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GENERALIZED VISCOSITY SOLUTIONS OF ELLIPTIC PDES
AND BOUNDARY CONDITIONS

GUSTAF GRIPENBERG

ABSTRACT. Sufficient conditions are given for a generalized viscosity solution
of an elliptic boundary value problem to satisfy the boundary values in the
strong sense.

1. INTRODUCTION
When studying nonlinear elliptic equations of the form
F(x,u, Du, D*u) =0, x¢€9Q, (1.1)

one very fruitful approach may be to use the notion of viscosity solutions. We
say that wu is a viscosity solution if it is both a subsolution and supersolution and
u is a subsolution in € if it is upper semicontinuous in ) and for every xg € €2
the following implication holds: If ¢ € C2(R?) and u(x) < 9(x) + u(x0) — ¥(xo),
x € Q, |x — x| < 4, for some § > 0 then F(xo,u(x0), DY (x0), D*1h(xq)) < 0.
Supersolutions are defined symmetrically, for details and further information and
references, see e.g. [4]. Since one wants to be sure that classical solutions are
viscosity solutions, one has to assume that F' is nonincreasing in its last argument
(with the natural ordering for symmetric matrices).

One way of proving existence is to use Perron’s method, introduced in the vis-
cosity setting in [6]. That is, one proves that the supremum of a suitable set of
subsolutions is the solution. For this to work one needs a subsolution u and a super-
solution @ such that v < w and a comparison result saying that a subsolution is less
than or equal to a supersolution if both lie between u and @. If u(x) = w(x) when
x € 0N) then all functions between u and @ will automatically satisfy a Dirichlet
boundary condition but if this is not the case then the situation is not so simple any
more. One can, however, take another approach and consider a boundary condition
G(x,u(x)) = 0 in the viscosity sense which means that one considers the equation
H(x,u, Du, D*>u) = 0 in Q where

F(x7r7p7X)> XEQ7

H b b ,X =
(e, 7P, X) {G(X,r), x € 09.
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For the use of Perron’s method in this case, see also [B, Thm. 6.1]. It turns out
that when dealing with subsolutions the function H should be lower semicontinuous
and when considering supersolutions H should be upper semicontinuous. Thus one
has to introduce upper and lower semicontinuous envelopes defined as follows: If
v:A— [—00,00], A C RN, then v*(z) = lim,gsup{v(y) |y € A, |y — x| < s}
and v, (z) = limg o inf{u(y) |y € A, |y —x| < s}, for z € RY. Thus a generalized
viscosity solution of with boundary condition G(x,u(x)) = 0 should be a
subsolution of H, = 0 and a supersolution of H* = 0. Observe that if both F'
and G are lower semicontinuous (otherwise replace F' and G below by F, and G,
respectively) and € is open then

F(X,T,p,X), XGQ,

H* s Iy 7X - .
(x,7,p,X) {mm{G(x,r),F(x,r,p,X)}, x € 990.

One consequence of studying equation H, = 0 is that the boundary conditions may
not be satisfied at all points, and this in turn will cause grave problems when one
tries to prove comparison results. Thus the purpose of this note is to study under
what assumptions it follows that if u is a subsolution of H, = 0, then one actually
has G(x, u(x)) < 0 for all points x on the boundary. By symmetry one can then get
corresponding results for supersolutions, because u is a supersolution of H = 0 if and
only if —u is a subsolution of ‘H =0 where ?(x, r,p,X)=—-H(x, —r,—p,—X).
These results improve those that can be found in [5] (see also [2]), in particular
concerning the assumptions on the domain 2. Concerning the equations studied
in e.g. [I] on sees that the assumptions in the theorems below are satisfied for
the p-Laplacian equation — div(|Du[P~2Du) = 0 when 1 < p < oo where one thus
has F(x,7,q,X) = —|q/P~2tr(X) — (p — 2)|q/’~*(q, Xq) when q # 0 and for the
infinity-Laplacian equation —A,u = 0 where F(x,7,q,X) = —{(q,Xq). (Here
{-,-) denotes the standard inner product in R?.) However, the assumptions are
not satisfied for the 1-Laplacian equation, nor for the minimal surface equation

—div (— L — — __(X) (a,Xaq)
div (\/WDU) = 0 where F(x,7r,q,X) = e + Woreed

2. STATEMENT OF RESULTS

We shall prove two theorems that differ only in a tradeoff between the assump-
tions on the domain 2 and the nonlinearity F. Note also that we do not have
to assume that F' and G are nondecreasing in the second variable, but this as-
sumption is essential in comparison results. Below S(d) denotes the set of real
symmetric d X d-matrices with X >Y for X, Y € §(d) if all eigenvalues of X —Y
are nonnegative, and n ® n is the matrix with (¢, j)-element n;n;.

Theorem 2.1. Assume that d > 1 and that

(i) Q C R? is open;

(ii) x, € 00 satisfies an exterior ball condition, i.e., there is a vector n, € R?
with |ny| = 1 and numbers p, > 0 and B, > 0 such that {x € R? |
X = Xo = polio| < o [x = Xo| < Bo} N = {Xo};

(iii) F: QxR xR?x S(d) — [—00,00] is lower semicontinuous and degenerate
elliptic, i.e., nonincreasing in its last variable;

(iv)

limian(x, r,n, —pAin@n + % )\I) >0,

<
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where the limit is taken as x — X,, X € Q, n — n,, |n,| =1, 7 — u(x,),
A — o0, and n — oo;

(v) G:00 xR — [—00,00] is lower semicontinuous;

(vi) u:Q — R is a subsolution of H. = 0 in Q where

H(X’ ,r.’ p? X) =

F(Xarap’X)7 XEQ,
G(x,71), x € 0N.

Then G(xs,u(xs)) < 0.

Theorem 2.2. Assume that d > 1 and that

(i) © c R? is open;
(ii) x, € 09 satisfies an exterior cone condition, i.e., there is a vector n, € R?
with |n,| = 1 and numbers 0, € (0,%] and Bo > 0 such that {x € R |
(X — Xo, o) > €08(06)]X — Xol, |X — Xo| < Bo} N = {x.};
(iii) F: QxR xR?x S(d) — [~00,00] is lower semicontinuous and degenerate
elliptic, i.e., nonincreasing in its last variable;

(iv)

limian(x, r,An, —pA?(mn @ n — I)) >0,

where the limit is taken as x — Xo, x € Q, 7 — u(x,) |n| = 1, A — oo,
w— 00, and n — 00;

(v) G:0Q xR — [—00,00] is lower semicontinuous;

(vi) u:Q — R is a subsolution of H, = 0 in Q where

H(X’ T’ p? X) =

F(X7T7P7X)7 X€Q7
G(x,71), x € 0N.

Then G(xo, u(x,)) < 0.

It seems to be quite difficult to get a counterexample showing, for example, that
one cannot replace (iv) in Theorem by (iv) in Theorem but a modification
of a classical example due to Lebesgue (see e.g. [3, p. 303] where the notion of
viscosity solutions is not considered) shows that one cannot hope to be able to
significantly weaken the external cone condition. In this example one considers
Laplace’s equation —Au = 0.

Example 2.3. Let d > 4 and assume that w is a nondecreasing continuous function
on [0,1] with w(0) = 0 such that

1 1
/ @dt<oo but / @dtz-i-oo.
0 0

t2
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Furthermore, let

Q={xeR||x| <1,|(z2,...,2q)| > w(|z1]) T3 21},

1 d—3 d—2
M@:_A|mmjﬂ£9.%w2m,x¢@mwwm,semm

F(X7T,p7X) = 7t]ﬁ'(X),

r—o(x), x € 00\ {0},
G(x,r) = ng w)(t) 1 o}
rtfo T dt+ g5, x=0,

(o) = {wx), x €\ {0},

- 1 w(t
— O%dt, x =0.

Then all assumptions of Theorem are satisfied except (ii) and the conclusion of
Theorem [2.2] does not hold when x,, = 0.

For Q in the example above to satisfy the exterior cone condition one would
have to assume that infyco1)w(t) > 0. Note also that if Q = {x € R? | [x| <
L |(z2,...,7q)| > (log(Jlog(x1)]))~tx1}, then the exterior cone condition is not
satisfied at 0 but neither can the example above be applied for any d.

In the next example we show that for the 1-Laplacian equation the claim of
Theorem (or does not hold. This example shows that one cannot replace
assumption (iv) by an assumption of the form F(x,r,p,—nl) > 0 for some n > 0
when p # 0.

Example 2.4. Let
Q={xcR?*| x| <1},

tr(X X
_tr( )+<p 3p>7 p£0.
Ip| Ip|

Gx,r)=r, ux) =1 xecQ.

F=F, where F(x,r,p,X)=

Then all assumptions of Theorem are satisfied except (iv) and the conclusion
of Theorem 2] does not hold.

We need a special case of the following lemma, which is closely related to [4,
Lemma 3.1]. Here inequalities for vectors are to be taken component wise and 1 is
the vector with all components equal to 1.

Lemma 2.5. Assume that A C RY, w : A — R is upper semicontinuous and
U [1,00)™ x A — [0,00) nondecreasing in its first m arguments and lower semi-
continuous with respect to the last one. Suppose furthermore that

N =Na>1{z € A| ¥(a,z) =0} # 0,
lim ¥(a,z) =00, z€A\N,

and that

223 (w(z) — ¥(1,2)) < oco.

Let My = sup,c 4(w(z) — ¥(o,2)) for a > 1 and assume that zo € A is such that

lim (Ma — (w(za) — \I/(a7za))) =0.

a— 00
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If z, € A is a cluster point of zo as o — 0o, then z, € N and w(z) < w(z,) for
allz € N and if lim;_, Zo; = Zo then lim; .o ¥(ay,2q,) = 0. Moreover, if A is
compact, then

lim ¥(a,zq) =0.

a— 00

If A is not compact then it is not necessarily true that limg—, 0o ¥(ax,zo) = 0 as

can be seen by taking A = [0, 00), w(z) = ZQfl and ¥(a, z) = zmax{0,a — 2} + 5.
3. PROOFs

Proof of Lemma[2.8, If @ > 3 > 1 then we have ¥(a,z) > ¥(3,z) for all z € A
and hence My < Mg as well. On the other hand, NV is nonempty and sup, ¢y w(z) <
Mg, s0 My is bounded from below and Moo := limg .00 Mg, exists (and is finite).
Assume next that zo; — 2z, € A where a; — oo. If z, ¢ N then there exists
a vector a,, such that ¥(ay,z,) > w(z,) — Moo + 2. Since z — ¥(a,z) is lower
semicontinuous and w is upper semicontinuous we see that for sufficiently large j
we have V(ot,2a;) > W(Za,;) — Moo + 1. Since a; > a, for sufficiently large
values of j and W is nondecreasing in the first variables we see that ¥(ay,za,) >
W(Za,) — Moo + 1 for all sufficiently large j. But this contradicts the assumption
that 0 = limg— oo (Ma — w(Za) + ¥(at, 20)) = Moo — lima— 00 (W(2a) — (e, 2a))-
Since ¥ is nonnegative and w is upper semicontinuous we have

w(z,) > limsup (w(za].) — ¥(ay, zaj))

j—o0
= limsup (w(zaj) —V(a,2q;) — Maj) + lim M,
j—o0 J—
= Moo > sup w(z).
zEN
Since z, € N and w(z,) > limsup; ., w(za,) this inequality implies in addition
that lim; . V(a,2q,) = 0.
Finally, if we assume that A is compact then every subsequence ()32, has
a subsequence for which limy_, Zoy, — Zo € A and the claim follows from the
results already proven. O

Proof of Theorem[2.1. Suppose to the contrary that G(xe,u(xs)) > 0. Let n, and
Po be the unit vector and number in assumption (ii), let n > 1 be such that (possible

by (iv))
lim ian(x, r,n, —nAin®@n + 1 /\I) > 0, (3.1)

<
where the limit is taken as x — X,, x € Q, n — n,, |n,| = 1, r — u(x,), and
A — 0.
Furthermore, let yo = 24 + pons, and define the function ¥ by
U(a,x) = Y(a(|x — yo| — po))s a>1, xe€qQ,
where ¢ is some twice continuously differentiable function with ¢'(t) > %, t > 0,
$(0) =0, ¢/(0) = 1 and ¢"(0) = —27. (Take for example ¢(t) = § + g5 (1 -
W) when ¢t > —1.) Let A = QN {x|[x — x| < 3} and observe that the
only point x € A where ¥(a,x) = 0 is x,. Since u is upper semicontinuous in the
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compact set A it is bounded from above there and for each o > 1 there is a point
Xq € A such that

u(xo) — V(, x4) = sup (u(x) - \I/(a,x)).
x€A

It follows from Lemma that lim,— oo (@, x4) = 0 and that limg . X0 = Xo.
Thus we see that if « is sufficiently large, then x,, is a local maximum point of u(x)—
U(a,x) in Q. Clearly we have u(x,) > u(x,) and since u is upper semicontinuous
we conclude that lim, o u(Xq) = u(x,). Since G is lower semicontinuous this
implies that if « is sufficiently large and x, € 9Q then G(x4,u(x4)) > 0. The
assumption that w is a subsolution of H, = 0 then implies that

F(Xa, u(Xa), Dx¥(,X4), D2W(, x,)) < 0. (3.2)

Now a calculation shows that
Y'(a(lx = yol — ps))

DXLP(O[’X) - |X—y<>‘ (X_YO)7
and
D2W(a,x) = QX = Yol = po))
) ’ |X_Y<>‘
1/1”(04(|X—y<>| _Po)) w/(a(‘x—yo| _Po))
’ (QQ x — yol? - X — yo|? )(X*yo)®(xfyo),

Now we know that x, — X, and ¥(a(|xq — ¥o| — po)) — 0 and hence a(|x, —
Vo| — po) — 0 as a — oco. Thus we see that if we define n,, = ﬁ(xa —Yo) then
n, — nOv
"(a(|%a = ¥ol = po)) — 1,
(a(|xa = yol = po)) _ 1
|Xa - YO| I0<>7
1//'(04(|Xa —Yo| = po)) — —2n,

(G
¢l

as a — 0o.
If we let A = av)’(a(|xXa —Yo| — po)) then we see that for sufficiently large o (and
hence \) we have

Ozgw”(a(‘xa - Y<>| - Po)) < _)\277~
Thus we see (recall that |x, — Xo| > po) that

A
D2W(a,x,) < = T —n)\n, @ n,,

Po
Combining this result with the degenerate ellipticity of F' and (3.1) we get a con-
tradiction from inequality (3.2)). O

Proof of Theorem[2.3 Suppose to the contrary that G(x.,u(x)) > 0. In order to
derive a contradiction we start by choosing a number of parameters and points.
Since G is lower semicontinuous there is a number € > 0 such that

G(x,r) >0, |[x—%x¢|<e¢ x€09, |r—u(x)|<e. (3.3)
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By assumption (iv) there is a number k so that
F(X, T, An, —/J)\2(77I1 ®n — I)) >0 when

— 1 1
x €, ‘X_X°|<E’ |r—u(xo)|<%,)\>k, In| =1, p>Fk,and n > k. (3.4)

Choose a number m > 2 so that
sin(6s) ) m+l ]

2(k—1) gm+2
7 Sin(0,) " 3e(m+ 1)(2 — sin(6))™ ) <z (9

Since u is upper semicontinuous there is a number ¢ € (0, min{e, 5,}) such that

>k, 6(1—

u(x) < u(xe) + 27 %, [x—xo| <0, x€Q. (3.6)
and hence it follows from (3.3)) that
if |x — xo| < 9§, x € 99, and G(x, u(x)) < 0 then u(x) < u(x,) — €. (3.7
Choose (8 € (0, 5,) so that
) 2 e(m+1)
ﬂ<§a 5<%7 5<W7 (3-8)

and define
Yg = Xo +pPn,, B¢ (03/80)'
As a test function we take

—m— m—+1
o) = 4 @O~ =y x -yl <26,
0, Ix —ys| > 2.
Since m > 2 this function is twice continuously differentiable when x # yg.

Since u is upper semicontinuous there is a point xg € Q, so that x5 — yg| <20
and

u(xp) — ¥(xp) > u(x) —P(x), [x—ysl <28, xeQ.
If |x — xo| < 6 < B, and x € Q, then if follows from assumption (ii) that

Ix —yp| = Bsin(bs), (3.9)
and hence we have
sin(6,,)\™t1
u(xe) — () < ulxs) — Vxs) < uloey) +e(1 - )"
so that we conclude, since ¥ (x,) < 0 that
3 9 m—+1
u(xg) > u(xo) — e(l - M) . (3.10)
2
then |x — x,| < ¢ since 8 < g and hence by (3.6))
u(x) — P(x) < u(Xe) + 27" e+ 47 e < u(x,) — (%)
Thus we see that we must have
3
x5 — vl < 55, (3.11)

that is, x5 is a local maximum point for u — v in Q.
Furthermore, since %/6’ < e we note by (3.7) that if x € 9Q, |x —yg| < %5 and
G(x,u(x)) < 0, then u(x) < u(x,) — € so that by (3.9) we have u(x) — (x) <

u(xe) — €+ €(1 — %)mﬂ < u(xe) < u(Xe) — 1¥(xs) so we conclude that if
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xg € 09, then G(xg,u(x3)) > 0. Thus it follows from the assumption that u is a
subsolution of the equation H, = 0 that we in fact have

F(xg,u(xp), Dy(x5), D*9(x5)) < 0.

It remains to show that this is a contradiction.
When we use the notation
1

= —— (X —yp)
xs —ysl 0 7P

ng
we get
Dijp(xp) = €(28) "™ (m +1)(28 — x5 — ysl) " ng,

D*P(xg) = €(28)"" (m +1)(28 — x5 — ya|)" !

x5 — y5l
—m— m—1
—€(28)"" 'm(m +1)(28 - x5 — ysl)" ng@ng.

(I —ng ®@ng)

Let
A=e(2B8)"" N m+1)(28 — |xg — ys))",
B 1
Axpg —yal’
x5 — ysl
— =+ 1.
20 — |xp — ygl

I

n=m
Thus we see that
Dip(x5) = Ang  and D*Y(xp) = —pu)\*(nng @ ng — I).
From (3.9) and (3.11)) a we get

e(m+1)(2 —sin(f,))™
2m+1ﬁ

o> e(m+1)
- —22m+157

2m+2
m+1)(2 — sin(6,))™’
sin(6,)
2 —sin(6,)
Now it follows from (3.5) that n > k and g > k and from (3.8) that A > k.
Furthermore, the last inequality in (3.5) guarantees by (3.6]) and (3.10]) that |u(xz)—
u(x,)| < ¢. Finally, since [xg—ys| < 38 and 3 < Z by (3.8) we have |xg—x,| < 1.
Thus it follows from (3.4) that F(xg,u(xg), D¢ (xs), D*1(x3)) > 0 and we have a
contradiction. O

>
M_SE(

n>m + 1.

Proof of the claims in Example 2.5 A straightforward calculation shows that ¢ is
harmonic in the set {x € R? | x # (s,0,...,0),s € [0,1]} and thus we see that the
only point which may cause problems for the assumptions or the claim is the origin.

Using Fatou’s lemma we immediately conclude that u is upper semicontinuous. If

we define k(s) = ¢((s,s,0,...,0)), then we deduce that lims_,¢ k(s) = — fol # dt
by the dominated convergence theorem and the fact that (t — s)? + s2 > %tQ, but
limyo &' (t) = —(d — 2) fol wt(zt) dt = —co. Since (s,s,0,...,0) € Q for s sufficiently
small we conclude that there cannot be a function ¢ € C?(R?) such that u — 1 has
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a local maximum in Q at 0 and hence there is nothing to check in the definition of

a viscosity subsolution at 0.

It remains to show that G is lower semicontinuous in 92 x R and it suffices to

show that
1 d—3 1
1
lim inf w(t) _ats [ Wy L
z0 Jo ;92 0 T d—3
V@ =172 + (@) a2

By the triangle inequality and a series expansion we have

1 td73W(t)
A T dt
Je

> w(x) i % <n ;i; 3> (1 - w(x)dlfsyb
—w x)%i(nji_i; 3) (1 —w(x)dﬂ)nx"
Because %("jﬁg?’) > ig ("jﬁf) we get
w(x) i % <n :lril ; 3) (1 — w(z)@3 Big)"
> ;)_.%3 Ti (n Zii ; 4) (1 w(x)73 Big)" — Z;(_‘T;
w(z) wir) 1-w()

S @-3)(1-(-w@TE)i A3 d-3

(3.12)

(3.13)

(3.14)

This inequality, (3.13) and (3.14)) imply that (3.12)) holds since lim, o w(z) = 0 and

1 1
lim/ ”(t)dtz/ @dt,
zl0 J, t 0 t

> d—3 1 \"
O R (SR
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Proof of the claims in Ezample[2) A straightforward calculation shows that Fis
nonincreasing in its last variable when p # 0 and then F' has the same property
(for all p). Since F(x,7,0,X) = —oo when X > 0 it is clear that u is a subsolution
of F =0 in Q so it remains to check the boundary points and we may without
loss of generality assume that xo = (1,0). Assume thus that u(x) < ¢(x) for all
x € Q with |x — x¢| < § for some § > 0 and u(xg) = ¥(x0). Clearly ¥, (x0) < 0
and since the function ¢ — v (cos(t),sin(¢)) has a local minimum at ¢ = 0 we see
that ¢,(x0) = 0 and ¥, (x) > 0. If ¥,(x¢) = 0 it follows from the fact that
Pyy(x0) > 0 that F(xo, 1, Dy(x0), D*1)(x0)) = —oo and if 1,(x) < 0 it follows
from that fact that v, (x¢) = 0 that

F(x0,1, DY (x0), D*1h(x0)) = F(x0,1, Dih(x0), D*)(x0)) = _ Yyy(X0) <0.

WJT(XO” N
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CORRIGENDUM: POSTED SEPTEMBER 5, 2006
In Example [2.4] (page 4), replace “Q = {x € R? | |x| < 1}” by
Q={(z,y) eR? |z < 1}
and in the proof of the claims in Example (page 10), replace “the function
t — (cos(t),sin(t))” by “the function ¢ — 1 (1,t)”.
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