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BOUNDARY STABILIZATION OF A COUPLED SYSTEM OF
NONDISSIPATIVE SCHRODINGER EQUATIONS

HAMCHI ILHEM

Abstract. We use the multiplier method and the approach in [1] to study the

problem of exponential stabilization of a coupled system of two Schrodinger

equations.

1. Introduction

Let Ω be a bounded domain of Rn (n ∈ N∗) with smooth boundary Γ, and let
(Γ0,Γ1) be a partition of Γ. Consider the boundary feedback system:

iyt + ∆y + F1(y,∇y) + P1(z) = 0 in Q, (1.1)

izt + ∆z + F2(z,∇z) + P2(y) = 0 in Q, (1.2)

y = z = 0 on Σ0, (1.3)
∂y

∂υ
+ g(yt) = 0,

∂z

∂υ
+ h(zt) = 0 on Σ1, (1.4)

y(0) = y0, z(0) = z0 in Ω. (1.5)

where T > 0, Q = Ω×]0, T [, Σl = Γl×]0, T [ (l = 0, 1), υ is the outward unit normal
to Γ, ∂

∂υ denotes the normal derivative, yt and zt the time derivative, ∇ and ∆ are
the Gradient and the Laplacian in the space variables. Operators Fl, Pl (l = 1, 2)
and the functions g and h are defined in §2.

Our goal in this paper is to obtain, under a suitable geometrical conditions
on (Ω,Γ0,Γ1), the exponential stability of the system (1.1)–(1.5): For any initial
data (y0, z0) in some space, the energy E (see (2.13)) of the solution tends to zero
exponentially as t→ +∞.

In the case of one equation and where F = 0 and g is linear of the form g(s) =
(h.υ)s, h represents a vector field satisfying some geometrical conditions, a lot
of work have been (see for example [5, 6]). Recently, in [3] they have obtain a
result of stabilization in the space L2(Ω) of one equation where F = 0 and linear
feedback in the form iy. In these situations the system is dissipative (the usual
energy is decreasing). Notice, that this property (the decrease of energy) specially
E(T ) ≤ E(0) has a crucial role in studying the stability of the solution. So, the
approach in [2] can not be applied to the non dissipative system.
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To the best of our best knowledge, nonlinear boundary stabilization for the
coupled system of two Schrodinger equations with lower order terms has not been
considered in the literature. In this case the energy is not decreasing; we do not
have any information about the sign of the derivative of the energy (see (4.1)). This
requires a careful treatment.

Our paper is divided in 3 sections. In §2, we give notation and assumptions. In
§3, we give the result of existence of solution. In §4 we give some formulas witch
are needed for proving our result. In §5 we use the multiplier method to show, that
the energy of the solution of system (1.1)–(1.5) satisfies the inequalities:∫ T

0

E(t) ≤ λ1(E(T ) + E(0)) + λ2(E(0)− E(T )), for all T > 0

E′(t) ≤ λ3E(t), for all t > 0 ,
(1.6)

where λ1 ≤ λ2. E′ is the time derivative of the energy. As in [1], we have

E(t) ≤ cE(0)e−ωt, for all t > 0. (1.7)

2. Notation and Assumptions

Let x0 be a fixed point in of Rn. Set h = h(x) = x − x0 and R = sup{|h(x)| :
x ∈ Ω}. Assume that for some constant h0 > 0, we have

Γ0 = {x ∈ Γ : hυ ≤ 0} , Γ1 = {x ∈ Γ : hυ ≥ h0} . (2.1)

Assume that F1, F2 are linear differential operators of order one in the space vari-
ables with L∞(Q)-coefficients and P1, P2 are linear operators of zero order with
L∞(Q)-coefficients:

F1 = F1(y,∇y) = v1(x).∇y − q1(x)y, (2.2)

F2 = F2(z,∇z) = v2(x).∇z − q2(x)z, (2.3)

P1 = P1(z) = α1(x)z, (2.4)

P2 = P2(y) = α2(x)y. (2.5)

Where in (2.4)–(2.5), α1 and α2 are a bounded complex valued functions such that

Im(α1α2) ≥ 0 , (2.6)

|α1| = |α1(x)|L∞(Ω) ≤
min(1, n

2 )
(n+R)C +R

(2.7)

where ql (l = 1, 2) are a positives functions satisfying

max
l=1,2

(|ql|) ≤
min(1, n

2 )− |α1|((n+R)C +R)
2R(C + 1)

. (2.8)

Where C is the positive constant satisfying∫
Ω

|y|2 ≤ C

∫
Ω

|∇y|2.

We assume that for all l = 1, 2 vl = vl(x) is a complex n-vector field with
|vl| ∈ L∞(Q), the Hessian matrix Vl of vl satisfies |Vl| ∈ L∞(Q) and the following
properties for Im vl are achieved:

| Im vl.µ| ≤ Im vl.υ on Γ1, (2.9)

Im vl.υ = 0 on Γ0, (2.10)
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where µ represent the tangential unit vector on Γ. Put

β = max
l=1,2

{
|α2 − α1|, |vl|, |∇(α2 − α1)|, |Vl|, |div(Im vl)|

}
.

Assume that g and h are a complex valued functions such that there exists a
constants g∗, h∗, g∗, h∗ > 0 such that for all s ∈ C we have

g∗|s| ≤ |g(s)| ≤ g∗|s| and g(s)s ≥ 0, (2.11)

h∗|s| ≤ |h(s)| ≤ h∗|s| and h(s)s ≥ 0. (2.12)

Put
H1

Γ0
(Ω) =

{
u ∈ H1(Ω) : u = 0 on Γ0

}
.

We define the energy E of (1.1)–(1.5) by

E(t) =
1
2

( ∫
Ω

|∇y|2 +
∫

Ω

|∇z|2 +
∫

Ω

q1|y|2 +
∫

Ω

q2|z|2dx
)
− Re

∫
Ω

α1yz. (2.13)

Remark 2.1. We note that, because (2.7), we have

ζ1

( ∫
Ω

|∇y|2 +
∫

Ω

|∇z|2
)
≤ ‖(y, z)‖2H1

Γ0
(Ω) ≤ ζ2

( ∫
Ω

|∇y|2 +
∫

Ω

|∇z|2
)
,

where

‖(y, z)‖2H1
Γ0

(Ω) =
∫

Ω

|∇y|2 +
∫

Ω

|∇z|2 +
∫

Ω

q1|y|2 +
∫

Ω

q2|z|2dx− 2 Re
∫

Ω

α1yz.

3. Existence of solutions

We define an operator

A(u1, u2) = (i∆u1 + iF1(u1,∇u1) + iP1(u2), i∆u2 + iF2(u2,∇u2) + iP2(u1))

with domain

D(A) =
{
(u1, u2) ∈ V × V : for l = 1, 2 ∆ul ∈ H1

Γ0
(Ω),

[
∂u1

∂υ
+ g(i∆u1 + iF1 + iP1)]Γ1 = 0,

[
∂u2

∂υ
+ h(i∆u2 + iF2 + iP2)]Γ1 = 0

}
Where V = H2(Ω) ∩H1

Γ0
(Ω). Let U = (u1, u2), we may rewrite system (1.1)–(1.5)

as
Ut = AU

U(0) = U0.
(3.1)

then the solvability of (1.1)–(1.5) is equivalent to the one of (3.1).
We can prove that, if g and h are globally lipschitz, there exists a positive

constant k such that the operator A − kI is maximal dissipative on (H1
Γ0

(Ω))2.
Therefore, we have the following theorem [2, 4].

Theorem 3.1. 1. For every (y0, z0) ∈ D(A) the system (1.1)–(1.5) has a unique
solution (y, z) ∈ L∞([0,+∞);D(A)) ∩W 1,∞([0,+∞); (H1

Γ0
(Ω))2).

2. For every (y0, z0) ∈ (H1
Γ0

(Ω))2 the system (1.1)–(1.5) has a unique solution
(y, z) ∈ C([0,+∞); (H1

Γ0
(Ω))2).
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4. Preliminary results

We begin by establishing a formula concerning the derivative of the energy of
the system (1.1)–(1.5) and two estimates concerning

∫
Σ1

(g(yt)yt + h(zt)zt) and
Re

∫
Ω
(v1.∇yyt + (v2.∇z + (α2 − α1)y)zt).

Lemma 4.1. For each solution y of system (1.1)–(1.5) we have

E′(t) = Re
∫

Ω

(v1.∇yyt + (v2.∇z + (α2 − α1)y)zt)−
∫

Σ1

(g(yt)yt + h(zt)zt). (4.1)

Proof. We multiply both side (1.1) by yt and use Green’s formula to obtain

i

∫
Ω

|yt|2 +
∫

Γ

∂y

∂υ
yt −

∫
Ω

∇y.∇yt +
∫

Ω

(F1 + P1)yt = 0.

Taking the real part, we obtain

Re
∫

Ω

∇y.∇yt + Re
∫

Ω

q1yyt = Re
∫

Γ

∂y

∂υ
yt + Re

∫
Ω

(v1.∇y + α1z)yt.

But, by (1.3)–(1.4) and (2.11) we find that

Re
∫

Γ

∂y

∂υ
yt = −Re

∫
Γ1

g(yt)yt = −
∫

Γ1

g(yt)yt

and

Re
∫

Ω

∇y.∇yt + Re
∫

Ω

q1yyt = −
∫

Γ1

g(yt)yt + Re
∫

Ω

(v1.∇y + α1z)yt. (4.2)

We obtain similar identity for z:

Re
∫

Ω

∇z.∇zt + Re
∫

Ω

q2zzt = −
∫

Γ1

h(zt)zt + Re
∫

Ω

(v2.∇z + α2y)zt. (4.3)

However,

Re
∫

Ω

(∇y.∇yt +∇z.∇zt + q1yyt + q2zzt − α1(zyt + zty)) = E′(t) .

Then by (4.2)–(4.3), we find (4.1). �

Lemma 4.2. There exists a constant C > 0 such that we have for all t > 0,

Re
∫

Ω

(v1.∇yyt + (v2.∇z + (α2 − α1)y)zt)

≤ 2βmax(g∗, h∗)
( ∫

Γ1

g(yt)yt +
∫

Γ1

h(zt)zt

)
+
βC

2

( ∫
Ω

|∇z|2 +
∫

Ω

|∇y|2 +
∫

Ω

q1|y|2 +
∫

Ω

q2|z|2
)
.

(4.4)

Moreover, if

β <
1

4 max(h∗, g∗)
(4.5)

then, for all T > 0, we have∫
Σ1

g(yt)yt +
∫

Σ1

h(zt)zt

≤ 2(E(0)− E(T )) +
βC

2

( ∫
Ω

|∇z|2 +
∫

Ω

|∇y|2 +
∫

Ω

q1|y|2 +
∫

Ω

q2|z|2
)
.

(4.6)
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Proof. We start with the proof of (4.4). Using (1.1), we have

Re
∫

Ω

v1.∇yyt = −Re
∫

Ω

iv1.∇y(∆y + v1.∇y − qy + α1z) .

Then

Re
∫

Ω

v1.∇yyt = Im
∫

Ω

v1.∇y∆y − Im
∫

Ω

v1.∇yq1y + Im
∫

Ω

v1.∇yα1z.

First, we consider the term Im
∫
Ω
v1.∇y∆y. Applying Green’s formula, we obtain:

Im
∫

Ω

v1.∇y∆y = Im
∫

Γ

∂y

∂υ
v1.∇y − Im

∫
Ω

∇y.∇(v1.∇y).

Indeed, with s = v1, we recall the identity

∇(s.∇u)∇u = S∇u.∇u+
1
2
s.∇(|∇u|2), (4.7)

where S denotes the Hessian of s. Then

Im
∫

Ω

v1.∇y∆y = Im
∫

Γ1

∂y

∂υ
v1.∇y − Im

∫
Ω

V1∇y.∇y −
1
2

∫
Ω

Im v1∇(|∇y|)2.

We invoke the divergence identity:∫
Ω

s.∇ψ =
∫

Γ

ψs.υ −
∫

Ω

ψdivs, (4.8)

with ψ = |∇y|2 and s = v1. Then

Im
∫

Ω

v1.∇y∆y

= Im
∫

Γ1

∂y

∂υ
v1.∇y − Im

∫
Ω

V1∇y.∇y −
1
2

∫
Γ

Im v1.υ|∇y|2 +
1
2

∫
Ω

Im(divv1)|∇y|2.

Since, s = (s.υ).υ + (s.µ).µ for all vector s on Γ,

|∇y|2 = |∂y
∂υ
|2 + |∂y

∂µ
|2.

Moreover,
∂y

∂µ

∣∣
Γ0

= ∇y.µ
∣∣
Γ0

= 0, or |∇y| = |∂y
∂υ
| on Γ0,.

Then

Re
∫

Ω

v1.∇yyt = RΓ0 +RΓ1 +RΩ, (4.9)

where

RΓ0 = Im
∫

Γ0

v1.υ|∇y|2 −
1
2

∫
Γ0

(Im v1.υ)|∇y|2

=
1
2

∫
Γ0

(Im v1.υ)|∇y|2 ≤ 0 (by (2.10))

and

RΓ1 =
∫

Γ1

Im v1.υ|
∂y

∂υ
|2 + Im

∫
Γ1

v1.µ
∂y

∂µ

∂y

∂υ
− 1

2

∫
Γ1

(Im v1.υ)|∇y|2

=
1
2

∫
Γ1

Im v1.υ|
∂y

∂υ
|2 + Im

∫
Γ1

v1.µ
∂y

∂µ

∂y

∂υ
− 1

2

∫
Γ1

Im v1.υ|
∂y

∂µ
|2 .
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Then

RΓ1 ≤
1
2

∫
Γ1

Im v1.υ|
∂y

∂υ
|2 +

1
2

∫
Γ1

| Im v1.µ||
∂y

∂υ
|2

+
1
2

∫
Γ1

(| Im v1.µ| − Im υ1.υ)|
∂y

∂µ
|2.

By (2.9), RΓ1 ≤ β
∫
Γ1
| ∂y
∂υ |

2. Then, by (1.4) and (2.11), we obtain

RΓ1 ≤ βg∗
∫

Γ1

g(yt)yt

and (see (4.9))

RΩ = − Im
∫

Ω

V1∇y.∇y +
1
2

∫
Ω

Im(divv1)|∇y|2

− Im
∫

Ω

v1.∇yq1y + Im
∫

Ω

v1.∇yα1z.

Then

RΩ ≤
5
2
β

∫
Ω

|∇y|2 + β
|q1|
2

∫
Ω

q1|y|2 + β|α1|2
C

2

∫
Ω

|∇z|2.

We insert RΓl
(l = 0, 1) and RΩ in (4.9) to obtain

Re
∫

Ω

v1.∇yyt

≤ βg∗
∫

Γ1

g(yt)yt +
5
2
β

∫
Ω

|∇y|2 + β
|q1|
2

∫
Ω

q1|y|2 + β|α1|2
C

2

∫
Ω

|∇z|2.
(4.10)

Using the same argument and by (2.6), we obtain

Re
∫

Ω

(v2.∇z + (α2 − α1)y)zt

≤ 2βh∗
∫

Γ1

h(zt)zt + 4β
∫

Ω

|∇z|2 + |q2|β
∫

Ω

q2|z|2

+
β

2
(
(|α2|2 + 2)C + C ′ + 1

) ∫
Ω

|∇y|2,

(4.11)

where we have put β = max(β, β2). However, (4.10)–(4.11) gives

Re
∫

Ω

(v1.∇yyt + (v2.∇z + (α2 − α1)y)zt)

≤ 2βmax(g∗, h∗)(
∫

Γ1

g(yt)yt +
∫

Γ1

h(zt)zt)

+
βC

2
(
∫

Ω

|∇z|2 +
∫

Ω

|∇y|2 +
∫

Ω

q2|z|2 +
∫

Ω

q1|y|2),

where C = max
{
|α1|2C +8, (|α2|2 +2)C +C ′ +6, |q1|, 2|q2|

}
. Using (4.1), we have∫

Σ1

g(yt)yt +
∫

Σ1

h(zt)zt

= E(0)− E(T ) + Re
∫

Ω

(v1.∇yyt + (v2.∇z + (α2 − α1)y)zt).
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By (4.4), we find∫
Σ1

g(yt)yt +
∫

Σ1

h(zt)zt

≤ E(0)− E(T ) + 2βmax(g∗, h∗)
( ∫

Γ1

g(yt)yt +
∫

Γ1

h(zt)zt

)
+
βC

2

( ∫
Ω

|∇z|2 +
∫

Ω

|∇y|2 +
∫

Ω

q2|z|2 +
∫

Ω

q1|y|2
)
.

Finally, by (4.5), we obtain (4.6). �

5. Main result

We begin by stating an identity given by the multiplier method.

Lemma 5.1. Every solution y of (1.1)–(1.5) satisfies∫
Q

|∇y|2 +
∫

Q

|∇z|2 = IΩ + IΣ0 + IΣ1 + IQ, (5.1)

where

IΩ = −1
2

Im
∫

Ω

(yh.∇y + zh.∇z)
∣∣T
0
,

IΣ0 =
1
2

∫
Σ0

(
|∂y
∂υ
|2 + |∂z

∂υ
|2

)
h.υ,

IΣ1 =
1
2

Im
∫

Σ1

h.υ(yyt + zzt) +
n

2
Re

∫
Σ1

(∂y
∂υ
y +

∂z

∂υ
z
)

+
1
2

∫
Σ1

(
|∂y
∂υ
|2 + |∂z

∂υ
|2

)
h.υ + Re

∫
Σ1

h.µ
(∂y
∂µ

∂y

∂υ
+
∂z

∂µ

∂z

∂υ

)
− 1

2

∫
Σ1

h.υ
(
|∂y
∂µ
|2 + | ∂z

∂µ
|2

)
,

IQ = Re
∫

Q

[
(F1 + P1)h.∇y + (F2 + P2)h.∇z

]
+
n

2
Re

∫
Q

[(F1 + P1)y + (F2 + P2)z].

Proof. Multiply (1.1) by h.∇y and integrate over Q to obtain

0 =
∫

Q

(iyt + ∆y + (F1 + P1))h.∇y

= i

∫
Q

yth.∇y +
∫

Q

∆yh.∇y +
∫

Q

(F1 + P1)h.∇y.
(5.2)

Taking the real part,

0 = − Im
∫

Q

yth.∇y + Re
∫

Q

∆yh.∇y + Re
∫

Q

(F1 + P1)h.∇y. (5.3)

Integrating by parts, ∫
Q

yth.∇y =
∫

Ω

yh.∇y
∣∣T
0
−

∫
Q

yh.∇yt .
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Using the divergence identity (4.8) with div h = n, we obtain∫
Q

yth.∇y =
∫

Ω

yh.∇y
∣∣T
0
−

∫
Σ

yyth.ν + n

∫
Q

yyt +
∫

Q

yth.∇y.

Then

2i Im
∫

Q

yth.∇y =
∫

Ω

yh.∇y
∣∣T
0
−

∫
Σ

yyth.ν + n

∫
Q

yyt,

so

2 Im
∫

Q

yth.∇y = Im
∫

Ω

yh.∇y
∣∣T
0
− Im

∫
Σ

yyth.ν + n Im
∫

Q

yyt. (5.4)

However, ∫
Q

yyt = i

∫
Q

y(−∆y − F1 + P1)

= −i
∫

Σ

∂y

∂υ
y + i

∫
Q

|∇y|2 − i

∫
Q

yF1 + P1.

Then

Im
∫

Q

yyt = −Re
∫

Σ

∂y

∂υ
y +

∫
Q

|∇y|2 − Re
∫

Q

yF1 + P1 .

We substitute this expression in (5.4) and we use (1.3) to obtain

− Im
∫

Q

yth∇y = −1
2

Im
∫

Ω

yh∇y
∣∣T
0

+
1
2

Im
∫

Σ1

yyth.ν

+
n

2
Re

∫
Σ1

∂y

∂υ
y − n

2

∫
Q

|∇y|2 +
n

2
Re

∫
Q

F1 + P1y.

(5.5)

Concerning the term
∫

Q
∆yh∇y, if we use Green’s Formula, identity (4.7), we find∫

Q

∆yh∇y =
∫

Σ

∂y

∂υ
h∇y −

∫
Q

∇y∇(h∇y)

=
∫

Σ

∂y

∂υ
h∇y −

∫
Q

|∇y|2 − 1
2

∫
Q

h∇(|∇y|2) .

We use the divergence identity (4.8) to find

Re
∫

Q

∆yh∇y = Re
∫

Σ

∂y

∂υ
h∇y − 1

2

∫
Σ

|∇y|2h.υ + (
n

2
− 1)

∫
Q

|∇y|2. (5.6)

However, in Γ,

|∇y|2 = |∂y
∂υ
|2 + |∂y

∂µ
|2,

∂y

∂υ
h∇y = |∂y

∂υ
|2h.υ +

∂y

∂υ

∂y

∂µ
h.µ

and in Γ0, ∂y
∂µ = 0. Then from (5.6),

Re
∫

Q

∆yh∇y =
1
2

∫
Σ0

|∂y
∂υ
|2h.υ +

1
2

∫
Σ1

|∂y
∂υ
|2h.υ

+ Re
∫

Σ1

∂y

∂υ

∂y

∂µ
h.µ− 1

2

∫
Σ1

|∂y
∂µ
|2h.υ + (

n

2
− 1)

∫
Q

|∇y|2.
(5.7)
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Finally, we insert (5.5) and (5.7) in (5.3) to obtain∫
Q

|∇y|2 = −1
2

Im
∫

Ω

yh∇y
∣∣T
0

+
1
2

∫
Σ0

|∂y
∂υ
|2h.υ +

1
2

Im
∫

Σ1

yyth.ν

+
n

2
Re

∫
Σ1

∂y

∂υ
y +

1
2

∫
Σ1

|∂y
∂υ
|2h.υ + Re

∫
Σ1

∂y

∂υ

∂y

∂µ
h.µ

− 1
2

∫
Σ1

|∂y
∂µ
|2h.υ +

n

2
Re

∫
Q

F1 + P1y + Re
∫

Q

F1 + P1h.∇y.

(5.8)

We obtain a similar identity for z. From such inequality and (5.8), we deduce
(5.1). �

Our main result is the following.

Theorem 5.2. The solution of (1.1)–(1.5) is exponentially stable.

Proof. From (4.1), (2.11), (2.12), (4.4), (4.5) and Remark 2.1, we have

E′(t) ≤ λ3E(t), for all t > 0.

Now, we prove that there are two constants λ1 and λ2, (λ1 ≤ λ2), such that∫ T

0

E(t) ≤ λ1(E(T ) + E(0)) + λ2(E(0)− E(T )), for all T > 0.

We bound the terms: IΩ, IΣl
(l = 0, 1) and IQ in (5.1). For all ε1 > 0,

IΩ ≤ R
(C
ε1

+ ε1
) 1
ζ1

(E(T ) + E(0)).

By Cauchy-Scwartz,

IQ ≤ β

2
(2R+

n

2
(C + 1))

( ∫
Q

|∇y|2 +
∫

Q

|∇z|2
)

+
maxl=1,2 |ql|

2
R(C + 1)

( ∫
Q

|∇y|2 +
∫

Q

|∇z|2
)

+
n

2
Re

∫
Q

(α1zy + α2yz) + Re
∫

Q

(α1zh.∇y + α2yh.∇z)

− n

2

( ∫
Q

q1|y|2 +
∫

Q

q2|z|2
)
.

However,

n

2
Re

∫
Q

(α1zy + α2yz)

= nRe
∫

Q

α1zy +
n

2
Re

∫
Q

(α2 − α1)yz

≤ n|α1|
C

2

( ∫
Q

|∇y|2 +
∫

Q

|∇z|2
)

+
n

2
β(C + 1)

( ∫
Q

|∇y|2 +
∫

Q

|∇z|2
)



10 H. ILHEM EJDE-2006/20

and

Re
∫

Q

(α1zh.∇z + α2yh.∇y)

= Re
∫

Q

(α1(zh.∇z + yh.∇y) + (α2 − α1)yh.∇y)

≤ R|α1|
(C + 1)

2

( ∫
Q

|∇y|2 +
∫

Q

|∇z|2
)

+
βR(C + 1)

2

∫
Q

|∇y|2 .

Therefore,

IQ ≤ β

2
C

( ∫
Q

|∇y|2 +
∫

Q

|∇z|2
)

+
maxl=1,2(|ql|)

2
R(C + 1)

( ∫
Q

|∇y|2 +
∫

Q

|∇z|2
)

+
|α1|
2

((n+R)C +R)
( ∫

Q

|∇y|2 +
∫

Q

|∇z|2
)
− n

2
(
∫

Q

q1|y|2 +
∫

Q

q2|z|2),

where C = 2R+ ( 3n
2 +R)(C + 1). By (2.8), we find

IQ ≤ β

2
C

( ∫
Q

|∇y|2 +
∫

Q

|∇z|2
)

+
(min(1, n

2 )
2

− |α1|
2

((n+R)C +R)
)( ∫

Q

|∇y|2 +
∫

Q

|∇z|2
)

+
|α1|
2

(
(n+R)C +R

)( ∫
Q

|∇y|2 +
∫

Q

|∇z|2
)
− n

2

( ∫
Q

q1|y|2 +
∫

Q

q2|z|2
)
.

So that

IQ ≤
(min(1, n

2 )
2

+
β

2
C

)( ∫
Q

|∇y|2 +
∫

Q

|∇z|2 +
∫

Ω

q1|y|2 +
∫

Ω

q2|z|2
)

− n

2

( ∫
Q

q1|y|2 +
∫

Q

q2|z|2
)
.

Concerning the term IΣl
, we have IΣ0 ≤ 0. Put

IΣ1 = IΣ1(y) + IΣ1(z),

where

IΣ1(y) =
1
2

Im
∫

Σ1

h.υyyt +
n

2
Re

∫
Σ1

∂y

∂υ
y +

1
2

∫
Σ1

|∂y
∂υ
|2h.υ

+ Re
∫

Σ1

h.µ
∂y

∂µ

∂y

∂υ
− 1

2

∫
Σ1

h.υ|∂y
∂µ
|2

and

IΣ1(z) =
1
2

Im
∫

Σ1

h.υzzt +
n

2
Re

∫
Σ1

∂z

∂υ
z +

1
2

∫
Σ1

|∂z
∂υ
|2h.υ

+ Re
∫

Σ1

h.µ
∂z

∂µ

∂z

∂υ
− 1

2

∫
Σ1

h.υ(|∂y
∂µ
|2 + | ∂z

∂µ
|2) .
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We start with IΣ1(y). Using Cauchy-Scwartz and (2.1), for ε2 > 0, we obtain

IΣ1(y) ≤ RC ′ε2

∫
Q

|∇y|2 +R
1
ε2

∫
Σ1

|yt|2 + nε2C
′
∫

Q

|∇y|2 + n
1
ε2

∫
Σ1

|∂y
∂υ
|2

+
R

2

∫
Σ1

|∂y
∂υ
|2 +

R

2

(1
τ

∫
Σ1

|∂y
∂υ
|2 + τ

∫
Σ1

|∂y
∂µ
|2

)
− h0

∫
Σ1

|∂y
∂µ
|2.

Choosing τ = 2h0
R and using (1.4), (2.11) we obtain

IΣ1(y) ≤ C ′ε2(R+ n)
∫

Q

|∇y|2 +
( R

g∗ε2
+

( n
ε2

+R+
R2

4h0

)
g∗

) ∫
Σ1

g(yt)yt,

similarly for IΣ1(z),

IΣ1(z) ≤ C ′ε2(R+ n)
∫

Q

|∇z|2 +
( R

h∗ε2
+

( n
ε2

+R+
R2

4h0

)
h∗

) ∫
Σ1

h(zt)zt.

Therefore,

IΣ ≤ C ′ε2(R+ n)
( ∫

Q

|∇y|2 +
∫

Q

|∇z|2
)

+
( R

min(g∗, h∗)ε2
+

( n
ε2

+R+
R2

4h0

)
max(g∗, h∗)

) ∫
Σ1

(g(yt)yt + h(zt)zt) .

Using (4.6) we find

IΣ ≤ λ2(E(0)− E(T ))

+
(
C ′ε2(R+ n) + βCλ2

)( ∫
Ω

|∇z|2 +
∫

Ω

|∇y|2 +
∫

Ω

q1|y|2 +
∫

Ω

q2|z|2
)
,

where

λ2 = 2
( R

min(g∗, h∗)ε2
+

( n
ε2

+R+
R2

4h0

)
max(g∗, h∗)

)
.

We insert this in (5.1) to obtain
1
2

(
min(1,

n

2
)− β(C + λ2C)− 2C ′ε2(R+ n)

)
×

( ∫
Ω

|∇z|2 +
∫

Ω

|∇y|2 +
∫

Ω

q2|z|2 +
∫

Ω

q1|y|2
)

≤ λ1

(
E(T ) + E(0)

)
) + λ2

(
E(0)− E(T )

)
,

where, we have put

λ1 =
R

ζ1
(
C

ε1
+ ε1).

We choose

β ≤
min(1, n

2 )

C + λ2C
and

ε2 < min
(min(1, n

2 )− β(C + λ2C)
2C ′(R+ n)

,

√
2ζ2

1nmax(g∗, h∗)
RCmin(g∗, h∗)

)
.

On the other hand, if we choose ε1 such that
ε2CR

ζ1 max(g∗, h∗)
< ε1 <

2ζ1
min(g∗, h∗)ε2

,

then λ1 ≤ λ2. �
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