated in time by an implicit scheme as in
[4, 15]. We need a partition of the time interval [0,T], 0 =tg <t; < --- <t, =T,
where t; = iAt, 0 < i < n, with step size At = T/n. We denote by u'" the
approximation of u at the time ¢; and by the symbol Aufi the backward difference
uli+t — gl For a continuous function w(t) we use the notation w'* = w(t;). Then
we obtain a sequence of incremental problems (P'¢) defined for u® = g by:

Problem (P%). Find ufi+' € K NV such that
(F(e(ut)), e(w) — (™)) g + j(ul™,w — ut) — j(u ™, Aut)
> (ffrw —uh Yy + (o, (W) w, —ufit) Y €V
(o (u'1), 2, —ulit') >0 Vz e K.
Lemma 3.1. Problem (PL) is equivalent to the following problem.

Problem (Q%). Find u+' € K NV such that
(P10, ) = g 50w =) = G0, B0
> (f““,w _ uti+1>v Vw e K (3.1)

For the proof of the lemma above, we refer the reader to [4].

Lemma 3.2. There exists pg > 0 such that for p* < ug, problem (Q%) has a
unique solution.

To show this lemma, we introduce an intermediate problem. First, we define the
convex set
Ci ={g € L*'s);g >0 ae. on s}

and the function
p(w) = [ ghurlda.
s

We introduce the intermediate problem (Qf{g) for g € C7 by replacing in (3.1
w([us )| Roy, (uti+1)| by g as follows.

Problem (Q,). Find u, € K such that for all w € K,

(F(e(ug))s e(w) — e(ug))q + p(w — u') = plug —u') > (f w —ug)y . (3.2)
Then we have the following lemma.

Lemma 3.3. For any g € C7 problem ( f{'g) has a unique solution ug. Moreover,
there exists a constant ¢1 > 0 such that

ugllv < call ff+ |y (3.3)

The proof of the above lemma can be found in [I5]. Now we prove the following
lemma.

Lemma 3.4. Let ¥ : CY — C7} be the mapping defined by

U(g) = pullugr|)|Row (ug)|-

There exists L] > 0 such that if p* 4+ L, < L7, then ¥ has a fized point g* and ug-
is a solution to problem (Q%).



EJDE-2006/144 A QUASISTATIC UNILATERAL CONTACT PROBLEM 7

Proof. Since for g € L*(T's), 0,,(u,) is defined on I's and belongs to the dual space
H'(T'3), we have
W (g1) = W(g2)llL2(ry) = ll(lug,, )| Row (ug,)| — plug,, ) Row (g, )l 2 (ry)
< llpllug,, ) = pllug,, DI Row (ug,)||| L2 (rg)
+ pfugy, N(1Row (ug, )| — [Row (ugy) )| L2(ry)-
Using the relation (2.14])), the continuity of R and (3.3)), it follows that there exists
a constant C' > 0 such that
[Row (ug,)l L) < Cllflleo,m;v)-

Using (2.9), (2.12)(c), (2.14) and the continuity of R, yield that there exists a

constant C7 > 0 such that
1W(g1) = W(g2)llL2(ra) < Cr(p” + Ly)l[ug, — tg,|lv-
On the other hand set v = ug, in (Q,,) and v = uy, in (Q},,) and adding them,
we obtain by using (2.9) and (2.11))(b), that there exists a constant Cy > 0 such
that
[ug, — g, llv < Callgr — g2llL2(rs)-

Hence we deduce
W (g1) — ¥(g2)llL2(ry) < C1C2(p" + Ly)llg1 — g2/l L2(rs)

and when L] = we have for p* + L, < Lj, that the mapping ¥ is a con-

1
Cl Cz ’
traction. Thus it has a fixed point ¢g* and wug, is the solution of problem (Q%).
We remark that ¢* € L>(I'3) as ¥(g*) € L>(I'3) and ug € K NV yields that

utt e KNV. 0

Lemma 3.5. We have the following estimates: There exists a constant L5 > 0
such that for p* + L, < L3, there exist d; > 0, i = 1,2, such that

[ubtly < dyll ff+ v, (3.4)
[Au' ]|y < daf|Af*

V-
Proof. By setting w = 0 in the inequality we deduce the inequality
(), e(uls+))g < jut, ufses) 4 (fees )y
Using the properties of j we have
Gut et ult ) < (| Roy ()| poe ng) deo (meas Tg) V2 [ul 2 |y
Then using the continuity of R and , there exists a constant ¢ > 0 such that
[Ro (') poe 1) < e(fu' v + [Lf54 [v).
Using (2.11))(b) and , there exists a constant ¢; > 0 such that
Lolu'" [}, < dap*c(meas Ty) /2 [u |5 + e | £+ v [[u+ |y,

from which we deduce if we take
— L2
"~ 2dgc(measT'3)1/2’

251
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that for p* + L, < pi, there exists d; > 0 such that (3.4) hold. To show the
inequality (3.5) we consider the translated inequality of (3.1]) at the time ¢;, that
is

(P(e(u) () — e ) + " w — =) — )
> (fliw—ut)y ¥V oweK.
By setting w = u* in (3.1)) and w = u*+ in (3.6) and adding them up, we obtain
the inequality
~ (P(e(u) — Flet)) (Aa g — ja, Aut)

(3.6)

gttt < (atut -t
> (—Afl Aut)y.
Then using the inequality
[zt =z = = Jugt =g | < Jugt =y,
we have
L e (VAR ) (L)
Therefore,

(F(e(u')) = F(e(u")),e(Au'))q — j(u", Au') + j(u"+", Au™)
< {AfY Aty

Using the hypothesis (2.11]) (b) on p, inequality (2.9) and the properties of j, there
exist two positive constants ¢ and cg such that

| = g(u", Au) + j(uf, Aut)] < ea(p” + L) [Au" 5 + esl| A v ]| Au|v.

Then using the hypothesis (2.10))(b) on F', we obtain from the previous inequality
that

(3.7)

Lol Au®|[3 < ca(u™ + Ly)l|Au® |5 + eal| Af" v || Au' ||y

Then if we take uo = QLT";, for p* + L,, < po, there exists da > 0 such that

[Au*[ly < dof|Af"

V.

and the lemma is proved with L5 = min(u1, p2). O

4. EXISTENCE

In this section we prove our main result, Theorem [2.2] which guarantees the
existence of a weak solution for problem (P2) obtained as a limit of the interpolate
function in time of the discrete solution. For thus, we shall define the following
sequence of functions «™ in [0,T7] — V by

(t—t;)

un(t) =u' + TAutl on [ti,ti_;,_l],i =0,....,n—1.

As in [15] we have the following lemma.

Lemma 4.1. There exists u € WH(0,T; V) and a subsequence of the sequence
(u™), still denoted (u™), such that

u" —u  weak x in W (0,T;V).
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Proof. As in [15], from (3.4) we deduce that the sequence (u™) is bounded in
C(]0,T); V) and there exists ¢z > 0 such that

n < .
Jnax [u"@®)llv < esllflleqom:v)

From ({3.5) we deduce that the sequence (u") is bounded in L*°(0,7; V') and that
there exists ¢4 > 0 such that

max — v L>(0.T:V)-
n—1 t “ 0.1:V)

[ oy =

Consequently the sequence (u") is bounded in W1°°(0,T;V). Therefore, there
exists a function u in W1°°(0,T; V) and a subsequence, still denoted by (u™), such
that
u" —u  weak * in W(0,T;V) as n — oo satisfying
[ullwi.0.1v) < esll fllwreo.1.v)s
with ¢5 = max(cs, cq). O

Let us introduce the following piecewise constant functions u™ : [0,7] — V,
f™:0,T] — V defined as follows

W (t) = ub, () = f(tigr), VEE (fitigr],i=0,...,n—1.
We have the following result.

Lemma 4.2. Passing to a subsequence again denoted (4™) we have
(i) @™ — u weak * in L>°(0,T;V),
(i) u"(t) — u(t) weakly in V a.e. ¢t in [0,T],

(i) w(t) e KNV a.e t€[0,T].

Proof. From we deduce that the sequence (u™) is bounded in L*(0,T;V).
Then, there exists a subsequence still denoted (4") which converges weakly * in
L>(0,T;V). On the other hand as in [II] we deduce for every t € (0,7) the
inequality

a6 — (D)l < " (1) v, (41)

from which we deduce

n ~n T, .
[u"(t) — a" ()| Lo 0,75v) < C4E||f”L°°(0,T;V)~
This inequality proves that
u" —u weak x in L*(0,T;V),

whence (i) follows. To prove (ii), since W1>°(0,T;V) — C([0,T];V), we have
u™(t) — u(t) weakly in V, for all ¢ € [0,T], and from we have immediately
(ii). We turn now to the proof of (iii). To this end we remark that we have
" (t) € K a.e. t € [0,T], so we deduce that u(t) € K ae. ¢t € [0,7]. Then it
suffices only to show that u(t) € V a.e. t € [0, T]. Indeed, from the inequality
we deduce the inequality

(F(e(u"(t))),e(w) —e(@"(t))q + j(" (t),w — a"(t))
> (fr(t),w —a"(t))v, YweK, ae. te(0,T).
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From this inequality we deduce that for a fixed ¢ € (0,7T), divo(a™(¢)) is bounded
in H and so we can extract a subsequence again denoted div o(@™(t)) such that it
converges weakly in H. Since div o (4" (t)) — div o(u(t)) in the sense of distributions
we conclude that divo(u(t)) € H ae. t € [0,7]. Then u(t) € V a.e. t e [0,7T],

which concludes that u(t) € KNV ae. t € [0,T]. O
Remark 4.3. Since f € WH(0,T;V), it follows that
f" — f strongly in L*(0,T; V). (4.2)

Now we have all the ingredients to prove the following proposition.

Proposition 4.4. The sequence (") converges strongly to u in L*(0,T;V) and u
is a solution to problem (P2) if the coefficient of friction is sufficiently small.

Proof. To show the strong convergence of the sequence (@") in L?(0,T; V) we con-
sider the following inequality deduced from inequality (3.1)):

(F(e(u'1)),e(v) — e(u'™1)) g + ju' v —ulitr) > (fltt v —ubitt)y, Yo € K.
Whence we get the inequality
(Fe(@"(1))),e(v) — (@ (1)) + J(@" (), 0 — T'(£)) = (f"(t),v —@"(t))v (4.3)
for all v € K, a. e. t € [0,T]. Also we shall consider the inequality
(Fe@m(t))),e(v) — @ ™(1))q + @™ (t), v — a"*™(t))
> (P (), 0 — W)y Yo € K, ae. t € [0,T).

In the next, setting v = @"(t) in (#.4) and v = @" "™ (t) in ([4.3)) and adding them,
we obtain by using the hypothesis (2.12))(b) on p the inequality

(Fle@™™™ (1)) — F(e(@" (1)), e(@"(t) — (@™ (t))q

vt [ At - an(6)lda
s

> —(frrm () = (), () - @t () v
Therefore, there exists a constant C3 > 0 such that
[am ) —a" @0l
< Cy(2p*[lag ™™ (8) — @ (Ol L2 rgye + 177 (@) = P OIT)-
To complete the proof we refer the reader to [I5, Proposition 4.5] and conclude that

(4.4)

a" — u strongly in L?(0,T; V). (4.5)
Now to prove that u is a solution of problem (P2), in the first inequality of problem
(PLi), for v € V set w = u'" + vAt and divide by At; we obtain the inequality:

Auli Auli
tig1 _ (a0 bir1 _ G(atit1
(Pt ),e(0) (D)) g + st v) — jutess, 207

Auli Auli
> . _ tit1 _ vy
fetl <f(tz+1),’U At >V + <O'u(u );UV At >

Whence for any v € L?(0,T;V), we have
(F(e(u"(t))),e(v(t)) —e(@™(t))q + 3" (t),v(t)) — j(u"(t),u"(t))
> (f (1), 0(t) = " () + (o, (@" (1)), 0, (8) — (1), ae. t€[0,T].
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Integrating both sides of the previous inequality on (0,7), we obtain

T
/0 (F(e(@ (1)), e(u(t)) — (i (1)) it
+ / J@ (1), o(t))dt — / J@ (1), i () dt
T T - o
> / (1), v(t) — i (t) ) dt + / (0 (@ (1)), v, (£) — G2 () dt.

Lemma 4.5. We have the following properties:
T

lim [ (F(e(u"(?))),e(v(t)) —e(a" (1)) qdt

n—oo 0

:/0 (F(e(u(t),e(u(t) —e(alt))dt Vv e L*(0,T;V),

T T
hmlnf/o j(u”(t),u"(t))dtz/o J(u(t), a(t))dt,

n—oo

T T
lim j(ﬁ”(t),v(t))dt:/o jlu(t), v(t))dt Vv € LX0,T;V),

n—oo 0

T _ T
lim [ (1), 0(t) — @ (0)vdt = / (), 0t) — at)) vt

n—oo

for all v e L*(0,T;V).

11

(4.6)

Proof. For the proof of (4.7), we refer the reader to [15]. To prove (4.8) we write

j(ﬁ"(t)7u"(t))=/r( (1a7]) = u(lur]))| Ro (u")]] 7 | da

+ / w(lur)(|Roy (u")| = [Roy (u)])] i |da + j(u(t), u" (£)).
I's

Using hypothesis (2.12)(b) on y, we obtain

| / (a2]) — s(Jur]))|Roy (@) 2| da| < L, / | — || Ror (@) 2| da,

which implies

>/ (J1) = su(lur )| Rory @) 2 dal

< Lu”uq— Url L2 (3)d | Ro, (u™) ||L°°(F3) ||1:LZHL2(F3){1'

Now, the continuity of R and the relation (2.14)) imply that there exists a constant

C4 > 0 such that
[ R0 (u"))||Loo (rs) < Call fllwrieo 0,757

Therefore, using [|4"|| oo 0,7;v) < s||.flwi.ee(0,7.v), we find from (2.9) that

|// (@21) — pul s ) [ Ror (@) i da ]|

< G5l f e 0,00 18" = ull 20,70,
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where C5 > 0. As previously the continuity of R and the relation (2.14]) yield that
there exists a constant Cg > 0 such that

1R (@ (1)) = 0w (u(t))]lz=(ry) < Co(lla™(t) = u®)llv + 17" () = F@)llv),
a.e. t € (0,T). So, we deduce that there exists a constant C7 > 0 such that

T
| / / pu(lue ) (| R ()] — [ R (w) ) 2] da |

< Crll fllwree oy (17" = ull L2075y + 1™ = Fllzzo.mv))-

Hence using (4.2) and (4.5), we get

T
lim jﬁ jﬁsuOuTD(uhnmunNLRUV@g|nu2|dadtQ

n—-+oo

im [ [ (1) = (hue ) B ) = 0.

n—-+o0o

Finally as by Mazur’s lemma we have

T T
hmﬁAijM®WEAjwwmm@

n—-+00

then we obtain

n—-+4oo

To prove (4.9) and (4.10]) it suffices to use (4.5)) and (4.2)), and (4.2]) respectively. O
Now passing to the limit in inequality (4.6]), we obtain the inequality:

T
/0 (F(e(u(t))),e(v(t)) — (@) q + j(uld),v(t)) — j(u(t), i(t)))dt

T T
hmlnf/o j(u”(t),u”(t))dtz/o J(u(t), u(t))dt.

. . (4.11)
> [0 - aOivde+ [ o). o - i)
If we set in v € L2(0,T;V) defined by:
Jw for s € (t,t + \)
v(s) = {u(s) elsewhere,

we obtain the inequality

1 t+A
X/t (F(e(u(s))), e(w) —e(is)))q + j(uls), w) = j(u(s), i(s)))ds

1 t+A 1 t+A
>5[ U@ i)vds+ 5 [ o). w— i (s)ds.

t t
Passing to the limit, one obtains that u satisfies the inequality (2.16) and conse-
quently w is a solution of problem (P2). To complete the proof, integrate both sides

of (4.3); that is,
T T
/0 (F(e(@ (1)), e(v(t)) — e(@ (1)))qdt + / J@ (1), o(t) — a°(t))dt

> / (P (1), v(t) — @ (1)t
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for all v € L?(0,T; V) such that v(t) € K a.e. t € [0,T]. Passing to the limit in the
above inequality, with (4.2) and (4.5)), we obtain the inequality

T

T
/O (F(e(u(t))), e(w(t)) — e(u(t)) odt + / J(u(t), o(t) — ut))dt

> /T(f(t),v(t) —u(t))ydt YveL*0,T;V);v(t) € K, ae. tec[0,T].
0

Proceeding in a similar way, we deduce that u satisfies the inequality

(F(e(u(t))),e(w) —e(u(®))q + j(u(t),w — u(t) = (f(t), w — u(t))v
for allw € K a.e. t € [0,T]. Using Green’s formula in the above inequality, as in[4],

we obtain that u satisfies the inequality (2.17)) and consequently w is a solution of
problem (P2).

Remark 4.6. We can state another variational formulation of the problem (P1)
defined as follows

Problem (P3). Find a displacement field u € Whee(0,T; V) such that u(0) = ug
in © and for almost all ¢ € [0,T], u(t) € KNV and

(F(e(u(t)),e(v) —e(a(t))q + j(ult),v) — j(u(t),u(t))
2 <f(t),1) - u(t»V + <90V(u(t))7vu - uu(t»f‘ >0 Yve ‘/7
(0o, (u(t)),zy —u,(t))r >0 Vze K.

Here, R : H™2(T') — L>(T's) is a linear and continuous mapping and (., .)r denotes
the duality pairing on H~2(T') x HY/2(T'). The cut-of function 6 € C°(R%) has
the property that # = 1 on I's and # = 0 on Sy with S, an open subset such that
for all ¢ € [0,7] supp ¢2(t) C So C Sz C I'a.

Conclusion. In this paper we have shown the existence of a solution of the qua-
sistatic unilateral contact problem of slip-dependent coefficient of friction for non-
linear elastic materials under a smallness assumption of the friction coefficient. The
important question of uniqueness of the solution, as far as we know still remains
open.
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CORRIGENDUM POSTED FEBRUARY 8, 2007
The author would like to correct the following misprints:
Page 5, Line 24: The last line of the displayed equation should be
(o (u(t)), 2z —uu(t)) >0 VzeK.
Page 5: Equation should be
(o0 (u(t), 20 —uu(t)) VzeK. (2.17)

Page 9, Line 27: The argument (¢) should be deleted; so that the inequality
becomes

o ~ @m0y < e I im0
Page 13: The symbol “> 0” should be delteted in both inequalitites: This is,
(F(e(u(t)),e(v) = e(a(t))q + j(u(t), v) = j(u(t), u(t))
> (F(),0 — i)y + Bou(u(t),vr — i (O)r YoV,
(Oo,(u(t),zp —u,(t))r Vze K.
End of corrigendum.
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