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INVERSE SPECTRAL ANALYSIS FOR SINGULAR
DIFFERENTIAL OPERATORS WITH MATRIX COEFFICIENTS

NOUR EL HOUDA MAHMOUD, IMEN YAICH

ABSTRACT. Let L, be the Bessel operator with matrix coefficients defined on
(07 o0) by

I/4—a?

$2

where « is a fixed diagonal matrix. The aim of this study, is to determine, on
the positive half axis, a singular second-order differential operator of Lo + Q
kind and its various properties from only its spectral characteristics. Here
Q@ is a matrix-valued function. Under suitable circumstances, the solution is
constructed by means of the spectral function, with the help of the Gelfund-
Levitan process. The hypothesis on the spectral function are inspired on the
results of some direct problems. Also the resolution of Fredholm’s equations
and properties of Fourier-Bessel transforms are used here.

LoU(t) =U"(t) + U(t),

1. INTRODUCTION

By an inverse problem, physicists mean the derivation of forces from experimen-
tal data. A well-known solution of an inverse problem was the discovery of the
gravitation law by Newton from the observations of Kepler. Inverse problems re-
ceive considerable attention in mathematics, physics, mechanics, meteorology and
other branches of science. In spectral analysis, this consists in recovering operators
from their spectral characteristics that means the bounded states and the scat-
tering matrix or the spectral function. A procedure for explicitly constructing a
potential for a boundary-problem without singularity from its spectral character-
istics was formulated by Gelfand and Levitan in [6], they reduced the problem to
a linear integral equation. The extension of the Gelfund-Levitan theory to higher
waves (I > 0) are due first to Stashevskaya [16], Volk [I7] and also to Jost and
Kohn [8]. In the literature, in this direction, we have several other studies; see for
example [T}, 2, 5] [7, 13, 14]. For example, the inverse scattering problem for the
radial Schrodinger equation with coupling between the I™® and the (I + 2) angular
momentum, which reduces to a system of two singular second order differential
equations is considered in [13]. Spectral problems associated with a generalization
of a such system are studied in [3| [I1 12]. These papers deal with the equation
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defined, on ]0, oo, by

I/4—a?
U+ ———U+QMU = —\?U, (1.1)
where X is a complex parameter, « is a diagonal n X n matrix, such that
()i =iy, ap>->a;>-1/2 (1.2)

and @ is a real symmetric sufficiently smooth n x n matrix-valued function. For a
such potential, is solved and its various needed solutions are determined. As-
sociated Fourier-Bessel transform is studied and properties of the spectral function
are deduced. In the following, we make a brief recall of useful results. Let so be
given the matrix Bessel operator L, defined, for ¢t > 0, by

I/4—a?
LoU() = Uu(t) + 2 0y (13)
for which the n x n diagonal matrix-valued function given, for A € C, by
[Ta(t. V)], = 2/ T (az + )VETa, (A1), (1.4)
is the eigenfunction associated with the eigenvalue —\? such that
lim ¢ 127, (t,\) =1, 1.5
Jim, Ta(t; A) (1.5)

where J,, is the Bessel function of the first kind. Under conditions on @, the solution

D(t, A) of satisfying (1.5) may have the form
t
D(t,\) = Ju(t, M) +/ K(t,u)Jo(u, N)du.
0

Properties of the kernel K(t,u), as for example its twice differentiability on ¢ and
u, are deduced. Among other the following relation holds

(Lo Q) (t,0) =[(La)u K" ()]
where ,
[LoU*(8)]" = Uy (t) + U(t)f/“%.

We have also the useful relation
1 t
K(t,t) = —5/ Q(s)ds, t>0.
0

Since Q(t) is usually taken integrable at zero, so obviously K (¢,t) vanish at zero.
Finally let Sp(A\) be the spectral function associated with L, and let S(\) be the
portion of the spectral function associated with the continuous spectrum of L, + @,
we show among other that for A\ large we have

S(A) = So(A) = 2727 (a + HAYO(1)A

and that, for a; > 1 (see [3]), S(\) is integrable at zero. Here I'(«) is the diagonal
constant matrix defined by [I'(a)];; = I'(a;), 1 < j < n. In [I2] and for ¢,u > 0,
we consider the function

Q(t,u) = / " Tt (S — STl VA + 3 Tt )y, Ay),

Jj=1
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where the C; are spectral parameters associated with the finite discrete spectrum
Aj, 1 < j < m, of the considered operator. The function Q(t, u) is related to the
kernel K (t,u), for 0 < u < t, by the Gelfand-Levitan equation:

K(t,u) 4+ Q(t,u) + /t K(t,s)2(s,u)ds = 0. (1.6)
0

The previous equation is solved in [I2] as a Volterra one, where (¢, u) is seen as its
unknown component. Properties of differentiability and estimates on this function
are thus obtained. Among other properties, we have

lim Q(t,u) = lim+ Qu(t,u) =0,

u—0t u—0

(L)t w) =[(La)u® (tw)]

Conversely, would it be possible to construct a system of singular differential op-
erators from only its spectral characteristics? This question is fairly obvious since
the used functions are measurable quantities. Thing which allows scientists to be
very interested by a such subject, usually called inverse spectral problem.

In the present paper we are concerned with the resolution of such problem for
a singular second order differential operator L, + @, with matrix coefficients, for
which a and L, are given respectively by (1.2), and where the potential Q
is to recover from the measured spectral properties. Analogous processes to those
handled in the references above are used here. The main mean is the resolution of
the Gelfand-Levitan equation where K (¢, u) is taken as an unknown function.
Properties of symmetry for Q(t,u) and conditions on the spectral function allow to
solve ([1.6) as a Fredholm’s equation which give K (¢,u) and its useful properties.
This enables us to set

Qt) = —Q%K(t,t), t>0. (1.7)
Let us give a brief outline of the plan and basic ideas of this survey. ;From the
hypothesis below, we first obtain in the second section useful properties of Q(t, u).
Then in the third we construct a function K (¢, u) related to Q(¢,u) by the Gelfand-
Levitan equation . Properties of differentiability and estimates on K(t,u)
deduced from those of Q(t,u) are also obtained. This allows to construct, in the
forth section, a potential @) by the relation and a function ®(¢, A) which should
be an eigenfunction of the operator L, + Q. In the fifth section, the symmetry of Q
is proved and its asymptotic behavior is obtained in special cases. The case where
the spectrum differs from which of L, by a finite discrete one is finally studied in
the sixth section.

The final thing to be said here is that recovering the properties of Q(t) from those
of S(\) turns out to be difficult. This is due to the fact that the kernel Q(¢,u) of
is a matrix-valued one expressed in terms of Bessel functions for which there
are no simple addition formulas such as exist for the trigonometric functions in the
scalar case. These difficulties appear in solving this equation as well as in searching
properties of its solution and yield us to look for the asymptotic behavior of Q(t)
in restricted cases.



4 N. H. MAHMOUD, I. YAICH EJDE-2006/16

2. PRELIMINARIES

For the case where the operator L, is the matrix Bessel operator, with « given
by (L.2) and whose spectrum reduces to the continuous one associated with the
spectral function

So(A\) = 27207 2(a + A>T X >0,

we require a singular differential operator which takes the form L, + Q. We assume
given a finite system of discrete eigenvalues \; = —ip;, p; > 0 for 1 < j < m,
that these parameters are associated with hermitian normalizing factors Cj, the
latest being positive defined and hermitian matrices. We suppose also given a
prescribed n x m matrix-valued function S()\), defined for A € R*, seen as the
portion of the spectral function associated with the continuous spectrum satisfying
some regularity conditions. The goal of this study is to construct a function K (¢, u)
which allows to deduce, for the required operator, the potential ) as well as an
associated eigenfunction and to show some of their classical properties. The key of
this problem is the resolution of the Gelfund-Levitan equation (L.6), where Q(¢, u)
is given, for ¢t,u > 0, by

Q(t, u) = /Ooo ja(t, )\)(S — So)()\)ja(u, )\)d)\ + i ja(t7 /\j)CjJa(u, )\J) (21)

j=1

Notation and hypotheses. First we suppose obviously that C; and S(\) induce
a tempered measure where especially we have

S(A\) =S8*(\), A>0. (2.2)

Then further notation and hypothesis are needed.
Notation. Under the assumption (2.2) a Hilbert space should be constructed.
L2 ={F 0,00l € 1FE = [ OSSO < +0).
0
We set also, for ¢ > 0 and u > 0,
QY (t, u) = t“F2Q(t, u)u— 12 (2.3)
This function used in ([1.6]) yields the equation
t
Kt u) + Q1 (1, u) + / K'(t, )0 (s, u)ds = 0. (2.4)
0

where
K (t,u) = o2 K (t, u)yu=o"1/2 (2.5)

For any n x n matrix A, we denote
Al = max S Az
k

recall that for a such norm we have ||AB|| < ||A].|| B
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Hypotheses. For simplicity of computations, we assume the given function S()\)
sufficiently regular such that Q(¢,u) is well defined. Then further hypothesis built
from the results obtained in [I2] are assumed. Thus, for ¢ > 0, we suppose that:
(A0) The function u — Q(t,u) is of class C? on ]0, 00[.
(A1) (i) limy, o+ Q(t,uw) =0, (ii) lim, g+ Qu(t,u) =0
(A2) (La)eQ(t,u) =[(La)uQ*(t,u)] ", u > 0.
We assume also that, for any real R > 0 and for k£ = 0, 1, there exist functions F; : ,
measurable and bounded on (0, R), such that:

(BO) supgs, u<t [[QL (s, W]y < Fy (), 1<i<j<n
(B1> SUPo<s,u<t ‘82(04]-—0@)[911‘(8’ U)]ijl < FlR(t)v 1<j<i<n
(B2) There exists a function F2R , integrable on (0, R), such that
R
sup ||, (s,u)|| < Fy (),
0<s,u<t

Remark 2.1. (i) The hypothesis above are coherent with the results of [12].
(ii) The function Q(t,u) satisfies the enumerated hypothesis in the case where there
exists a some small real § > 0 such that

A—e (S(/\) - SO(A))A‘O‘ _ oW

=orer (A= +o0)

Remark 2.2. Given an operator Ly with a potential Q1 Z 0 and with no discrete
spectrum, such that S1(X) is its spectral function. By the technics below and under
conditions analogous to those given above, it is possible to construct an operator L
for a prescribed spectral function S(X\). Both L and Ly are considered in the class
of singular differential operators of type Lo + Q.

Further properties of Q(¢,u). Additional properties of (¢,u) are needed to
deduce the existence of the solution of (1.6)) and its useful properties.

Remark 2.3. (i) The Hypothesis (A1) implies lim;_,o+ Q(¢,¢) = 0.
(ii) By means of the properties (2.2)) of S(A) and those of C;, 1 < j < m, the

relation (2.1)) yields Q(¢, u) = Q*(u, t).
(iii) The above property shows easily that if (¢, u) is derivable on u, then it is also
derivable on t. Moreover, for R >t > 0, we have

sup  [|Qu(s,u)|| = sup [[Qs(s,u)].
0<s,u<t 0<s,u<t

(iv) For 0 < s,u <t < R and for i < j, the Assumption (B0) implies
“ R
19" (s, u))is] < /O 1[92 (s, 0)]ijldv < C(R)tF (1)
and so, using (B1), we deduce that the functions Q! (¢,u), Q(t,u) as well as
w(t,u) =t~ 1200, u)uet/?

are bounded on (0, R) x (0, R).

Remark (ii) enables us to manipulate (1.6) as a Fredholm’s equation asso-
ciated with the countable Hilbert space E = L*((0,R), M, (C)). This space is
supplied with the norm ||.||2, associated with the scalar product

n R
<fyg>=j§::1 /0 g5 ()i (s)ds.



6 N. H. MAHMOUD, I. YAICH EJDE-2006/16

where f; are the columns vectors of the n x n matrix-valued function f. Let
E, =1L? <(0, R), (C”) equipped with its usual scalar product and let b > 0. Then,
for f € FE1, we set

b
L(f)(u) = / Qu, s)f(s)ds, 0<u<b.
0
For further use, we recall the following results.

Lemma 2.4. Under the Hypothesis (A0), (A1), (B0), (B1), the operator L defined
above is compact and self-adjoint on the Hilbert space Ej.

Proof. By the Remark (ii), we see easily that L is self-adjoint in the countable
space F. Therefore since by the Remark (vi), we have

/ 19t w) | *didu < +oc,
(0,6) % (0,b)

so the components of L(f) given by

no b
L)) = g / O (1, 5) fu(5)ds, 1< i< n

are compact on F; and so is L. This allows to deduce that it’s possible to con-
struct a Hilbert basis ¢;, j = 1,2,..., of Ey which are eigenfunctions of L whose
eingenvalues denoted \; are real. Furthermore, for u € (0,b) and f € Ey,

+oo
L(f)(uw) =D _ N < f,05 > ¢;(u)
j=1

where the previous series converges uniformly on (0, b). 0

3. EXISTENCE AND DIFFERENTIABILITY OF K (¢, u)

The main objective of this section is the resolution of the Gelfund-Levitan equa-
tion associated with €(¢,u). Thus by mean of the general theory of compact
self-adjoint operators (see [9,19]) and the Lemma[2.4] we conclude that, for a fixed
t >0, is with respect to K (t,u) of Fredholm’s.

Existence of K (t,u).

Lemma 3.1. Let ty > 0 be fized. Then if the rows of Q(t,u) satisfy the conditions
of the Lemma[2.), for 0 < u < to, the only solution of

ho(u) + /0 ' ho(s)Q(s,u)ds =0 (3.1)

in L2(0,t0) is the trivial solution.

Proof. To solve this problem ,we shall use properties of Fourier-Bessel transforms.
We assume that the (3.1)) has a solution hg in L?(0,t) and we denote

fi <
h(u) = ho(u) for u < ¢
0 for u > tg
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By construction this function is square integrable on (0, c0). Multiplying the equa-
tion (3.1) by A*(u) at right and integrating with respect to u then substituting to
Q(s,u) its expression given by (2.1]), we obtain

/0 h(u)h*(u)du+§(/0 T (1, /\j)h*(u)du> cy-(/o ja(u,)\j)h*(u)du)

+/OOO(/OOO Ja(u,A)h*(u)du)*(s(,\) SO(A))(/OOO Ja(U,A)h*(u)du>d>\ _o

By the Plancherel’s Formula for L, this may be simplified to

/0 (/O Ta(u, /\)h*(u)du> S()\)(/O ja(u7)\)h*(u)du>d>\

+§(/OOO T, M) (u)d) 5 ( /OOO Tt X ()du) = .

The hypothesis on S(A) and C; yield that the latest expression can be seen as a
scalar product of F,, (u=®~1/2h*(u)) by it self in the Hilbert space L% @(C™)™ (see
[4, [11]) and so it vanishes. Since F, is a bijection on the space L% where, for ¢ > 0,
G(t) = t?**L. The proof complete. O

Theorem 3.2. Let R > 0 and let t €]0, R] be fized, then under the hypothesis of
the Lemma the Gelfund-Levitan equation has a unique solution square
integrable on (0,t). Furthermore, there exists a measurable function pi(t), bounded
on (0,R), such that

K (t,w)|| < e(R)pa ().
Proof. To have the unicity of the solution K (¢,u) of the equation (1.6)), it suffices
to recall that, by mean of the Lemma the associated homogeneous equation
has for any fixed ¢ > 0, a trivial solution, square integrable on (0,¢). To prove

its existence, we construct first by mean of (|1.6) and the Remark (ii) a new
Gelfund-Levitan equation, given by

K*(t,u) + Qu,t) + /t Q(u, s)K*(t,s)ds = 0. (3.2)
0

The Lemma says that, for 0 < u < t, each column of (3.2) is of Fredholm’s,
explicitly given by

[K*(t,u)]x + [Q(u, )]k +/O Qu, )[K*(t,8)]gds =0, 1<k<mn.

Then using results of Lemma we deduce that their solutions in F; exist and
that in the case where (—1) is not an eigenvalue, we have

K (6l = -0 0~ 3 5 (0 et st (33)

Jj=1

where ¢; is a particular eigenfunction associated with the eigenvalue A;, j =
1,2, ... defined in the previous Lemma. We recall that

(190, Wk 95(t, ) = / (8, 8)[9s, W)y ds.
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and that the series in expression converges uniformly on [0,¢]. Estimates on
the solution are obtained by use of this relation, the Remark (iv) and Cauchy-
Schawrz’s inequality. Furthermore the unicity of the solution deduced from the
Lemma yields inevitably that (—1) is not an eigenvalue of the operator in
question and so the results above are sufficient to conclude. O

Corollary 3.3. Under assumptions of the Lemma we have
lim K(¢,t) =0.
Jim K (8¢)

For the proof of the above corollary, we use the previous proposition, Remark
(i), and (L.6).

Proposition 3.4. Under assumptions of the Lemma the function K!(t,u)
given by (2.5)) is bounded on 0 < u <t < R.

Proof. The Theorem and the relation yield that the function K'(t,u) is
well defined and that it’s a solution of the equation , moreover for a fixed
€ > 0, it’s bounded on € < u <t < R. Since the kernel Q! (¢, u) is not hermitian, we
can not use the technics of the previous proposition to study the behavior of this
solution elsewhere. At zero and since Q!(,u) is square integrable on (0, R) x (0, R),
there exists an € > 0 such that

/ 1 (¢, w) | dtdu < 1. (3.4)
0 0

Thus for a fixed t = b < € and for 0 < u < b, we set K!'(b,u) = p(u) and
O (b,u) = —f(u), the equation (2.4) becomes

b
() + / o(5)Q1 (s, u)ds = f(u). (3.5)

By analogy with the scalar case (see [I9, p. 121]), we solve this equation by means
of the resolvent method. For this we set

Y (t,u) = —Q(t,u),

b (3.6)
Y (t,u) = —/ Yr_1(t, 8)Q (s,u)ds, n > 2
0
and we show recursively that
b
Yt (t, 1) :/ Y (t, 8)Ym (s, w)ds, n,m > 1. (3.7
0

The relation (3.6) and Cauchy’s inequality show that, for 0 < ¢, u < b and by
iteration, we have

boopb bopb n
[ tsaPasau<[ [ [0t w)Pasad] "
0 JO 0 JO

Therefore, for n > 3, we deduce that

ot <[ [ [ st uitasad [ [ 100,990 6l asar,
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Accordingly, it follows that
Iy (£, )

<[[ [ 1ot easad] " [io it [0 oipar

The term between braces is bounded by (3.4)), the series I'(t,u) = >, <, v (t, u)
converges uniformly on the domain in question. Using (3.7]), we deduce that

b
T(t,u) = —Q(t,u) —/0 L(t,r)Q(r, u)dr

and so that the solution of (3.5)) is given by

b
o(u) = f(u) +/0 FT(r,w)dr.

Estimates on I'(t,u) and properties of Q!(¢,u) show that the solution K(t,u)
of behaves regularly at zero. For the case where u — 07, and where ¢ is
sufficiently large so that the assumption is not satisfied, we use further results
on Fredholm’s equations which we do not detail here. (Il

Remark 3.5. By analogous computations to those done in the Proposition [3.4] we
show that the function k(t,u) = t=*~1/2K(t,u)u®t!/? is bounded on the domain
O<u<t<R.

Differentiability of K (¢, u).

Lemma 3.6. Under the Hypothesis (A0), (B0), (B1), (B2), the function u +—
K (t,u) is of class C? on]0,t]. By differentiation of (1.6]) with respect to u, integral
equations associated with K, and K,, are determined; i.e.,

Kt u) = —Qu (t,u) — /O K(t, 5)0 (5, u)ds (3.9)

Ko (t,u) = —Quu(t, u) _/0 K(t,5) (s, u)ds. (3.9

For which we have the estimates
[ Ku(t,u)|| < e (R)01(t)
1L (6 0] < ca(R)Ba(t)
where the Oy, k = 1,2 are integrable functions on (0, R).

Proof. The continuity of K (¢,u), with respect to u, is obtained by means of the
properties of its expression . To have , we use results of Theoremwhich
yield that, for a fixed ¢ such that R > ¢ > 0, the function u — K (¢, s)Q(s,u), 0 <
s,u < t, satisfies the Derivation Theorem hypothesis at the first order. Furthermore,
the relation and the hypothesis gives the estimate on K. Analogous equation

to (3.8]) is obtained by means of (2.3)-(2.5)); we have
t
K(t,u) = —QL(t,u) 7/ K(t,5)QL (s,u)ds
0

The process above and the results of the Proposition [3.4] applied to the previous
equation, are then used to obtain an equation on K}, (t,u), analogous to (3.9),
estimates about are then deduced. [
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Lemma 3.7. Under the assumptions of Lemma[3.6] and for u > 0, the function
t +— K(t,u) is of class C? on [u, R] and by differentiation of (1.6]) with respect to
t, we obtain :

Ki(t,u) = —Qu(t,u) — K(t,t)Q(t,u) — /Ot K (t,s)Qs,u)ds, (3.10)

K (t,u) = —Qu(t,u) — [%K(t,t)]()(t,u) — K (t,t)%(t,u)
(3.11)

t
— K (t, )¢, u) —/ Ky (t,8)Q(s, u)ds.
0
Furthermore there exist functions v1 and va, integrable on (0, R), such that:
1Ko (tw)l| Sn(t)  and  [[Kp(tu)] < va(t).

Proof. For t > u > 0 some fixed parameters and for h sufficiently small, we consider
the difference quantity 8} K (t,u) = K(t + h,u) — K(t,u). Used in (L.6) it yields

t t+h
5K (t,u) —l—/ 5t K (t,8)Q(s,u)ds = —05, Q(t,u) — / K(t+ h,s)Qs,u)ds.
0 t

We obtain hence a Fredholm’s equation with a second member uniformly estimated
in h, vanishing when h — 0. The technics of Theorem [3.2] allow to have the same
behavior for &} K (t,u) and so the continuity of ¢ — K(t,u) is deduced. Its twice
differentiability will be proved by similar arguments. Indeed for the first derivatives,
the difference quotient A! K (t,u) = (6! K (t,u)/h) and again give the relation

t t+h K(t h
ALK (t,u) + / ALK (t,5)Q(s, u)ds = — AL Q(t, u) — (%’S)Q(&u)ds.
0 t
Then since the free term A} Q(t,u) + f;*h MQ(& u)ds is also estimated uni-

formly in h because of the differentiability of Q(¢,w) with respect to ¢ and since, the
last equation is of Fredholm’s kind, we can so estimate AL K (¢,u). As h — 0, the

result (3.10) follows and estimates on K;(t,u) are obtained. An analogous equation
to (3.10) is deduced for K} (t,u) for which we apply the above process. Finally a

similar result to (3.11) is deduced for K}, (¢, u). O
Further properties of K(¢,u). Lemmas and imply that the function
K(t,t) is differentiable for ¢ > 0; therefore, we can set
d
Qt) = —Q%K(t,t), t>0. (3.12)

Remark 3.8. For a class U, of C? function defined on |0, +oo], let

20 + I
AU = Uy + a;_ Ui,

- Sa+1 20+1

BoU = Uy = 0+ =20

Then simple computations yield
(Lo)eQ(t,u) = t—~1/2 [(Aa)th(t, u)}u(l-;-]/g7
[(La)u (2, u)]* —p—a—1/2 [(Aa)u(gl)*(t’u)]*ua+1/2'
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Proposition 3.9. Under the hypotheses (A0), (A1), (A2), (B0), (B1), (B2), the
function K(t,u) satisfies the following two assertions:

uhj(r)ﬂ K(t,u) = ulira1+ K, (t,u) =0, (3.13)
(La + Q)eK (t,u) = [(La)uK*(t,u)] " (3.14)

Proof. The hypothesis (A1)(i), the relation as well as the Remark 2.3] (iv) and
the Theorem imply that K(¢,u) vanish as u — 0. The same arguments and
(3.8) complete the proof of the first assertion. To have we show that for a
fixed € > 0, (A2) and integrations by parts yield

t—a—1/2 (/ [(AQ)S(K1>*(t7 S)] *91(87 u)ds)ua+1/2
= —K(t,t)Q(t,u) + Ky (¢, 0)Q(t,u) + K(t,6)Q: (e, u) — Kyu(t, €)Qe, u)

o1/ ( /: Kt 8)[(Da)u (@) (5,u)] *ds)ua“/?.

Thanks to (Al) and (3.13)), the second member of the last identity converges as
e — 0T, so we have

/ K(t,8)[(La)ul (s, u)] " ds
o (3.15)
:/0 [(LQ)SK*(t,s)]*Q(s,u)ds—|—K(t,t)Qt(t,u) — K, (t,6)Q(t,u).

Then Lemmas and the relation (1.6)), yield

(Lo + Q) K (t,u) = [(La)u K™ (t,u)]”
= —(La)eQ(t,u) + [(La)u* (t,u)]”

- /Ot {(La + QUK (t, )Us, u) — K(t,5)[(La)uQ (5,u)] *}ds

_ [%K(t, 1)+ Kot 1) + Q1) |t u) — K (1, ) (t, ),

Finally the condition (A2), the relations (3.12]) and (3.15) assert that

(Lo + QK (t0)=[(La)u K™ (1)

+/ [(La + Q) K(t,s)— [(LQ)SK*(t, s)]*} Q(s,u)ds = 0.
0
Remark [3:§] yields

[(Aa + Ql)tKl(t7 u)_ [(Aa)u<K1)*(t, U)} *:| Ua+1/2

+ / [(Aa + QYUK (t )= [(Aa)o (K1) (1)) ] s™+1/20(s,u)ds = 0

0

where Q' (t) = t*H/2Q(t)t=*~1/2 ¢ > 0. Since a; > 1, the properties of the kernel
Q(t,u) and those of the solution K!(¢,u), obtained in the Lemmas [3.6|and [3.7| show
that the mapping

5[ (Ba + QK (t5)= [(Aa)s (K1) (1, 5)] | 52172
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is in L2(0,t), then by the Lemma the proof is complete. O

4. DERIVATION OF THE DIFFERENTIAL OPERATOR

For t > 0 and A € C, we set

Bt N) = Tu(tN) + / K (tw) T (0. N, (4.1)
0

where 7, is given by and K (¢, u) is the solution of Fredholm’s equation .
In this section we plan to show important properties of ®(¢,\). First we remark
that the regularity of K (¢,u) yields that this function is well defined. Then, by the
Remark and the relation we deduce that

t
t—a—f/2¢<t,x>::t—a-J/Q;nmt7A>+—J/ Kt a2 Ty (w, Ndu. (4.2)
0

We have so, for the potential @) defined by (3.12)), the results below.

Theorem 4.1. For A € C and under the hypothesis (A0), (A1), (A2), (B0), (B1),
(B2), the function ®(.,\) is, on ]0,00[, the solution of the singular second order
differential equation with matriz coefficients given by

I1/4—a?

1
U” + 2

U+ QU = -\U
such that

lim ¢t~ 12® (¢, \) = 1.

t—0+t
Proof. The second derivatives of K (t,u) with respect to ¢ obtained in Lemma
and its estimates imply that, for a fixed A € C, the mapping ¢ — ®(¢, ) is twice
differentiable on ]0, +o0c[. By the expressions of these derivatives and since J, (], .)
is an eigenfunction of the operator L, associated with the eigenvalue —A2. Then
justified integrations by parts and technics, used in the proof of the Proposition
[3:9 show that

[Lo 4+ Q + NI](t, A)

- /0 t [(La + Q) K (t,u)—{ (La)u K*(t, u)}*] To(\, u)du

d

+ {%K(t, t)+(%K(t, u))u:t—k(%K(t, u))u:t + Q(t)} Ta(M 1)

, 0
+ tim [K(t )5 Ja(hw) = Ku(t ) a0 w)].

Proposition again and the relation (3.12)) allow us to deduce that the last ex-
pression vanishes. Then relations (1.5) and (4.2)) as well as the Remark [3.5] show
that lim, o+ 2" 1/2®(¢,\) = I O

Corollary 4.2. Under the hypothesis of the Theorem[].1], the mapping A — ®(t, \)
is even and analytic on C.

Proof. For this we recall only that the mapping A — J, (¢, A) is even and analytic
on C. Then by the relation (4.2)) and the properties of k(¢,u) given in the Remark
the result is easily deduced. O
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5. PROPERTIES OF THE POTENTIAL @

We look in this section for common properties of the potential (). We recall for
example that from the properties of K (¢, u), the function Q(t), ¢t > 0, is well defined
by the relation (3.12). Furthermore, by means of the Corollary we can set

K(t,t) = —;/OtQ(s)ds, t>0

so the locally integrability of Q(t) is simply deduced. Next we will look for its
further classical properties as symmetry and integrability at infinity.

Symmetry of Q(t).

Theorem 5.1. Under the hypothesis (B1), (B2), and since S(\), A > 0, is an
hermitian matriz-valued function, then so is the potential Q(t), for t > 0.

Proof. The Gelfand-Levitan equation (1.6) and the Remark (ii), yield that the
both relations below hold

Qt,t) + K(t,t) + /t K(t,5)Q(s,t)ds = 0,
0

Q¢ t) + K™ (t,t) + /t Q(t, s)K*(t,s)ds = 0.
0

To have Q* = @ it is sufficient to show that the integrals in the two preceding
expressions are equal. Now by the same arguments as before, we have

Ou.1) K*tu fo usK*ts)ds t>u>0
B fo Q(s,t)ds, u>t>0.

Therefore, we deduce that

t
/Q(ts)K*ts /KtsK*tsds—//Kts (s,u)K*(t,u)dsdu
0

and that also

/Kts (s,t)d /KtsK*tsdsf//Kts (s,u) K™ (t,u)dsdu.

This suffices to prove the required result. (I

Remark 5.2. In order that the potential Q(t), t > 0, to be real, it suffices to assume
that the matriz-valued function S(X\), A € R*, and the matrices C;, 1 < j <'m, are
s0.

Behavior of Q(t). Recall that %Q(t, t) is a well defined function, on the positive
half axis. In the following, the behavior of Q(t) at zero and at infinity will be studied
by mean of its relation with this function. Because of all the difficulties mentioned
in the introduction, the relation between the both as well as the behavior of the
latest at infinity will be obtained under strong conditions some of them are satisfied
in the regular case (see [I]). In this aim we introduce the following assumptions.

(H1) For a fixed R > 0, there exists a function G which is integrable on ]0,2R[
and such that [|Q, (¢, u)|| < G(t + ).
(H2) Moreover, we suppose that fO2R sG(s)ds < 1.
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Remark 5.3. By Remark 2.2] we deduce that the second assumption is not as
restrictive as it appears.

For the following results, we denote

2t t
cr(t):/t G(s)ds, Ul(t):/o sG(s)ds, &1(t) =[1—o1(t)]* (5.1)

Lemma 5.4. For 0 < u,t < R and under the hypothesis of the Lemma (H1)
and (H2), we have

t+u
12t w)]| < N G(s)ds. (5.2)
Moreover, for 0 < u <t < R, we have
t+u
1K (t,u)|| < o(t) [1 +51(t) / wG(w)dw], (5.3)
t+u
K (t,u)|| < G(t+u) + o (t)do(t) + 0(t)51(2t)/ G(s)ds. (5.4)

where tyu = sup(t,u) and where dy is a function of oy.

Proof. From Remark [2.3] (ii) and (H2), we deduce easily that [|Q¢ (¢, u)|| < G(t+u),
hence the result is obtained. To obtain we use successive approximations

on . Thus we set
KO(t,u) = —Q(t, u),
KM (t,u) = /K”lts Q(s,u)ds,
and we show recursively that
1K™ (¢, )] < o(t)o? 1 (26) / T G dw, 0> 1

This result is justified by means of [5.2]and simple permutation of integrals. To have
estimates on K;(t,u), we use the same process as above applied to the relation (i)
of the Lemma [3.71 We set

K(O)(t u) = —Qu(t,u) — K(t,)Q(t, u),
/Kn 1)ts )Q(s,u)ds
then by (H1), the results H and [5.3] we have
1K w)ll < Gt +u) + 02 (1) 1+ 31(20) /t : WG (w)dw]

and recursively again this yields that, for n > 1,

[FeRIAN]
t+u

t+u
< o(t)or 1 (2t) / G(w)dw +a2(t)(1 +51(2t)01(2t))0{’(2t) / wG(w)duw,

so the last estimate follows. O

We have then the following useful results.
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Corollary 5.5. Under the hypothesis of Lemmal[5.4, we have

/0 1K (¢, 5)Qu (s, 1)||ds < 0(F) [1 + &1(2@01(%)},

t
/ 1 (1, $)0s, )l ds < o>(£)51(2),
0
where 61 is a bounded function expressed by mean of oy.

Theorem 5.6. For any fized R > 0 such that the assumptions of Lemmal[5.7] hold,
there exists a positive constant ¢(R) such that

||2%Q(t, 1) - Q) < c(R)(/t% G(s)ds)2, 0<t<R

In particular if these assumptions are satisfied for R = 400, then

/ (14 )1Q()1dt < oo
0
Moreover the function Q(t) has the same asymptotic behavior as Z%Q(t,t).

Proof. By the (3.8) and (3.10), we have
Qe (t,u) + Qo (8, u) + Ke(t, u) + Ky (¢, u)
t t
— KO0 u) — / Ko(t, 5)9(s, u)ds — / K(t, 5)0 (s, u)ds.
0 0

Therefore, the relation (3.12]) and properties of derivatives allow us to have

d 1
(1) - 5Q(0)

t t
— KDt E) — / Ko(t, 5)0(s, £)ds — / K (t, 5)0u(s,1)ds.
0 0
By this relation, Corollary and since Lemma [5.4] implies
K (8, 1)t 1)]| < o?(t) [1 + 01(2t)o1(2t)],

we deduce easily that

I%Q(L t) - %Q(t)ll < 2(1461(2t)01(2t) + 61(t)) o2 (t). (5.5)

By noticing that the function &1(2t)o1(2t) + 01(¢) is bounded on (0, R), the first
assertion of the theorem is proved. Furthermore since

2t
to(t) < / sG(s)ds,
¢
it follows that, for any R > 0,
R R, 2t R
/ 102 (t)dt < / ( / SG(s)ds )o (1)t < 1(2R) / o(t)dt < 02(2R) < +o0.
0 0 ¢ 0
Therefore, if (H2) is satisfied for R = 400, we deduce that

/000(1 Q) dt < oo.
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By these assumptions, we can remark also that
2t

G(s)ds = o(1)

t

as t — 0T, or t — +oo. Therefore, the relation (5.5) yields that the functions
284.Q(t,t) and Q(t) are equivalent in this sense and the proof is complete. O

6. INVERSE PROBLEM AND DISCRETE SPECTRUM

We consider here the simplest case where the required operator L has, associated
with the continuous spectrum, the same spectral function Sy(A) as L,. We assume
also that the discrete spectrum reduces to an only one eigenvalue A\g = —iug, o > 0
with a corresponding normalizing factor C, which is a positive definite hermitian
constant matrix not necessary diagonal. We remark that in this case, for ¢ > 0 and
u > 0, we have

Q(t, u) = Vo (t)Coda(t),
where Y, (t) = J}(t, —ipo), is the real valued function deduced from (L.4). Our
purpose in this section is to study the behavior at zero and at infinity of the potential
AQ), associated with this problem. We recall that in the third section, we have
shown the existence and the unicity of a square integrable solution of . In this
special case we will solve it rather algebraically. We try to look for its solution in
the form

K(t,u) = K(t)Va(u).
This allows to replace (1.6]) by

[0+ v3(0¢0 + K0 [ 7u(613(6305) o] vatw) =0,

The location of the zeros for the Bessel function of the first kind yields that neces-
sarily that

K(t) [T+ R(t)Co| = ~¥i(®)Co,
where .
R(O) = [ Duls)i(s)ds. (6.1)
To obtain K (t), we need the follovving0 result.

Lemma 6.1. For a fized t > 0, the n X n matriz valued function I+ R(t)Co, t > 0
is positive defined and so it is invertible.

Proof. For X € C™ and t > 0, we have
t
XROX = [ Das)X) D3(5)X)ds = 0
0

and if this quantity vanish then X = 0. It results that for any ¢ > 0, R(¢) is a
positive defined matrix and since Cy satisfies yet this property, then I + R(¢)Cy is
positive defined too and so it is invertible. ([

From the result above, we deduce that the n x n matrix valued function

V(t)=Cy' +R()
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is invertible and so that K (t) = —Y*(t)V~1(¢). Consequently, for 0 < u < ¢, the
function

K(t,u) = YoV ({#)Va(u)
is a solution of (1.6]). In particular, we have

AQ(t) = 2%[3);(01/’1@)))&(0] (6.2)

and the relation (4.1)) above takes the form

B(t,\) = Ju(t,\) = Vi)V (1) /t Vo (u)Ta(u, A)du. (6.3)
0

The study of the asymptotic behavior of ®(¢, A) is possible from the estimates below,
but our main interest will be the asymptotic behavior of AQ. The relation (6.2
shows that it suffices to have those of Y, (t), V., (t) and V~1(t) there. In this aim,

we set
F(a 4 ]) 2\ at+l/2
Ny(t) = ———=( — Hot 6.4
and

(a,k) = %(oﬁ —1/4)... (= I(k—1/2)*), k=1,2,...

Remark 6.2. The asymptotic behavior of the Bessel functions (see [15] [18]) yield
that as t — 07,

Valt) =142 [1 4 (@t 1) ()2 + O],

Vit =172 (o 1/2) + (@ + 51/2) (o + D7D 0]

As t approaches infinity, we have

(1) | (@2  (a3) 1
Yalt) = Nl [I - 2p0t " (2p0t)®  (2p01) * 0(74)]7

, (1) | (0,2)+2(])  (3) +4(a,2) 1
Yalt) = moNa(®)[1 = 20 4 G T et +0(7)]-

The study of the asymptotic behavior of the function R(¢) must be done too.

Lemma 6.3. Fort > 0, R(t) is a diagonal matriz-valued function and it can be
expressed as

R0 = {11920 - 720) + vat0 + S0z} 69)

Its asymptotic behavior, at zero and at infinity, are respectively

mwzém+n*¥ﬁﬂp+owﬂ, (6.6)
B N2(t) (,1)  2(,2) 1
R(e) = 2410 [I ot * (2u0t)? " O(?S)} (6.7

where Ny, is defined by (6.4)).
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Proof. Tt is easy to see that by (1.4) and (6.1),
2\ 2a ¢
R@):(;JQéMT%a+IX/:ﬂﬂ&mM& (6.8)
0 0
Manipulating Bessel equations we show, for A and v in C distinct complex param-
eters, that (see [10, p. 128])

o Ju(Na)J! (va) — aXJ! (Aa)J
/ tJ,(\t)J, (vt)dt avJ,(0a) “(ij 32 p00) “(Va), a>0.
) —

Taking the limit of this quantity as v — A, we obtain

¢ 2 a? 1\2 ﬂ2 2
At@umu:5k%)Q@+u—A%Q%@@]

This result yields that

2 \? ianp2 T T
RO =(0) €T o+ D () Cinot) + (14 ) i (ipot)|
The relation between J, (t) and Yo (t) completes the proof of assertion[6.5] To prove
and we use [6.5] and Remark O

Proposition 6.4. The function AQ(t) has the behavior

AQ(t) = 2t [00(0‘ +1/2)+ (a+1/2)Co + O(tQ)} t* ast— OF
- (gsz [I + O(t%)} ast — +oo

Proof. On the one hand, by definition and from the Lemma [6.3] we show that at
infinity,

_ N2 (a,1) | 2(a,2) 1
i) = 2410 [I ot (2p0t)? (7?3)] '
So that, when t — +oo,
[0 (6] 2_ (0%
v = 220 [+ G 2R o).

On the other hand and by means of (6.2)), the potential AQ, defined by (3.12)),
takes the form

AQ() = 2[(2) OV BDa(t) + Vi)V (VL)
= VIOV OV VIOV OYa )]

Then, by the behavior at infinity of Y, (t), V., (t), and V~1(t), the result is deduced.
For the behavior at zero, we use an analogous approach. [
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