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BOUNDARY STABILIZATION OF A COUPLED SYSTEM OF
NONDISSIPATIVE SCHRODINGER EQUATIONS

HAMCHI ILHEM

ABSTRACT. We use the multiplier method and the approach in [I] to study the
problem of exponential stabilization of a coupled system of two Schrodinger
equations.

1. INTRODUCTION

Let © be a bounded domain of R” (n € N*) with smooth boundary T', and let
(T'0,T'1) be a partition of I'. Consider the boundary feedback system:

iy + Ay + Fi(y, Vy) + Pi(2) =0 in Q, (1.1)

ize + Az + Fo(2,Vz) + Po(y) =0 in Q, (1.2)

y=2z=0 on X, (1.3)

% +g(yt) =0, 9z +Nh(z) =0 on X, (1.4)
dv v

y(0) =yo, 2(0)=2 in . (1.5)

where T'> 0, Q = Qx]0,T[, ¥, = I';x]0,T[ (I =0, 1), v is the outward unit normal
to T, % denotes the normal derivative, y; and z; the time derivative, V and A are
the Gradient and the Laplacian in the space variables. Operators F;, P, (I = 1,2)
and the functions g and h are defined in §2.

Our goal in this paper is to obtain, under a suitable geometrical conditions
on (2,To,T), the exponential stability of the system (L.I)—(L.E): For any initial
data (yo, 20) in some space, the energy E (see (2.13)) of the solution tends to zero
exponentially as t — +oo.

In the case of one equation and where F' = 0 and ¢ is linear of the form g(s) =
(h.v)s, h represents a vector field satisfying some geometrical conditions, a lot
of work have been (see for example [5 [6]). Recently, in [3] they have obtain a
result of stabilization in the space L?(f2) of one equation where F' = 0 and linear
feedback in the form dy. In these situations the system is dissipative (the usual
energy is decreasing). Notice, that this property (the decrease of energy) specially
E(T) < E(0) has a crucial role in studying the stability of the solution. So, the
approach in [2] can not be applied to the non dissipative system.
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To the best of our best knowledge, nonlinear boundary stabilization for the
coupled system of two Schrodinger equations with lower order terms has not been
considered in the literature. In this case the energy is not decreasing; we do not
have any information about the sign of the derivative of the energy (see (4.1])). This
requires a careful treatment.

Our paper is divided in 3 sections. In §2, we give notation and assumptions. In
§3, we give the result of existence of solution. In §4 we give some formulas witch
are needed for proving our result. In §5 we use the multiplier method to show, that
the energy of the solution of system f satisfies the inequalities:

/T E(t) < M(B(T) + E(0)) + As(E(0) — B(T)), forall T >0
0

(1.6)
E'(t) < X\3E(t), forallt>0,
where A\; < Ag. E’ is the time derivative of the energy. As in [I], we have
E(t) < cE(0)e ", forall t > 0. (1.7)

2. NOTATION AND ASSUMPTIONS
Let xo be a fixed point in of R". Set h = h(z) =  — xo and R = sup{|h(z)| :
x € Q}. Assume that for some constant hg > 0, we have
I'o={zel:hv<0}, T1={xel:hv>h}. (2.1)
Assume that Fy, Fy are linear differential operators of order one in the space vari-

ables with Lo (Q)-coefficients and Py, P, are linear operators of zero order with
Lo (Q)-coefficients:

Fy = Fi(y, Vy) = v1(2).Vy — ¢ (2)y, (2:2)
F2 = FQ(Zv VZ) = UQ(x)'VZ - QQ(.T)Z, (23)
Py = Pi(2) = a1(2)z, (2.4)
Py = Py(y) = az(x)y. (2.5)
Where in (2.4)—(2.5)), @1 and a9 are a bounded complex valued functions such that
Im(araz) >0, (2.6)
min(1, 2)
= () L ————22 2.7
la1| = |o1(2)]Loe () (n+ R)C+ R (2.7)
where ¢; (I =1,2) are a positives functions satisfying

min(1, 3) — |aa|((n + R)C + R)

max(|q|) < (2.8)

=12 2R(C +1)
Where C'is the positive constant satisfying

/ P <c / Tyl

We assume that for all I = 1,2 v, = v(z) is a complex n-vector field with
|v1] € Loo(Q), the Hessian matrix V; of v; satisfies |V]| € Lo (Q) and the following
properties for Imv; are achieved:

|Imv;.p| <Imwvpvo on Ty, (2.9)

Imv;.o =0 on g, (2.10)
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where p represent the tangential unit vector on I'. Put
B = lrg?‘}g {|a2 - OTI'» |Ul|7 |V(a2 - 071)|v |V2|7 | diV(Imvl)|}'
Assume that g and h are a complex valued functions such that there exists a
constants g, hs, g%, h* > 0 such that for all s € C we have
g+ls| <1g(s)] < g*|s| and g(s)s >0, (2.11)
h|s| < |h(s)] < h*|s| and h(s)s > 0. (2.12)

Put
H%O(Q) ={ueH' (Q):u=0 onTy}.
We define the energy E of (1.1)—(1.5) by

1
E(t):5(/@|Vy|2—&-/Q|Vz\2+/QQI|Q|2+/Qq2\z|2dx) —Re/QoleE. (2.13)

Remark 2.1. We note that, because (2.7]), we have

G [ 9o+ [ 1957) < 12y o < o [ 199+ [ 192P).

where

02, o = [ 190+ [ 1922+ [ o+ [ anloPds —2Re [
0 Q Q Q Q Q

3. EXISTENCE OF SOLUTIONS
We define an operator
A(uy, ug) = (1Auy + iFy (u1, Vur) + Py (ug), iAug + iFo(ug, Vug) + iPa(uq))
with domain

D(A) = {(u1,uz) €V x Vi for I = 1,2 Ay, € H} (),

0
[% + g(iAul +iF + iPl)]Fl =0,
0
[% + h(ZAUQ + iFy + iPQ)]Fl = 0}

Where V = H?(Q) N HE (). Let U = (u1,u2), we may rewrite system (L.1)—(L.5)
as
U, = AU
U(0) = U.

then the solvability of (1.1)—(L.5)) is equivalent to the one of (3.1).

We can prove that, if g and h are globally lipschitz, there exists a positive
constant k such that the operator A — kI is maximal dissipative on (Hp (€))%

Therefore, we have the following theorem [2} [].

Theorem 3.1. 1. For every (yo,z0) € D(A) the system 1) has a unique
solution (y,2) € L*([0, +00); D(A)) N W ([0, +o0); (H}, (©))2).

2. For every (yo,20) € (Hp, ())? the system (LI)-(L3) has a unique solution
(y,2) € C([0, +00); (Hy, (2))?).

(3.1)
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4. PRELIMINARY RESULTS

We begin by establishing a formula concerning the derivative of the energy of

the system (1.1)—(1.5) and two estimates concerning le(g(yt)@ + h(z¢)Zzr) and
Re [ (v1.Vygi + (v2.Vz + (a2 — 7)) Z).

Lemma 4.1. For each solution y of system (L.1)—(L.5) we have

/(1) = Re / (0. V577 + (2.2 + (0 — a)y)70) — / (9(un)Ti + h(z)m). (4.1)

1

Proof. We multiply both side (1.1)) by 7, and use Green’s formula to obtain

) oy __ _ _
Z/ |yt|2+/87yyt_/ Vy-Vyt+/(F1+P1)yt:0-
Q r ov Q Q

Taking the real part, we obtain
9]
Re/ Vy.V@+Re/ QLYY = Re/ —y@+Re/ (v1.Vy + a12)7;.
Q Q r Ov Q
But, by (L.3)—(L.4) and (2.11]) we find that

a - . N
Re/ aﬁyt = —Re/ 9T = _/ 9(yt) Ve
r ov Iy I
and

Re/ Vy.VEwLRe/ QLYY = */ g(yt)EJrRe/(vl.Veralz)@. (4.2)
Q Q Iy Q

We obtain similar identity for z:

Re/ Vz.VzTg—FRe/ (227 = —/ h(zt)7t+Re/(v2.Vz+a2y)7t. (4.3)
) Q r, Q

However,
Re/ (Vy.V7; + V2 VZ + qyli + @227 — ai(Zy: + Zy)) = E'(t) .
Q
Then by (4.2)—(4.3)), we find (4.1)). |

Lemma 4.2. There exists a constant C > 0 such that we have for all t > 0,

Re/ (01.VyT: + (v12.Vz + (a2 — a71)y)Z)
Q

< 2ﬁmax(g*,h*)( / 9(y)yr + h(zt)zﬁ) (4.4)
Iy Iy
pC
e S ([rvel o+ [19uP+ [l + [ wlsf).
Q Q Q Q
Moreover, if
1
R T Er——— 4.
p< 4 max(h*, g*) (45)
then, for all T > 0, we have
[ s+ [ oz
= 1 (4.6)

<280 - ) + 50 ([ 1ve+ [ 9o+ [l + [ alap).



EJDE-2006/20 BOUNDARY STABILIZATION 5
Proof. We start with the proof of (4.4). Using (1.1), we have

Re/ v1.Vygs = — Re/ 1. Vy(AY +v1.Vy — ¢y + @12) .
Q Q

Then
Re/ vl.Vy@:Im/ vl.VyAyfIm/ vl.qulerIm/ v1.Vyaiz.
Q Q Q Q

First, we consider the term Im fQ v1.VyAy. Applying Green’s formula, we obtain:

ou
Im/ vl.VyA@:Im/ —yvl.Vy—Im/ V5.V (v1.Vy).
Q r Ov Q
Indeed, with s = vy, we recall the identity
1
V(s.Vu)Vu = SVu.Vu + is.V(\Vu\z), (4.7)
where S denotes the Hessian of s. Then

oy 1
Im/ v1.VyAy = Im —yvl.VyfIm/ WVy.Vy — f/ Im v, V(| Vy|)?.
Q r, Ov Q 2 Ja

We invoke the divergence identity:
/ s. Vi = / s.v — / Wdivs, (4.8)
Q r Q
with ¢ = |Vy|? and s = v;. Then

Im/ v1.VyAy
Q

oy 1 1
=1Im —yvl.Vy—Im/ %Vy.V@—f/Imvl.v\Vy\Z—Ff/ Im(divvy) | Vyl?.
r, Ov Q 2 Jr 2 Jo

Since, s = (s.v).v + (s.u).p for all vector s on T,

dy dy
vyl = |22 41 22,

Vol = 2 + 52

Moreover,
oy Ay
Dyulr, = Vo, =0, or [Vyl=I50] onTo,
Then
Re/ v1.Vyy; = Br, + Br, + Ro, (4.9)

Q

where
1
Rry=Im [ v1.0|Vy|* — 7/ (Imvy.0)|Vy|?
Lo 2 T
1
=2 [ w0 by @)

o

and
Y 12 oyody 1 )
Rr, = 1 V| == I u-z=Z _ - I ]
Iy /1“1 mvlv\av| +m/r1v1ualuav 2/ﬁ(mmv)Vy

1 Y 9 Oy 0y 1/ Y 9
=~ [ Imvo| 2P +1 w2L Y ) G2
2/F1 mv1v|8v| +m/rlv1uauav 2 ) mvlv|8M\
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Then

1 Ay 1 9y
< = I | == = I Ll ==
Ry < [ ool gl g [ 5Y)

1 0
+ 5/ (| Tm vy . —Imvl.v)|a—y|2.
Iy

By 2.9), Br, <8 [, 9|2, Then, by (L4) and (2-1I), we obtain
Rr, < fg° / 9(ye)ye
I
and (see (4.9))

1
Rgz—Im/ V1Vy.Vy+f/Im(divv1)\Vy\2
Q 2 Jo
—Im/ vl.quly+Im/ v1.Vyoqz.
Q Q
Then
5 q C
Ro< 30 [ 19+ 8% [ty +planS [ 195
2" Jo 2 Ja 2 Ja

We insert Rr, (I =0,1) and Rq in (4.9) to obtain

Re / v1.Vyy;
Q

5 al c (4.10)
<59 [ atwm+ 30 [ 1P+ [ alyl + plan [ Ve
T Q Q Q
Using the same argument and by (2.6]), we obtain
Re/ (v2.V2 + (g — a7)y)Z
Q
< 2B8h* h(zt)7t+4ﬁ/ |VZ|2+|q2|ﬁ/ a)2)? (4.11)
Ty Q Q

+ g((|a2\2 +2)C+C' +1) / |Vy|?,
Q
where we have put 3 = max(83, 3%). However, ([4.10)-({4.11) gives

Re/ (01.Vyg: + (v2.Vz + (ag —a1)y)Z)
Q

< 2B max(g", h*)( / o ()T + / h(z)7)

I I

C
R (L1wep s [19oP+ [l + [ al)
Q Q Q Q

where C' = max {|a1|2C + 8, (Jaz|* +2)C + C' 46, |q1], 2|g2| }. Using (4.1)), we have

/21 g(yt)ytJF/El h(z)z
=FE(0) — E(T) +Re /Q(vl.Vy@ + (v2.Vz + (2 — a7)y)Z).
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By (4.4)), we find

Aﬂmm+éﬁwm

< 2(0) = B(T) + 26max(a” 1) [ atwi+ [ b))

6C
S Lwst s [ 1907+ [l + [ als?).
Q Q Q Q

Finally, by (4.5, we obtain (4.6]). a

5. MAIN RESULT

We begin by stating an identity given by the multiplier method.
Lemma 5.1. Every solution y of (1.1))—(1.5) satisfies

/Q |Vy|? + /Q V2|2 = Iq +Is, + Iz, + Io, (5.1)
where

1
I = —fIm/(yh.Vg—i-zh.VE)ﬁ,

Iy, = 1/ (| |2+| |)h.v,

1 n Jy 0z
Iy, = =1 V(yyr + 2%Z;) + = —
=T g Zlhv(yyt—i—zzt)—i—QRe/ (8v +6 )

1 2 dy dy 0z 0z
2/ (‘ B |)h'”+R/ h. (8u8v+8uav)
1 2

-5 [ ne(150E15F).
Io = Re/Q [(Fy + PO)h.NT + (Fy + Py)h.Vz]

+ gRe/ [(F1 + Py + (Fy + P)Z].
Q
Proof. Multiply (1.1) by h.Vy and integrate over @ to obtain

0= / (iyt + Ay + (F1 + Pl))th
Q

(5.2)
= z/ yeh.Vy + / Ayh.Vy + / (F1 + P)h.V7y.
Q Q Q
Taking the real part,
0= —Tm / yih VT + Re / Ayh.Vj + Re / (Fi+ PORVE.  (53)
Q Q Q

Integrating by parts,

_ T __
/ yh.Vy = / yh.Vy|0 —/ yh.Vy; .
Q Q Q
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Using the divergence identity (4.8]) with divh = n, we obtain

/yth.Vy:/yh.V@{on/y@h.qun/ yEJr/@h.Vy.
Q Q = Q Q

Then
. _ T _ __
QZIm/ yth.Vyz/yh.Vy’() —/yyth.u—i—n/ YUs,
Q Q b Q
SO
ZIm/ yth.nglm/ yh.V§|0T flm/ y@h.l/JrnIm/ YUz (5.4)
Q Q = Q
However,
[wwi=i [ v-ay-FFm)
Q Q
oy -
:—z’/ a—yy—i—z/ |Vy|2—i/yF1+P1-
x OV Q Q
Then

.
Im/ y@z—Re/ Ejyy+/|Vyl2—Re/ yF + P
Q » OV Q Q

We substitute this expression in (5.4)) and we use (1.3]) to obtain

1
—Im/ ythVy = —flm/ thy|O Im yyeh.v
¥

ay
+—Re/ e 77/ IVy|* + = Re/ F + Pyy.
2 s, Ov
Concerning the term f 0 AyhVy, if we use Green’s Formula, identity (4.7] -, we find
_ Yy, o _
AyhVy = a—th - VyV(th)
Q

/ % g - /\Vyﬁ—f/hv V)

We use the divergence identity (4.8 . ) to find
0 1
Re/ Athy:Re/ ith—f/ \Vy\Qh.U+(ﬁ—1)/ Vyl2. (5.6)
Q » ov 2 > 2 Q

However, in T,

(5.5)

Vy|? = |*| \ \2
Y, 0y 3y8y
a0V = g, Phe+ 5l g

and in [y, 631 = 0. Then from (j5.6),

he [ ayiwy = [ 150y [ 150

(5.7)
dyody, 1 2 / 2
+Re /Ela auh' / 1Y 120 +(2 1) Q|Vy|.
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Finally, we insert (5.5) and (5.7) in (5.3)) to obtain

1 1 dy 1 .
Vyl?=-=1 1AV = ZPhow+ =1 h.
/QI Yl Qm/Qy y|0+2/20|(%| v+2m21yyt v
oy 1 ) dy oy

n Y2
n AR N A A,
+2Re/218vy+2/21|8v| v+ Re o, 90 u (5.8)

1

a -
——/ —y|2h.v+QRe/ F1+P1y+Re/ Fy + Ph. V7.
2J)s, Op 2 Q Q

We obtain a similar identity for z. From such inequality and (5.8)), we deduce

E1). 0
Our main result is the following.
Theorem 5.2. The solution of (L.1)—(L.5) is ezponentially stable.

Proof. From ([@.1), @.11), 2.12), (.4), (.5) and Remark 2.1} we have
E'(t) < X\3E(t), forall t > 0.

Now, we prove that there are two constants A; and A, (A; < A3), such that
T
/ E(t) < M(E(T) + E(0)) + Ao (E(0) — E(T)), for all T > 0.
0

We bound the terms: I, Is,({ =0,1) and Ig in (5.1)). For all e; > 0,

Io < R(g + sl)é(E(T) + E(0)).

By Cauchy-Scwartz,

§(2R+Z(C’—i—l))(/Q|vil/|2+/Q|vz|2>

+mxl:71,2|ql\3(c+1)(/ IVy|2+/ vaP?)
2 Q @

+ g Re/ (0127 + a2yZz) + Re/ (a12h. VY + asyh.VZ)
Q Q

n
5 ([ alsl+ [ wla):
Q Q

Ig <

However,
n _ _
— Re/ (o127 + a2yZ)
2 Jo
n
= nRe/ 012y + fRe/ (g — 7)Yz
Q 2 Jo

<nlonl ([ ol + | 9e2) o ( [ 1vo+ [ 19
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and

Re/ (01 zh.VZ + aoyh.V7y)
Q

= Re/ (a1 (zh.VZ +Gh.Vy) + (a2 — a1)yh.V7)

Q
C+1 BR(C +1
< Rlaa G2 ([ o+ [ va) + ZEEED [ jwyp.
Q Q Q
Therefore,
Ip < gé(/ Tyl + / V) +ml:+’2(|‘”|)3(0+1)(/ Vol + [ 1V4P)
Q Q
« n
Ol mesm( [ voe+ [ 19) - 2 b+ [ @l
Q Q Q Q

WhereC—2R+(3"+R C +1). By (2:8), we find

<50( [ o+ | 9ep)

N (w _ %«mmmm) (/Q vyl +/Q|VZ|2)

+|0;1(<n+R)C+R)(/Q|Vy|2+/Q|vZ|2) _’;(/Qq1|y|z+/Qq22|2)'

So that
o< (M J0) ([l [ 92+ [+ [ lep)
2 Q
n
—2(/(Qq1|y| +/qulz )

Concerning the term Iy, we have Iy, <0. Put

IEI = Izl(y) + '[21 (2)7

where
1 1
I, (y) = §Im h.ovygs + = Re/ / | 5= |h
3
Jdy dy / 2
hopy——-2— =
+Re oy Ma,u@v 2 | |
and

1
Izl(z)zalm g h-UZZTs—&-gRe 72_’_ / |7| hov

0z 0z 1 9
+Re/21h.ﬂ6m2/2 oge P + 152,
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We start with I, (y). Using Cauchy Scwartz and (2.1)), for &2 > 0, we obtain

Igl <RO’62/ |Vy|2+R / |yt|2+n620 / \Vy\Q */ |
R 2 2
/ 2 / 222 4 / 1|8M) / 22

Choosing 7 = 7" and using (L.4), (2:11)) we obtain
R R?
I < / 2 ov * —
= (¥) _CeQ(R+n)/Q|Vy| + (9*52 +( +R+ 4h0) )/Zlg(yt)yt,

similarly for I, (2),

2

R " _

Is, (2) < C"ag(R—Fn)/ |Vz|* + ( 1
Q h*EQ

P
Therefore,
Iy < C'es(R + n)(/ |Vy|? +/ V2[2)
Q
R R? . _ _
+ (m + ( + R+ m) max(g”, h )) /El(g(yt)yt + h(z)z) -
Using (4.6) we find

Iy < X2 (E(0) — E(T))

+ (Cealretm)+ 500) ([ 192+ [ 19oP+ [P+ [ aloP).
Q Q Q Q

(m + ( +R+ ﬁ) max(g*, h*))

4ho
We insert this in (5.1)) to obtain

where

Ay =2

%(min(l, 2) = BT + 20) — 2C'e5(R + )

X (/Q|Vz|2—|—/Q\Vy\2+/QQ2|Z|2+/Q(11|y|2>
< M (E(T) + E(0))) + X2 (E(0) — E(T)),

where, we have put

R C

A +e1).
1= (81 1)
We choose ) .
< min(1, 5:)
C 4+ \C
and _
in(1,%) — B(C + XC 2 *, h*
¢ < min (mm( 5) — B(C+ A20) 2C1nm.ax(g Jh ))
2C"(R +n) RC min(gs, hy)
On the other hand, if we choose £; such that

EQCR <e < 2C1
¢y max(g*, h*) '™ min(gy, he)es
then Al S )\2. O
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