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NONLINEAR ELASTIC MEMBRANES INVOLVING THE
P-LAPLACIAN OPERATOR

FABRIZIO CUCCU, BEHROUZ EMAMIZADEH, GIOVANNI PORRU

ABSTRACT. This paper concerns an optimization problem related to the Pois-
son equation for the p-Laplace operator, subject to homogeneous Dirichlet
boundary conditions. Physically the Poisson equation models, for example,
the deformation of a nonlinear elastic membrane which is fixed along the
boundary, under load. A particular situation where the load is represented
by a characteristic function is investigated.

1. INTRODUCTION

Let © be a bounded smooth domain in RY. This paper is concerned with an
optimization problem related to the Poisson boundary-value problem

—Apu=f, inQ,

u=0, on dN. (1.1)

Here p € (1,00), and A, stands for the usual p-Laplacian; that is, A,u = V -
(|VulP=2Vu). Let fo € L), with ¢ = p/(p — 1), and let R be the class of
rearrangements of fo. We are interested in finding

sup/ fuypdz (1.2)
fer Ja
where uy is the (unique) solution of (L.1)).

The p-Laplace operator arises in various physical contexts: non Newtonian fluids,
reaction diffusion problems, non linear elasticity, electrochemical machining, elastic-
plastic torsional creep, etc., see [I], [I0], and references therein. For a theoretical
develop of the theory of the p-Laplacian we refer to the monograph [9]. The case
of p = 2 is the most important and easier to discuss: it corresponds to a first
approximation, the linear case. For non ideal materials, it is often appropriate to
involve a power of the gradient |Vu| to describe the law governing the model. For
example, problem models a nonlinear elastic membrane under load f. The
solution uy stands for the deformation of the membrane from the rest position.
Therefore, the functional fQ f us dr measures the average deformation, with respect
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to the measure f dz, of the membrane. Thus, any solution to determines an
optimal load chosen from the class R.

Our interest in spans questions such as existence, uniqueness (in case  is a
ball), and qualitative properties of maximizers. In case of p = 2, the problem is well
understood, see [3], [4], [5], [6], [1T]. In this case the functional [, fus dx is weakly
sequentially continuous and strictly convex, say on L?(Q), so the classical results
of R. Burton are available to be applied to prove existence and some qualitative
properties of the maximizers. However, in the case p # 2, we will use a method
which does not need the convexity of the functional. The existence in a similar
situation has been discussed in [7].

2. PRELIMINARIES

In this section we collect some well known results. Let us begin with the definition
of a weak solution of (1.1J).

Definition. A function u = uy € Wol’p(Q) is a weak solution of 1) provided
/ |VulP~2Vu - Vodr = / fode, Yve WP Q).
Q Q

It is a standard result that (1.1)) has a unique weak solution uy, for which the
following equations hold

1
/ fufd:cz/ |[VuslPde = ——  sup /(pfu—|Vu|p)da:. (2.1)
Q 0 P=1 ewir) /o
Definition. Suppose f: (X, %, u) — RT and g : (X', ¥, i) — RT are measurable
functions. We say f and g are rearrangements of each other if and only if

n({z € X| f@) > a}) = i/ ({z € X'| gla) > a}), Va>0.

Henceforth we fix fo € L% (), with ¢ = p/(p — 1). The set of all rearrangements
of fy is denoted by R. Thus, for any f € R, we have

Lyn({z e Q] f(z) = a}) = Ln({z € Q fo(x) =2 a}), Va=0,

where £y denotes the N-dimensional Lebesgue measure. For f : Q — RT, f2 and
f* denote the decreasing and Schwarz rearrangements of f, respectively. Recall
that f2 is defined on (0,£x(R)), and f* is defined on B, the ball centered at the
origin with volume equal to Ly ().

Lemma 2.1. Let g =p/(p—1), f € LI(Q), g € LY (). Suppose that every level
set of g (that is, sets of the form g=*({a})), has measure zero. Then there exists
an increasing function ¢ such that ¢ o g is a rearrangement of f.

Lemma 2.2. Suppose ( € L% (), and f € LI (). Suppose there exists an in-
creasing function ¢ such that ¢ o ¢ € R(f), the set of rearrangements of f. Then
¢o( is the unique mazimizer of the linear functional fQ h ¢ dx, relative to h € R(f),
where R(f) denotes the weak closure of R(f) in LI(£2).

Lemma 2.3. Suppose g € LY (Q). Then there exists f € R(fo) which mazimizes
the linear functional fQ hg dzx, relative to h € R(fy); that is,

/fgd:v: sup /hgdx.
Q ReR(fo) 7
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For the proof of Lemma see 5, Lemma 2.4], and for Lemmas [2.2] and
see [4, Lemma 2.4].

Next we recall a well known rearrangement inequality. If u € VVO1 P(Q) is non-
negative and if u* denotes the Schwarz rearrangement of u, then u* € W,"*(€2) and
the inequality

/ [Vu* P dx §/ [VulP dz (2.2)
B Q

holds. The case of equality in (2.2]) has been considered in [2]. The following result
can be deduced from Lemma 3.2, Theorem 1.1, and Lemma 2.3(v), in [2].

Theorem 2.4. Let u € Wol’p(Q) be non-negative, and suppose equality holds in
(2.2). Then u='(a, 00) is a translate of u*~*(a, 00), for every a € [0, M], where M
is the essential supremum of u over €, modulo sets of measure zero. Moreover, if

Ly({{x e Q| Vu(z) =0, 0<u(z)<M})=0, (2.3)

then u(x) = u(z — ), for some xo € RN ; that is, u is a translation of u*.

3. MAIN RESULTS

We begin with the following result.

Theorem 3.1. The mazimization problem (L.2)) is solvable; that is, there exists

f € R(fo) such that
/ fﬂdm = sup / fuydz,
Q FER(fo) JQ

where U = uj.
Proof. Let
I = sup /fufdx.
FER(fo) /O

We first show that I is finite. Consider f € R(fy); then from (2.1) followed by
Holder’s inequality we find

/Q VP de = / Fugdz < | fllq gl (3.1)

Since || flq = || follq, it follows from and the Poincaré inequality that I is finite.

Let {f;} be a maximizing sequence and let u; = uy,. From it is clear that
{u;} is bounded in W1P(Q), hence it has a subsequence (still denoted {u;}) that
converges weakly to u € VVO1 P(Q). We also infer that {u;} converges strongly to u
in LP(Q2). On the other hand, since {f;} is bounded in L?(Q?), it must contain a
subsequence (still denoted {f;}) converging weakly to n € L9(2). Note that n € R,
the weak closure of R in L?(€2). Thus, using the weak lower semi-continuity of the
WP (€2)-norm and (2.1)) we obtain

1
p—1i

11— 00

I=1lim [ fiu;de= lim / (pfiwi — [Vuil?) d
Q e

< Zﬁ/ﬂ(pnu— |Vul?) da.
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Note that from Lemma [2.3 we infer the existence of f € R(fo) that maximizes the
linear functional [, hu dz, relative to h € R(fo). As a consequence we obtain

/nudxg/fudx. (3.3)
Q o
Applying (2.1), (3.2) and (3.3) we find

1 A 1 . R
ISﬁ/(pfu—\vmp)dxg7/(pfﬁ—|Vﬁ|p)dx:/fﬁdac§I.
- - Q
Recall that 4 = uj . Thus f is a solution to , as desired. ([l

The next issue addressed is the so called Euler-Lagrange equation for solutions
of (T2).

Theorem 3.2. Suppose f is a solution of 1| with fo non negative. Then there
exists an increasing function ¢ such that

f=¢oi (3.4)
almost everywhere in ), where 4 = ug . Equation (3.4)) is referred to as the Fuler-

Lagrange equation for f.

To prove Theorem [3.2) we need some preparations. Let us begin with the following
result.

Lemma 3.3. Suppose f and G are as in Theorem. Then f maximizes the linear
functional [, hivdx, relative to h € R(fo).

Proof. Since f is a solution of 1D the following inequality holds for every f €
R(fo)

/ fade > / fuyde. (3.5)
Next, applying (2.1)) to the right hand side of (3 . 3.5]) yields
/ fude > —— / (pfi — |VilP) dz, (3.6)
Q r—1Ja
for every f € R(fo). We also have

. 1 .
/ fade = —— / (pfa— |ValP) da. (3.7)
—LlJa
Combination of (3.6)) and ( 1mphes

/Qfﬁdxz/ﬂfﬂdx,

for every f € R(fo). This completes the proof. a

In what follows we shall write inf,cg f(x) (sup,cg f(z)) for the essential inferior
(superior) of f(x) in S.

Lemma 3.4. Let f and @ be as in Theorem and let S(f) = {z € Q| f(z) > 0}.
Set
v= inf a(z), d= sup a(z).
z€S5(f) z€Q\S(f)
Then v > 4.
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Proof. To derive a contradiction assume v < §. Let us fix v < & < & < §. Since
€1 > 7, there exists a set A C S(f), with positive measure, such that @ < & on
A. Similarly, & < ¢ implies that there exists a set B € Q\ S(f), with positive
measure, such that @ > & on B. Without loss of generality we may assume that
Ln(A) = Ly(B) > 0 (otherwise we consider suitable subsets of A and B having
the same measures). Next, consider a measure preserving map 7' : A — B, see [12].

Using T we define a particular rearrangement of f, denoted f.

f(Tz), zecA
f(z) = f(T‘lx) x€B
f(x) Q\ (AuB).

/Q?adx—/gfadx:/AUBﬁzdx—/AUBfadx
:Lﬁm-éﬁm
252[3?dx—§1[4fdx

:(52—51)/4fd$>0-

Thus

Therefore, fQ fudr > fQ f i dx, which contradicts the maximality of f (see Lemma

3:3). O

Proof of theorem[3.2 Notice that from and [8, Lemma 7.7], it is clear that
the level sets of @, restricted to S(f), have measure zero. Therefore applying
Lemma we infer existence of an increasing function (;5 such that (;S ou is a
rearrangement of f relative to the set S(f). Equivalently, ¢ o @, restricted to S( f)
is a rearrangement of f2, restricted to the interval (0,s), where s = Ly (S(f)).

Now, define
_ o) t=~
s- {20 127

where v = inf S(f) 4(x). Note that, since ¢ is non-negative, ¢ is an increasing

function. Moreover, ¢ o 4 is a rearrangement of f2, on (0,w), where w = Lx(£2).
Thus ¢ o & € R(fy), hence we can apply Lemma to deduce that ¢ o 4 is the
unique maximizer of the linear functional [, hiidz, relative to h € R(fp). This

obviously implies f = ¢ o 1, almost everywhere in ). O

Remark. The function ¢ in above can be extended to all of R. Thus from
we infer S(f) = @ (¢71(0,00)). Since ¢ is increasing the set ¢~!(0,00) is either
the interval (,00) or [y,00). In both cases, since the level sets of @ on S(f) have
measure zero, we can write S(f) = {4 > v}. If we assume fo € L>(Q) then we
have the continuity of the solution @ (see [I5]). In this situation the boundary of

S(f), denoted S(f), satisfies
08(f) < {a =1}, (38)
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thanks to the continuity of 4. Note that Lx(S(fo)) = Ln(S(f)). Therefore, if
Ln(S(fo)) < Ln(K), it follows that v is strictly positive.
An example of interest is the following.

Example. Suppose fo = Xxg,, where xg, is the characteristic function of the
measurable set Ey C €, and let Ly (Ey) < Ly (). Denoting a solution of (L2)
by f , it is clear that f = Xj» for some measurable set EcqQ, having the same
measure as Fy. From the last Remark we infer that @« = wu; i is constant on OE.

Also, OF does not intersect 9. So physically speaking, in order to maximize the
average deformation of the nonlinear elastic membrane under uniform loads (given
by the appropriate rearrangement class) it is best to place the load away from the
boundary (independently of the geometry of the membrane). We will return to this
example in the last section.

We now address the question of uniqueness in a ball.

Theorem 3.5. Suppose 2 is a ball centered at the origin. Then the mazximization
problem (1.2]) with fo non negative and essentially bounded has a unique solution,
namely, f§.

For the rest of this section € is always a ball. We need the following result.

Lemma 3.6. If f > 0, then

1 1
f/ |Vu;.|de—|—f/f*uf* dxz/f*u’}dx. (3.9)
pJa qJa Q

Proof. From the variational characterization of us« the following inequality is clear

1 1 1
f/ |Vuji|pdx+f/ frupe dz > 7/| /f*uf* dx
P Ja q.Ja bJa Q

1
+f/f*uf*dx+/f*u’}dx
q.J0 Q

Since the first three terms on the right hand side of the above inequality drop out

thanks to (2.1)), we obtain (3.9). O
Proof of Theorem[3.3, Suppose f is a solution of (1.2). Then, from Lemma [3.6 we

have ) )

f/ |Vu}|P dz + f/ [upe doe > / fruydx

pJa q.Jq Q
Applying the Hardy-Littlewood inequality [, f*u}dxz > [ fuydx to the right
hand side of the above inequality we find

1 1 1 1
f/ |Vu}|pda:+f/f*uf* dxz/fufdwzf/ fufdx—l—f/ fuydz. (3.10)
P Ja q.Ja Q P Ja q.Ja

Since f is a solution of (1.2) we have fQ fupdr > fQ ffuyg« dx. Moreover, an
application of (2.1)) yields [, fuy dz = [, [Vuy|? dz. Therefore, (3.10) implies

/ |Vu}|P dx 2/ |Vug|P d. (3.11)
Q Q
Hence, from , we obtain equality in

Next we show that uy = uj. Accordlng to T heorem we only need to show
that ([2:3) holds. Let us consider 2 € Q such that 0 < u < maxq u(x), and set
={z € Q: u(z) > u(x)}, which is a closed ball by Theorem If we define
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v(z) = u(z)—u(z), we have —A,v(z) = —A,u(z) > 0, since f is non-negative. Since
v vanishes on 95, by the strong maximum principle [I6, Theorem 5] we have v > 0
in S. Therefore, u(z) > u(x) for all z € S. Hence = must be a boundary point of
S. So, by the Hopf boundary lemma [I6, Theorem 5] we derive 2% (z) = %(w) #0,
where v stands for the outward unit normal to 9.5 at z. Thus holds, as desired.
Finally, from , we deduce that f coincides with its Schwarz rearrangement, so
f = f"= fi. This completes the proof of the theorem. O

4. DOMAIN DERIVATIVE

This section is devoted to the example mentioned earlier. We have seen that if
f = Xp is a solution of , then o = uj is constant on the free boundary aD.
A natural question arises: Does the same result hold if x p is any critical point of
the functional fQ fuy, relative to the class of rearrangements of x? We give an
affirmative answer to this question under some restrictions on D. In order to put
things in the right context we need to introduce the notion of domain derivative
[13], [14], that is specialized to our situation.

Let D be an open smooth subset of Q with dist(D,02) > 0. Let V be a regular
(smooth) vector field with support in . Define D' = (Id + tV)(D), with small
t € R* such that D' C Q. Here Id denotes the identity map. Note that for small ¢,
the operator Id +tV is a diffeomorphism. In particular, D! is an open and smooth
set. If DA D! denotes the familiar symmetric difference of D and D?, then

Ln(DADY) < ct, (4.1)

where ¢ is a positive constant independent of t. As a consequence of (4.1]), the
function yp: — xp tends to zero in L4(Q) (for any ¢ > 1) as t tends to zero. Let

us define
I(D):/ udx,
D

where u satisfies

—Apu=xp in, u=0 on . (4.2)
Also
I(DY) :/ u' du,
Dt
where u! satisfies
—Aput =xp: inQ, u'=0 ondN. (4.3)

For the sake of the following definition we introduce V to be the set of all regular
vector fields with support in .

Definition. We say that D (as above) is a critical point of the functional I provided
dI(D;V)=cdVol(D;V),

for some constant ¢ and every V € V. Here

dVol(D; V) := lim £

t—0+ t

Of course, if we consider measure preserving vector fields V' then dVol(D;V) = 0.
We are now ready to state the main result of this section.
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Theorem 4.1. Suppose D is an open smooth subset of Q. Suppose dist(D, Q) > 0,
and D is a critical point of I, relative toT'. Then u, the solution of (4.2)), is constant
on 0D.

Lemma 4.2. Let u and u' be the solutions of ([4.2) and (4.3)), respectively. Then
ut — u, in WyP(Q), ast — 0F.

Proof. Let us recall the well known inequality (see, for example, [15])

X-YpP > 2

CXP2X - |[YP2YV, X —-Y) > | N |2’ b= (4.4)
’ XYL <2
xFypzr P=%

where X and Y are vectors in R”, | X| (similarly |Y|) denotes the Euclidean length
of X, C is a positive constant, and (-,-) stands for the usual dot product in R™.
Let us consider two cases

Case 1: p > 2: Using we have

\Wmt—vmggC{/qvwwﬁvw>4vmpﬂvw.mmﬂ—vwdx
Q
Using (4.2)) and (4.3)) we can rewrite the above inequality as

[Vu! — Vulh < C’/(XDt —xp)(u’ — u)dz.

Q
So by applying the Hélder’s inequality followed by the Poincaré inequality we obtain
t 1A 1/a
IVul — Vul? g(j( |XDt—XDwdx) .
Q

From the above inequality, the assertion of the lemma follows.
Case 2: p < 2: Let us begin with the following observation

v P p(2—p
uvm—vmg:/‘ [Vu V%mm(wmpuvmﬂz)m
o (V| + [Vul) 57

|Vut — Vul|? p/2 / . (2-p)/2
= P
B </ﬂ<lvutl+w><2m de) ([ (vt vl dr) T

which follows from the Holder inequality, since 2/p > 1. Note that (u!) is bounded
in Wy (). Thus from the above inequality we find

Vu! — Vul? p/2
Vu! — PO | d
Ve = Vulp < (/ (V] + [Vul) @) )

Now applying (4.4) to the right hand side of (4.5)), the assertion of the lemma can
be confirmed using similar arguments as in the ending part of Case 1. (]

(4.5)

Proof of Theorem[/-1. Let us begin with the identity
](Dt)—I(D):/ (ut—u)d:ﬂ—i—/ udx—/udw. (4.6)
Dt Dt D
Following [I3], we define

W(z) = lim u(z) —u(z)

4.7
t—0t t ( )
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Moreover, we have

/Dtudas—/Dudxz/D[u(m—l-tVHdet (6:5 —|—tg;/;)|—u(x)} dz.

Since t is small, we find
/ udx — / udx = / [(u(z) +tVu -V +0(t)) (1 +tV -V 4+ o(t)) — u(x)] dx
Dt D D

:t/(VwV—i—uV'V)dm—l—o(t)
D
:t/ V- (uV)dz+o(t)

D

:t/aDu(V~V)dO'+0(t),

(4.8)
where v is the outward unit normal to 0D and do is the surface measure. Inserting

(4.8) and (4.7) into (4.6) yields
t) _
lim D) - (D) :/ u'dx—i—/ uw(V - v)do. (4.9)
t—0t t D oD

Now multiply (4.2)) by uf, (4.3 by u, subtract the new equations, and finally inte-
grate over ). We find

t|(p—2) _ (r—2) 1 —ut
/ Vo] [Vl Vut~Vudx:f[/ udx—/udm}—i—/ v—u dz.
Q 3 tl/pe D p 1

(4.10)
Since u' tends to u in Wy'(€) as ¢ tends to zero, and also
d
£|Vut|(p_2) = (p—2)|Vu| P PVu- Vi, att=0,
taking the limit of (4.10)), when ¢ tends to zero, we find
(p— 2)/ |Vu| P~V - Vi de = / w(V -v)do — / o' dx. (4.11)
Q oD D

If we multiply (4.2) by «’, and integrate we find (recall that the support of V is in

Q)
/ |VuP~2Vu - V' doe = / o dx.
Q D
Inserting this equation in (4.11)) we find

1
/ udr = —— w(V -v)do.
D p—1Jop

Finally inserting the latter estimate into (4.9) yields

dI(D,V) = q/ u(V - v)do.
oD
Recalling the formula for the derivative of the volume, that is,

dVol(D,V) = / (V -v)do,
oD
and the fact that D is a critical point of I, we derive
dI(D,V) = ¢dVol(D, V) < u(x) = constant, on dD.
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This obviously completes the proof of the theorem. ([
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