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WELL-POSEDNESS OF ONE-DIMENSIONAL KORTEWEG
MODELS

SYLVIE BENZONI-GAVAGE, RAPHAEL DANCHIN, STEPHANE DESCOMBES

ABSTRACT. We investigate the initial-value problem for one-dimensional com-
pressible fluids endowed with internal capillarity. We focus on the isothermal
inviscid case with variable capillarity. The resulting equations for the density
and the velocity, consisting of the mass conservation law and the momentum
conservation with Korteweg stress, are a system of third order nonlinear dis-
persive partial differential equations. Additionally, this system is Hamiltonian
and admits travelling solutions, representing propagating phase boundaries
with internal structure. By change of unknown, it roughly reduces to a quasi-
linear Schrédinger equation. This new formulation enables us to prove local
well-posedness for smooth perturbations of travelling profiles and almost-global
existence for small enough perturbations. A blow-up criterion is also derived.

INTRODUCTION

We are concerned with compressible fluids endowed with internal capillarity. The
models we consider are originated from the XIXth century work by van der Waals
[25] and Korteweg [2I] and were actually derived in their modern form in the 1980s
using the second gradient theory, see for instance [26] [16]. They result in dispersive
systems of Partial Differential Equations. In fact, special cases of these models
also arise in other contexts, e.g. quantum mechanics. Our main motivation is
about fluids though, especially liquid-vapor mixtures with phase changes. Indeed,
Korteweg models allow phase “boundaries” of nonzero thickness that are often
called diffuse interfaces — by contrast with sharp interfaces in the Laplace-Young’s
theory. The interest for diffuse interfaces has been renewed in the late 1990s also
for numerical purposes, see [I] for a nice review.

The mathematical analysis of Korteweg models is rather recent. One may quote
only a few papers [9, [12] [15], in which nonzero viscosity and its regularizing ef-
fects play a fundamental role. One should also quote the recent work of Li and
Marcati [22], which concerns a similar model in QHD (Quantum HydroDynam-
ics), with weaker dissipation — due to relaxation —included. Here, we concentrate
on purely dispersive models, which are still physically meaningful. Although very
different from dissipative smoothing, dispersive smoothing is known to exist for var-
ious equations, see for instance the seminal work by Kato [19] on the Korteweg-de
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Vries equation, [IT],[I7] on generalized Schrodinger equations, etc. See also the work
by Bedjaoui and Sainsaulieu on a dispersive two-phase flow model [3]. However, up
to our knowledge, no result of this kind is known on the most general models we
are interested in. This is a direction of research in progress, in connection with the
recent work of Kenig, Ponce and Vega [20]. The positive counterpart of neglect-
ing dissipation phenomena is that like most other purely dispersive models (e.g.
Korteweg-de Vries, Boussinesq, standard Schrédinger equations), the models we
consider can be viewed, to some extent, as Hamiltonian systems. The Hamiltonian
structure of non-dissipative Korteweg models has been discussed in a companion
paper [5].

We address here the local-in-time well-posedness of the non-dissipative Korteweg
models. On the one hand, for monotone pressure laws, it has been pointed out
by Gavrilyuk and Gouin [I4] that these models admit a symmetric form, in the
classical sense of hyperbolic systems of conservation laws, at least for their first
order part and with non-dissipative — in a sense that we make precise below —
higher order terms. Even though this kind of systems enjoy natural L? estimates,
it is not clear how to show their well-posedness (this is done in [3] by an artificial
viscosity method). On the other hand, when concentrating on models with constant
capillarity, Korteweg models — at least some of them — can be dealt with by Kato’s
theory of abstract evolution equations [I§], disregarding the monotonicity of the
pressure. For more general capillarities though, because of the nonlinearity in
higher order terms, they are not amenable to Kato’s theory.

Restricting to one space dimension, where we can use Lagrangian coordinates,
we have been able to deal with both a nonmonotone pressure and a nonconstant
capillarity. For this, we have introduced an additional unknown that gives rise
to a system coupling a transport equation with a variable coefficients Schrodinger
equation. Taking advantage of symmetry properties of this system, inspired from
a work by Coquel on the numerics of Korteweg models, and introducing suitable
gauge functions, inspired from a work by Lim and Ponce [23], we obtain higher
order energy estimates without loss of derivatives, and eventually prove the local-
in-time well-posedness in Sobolev spaces of the one dimensional Korteweg models.
As a matter of fact, our main theorem is slightly more general since it also states
existence for data pertaining to H”* perturbations of any smooth reference solution
whose derivatives have sufficient decay at infinity. Our main motivation for proving
this is to investigate the stability of travelling wave solutions for the one-dimensional
model. Indeed, typical travelling solutions fail to belong to Sobolev spaces since
they have different endstates at —oo and 400 (see our companion paper [5] for more
details).

We finally derive a blow-up criterion involving the Lipschitz norm of the solution
and get a lower bound for the existence time in terms of the norm of the data which
entails almost global existence for small perturbations of a global solution (e.g a
capillary profile).

1. DERIVATION OF KORTEWEG MODELS

1.1. A general model in Eulerian coordinates. Korteweg-type models are
based on an extended version of nonequilibrium thermodynamics, which assumes
that the energy of the fluid not only depends on standard variables but on the
gradient of the density. In terms of the free energy for instance, this principle takes
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the form of a generalized Gibbs relation
dFf = —-SdT' 4+ gdp + ¢* - dw,

where F' denotes the free energy per unit volume, S the entropy per unit Volumeﬂ
T the temperature, g the chemical potential and, in the additional term, w stands
for Vp. The potential ¢ is most often assumed of the form

¢ = Kw,

where K is called the capillarity coeflicient, which may depend on both p and T.
In this case, F' decomposes into a standard part Fy and an additional term due to
gradients of density,

1
Fp, T,Vp) = Fo(p, T) + 5K (p, T)[ Vol

and similar decompositions hold for S and g. We shall use this special form in
our subsequent analysis. For the moment we keep the abstract potential ¢ and we
define the Korteweg tensor as

K := (pdivo)l — pw™.

Neglecting dissipation phenomena, the conservation of mass, momentum and energy
read

Op + div(pu) =0,
Ot(pu*) + div(puu® + pI) = divK,
O (E + Lplu)?) + div((E + Sp[ul® + p)u) = div(Ku + W),

where p = pg — F' is the (extended) pressure, E = F' 4+ T'S is the internal energy
per unit volume, and

W i= (9ip+u" - Vp)é = —(pdivu)o

is the interstitial working that was first introduced by Dunn and Serrin [I3]. This
supplementary term ensures that the entropy .S satisfies the conservation law

0,8 + div(Su) = 0.

(This is obtained through formal computation, for presumably smooth solutions.)
There is also an alternate form of the momentum equation (still for smooth solu-
tions). Using the mass conservation law and the relation

dg = —sdT +vdp + vo* - dw,
with s the specific entropy and v := 1/p the specific volume, we arrive at the
equation
u+ (u*-Viu=V(dive — g) — sVT.
The resulting evolution system for (p,u,S) is
Op + div(pu) =0,
ou+ (v -Viu=V(divg — g) — sVT, (1.1)
S + div(Su) =0.

1By convention, extensive quantities per unit volume are denoted by upper case letters and
their specific counterparts will be denoted by the same, lower case, letters.
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The “Hamiltonian structure” of (1.1)) is discussed in [5]. In particular, in the
isothermal case this system reduces to
Op + div(pu) =0,

dru+ (u* - V)u=V(dive — g). (1.2)

We shall see that for proving well-posedness, w, or a similar quantity, must be
considered at first as an independent unknown. To do so, one also needs an evolution
equation for w, which is easily obtained by differentiating the mass conservation
law. We get

Oyw* + div(uw™) + div(pDu) =0,
where Du = (Vu)* is by definition the matrix of coefficient dju; on the i-th row
and j-th column. Therefore, one may also look at the equations of motion as
Op + div(pu) =0,
O(pu*) + div(puu* +pI — K) =0,
0rS + div(Su) =0,
Oyw” + div(uw™) + div(pDu) = 0.

(1.3)

It has been pointed out by Gavrilyuk and Gouin [I4] that, if the total energy
H := E + 3p|lul|? is a convex function of the conservative variable (p,m, S, w) —
with m := pu —, then the system admits a symmetric form similar to Friedrichs
symmetric hyperbolic systems of conservation laws. This symmetrization procedure
naturally involves the Legendre transform II of H, which is a function of the dual
variables (¢ := g — 1| lu||?,u, T, ¢). Indeed, one easily finds that

1 1
dH =dF - §||u||2dp+u* ~dm = (g — §||u|\2)dp+u* -dm +TdS + ¢ - dw.
The Legendre transform II is by definition such that
dll = pdg+m* -du+ SdT +w* - do,

and
M=pg+m* - u+ST+w'-¢—H=p+w"-¢.
Then it is not difficult to see that (1.3)) also reads

at(%) +div (8(;;’)) —0,
at(g—g) + div (3(;1“)) — div (8—1: D¢) —0, »
(28) < (02 o

o1l . (O0(TTu) el
8,5(57)) + div (Td)) + div (a—q Du) =0.
The first-order part in (|1.4) is exactly of the Friedrichs symmetric type. An abstract
form for this system is

d d d
0,U+ Y AL (U)0. U+ 0, (Z B, 5(U) aﬁU) —0,
a=1

a=1 = B=1
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with the property that for some positive definite symmetric matrix %(U) all ma-
trices X(U) A, (U) are symmetric and

33 (X%)* £(U) Bas(U) XP =0
a B

for all vectors X!, ..., X% in R?%*2, This is what we mean by non-dissipative second
order part of the system, consistently with the usual terminology for parabolic
systems of second order conservation laws. One may observe that a similar system
(in nonconservative form) is studied in [3]. Here

U= , Y=D?H, A,=D*lu,) X,

£ B>

where the Hessian D?(Iu,,) of ITu, is taken with respect to the dual variables

Q=

S New

The actual expression of B, 5 also involves the Hessian matrix D?H, and more
precisely

0 0*H 0 0*H 0
Ba,ﬁi =—p +p
8Uk 8wa8Uk (‘3m5 8ma8Uk awg
for all k € {1,2d+ 2} (Wlth U1 = p, U2 = M1, ..., Ud+1 = Mg, Ud+2 = S,
Ugys = wi,. .., Usgra = wg). The non-dissipativeness of the corresponding second

order terms in (|1.4) is a calculus exercise, and is equivalent to the fact that these
terms formally cancel out in the computation of

%/U*E(U)de= 2/Q6tde

along solutions.
Unfortunately, this interesting formulation is limited to monotone pressure laws,
since it makes use of the convexity of the total energy.

1.2. Eulerian capillarity models. For the rest of this article, we assume that
¢ = Kw. Then we can write
9=90+ 3K,[Vpl?,
where gq is independent of Vp. In particular, the isothermal model reduces to
Op + div(pu) =0,
du+ (0 - V)u=V(KAp+ $K,|Vp|* - go), (5)

where go and K are given, smooth functions of p (with K > 0). One may also write
this system in conservative form, noting that

p=npo+ 350K, — K)IVol*, po=pgo—Fo,
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hence the (complicated) momentum equation
Oh(pu*) + div(puu®) + Vpo
= V(pKAp + 5(K + pK,)|[Vp|?) — div(KVp ® Vp).
In one space dimension, our isothermal model reduces to
Op+ Oz (pu) =0,
Byu+ udyu = 0,(K02,p + 1K, (9p)* — go(p)) -

We point out that models of this kind actually arise in various other contexts. In
the special case

(1.6)

1

the system (1.5]) is equivalent — for irrotational flows — to a nonlinear Schrodinger
equation known as the Gross-Pitaevskii equation

i) + 5 A = go |9

for ¢ = \/pe’?, Vi = u. See for instance [6], where go(p) = 1p?. It is also the case
K proportional to 1/p that is considered in [22], with almost no restriction on go.
One may also observe that, in one dimension with

. K(p)=—,

LS

go(p) =

Equations in (1.6) appear as an equivalent form of the filament equation, see [2] p.
353.

1.3. Lagrangian capillarity models. The one-dimensional isothermal model be-
comes even simpler in Lagrangian formulation. Introducing y the mass Lagrangian
coordinate so tha1E| dy = pdz — pudt we obtain with a little piece of calculus the
— at least formally — equivalent system

O — Oyu =0,

1.7
Oyu+ Oypo = =0y (k O, v + 554,(0yv)?) (L.7)

with v := 1/p and k(v) := K(1/v)(1/v)%. In the special case k = constant, i.e.
K = cstp~®, the system is formally equivalent to the (good) Boussinesq
equation and is amenable to the theory of Kato [I8], see [7] for more details. Our
aim here is to deal with general capillarities, motivated by physical reasons - since
there is no reason why K should be proportional to p° - as well as by the various
analogies mentioned above.

Following an idea of Coquel [I0], we rewrite the velocity equation as

Ou+ Oypo — Oy(@dyw) =0, a=+k, w=—adyv.

Applying the differential operator —9,(a-) to the first line of (L.7)), we find that w
satisfies the equation
dw + Oy (adyu) = 0.

2 This change of variable may be justified rigorously for, say, C'! functions (p,u) and p bounded
away from zero.
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Considering w as an additional unknown, we are led to the system

0w — Oyu =0,
Oyu + Oypo — Oy (adyw) =0, (1.8)
Oyw + Oy (adyu) = 0.
Alternatively, because of the constraint w = —ad,v we may rewrite (|1.8) as
0w — Oyu =0,
O — 3, (a(v)d,w) = g(v)w, (1.9)

Oyw + Oy (a(v)9yu) =0
with q(v) := pj(v)/a(v).
2. WELL-POSEDNESS RESULTS

We are interested in the well-posedness of and for data with finite
specific volumes (i.e. away from vacuum) and finite densities. More precisely, as
both systems are known to admit global smooth solutions (like of course constant
states, but also travelling wave solutions, see for instance [4] 5]), our main purpose
is to show the well-posedness of and in affine spaces about such reference
solutions.

Our strategy is to first prove the well-posedness of the system .

2.1. Semigroup method. The special case where « is constant is much easier,
and enters the framework of Kato [I8]. As a matter of fact, (1.9) can always be
put in the abstract form

v — A(v) - v = F(v,w),

with
v 0 Oy 0
vi=|ul|, Aw):=|09, 0 Oya(v)0y |,
w 0 —9dya(v)d, 0
0
Fv,w) := P+,
0
(In fact, we have used again the expected relation w = —ad,v to obtain a right

hand side F of order 0.) When « is constant, the antisymmetric operator A(v)
of course has constant coefficients, which makes a big difference. Indeed, because
A is the infinitesimal generator of a group of unitary operators on L?(R)? (this is
due to Stone’s theorem, see [24], p. 41), it is possible to apply (a slight adaptation
of) Theorem 6 in [I8] (p. 36) using the operator S = (1 — 92,)I3 and the spaces
Y = H?*(R)?, X = L*(R)?, and thus show the following for any py a smooth
function of v.

Theorem 2.1. Ifv = (v, u, w)? is smooth and exponentially decaying to (v, u,0)
when x — 00, then there is a T > 0 so that the Cauchy problem associated with

v — Av = F(v,w)

and initial data in v(0) + H*(R)3 admits a unique solution such that v —v belongs
to C(0,T; H2(R)3) NCY(0,T; L*(R)3).
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This theorem is essentially the same as Theorem 1 in [7], extended to solutions
having nonzero, and possibly different, limits at infinity. Our motivation for this
extension is the stability of diffuse interfaces.

For a general function «, the semi-group approach breaks down because the
operator A(v) involves the derivative d,v. Thus the Lipschitz estimate requested
by Kato’s theorem,

[(A(v1) = A(v2)) - viix S [lvi = vallx[[vily

means that the norm of vectors in X should control the first derivative of their first
components. This goal does not seem possible to achieve without augmenting also
the regularity index of the other components (to keep a semigroup generated by
A(v) in X). For this reason the Lipschitz estimate above is quite unlikely.

2.2. Alternative method. We introduce the complex valued function z = u + iw
and regard equivalently the system (1.9) as the coupling of the variable coefficient
Schrédinger equation

Oz + 10y (a(v)0yz) = q(v) Im 2 (2.1)
with the compatibility equation
0w —0yRez=0.

Let J,, be an open interval of (0, 400) and k& > 2 be an integer. Our main assumption
is

(H1) Both py and a belong to W"2°°(.J,) and « is positive on .J,.

loc
For a nonconvex pressure law v — pg(v), it is easy to show that does admit
non-constant, bounded, global, smooth solutions, which are in fact travelling wave
solutions. This is because of the Hamiltonian structure of , which implies that
the governing equations for the travelling waves are also Hamiltonian, see [4] or our
companion paper [5] for more details. In what follows, we assume the existence of
a reference global smooth solution, regardless of the convexity properties of p.

Theorem 2.2. Under assumption (H1) with k > 2, let (u,v) be a given global
classical solution of system (L.9) with v(R?) C J, and

d,u € C(R; H*), 9,7 € C(R; H*?).
Let ug € w(0)+ H* and vy € 9(0) + H**! be such that vg(R) CC J,. There exists a
positive T such that the Cauchy problem associated with the system (1.9) and initial

data (ug,vo) has a unique solution (u,v) with v([-T,T] x R) CC J, and, denoting
w:i=u—uandV:=v—7,

(w,?) € C([-T,T); H* x H* ™YY ncY([-T,T); H* =2 x HF 1), (2.2)

Remark 2.3. Constants are obviously global classical solutions of (1.9). If (@, )
is constant then the theorem can be slightly improved, see Section [£.4]

N
b

Remark 2.4. One can find an explicit bound by below for T' (see (4.18)). Besides,
one can show that for H* data, the time of existence of a H* solution is the same
as for a H? solution (see section .

In the case where the Sobolev norms of d,u and 9,U are independent of the
time, there exists a constant C' = C(a, q,, 7, v9(R)) such that T" may be chosen
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such that

1 1

T > —log (1 + — — ) . (2.3)
C @0l g2 + 10y Vol| g2

1

Hence, if [|to|| 2 +|0y V0 || ;2 ~ € for a small €, the life span is greater than C'loge™

For simplicity, we shall restrict ourselves to the evolution for positive times. As
system is time reversible, adapting our proof to negative is straightforward.

Our approach is quite classical. It consists in deriving first energy estimates
without loss of derivatives — in sufficiently high order Sobolev spaces — for a lin-
earized version of 7 and then solve the nonlinear problem through an iterative
scheme. There are some difficulties in both steps that will be pointed out along the
detailed proofs.

3. A VARIABLE COEFFICIENT LINEAR SCHRODINGER EQUATION

To show the (local) well-posedness of (1.9) by means of an iterative scheme, we
shall need the resolution of the linear Schrédinger equation

Oz + Z'ay(a’(ya t)ayz) = f(ya t) : (31)
Whatever the function a (smooth enough and realvalued), the operator i0yad, is
obviously antisymmetric on L?(R). Under suitable assumptions on the asymptotic
behavior of a it is not difficult to show that idyad, is also skewadjoint E| in L2(R).
Therefore i0ya0, is the infinitesimal generator of a group of unitary operators,

and the standard semigroup theory (see [24], p. 145-147) enables us to prove the
following.

Theorem 3.1. Assuming that a is real valued, belongs to C1([0,T]; W1>°(R)) and
that a(t) has finite limits at x = oo for all t € [0,T], the Cauchy problem

Oz +i0y(ay, 1)0yz) = f(y.1),
z(0) = 2o

with z9g € H*(R) and f € L' ([0,T]; H*(R)) N C([0,T]); L*(R)) admits a unique
(classical) solution z € C([0,T); H2(R)) N CL([0,T]; L2(R)). If z0 € L? and f €
LY([0,T]; L*(R)), we get a mild solution u € C([0,T]; L*(R)) given by Duhamel’s
formula:

t
z(t) = 8(t,0)z0 —|—/ S(t,s)f(s)ds
0
with S(t, s) the solution operator of the homogeneous equation.

3.1. A priori estimates. Our aim is to obtain a more precise result, and especially
a priori estimates in view of our iterative scheme for the nonlinear problem. Of
course we immediately have from Duhamel’s formula the estimate

l=(llzz < 1200122 + / 1£(3)]lz» ds,

which can also be derived directly from the equation (3.1). Indeed, multiplying
(3.1) by z and integrating over R we get

3 dtHZHL2 —\9/8 (adyz zdy—%/fzdy (3.2)

31t suffices to check that the range of d,ady, — A is dense in L2(R) for all X ¢ R.
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and an integration by parts shows that the integral in the left-hand side has no
imaginary part since a is real. So it follows from Cauchy-Schwarz inequality that
(at least formally)

d
a2l < lIfllze

hence the result.
However, this L? estimate does not provide enough information to solve the
non-linear system (|1.9)), which equivalently reads

Oww—0yRez=0,

Opz + 10y ((v)0y2) = q(v) Im . (3:3)

The second-order term 9y (a(v)d,z) induces us to prove a priori estimates for equa-
tion in higher order Sobolev spaces, a matter which is not obvious despite the
linearity of the equation, neither on the Duhamel formula — because differentiation
operators do not commute with the solution operator S(t,s) — nor in the direct
fashion described in L?. Indeed, let 2(®) (resp. a*) and f*)) denote the k-th order
derivative of z (resp. a and f) with respect to y. By Leibniz formula, we have

0% (9y(a0,2)) = 0, (04 (a0, 2))
k—1
= 8,(adyz™) + Z (’;) 9y (20D k=1

Jj=0

k
= ay(aayz(k)) + kayaz(k?-i-l + Z k+1 (0, (k+2-10)
=1
so we get the following equation for z(*):

k
2™ 410, (a0, 2 ™)) = f®) — ik(9,a)0,=®) — i Y (1) Dat2D (3.4)

j=1
This can be rewritten using Duhamel’s formula as

2 (1) = S(t,0)2"
k
/ S(t,s) f ®) — ik(0,a)d,z*) — ZZ k'H 2(3) k+2_-j)>(s) ds.
j=1

We see that the time integral involves the derivative d,z(*). This derivative cannot
disappear through a direct a priori estimate either, because the real part of (3.4)
multiplied by z*) contains the term

Im /(aya)ayz(k)% dy,

which cannot be rewritten without a derivative of z(*), unless a is constant or z(¥)
is real.

This is a well identified problem for variable coefficients Schrodinger equations.
In [23] for instance, W. Lim and G. Ponce overcome the difficulty by introducing
appropriate weighted Sobolev spaces. We are going to show how weights, also called
gauges, can help to compensate the loss of derivative in our context.
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Let ¢ denote the k-th order gauge (to be determined), and multiply the equation
(3.4) by ¢x. Since

D0y (adyz ™) = 9, (ady (¢ 2")) — 28, (ady 1) — 200, P10, 2",
we find the equation for ¢yz*),

0 (¢12")) + 10, (ad, (qbkz(“))

= ¢l~cf(k) + Z(k)8t¢k ZZ kH ¢k2 ak+2=9) (3.5)

+i28) (9, (ady i) — Magya 1) + 0y 2(*) (zaayqsrkgbkaya).

From the above equality, it is now clear that the loss of derivative will be avoided
if and only if ¢ satisfies

2a6y¢k - kqﬁk@ya =0.
Choose ¢y, := a*/? so that the last term in vanishes. Then multiply by
qbkﬁ and integrate in time. If we keep only the real part of the equation, the

second order term in the left-hand side vanishes, as well as the last remaining term
of the right—hand side, hence the identity

L™, = 0 / $2F0Z® dy + / bBidil2 )2 dy

n Z (13 /a(k+27j)¢iz(j)mdy.

We can now state estimates in H* for the variable coefficient Schrédinger equation.

Proposition 3.2. Let z be a solution of (3.1) on R x [0,T]. Assume in addition
that a is bounded away from zero by a and is bounded by a. Then for all t € [0,T],
we have

2 dt
(3.6)

t
=l < Peollzs + [ 150)lse (37)
Besides, denoting for k € N*|
1/2 b i 1/2
(ZH aO)W3:) " and Fu@) = (3l rO)03:)
j=1
we have .
Zy(t) < eAr® (Zk(0)+ / e A (M (1) dT), (3.8)
0
with Ay (t fot(k |0¢ log a(T )||Loo—|—Ck(||8§a(r)||Hk,2—|—||8§a(7’)|\Loo)) dr for some

positive constant Cy depending only on k, a and a if k > 2, and Cy = 0.

Proof. The L? estimate was already pointed out. In order to prove the k-th order
estimate, we sum equalities for j =1,..., k. This implies by Cauchy-Schwarz
inequality,
koj—1
<z, (Fk + f||at logalz= Zx + Y > (4T h)at a2, ) (3.9)
Jj=2 (=1

1d
2 dt
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Note that in the case k = 1, the last term vanishes so that straightforward calcu-
lations yield (3.8). Let us assume from now on that k > 2. Since aU+2=92(0) =

(Bg(,j_l)_(e_l)a") (85*12’), inequality in the appendix ensures that
092020 12 < Gy (a1 o + 121~ 0Vl 2)-
Now, because
12130 < 1121l 2ll2" [l L2 < a5 [|a22 || 2 llaz” | e,
we conclude thatﬂ whenever 2 < j<kand 1 </¢<j—1,
a2 12 < Cye (Ila” e + 0@ | g ) Z,

for some constant C; , depending only on j, £ and a. Plugging this latter inequality
in , we end up with
1d
2 dt
Then Gronwall lemma entails inequality . 0

k
72 < FuZy + (5\@ log al o + Ci (|la"| 1~ + ||a(3)||Hk,2)>Z,f.

3.2. Existence of regular solutions. This section is devoted to the regularity of
solutions of (3.1]), namely we want to prove the following theorem.

Theorem 3.3. Let k be an integer such that k > 2, Let a = a(y,t) be bounded
by @ and bounded away from zero by a > 0 on R x [0,T], and satisfy 85@ €
LY0,T; H*"Y(R)) and da € L'(0,T;L>(R)). Let zy be in H*(R) and f in
LY(0,T; H*(R)). Then the Cauchy problem

2(0) = zo
admits a unique solution z € C([0,T]; H*(R)). If, besides, f € C([0,T]; H*=2(R))
then z also belongs to C*([0,T]; H*~2(R)).

(3.10)

Proof. The proof is based on the following fourth-order regularization of equation
(13.10)):
Orze + 10y (aly, t)0yze) + 68;12:5 =f,
2¢(0) = 2o,

where € > 0 stands for a positive parameter bound to go to zero.

We shall see in the proof however that this regularization does not enable us
to pass to the limit in the very space C([0,T]; H*). For doing so, we shall adapt
the method by J. Bona and R. Smith in [§] which amounts to smoothing out
conveniently the data and the variable coefficients.

Let us briefly describe the main steps of the proof:

(3.11)

(1) Getting bounds for z. similar to (3.8)) and independent of .

(2) Stating well-posedness in H*(R) for the problem (3.11)) with & > 0.

(3) Showing that the family of solutions (z.) to (3.11) with regularized data
and coefficient converges to some z in the space C([0,T]; H*(R)) when &
approaches 0.

4remark that we always have j + 1 > 3.



EJDE-2006/59 WELL-POSEDNESS 13

Step 1: uniform a priori estimates Let p € N. We assume that we are given a
solution z € C([0,T]; HP(R)) to corresponding to data zy € HT’(R) and
f € LY([0,T]; HP(R)). We claim that z satlsﬁes an estimate similar to with a
constant C independent of e.

Let ¢ be an integer such that 0 < ¢ < p and ¢, = a? be the (-th order gauge
introduced previously. Applying Leibniz formula to 8;1(045) with « := 1/¢y and
B = ¢z, one obtains the following expansion:

¢E3§z(£) = 8;;(@;;(4)) + 4@3@/(%_1)85(@2“)) I 6¢€a§(¢21)6§(¢£2(5))
+ 46003 (6 )0y (6020 + 60048, 1) (6029).

Hence, applying the operator (;5[35 to the evolution equation in (3.11)) and denoting

4/22“), we get

Oszp + iay (aayze) + 88454

Eg =a

=aifO 4 209,03 —|—zzg(a 0 (a0, §>_€(€;rl)a§a>

S , (3.12)
_ Z-Z(jjl)a§z<J>a<e+z—a> — eal/? (4@y( ~2)83%,

+ 665( U202, 4 403 (a” )0, %0 + a;j(a-f/?)zg).
Now, multiplying (3.12) by Z; and performing a time integration, we deduce that

thszHLz +€\\825eHLz ?R/ a fOOdy+ = /atloga|zg| dy

""Z () / (t+23) () 50 (3.13)
—5§R(4R1+6R2+4R3+R4)
with
Ry ;:/af/Qay(a*f/z) (03%) Zedy, Ry ;:/af/i’ag( ) (027%) Zdy,
Ry ::/amag(a*f/?) (0y%) Zedy, Ry ;:/af/zag(afm)w?dy.

To bound R;, we perform an integration by parts:
Ry == [0,a)0,a %) + 5 a ) (GhE dy
_ / a120,(a™2)(02%)0, 5 dy
Using Holder inequalities and applying the interpolation inequality

[/ |Zee < 20 F || oo || P || Lo,
to F = a*/2, we get by Young’s inequality

4R | < 2 H82 el + CllojalltelIZeI7

5For notational convenience, we drop the indices € in this step
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for some constant C' depending only on @ > ||a||p~ and a=! > ||| p~. We get a
similar bound for R, using only Hélder and Young inequalities.

We claim that the same bound holds true for R3 and Ry. This is only a matter
of using suitable integration by parts and standard inequalities like above. Indeed,
we may rewrite

Ry =~ [ (033 a2)(0,5)% + a"1*02a )0, 5
+a20(a) (02 %) dy
and
Ri— —/ (02(a*/2)02 (=) (312 + 20, (a"/2)02 (a="/2)0), (|7]?)
+a"202(a )02 (1Z)%)) dy.
Therefore, we eventually find a constant C' depending only on @ and a so that
[ 4Ry + 6By + 4R + Ra| < 102503 + Cll03all}~ 121

The other terms appearing in the rlght—hand side of may be bounded like in
the case ¢ = 0. Hence
1d
2 dt

< NZellze a2 £ 2 + (§H3t log al| . + Cel|0yall7 ) %72
2
+C(105all e + 105all o) 1217

Summing the above inequalities for £ = 0,...,p and applying the usual Gronwall
type argument, we deduce that for ¢ in [0,7] and € > 0, we have

P 1/2 t
(Zi(t) te Z ”85 (az/zz(z)) ||2L2) < eAre(®) (Zp(()) + /0 Fp(T)epr,a(r) dr)

£=0

— Izl + ”62Z€”L2

(3.14)
with

Z la®/20502(1) 12, Z la*/20 f ()17,

t
p
Ape(t) =/O (Sl10nlogall e + Cp([105all + 105all > + €llOjalli=)) dr

Hp—2
where Cp = C1 = 0 and C,, depends only on p, a and a for p > 2.

Step 2: solving the regularized equation. This step is devoted to the proof of the
following result.

Proposition 3.4. Let k, a, zo and f satisfy the hypotheses of theorem[33] System
(3.11) has a unique solution z. in the space

C([0,T); H*) N L?(0, T; H**2).
Proof. Denote by S(t) the analytic semi-group generated by (‘3;1 and, for ¢t > 0,
E; :=C([0,¢]; H") N L*(0,8; H**?)
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endowed with the norm

._ 1/2)1 92
||z||E§ = HZHLtOO(Hk) +e ”ayZHLf(Hk)'

We claim that for suitably small ¢ > 0, the operator ® defined for 7 € [0, ] by

D(2)(r) = S(e7)z20 + / CS(e(r = ) (£(5) - 0y (a(y. )0, 2(0.9) ) s (3.15)

has a fixed point in Fs.

Obviously ® maps Ef in Ef. Indeed, on the one hand, using standard properties
of S(7), the terms pertaining to zp and f belong to Ef. On the other hand, by
virtue of , we have

ladyzll isr S llallzee 18y 2ll gusr + 10y 2]l Lo 10all i, -

Hence, by standard computations relying on Holder inequality,
_1
||aayz||Lg(Hk+1) < 0(5 2 ”a”Lf(Loc) + HCLHL}(Loo) + ||a§aHL%(ka1)) ”Z”Etz

This entails that 9,(ad,z) € L'(0,t; H*), hence the Duhamel term pertaining to
0y (adyz) also belongs to Ef.

Therefore, if zo and z; both belong to £, we have for some constant C depending
only on k,

19 (22) — @(21)l
< Cllady(z2 — Zl)HLtl(H’“‘H)’

1
< 0(5 ? ||a||L§(Loc) + HGHL}(Lw) + ||a’ja‘HL%(Hk—l)) 22 — ZlHEtE-
Choosing t so small as to satisfy

_1
20 (e Hall gz gy + llall 3 ey + 1024 <1,

)
we conclude that ® is a contractive map so that it has a unique fixed point in Ej.
Whence (3.11]) has a unique solution in E} on the time interval [0, ¢].

Obviously, the above proof may be repeated starting from time . We end up with
a solution on the whole interval [0, 7]. Uniqueness stems from estimate (3.14). O

Step 8. Passing to the limit. In this part, we are given a nonnegative smooth
function § with support in [-1,1] and such that [, 6(y)dy = 1, and a smooth
radial function x whose Fourier transform is supported in [—1,1]. For n > 0, we
denote 6, := n~*0(n~1:) and x,, :=n~"x(n71).

We shall make use repeatedly of the following two lemmas the proof of which is
left to the reader.

Lemma 3.5. Let X be a Banach space and u € L .(R; X). Then 0, xu tends to
w in L (R; X) when n approaches 0. Besides, for all ¢ > 1, a < b and n > 0, the
function 6, * u belongs to L9(a,b; X) and we have

1_
< nt ! Hu||L1(a—77,b+n;X)'
Lemma 3.6. Let u be in H*(R; C). Then x,*u belongs to H*(R; C) and tends tou
in H®(R; C) when n approaches zero. Besides, there exists a constant C depending
only on p and k and such that

”977 * u”Lq(a,b;X)

HXﬁ * UHHp < an7p||u||Hk forp > k.
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If u e 8'(R; C) satisfies Oju € H*2(R;C) then xy, *u —u € H*(R;C) and

Iy * u =l < O 7|05l forp < k.

k-2

For € > 0, mollify the data and the coefficient a by setting

20,6 *= Xn(e) *y 20, fe = Xn(e) *y fr aci=0: % (Xn(s) *y a)v

where 7 is a positive function tending to 0 in 0 to be chosen hereafter, and with
the convention that a(y,t) =0 if t > T.

According to lemma and Sobolev embeddings, we have a/2 < a.(y,t) < 2a
for small enough €. This fact will be used repeatedly in the sequel.

Theorem provides a solution z. € C([0,T]; H*) x L?(0,T; H**2) for the

system
Opze + 0y (ac(y, 1)9yze) + €0,z = e, (3.16)
Ze (0) = 20,e-

We claim that (z.)c~o is a Cauchy sequence in C([0,T]; H*). We first notice that
(22) is uniformly bounded in C([0,T]; H*). Indeed, combining lemmas and

with estimate (3.14)) leads to
2
el < C(lzoll e+ 17Oy o) exp(C(1330l?, -
t t+5( ) (3 17)
2
101105 ally,_zwy + 185alsiry))

for some C' depending only on k, @ and @. Let 0 < § < ¢ and ¢’ := 2. — 2. Since
(9 satisfies

02 410y (as0,C0) + 605¢0 = (f- — f5) + (6 — €)0y 2= + 9y ((as — a=)dyz:),
C§|t:0 = 20,e — 20,55
inequality (3.14]) and lemmas ensure that

5 2 12 2
12 < Cexp(CI85al, py + 10108l 1y, oy + 1950ly i)

x (N20.e = 208l + 1o = Foll ey + 21082l 1y ey

+ ||(a5 - as)ayZSHLtl(HkH))

(3.18)
for some C depending only on k, ¢ and a. By lemmas the first two terms
of the right-hand side tend to zero as € and ¢ approach zero.

Let us admit for a while the following lemma.

Lemma 3.7. There exists a constant C depending only on k, a and a and such
that

e ()l e + €22 2 ey
1 3
< O (ol + 17 gy + 10u2elize o195l g i)

2
< exp(C(I03all}, ) + 191080l ;o) + 1030l ;))-
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On the one hand, since we assumed that & > 2, Sobolev embedding combined
with inequality (3.17) implies that 0z, is uniformly bounded in L*°(0,T; L>).
Lemma [3.7] then supplies a constant Cr > 0 such that for all € > 0, we have

t
= [ 103zl dr = Clnfo)) > vE. (319)
0
On the other hand, according to inequality (5.2)),

H(aé - aE)ayZEHLg(HHl)

S llas — QEHL}(LOO)||ayzs||L§°(Hk+1) + HGyZEHL?o(Lm)H@;(a(; - a5)||L%(Hk—1)'
Since @,z is uniformly bounded in L>(0,T; L>) and dza € L'(0,T; H*~'), the
Lebesgue dominated convergence theorem entails that the last term approaches 0
when ¢, — 0.

The estimation of |jas — a5||L1T(Lx) relies on the identity
as — e = Xn(e) *y [(05 — 02) #¢ a] + 05 % [(Xn(s) — Xn(e)) *y a]-
From lemma [3.5] we gather

|as — as“LlT(Loo) < (65 — 6c) *¢ aHLlT(Loo) + [10¢n @) = Xn(e)) *y a”LlT(Loc)'

The first term may be bounded by

a(e)= sup (65 — ) e ally 1)
0<6<8'<e

which, in view of lemma [3.5]is a nondecreasing positive function tending to 0 in 0.
To bound the other term, one can argue by interpolation and write

| (Xn(s) = Xane)) *y allLoe
1/2 1/2
< 1 Otnes) = Xne)) *y ally22 | (o) = Xonte)) *y Dyarll 17

2k+1 1
2k+2

< Ol Otnesy = X)) *y all 157 1 (xn(s) = Xnge)) *y Fall 17

Hence, using lemma |3.6]

1
1) = X)) *y allze < Cl(e))**2|105all -
Combining this with lemma we conclude that for some Cr > 0,

_3 _
llas — as”L%(Lw)||8y26||Lgo(Hk+1) < CT([U(E)}k 2+ afe)n(e)] 2)~

Of course, with no loss of generality, one can assume that a(s) > . Now, choosing
n(e) = a(e)s and coming back to (3.19), we conclude that (z.) has some limit z in
C([0,T]; H*) when ¢ approaches 0. O

For the proof of Lemma[3.7] the starting point is (3.13) with 0 < ¢ < k+2. All
the terms of the right-hand side are going to be bounded like in the proof of (3.14))
except for

-1 . —
S () [l a0 ay
j=1
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that we are now going to estimate for 2 < ¢ < k 4+ 2. By Holder inequality and
(5.1), we have for some C depending only on k, a and @,

[T
¢
< cnas/?zs 2 (\|a§a5||m||zs||m 10, o< 05| 2 )
Hence, summing inequalities (3.13)) for £ = 0, ..., k+2 and using the above inequal-
ity,

k+2

3
5o S a0 + 503 (a/24)
£=0
k42

SRy / a0 10 dy + 18y zel| o 1030l e e

+ (Ilaﬁaallm + el 05acllFo + 119 log acl = ) 1zl Fnra-

Since 92 (aﬁ/zzée)) = 85 (aﬁ/Z)zéz) + 20, (aﬁ/Q)(?yzg) + aﬁ/Q(?;zg), for some C de-
pending only on k, a and a, we clearly have

k+2 k+2

eelfs < C (1020l 3 0220130 + 37 (102 (a220) 122 ).

£=0 {=0

k+2 l/2 l
=S a0 )2

Hence, denoting Z?2 := » and k := C~ ', we end up with

1d KE
S22+ lzeliprs S Ze (el ppese + 110y 2e | o | 03ac |
2 dt 2
+ (l|02ac|f3 « + [102ac || o + |0 log ac|| =) Z

According to lemmas [3.5 and [3.6] we have

t
[ (c103acli~ + 1880l + 01 og e ) dr
0

t+e 2 t+5
<C (/ ||(“)§a||%oo dT) + C/ ||8§a||Loo + 1|0 ].OgCLHLoc) dr
0
preaey < Cl(E)]” *logall
Z:(0) < Cn(e)]™ 2||20||Hka
I fellp rrerzy < CEN 2N Lr aeys

so that Gronwall lemma yields the desired inequality.

HaSaEH Hk 2)?

4. THE KORTEWEG MODEL
This section is devoted to the proof of local well-posedness for ([L.9).
4.1. Uniqueness and continuity with respect to the data. Let us start with

the proof of uniqueness in theorem [2.2] This is a straightforward corollary of the
proposition below.
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Proposition 4.1. Under the assumption (H1) with k = 2, let (uy,v1) and (ug,vs)
be two solutions of on [0, T] xR with v1 and vy both taking values in a compact
subset K of J,. Let du := us — uy and dv := vy — v1. Assume that du belongs to
C([0,T; L?), v belongs to C([0,T); H') and that in addition, dyu, € L*(0,T; H),
dz,v1 € LY0,T; H') and dyv; € L®(R x [0,T]). Denote z; = uj + iw; with
wj = —a(v;)0yv; for j = 1,2, and 6z := 2o — z1. There ezists a constant C
depending only on K and on the functions a and q, such that

180(t) 32 + 182(1) 32 < (I60(0)[32 + 162(0) 3. ) e Jo OH12vmnlloe)1rO )

Proof. Taking the difference of the systems satisfied by (v1, 21) and (vs, 22) we easily
compute that
Opdv = 0you, (4.1)
0:62 + 10y (a(v2)0y02) = f (4.2)
with
f = (q(v2) — q(v1))Sz1 + q(v2)302
+ 10y (a(v1) — a(v2))Oyz1 + i(c(v1) — a(vg))agyzl.

Multiplying (4.1)) by dv, and integrating by parts the right-hand side term, we
readily get

1d

5 dt||5v(t)||%2 = —/6u8y5vdy

dw 1 1
= [ ——dud +/w (7—7)5ud .
/ a(v) " o) ~alo)/) ™
On the other hand, Equation (4.2) is of the form (3.1)) with z = 0z, a = a(vs) so
we can apply the identity (3.2). This yields

S22 = [ (ate2) = aton)undudy + [ ate)suwsuay

+ S/ay(oz(vg) — a(v1))0y 2162 dy

(4.3)

+ 3/(&(02) - a(vl))aiyzlgz dy.
Adding (4.3) to this equality, we get

1d 9 9

57 (16022 + 6=(1) 122

< |l 6wl 2 16l 2 + [feon Lz | s — —— [z l6]
>~ O[(UQ) L L L 1||L O[( ) Oé(Ul) L L

+lla(v2) = q(vr)llz2 lwi | oo 102 22 + llg(v2) | o 10217
+ 10y (afv2) = a(vr))ll2 [0y 21| L~ (|92 2
+llo(vz) — a(vi)ll = 195,21l 2 102 2

All terms of the type ||F(v2) — F(v1)||z2 can be bounded by the mean value theo-
rem. Furthermore, we have

0,(alun) ~ a(un)) =% 2ow - (402 - 20 ),

a(vg) a(va)  a(vr)
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so that
10y (a(v2) — a(v1))l[2 < C(l|6w]| L2 + [[willLe [|6v][12) .
Using the Sobolev embedding H' — L, we eventually get the inequality

1d
537 (1603 + 13=(8)[3- )

< C(lov@N3e + 1620132 ) (1 + fwrlloe ) (1 + 10,211 )

for some constant C' depending only on the functions « and ¢, and on K. Applying
Gronwall lemma completes the proof. O

Remark 4.2. Let Z be a smooth solution to (2.1). Combined with the existence
theorem, Proposition shows the Lipschitz continuity of the mapping

z(0)+ H> — z+C([0,T); L?)
20 — 2z solution of (2.1)) with data 2.

Actually, by adapting the method of [§], the above map may be shown to be con-
tinuous from z(0) + H* to z + C([0,T]; HY).

4.2. Existence of a local solution. Our aim here is to prove existence in Theorem
Uniqueness under condition is given by Proposition Remark that it
actually holds in a class which is much larger than the one defined in . The
existence proof proceeds in a classical way through the four main steps:

(a) Construction of approximate solutions,
(b) Uniform a priori estimates in large norm,
(¢) Convergence in small norm,

(d) Continuity results.

To simplify the presentation however, we shall introduce the auxiliary function
A := A(v) where A stands for a primitive of «.

We obviously have w = —dyA. Besides, observing that A is by assumption on
a monotonically increasing, we may also use its reciprocal A=! : Jy — J, and
we have v = A~1()\). Therefore, as far as v is valued in J,, solving system
amounts to solving

A — ay(A\)Oyu =10,
Oz +10y (ag(N)0yz) = gs(Mw,

with ay = a0 A7, gy := go A™!, 2z = u+ 4w, and under the constraint w = —J,\.

In what follows, we show that system has a local solution (u, ) with A
valued in Jy and such that (@ :=wu —u, A := A — A) belongs to the space

Ef :=C([0,T); H* x H**"Ync'([0,T); H* 2 x H"1).
According to corollaries [5.5] and this gives theorem

(4.4)

(a) Construction of approzimate solutions. Our approximate scheme will of course
take advantage of the linear estimates in Proposition [3:2] The most natural way
of computing the iterate z"*! in terms of (A", 2" = u™ + jw") is to consider the
equation

D 4+ i, (ay (A", 2+ = gy (A (4.5)
We remark however that since we did not assume that the data belong to a Sobolev
space, theorem does not supply a solution for . Hence we are going to work
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with 2" := 2" —Z (with the obvious notation zZ = u+ (w and W = —a(7)0, V) rather
than with 2™.

Regarding the computation of A"*!, we must keep in mind that we expect in
the limit that w = —0yA. Therefore it will be suitable to have also w" = —0,\"
for all n € N. This induces us to set

W) = o) + [ (a0 ) r)dr where Na(y) = Alvofo)

Indeed, the term ay(A")9,u™ ! will be continuous in y and ¢ (by Sobolev embed-
dings) so that differentiating the above inequality with respect to ¢ yields

RN = ay(A™)Oyu" T (4.6)
in the classical sense. Then, differentiating with respect to y, we get

DDA = 0, 0N = 9, (0 (Nt ) =~

in the weak sense — in fact, this equality will be true in H*~2 because Oy AT gt
will belong to C'([0,T]; H*=2). So, if the initial data for w"*! is chosen so that
w1 (y,0) = wy = —a(vg)dyvo = —, Ao, we shall have the identity

I ™t =0, (4.7)
Finally, our scheme is as follows. For the first term (A\°, 2% = u® 4 iw®) of the
sequence, we just set for all (y,t) € R?,
)‘O(yat) = )‘O(y) ) uo(y7t) = uO(y) and wo(yat) =W = _ay)\O(yvt)'

Obviously A? is valued in Jy and (@ := u® —@°, A% := A — X°) belongs to NrsoEX.
Then we define (A", 2™ = u™ + iw™) inductively in the following way. Suppose
(A", 2™) has been defined in such a way that A" is valued in Jy, w™ = —0,A™ and,

for some T' > 0, (W™ := u™ — @, A" := A" — \) belongs to Ek. Then inequality (5.2)
and corollaries and insure that the right-hand side of the first line of the
following system
02" + 10, (0x(\")0,2" ) = F' + Fy' + F' + Y, (4.8)

Zt—o = Uo + iwWo, '
with

Fl'i=i02, Z2((X) — ag(A")),  F3 = i0,A0,Z (o (X) — af (™)),

Fi = (gg(\") —q:(N)w,  F} = (qs(A") + i0yZal(A™)) ",

belongs to C([0,T]; H*) nC* ([0, T]; H*=2).

Hence Theorem ensures that system (4.8) has a unique solution z"*! in
C([0,T); H*) n C*([0,T]; H*=2). Then we set u"*! := Rz"+L yntl .= g+l 47,
"t = Gzt wnrt = "M 4w and 2 i= w4 iwn ! so that 2" satisfies
(4.5) as required. Finally, we set

t
ALY == Ao + / ay(A")Oyu Tt dr.
0

Of course we have to check that A"*™! is valued in Jy. This will be the case for
small enough time.
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(b) Uniform a priori estimates in large norm. Let K be a compact subset of Jy
containing Ag(R) and such that § := d(Ao(R),°K,) > 0. Throughout this section,
we shall denote by C' a “constant” — which may change from line to line — depending
only on k, ¢, , § and K. Let " := ayg(A\"), ag = ag( o),

=0 ~ k i g 1/2
XO0(t) = Ko = (Y lago3zll3:)
j=0

kS

- i i 1/2
()= (X I ) a5z ) )3z )
j=0
for n > 1. Further define Y™ (£) := | A"(t)]| 12 + X™(t) and Yy := |||z + Xo-
We introduce the induction hypothesis

HT) 7 e ¢([0,T); H*) nci(jo,T); H*=2), A» € ¢([0,T); H*+1) and A"(R x
[0,7]) € K with the inequality

. }7 2CH ft 7(7’) dr
Y”(t) S e Of - A ’
1= Yy [y G0 s 200 dr g

for some constant Cy > 0 depending only on k, «, ¢ and K to be deter-
mined afterwards and

- _ _ 3
Z = (1 +110yall s + 0] grise) ™

We are going to show there is a positive time 7" > 0 such that the scheme described
in §a) yields a sequence (A", 2") satisfying (HZ) for all n € N.

Obviously (HY) is satisfied for all 7' and any Cy > 0. Now we fix n € N and
assume that (HZ:,F) is true for all p < n. According to Proposition we have that

for all t € RT,

t
XmH(t) < e (X0+ / e AX (M (1) dT), (4.9)
0

with

t
40):=C [ (101080 (D)1 + 10,07 (7))
4
W) = C S IE e
j=1

We need a bound for A%(t). For n = 0, the first term 8; log a°(7) is zero. Otherwise,
for n > 1, we have by definition of v™ and o™ and according to (4.6]),

_ o (A")
o (A")

I loga™ = [log ay]' (\")ay (A" 1) 9, u™ as(A"Ho,u™ .
Since [|0ya"| g < ||u™|| i, using (HZ_;) and (H!), we have that for all ¢ € [0, 7],

[0 log a™|| e < C(X™(t) + ||9ya(t)|| 1)
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for some C = C(k,a, A, \). The second term in AR (t), 9ya™ = a(A")Oy A" can be
bounded using inequality (5.5 in the appendix, which yields

k
19y || < Cllw™ [z S IA e o )| zoe < Cllw™ | e
Jj=0
Hence, we eventually obtain
t
vt € [0,T), Ap(t) < C (X”(T) +[|0ya(r) | L + ||w|\Hk) dr. (4.10)

0

Let us now bound the source term h"(t). Using the fact that H* is an algebra and
corollary we get

IET N e S 105,21 g llevs (X) = e (X | g
SN0 2 o (A gz + 1A | poe (I s + 10" | gris)) -

Hence, as HF «— L,

1T g S 105,21 e (L 101 g ) N g (4.11)

From similar computations, we get
IES e S 10y o 1 e (14 1] i ) A" [ e (4.12)
1FS e S @ g (14 101 g ) X" ] e (4.13)

We remark that here oy (resp. gz) has k+2 (resp. k+1) locally bounded derivatives.
To bound F}', we make use of inequality ([5.6) which yields

lgs (A ) @™ | i S N0 s + 1A | oo [[0™ [ v
S 0™ [ g+ @] g A" | g

Similar computations enable us to handle the term a& (AM)w™ so that we end up
with B

IE N e S (1 10y ) (N0 v+ D1 g I i) - (4.14)
Plugging inequalities (4.10]), (4.11)), (4.12)), (4.13) and (4.14]) in (4.9), we conclude
that

~ t ~
X0 < exp (€ [ (X7 4 10,7l + []) )

t ~
y <5(0 o [ eI (R 10l e+l ) d
0 (4.15)

x (X4 (14 [l o) (10 g (1 [0 g
+110yZ ) + IIGSyEHHk)f”") dT)

To complete the estimates, we still have to find a bound for ||A"|| 2. This is quite
straightforward. Indeed, we have

~ ~ t —
X)) =S+ [ ({0 — ax(0)aya -+ ag()0,a ) dr
0
whence

~ N t by
X452 < Bollza +C [ (10,8l 31+ 10,12 .
0
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Adding this latter inequality to (4.15), we get
?n-&-l (t)
t(yvn_ 77 ~ t T(yvn_ 77 r— ¢ ~
<eJo (¥7+Z) ar (YO + C’/ e CJo (V+2) ar zZy" dT) + C’/ Y™ () dr,
0 0

N _ _ 3
with Z = (14 0,0 yuss + [0 yes)™
Now, applying Gronwall lemma, we get, up to a change of C,

t(yn_ 77 nd t (Y +Z e AY
(g < o€ Ji (V742) ar (yo e / o CJ5 (V747) ar' 7 dT>. (4.16)
0

We choose for C the constant C' appearing in the above inequality (note that this
choice is independent of n) and we assume that T satisfies

T _
CoYo / 200 Jo Z()dT gy < 1. (4.17)
0

Taking advantage of (HY), straightforward calculations yield for 0 < s <t < T,

)

ng f: i;”('r) dr — _ )
= 1— COYO fg eQCU fOT Z dt’! d’T

Inserting the above inequality in (4.16)), we get

S,

?n+1(t) < f/()eoo Jg Zdr' dj— N O},}O /t ZeCo fst?d‘rIQQCo foifd‘r’
T 1-ChYs fot e2C0 [ Zdr' g 0 1—-CoYy fot e2Co [g Zdr’ g

whence

~ v 200 ITZdT/

Vi) < Yoo = dr /
1-— C()YO fO eQCO fo Zdr dr

as required. With our definition of A+, we have (up to a change of Cy)
t
I35 = Boll o < Co [ (R im0, e + 0, .
t
< CO/ (14 [10yal| o) (Y™ + Y™ 1) ds,
0

<

S,

/t 007370e200 Jo Zdr’
0 1—CoYy [Fe2Coli Zdr' gr

t _
< — sup Z(7) log(l - C’OYO/ e2Co Jg Zdr d7>.
T€[0,t] 0

Therefore, the condition

r v 1 —exp(—6 Z(t
/ eQCO fo Z dr dt < exp( /SuptG[O,T] ( )) (418)
0

CoYo
which is a stronger condition than (4.17)) ensures that A"** C K on [0, T].
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(¢) Convergence in small norm. We aim at proving that (z™),ecn is convergent in
the affine space z + C([0, T7; L?) and that (A"),en is convergent in the affine space
X+ C([0,T); L?).
Let 52" := 2"t — 27 §u™ := w1 —u™, Jw™ := w" T —w™ and A" := AT \".
On the one hand, we have
0¢02" + 10y (og(A")0y02™)
— 0,270, (05 (") — ag (A1) — 62, 2" (ap () — (A1)
+ g (A")ow" ™" + (g (A") = gz (A" )w"
Hence, using the basic L? estimate
1d n|2 n n n n—1
18213 < 192" e (10,27 <19, (A7) — (X"~
+ 1105, 2" 12 log (") = ag (A" [ oe + [lgz(A™) | oe |60" 1| 2
+ las (") = g A" g2 "~ ).

By the Sobolev embedding H' < L, this implies
1d
2 dt
< 102" 12 (192" | llag(A) = @A)l (4.19)

162" 172

+ a2 |0w™ 7 22 + [lag(A") — %(A"*l)llLZ\\wnfllle) :
On the other hand, by (4.6)), we have
MON" = (ay(N") — (A" 1)) Iyu™ T + (A" 10, 0u™

so that taking the L2-scalar product with §A”™ and integrating by parts in the last
term,

1 d n n n— n n
5oV = [ (0 = g )0,um 6y
— Su (A" B, AN — 5u”aﬁ(A”*1)ay5A”) dy.
Now, as 9,\"~! = —w" ™!, straightforward computations yield
1 d n n n— n n
7 gl 72 < llag(N") = ax (A"l 2|0y u" | = A" | 2

16w gl (X oo ™ e 6X7] 1 (4.20)
60 e flap (")l e 19w

Since the sequence (A"),cn is bounded in L= (R x 0,T), corollary [5.6] ensures that
there is a constant C such that

max ([ag(A") — ag (A"l 22, lg(A") = (A" H)l[22) < ClOA" e,

las(A") = @A) < Ol e + w2 ) (194" 12 + 6w 152 )
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Hence, adding (4.19)) and (4.20]) yields

1 d n n n n n—
s <0y ((1+ 10y | g2 + 10yu™ [ Loe + [|w™ ™|

w2 + ") YT+ (1 IIw"’llle)Y”)

with Y7(£) = (A2 + 1627 ]122)) 2.
Because (9,u")nen is bounded in L*(0,T; H') and (w")nen is bounded in
L>(0,T; H?), we eventually get

t t
Y™(t) < 01/ YN (r)dr + 02/ Y"™(7)dr,
0 0
whence
t
ety (t) < Cl/ e~ 2Ty 11 dr.
0
A standard induction argument enables us to conclude that

n C{L Coty0
YR(t) < e YO

The series ), C7'/n! being convergent, this shows that (2"),en and (A"),en are
Cauchy sequences in the Banach space C([0,T]; L?). We conclude that (2™),en
tends to some function z in z + C([0,7]; L?), and that (A"),cn tends to some
function A in A + C([0, T]; L?). Passing to the limit in the linear equation we
readily get
OyA = —w.

Furthermore, we have in the limit A € Jy. So we can define v := A=!()\), and we
have (v — ) € C([0,T); L?). Now, by using the uniform bounds of §b), we have in
addition

Z:=z—-%¢c L>®(0,T; H*) N Lip(0, T; H"*72). (4.21)
An interpolation argument shows that for ¢ > 0, 2" — Z in C([0,T]; H*~¢) and
v — v in ¥ + C([0,T]; H¥T1=¢). This suffices to show that w = —9,A(v) =

—a(v)0yv and to pass to the limit in (4.6) and (4.8)), thus obtaining

0:A(v) = a(v)Oyu

Oz + 10y (a(v)0yz) = q(v)w,

Z|t:0 =v+ iwo;
Simplifying by a(v) in the first equation, we get d,v = dyu.
(d) Continuity results. Using (4.21) and the fact that both z and Z are solutions of
[23)), it can be easily shown that 9,z + 0, (a(v)9,z) belongs to L>(0,T; HF) (see
equation below). Hence Theorem ensures that Z belongs to C([0, T]; H*).
This new result implies that 9,z € C([0,7T]; H*=2). Therefore Z also belongs to
CL([0,T]; H*=2). Now, since

A = (ax(\) — ax(N) 0y + a3 (\) 3y,

Corollaries and guarantee that the right-hand side above belongs to the
space C([0,T); H*~1) so that A € C!([0,T]; H*~'). Since moreover ,A = —w and
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w € C([0,T); H*), we thus have A € C([0, T]; X+ H*+1). Applying corollary [5.6} we
conclude that

v €T+ C([0,T); H* Yy ncl((o, T); HE1).
Remark 4.3. The lower bound for the existence time given by (4.18) depends on

k, b, b, a, q, luoll gz and [|@yvol| ;- In the next subsection, we shall see that for H*

data (k > 2), the time of existence in H* is the same as in H2. Hence inequality
(4.18)) with k = 2 provides a lower bound. This proves remark

4.3. Continuation results and life span. This section is devoted to the proof
of a continuation criterion for H* solutions to (1.7). Let us first explain what we
mean by an H* solution.

Definition 4.4. Under assumption (H1) with & > 2, assume that (u,v) is a couple
of functions of (y,t) € R x [0,T) such that v is valued in J,. We shall say that
(u,v) is a H* solution of on the time interval [0,T) if (u,v) satisfies on
R x [0,T) (in the weak sense) and

(w —u,v —71) € C([0,T); H* x H**Yyn ([0, T); H*=2 x H* 1) (4.22)

where (u,v) stands for a classical solution of (1.7) on R x R such that for all
(y,t) € R?,

o(y,t) € J,, Oyu € C(R;H*') and 0,0 € C(R; H*?).

For given data (ug,vo) such that uy — w(0) € H* and vy — 9(0) € H**1, we define
the lifespan of a H* solution as the supremum of all 7' such that (1.7) has a H*
solution on [0, 7).

Our main continuation result is based on the following lemma.

Lemma 4.5. Under assumption (H1), let (u,v) be an H* solution of on
R x [0,T) with v valued in K, CC J,. Denote by (u,v) a classical solution of
(3.1) such that is fulfilled. Let A be a primitive of a, X := A(v), w = —0yA
and z = u + iw. Further define X :== A(D), W = —O,\, Z = U + iw, A=A — A,
W:=w—W,u:=u—7uand z:=z—2. Let

k . 1/2
Te) 1= (X3 + 3 la@iz0)0)2:) "
7=0

Then there exists a constant C' depending only on k, q, o and K,,, and such that

Ti(t) < T3 (0)eC*eC Ji 10,2 wew dr o [ U832 o H 1 s (4B n 1) A 10,31 )}

Proof. Denoting oy = o A= and ¢y = go A™', one easily find that Z solves

07 + 10y (ag (N9 Z) = i02,Z (s (X) — ay(N)) 40, A0y Z (0 (X) — a(N))
Fi s
+ (V) — (V)@ + (@A) + 8, Za(N)) @ .

Fg F4

(4.23)




28 S. BENZONI-GAVAGE, R. DANCHIN, S. DESCOMBES EJDE-2006/59

Hence, summing equalities (3.6 for j = 0,...,k, we get by Cauchy-Schwarz in-
equality
4

1d < k ~
3 thk < max(1,8) 5 Xi Y ||Fjll g + §||8tlogozﬁ()\)||LooX,§
j=1
. (4.24)
+Y 0> (G5 )az[azdz] L2032 (ay(N) 043 2
j=2/¢=1
with
- k 15) , \1/2
X = (Dl M WI3:)
7=0

As w = =9\, W = —Oy\ and w = —ayX, corollary combined withNthe em-
bedding H* — L* yields for some constant C' depending only on k, b, b and «,

1Fu ] e < ClOG,Z lles (V) = ez (V)| g

) B - (4.25)
< Cl195,Z I gy (1 + 1@ g ) I -
Similar computations yield
12|l i < CNOZI e[ gy (1 + 1 g2 ) A e (4.26)
15 v < ClD gy (14 1D gy ) 1M e (4.27)

Regarding Fy, we apply inequality (5.6) to qﬁ()\)ayx and ozé()\)ayx so that we get

1l < C(1+ 10,2l 0) (180 + Wl gl Bl ). (428)
Because 0; log ay(A) = o (A)9yu, we obviously have

For bounding the last term in (4.24]), we first use inequality (5.1)) in the appendix
which implies

105727 (s (V) g2l L2 < 110y Z ] 1< 19 (s (M) ] 51 + 185, (x ) o 121 -
(4.30)
On the one hand,

Jj+1

195, (s (W) 51 Z 10" s (W17,

hence according to lemma

105, (sl g1 < 1l s
on the other hand, 92, (ay())) = oy (N) (83,)\)2—%% (A2, A so that, since [|OyAl|F~ <
[z (|05, All Loc, we get

195, (s M)l < 19ywl .
Coming back to (4.30)), we end up with

105727 (s (M) Dzl 2 S (10yZ o + @[] g ) 112 - (4.31)



EJDE-2006/59 WELL-POSEDNESS 29

Plugging inequalities (4.25), (4.26), (4.27), (4.28), (4.29) and (4.31) in (4.24)), we
get

1ds ~ _ -
57Xk S (14102l + |0yl ) XE

2 dt (4.32)

+ (L 1@ i) (105,21 e+ 1] gy (14 121 1)) XY
To conclude, we still have to bound || A||z2. For doing so, we use the fact that

O = (as(N) = 0s(0)) By + (N Dy,

whence

1 d ~ 2 < . g 2 g ~

3 g Mze S 0yallze ML + Al 2 18yl e
Adding this last inequality to (4.32)), we eventually get
1d

5V S (14 10,21 + (14 @) (1922 o + 1 (14 1021 0)) ) T2

Then Gronwall’s lemma completes the proof. O

One can now state a continuation result which is very similar to the standard
one for quasi-linear hyperbolic symmetric systems.

Proposition 4.6. Under assumption (H1), let (u,v) be a H* solution of (3.1)) on
R x [0,T). Assume in addition that

/0 (||8yu(7')||Loo + H@gyv(T)HLm) dr <oo and v(Rx[0,T)) CCJ,. (4.33)

Then (u,v) may be continued beyond T into a smooth solution of (1.7)).

Proof. Let (u,v) satisfy the hypotheses of the proposition and denote by (u,7) a
classical solution of (3.1]) such that (4.22)) is fulfilled. Introducing w = —9,(A(v)),
a straightforward interpolation shows that

T
| 10te)
T
<c / (o)l 182, 0l + o @)ool e 102, 0] 1= ) dt < oo.

Since 9,7 € C(R; H*2) and 9,7 € C(R; H* 1), fOT(||ayﬂ(t)||Loo+|\8yw(t)||Loo) dt <
oo. Therefore, lemma may be applied. From it, we get (with an obvious
notation)

u € L>(0,T; H*), @€ L>(0,T;H*) and 08,0 € L>®(0,T; H).

Let n be a positive time which satisfies (4.18) with |[|Z][ o 7. zx) instead of Yo.
Theorem [2.2] supplies a solution on the time interval [0, 7] for (L.7) with data (u(T—
7

2),v(T — 1)). By virtue of uniqueness, this solution is a continuation of (u,v)

beyond T ([l

Because H? — Lip, we conclude that the H* regularity is controlled by the H?
regularity so that the time of existence in H? is the same as in H*.
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4.4. Further comments on the case of a constant profile. In this section, we
briefly review how theorem [2.2] and blow-up criteria may be improved if we restrict
ourselves to the case of a constant profile (uw,v). The main improvement is that we
do not have to suppose that v has a limit at —oo and +o0o. Only assumptions on
Oyv are needed.

Going along the lines of the proof of theorem [2.2] one can observe that the
scheme reduces to solving

92" iy (ay (\")0,Z" ) = gy (A")a",
Zt—o = Vo + o,
with @o := —9y Ao, Ao = A(vo) and @g = ug — . Then we set u" T := 7 + Rz"T1,
w"t = 2"t and ,
A = A(vg) —I—/O a(v™)o,u" .

Therefore, most of the terms in F}*, Fy', F3' and F}' vanish and we end up with
the inequality

v d t T oYn ./ e
)}n+1(t) < ecfot X" (r)dr (XO + C/ e—CfO X" (r")dr Xn(T) dT)
0

for some constant C' depending only on k, b, Z, « and q.
Also one has to assume only that ¢ and a have k41 bounded derivatives (instead

of k42 in the general case) and no control on ||X" |2 is needed to close the estimates.
Therefore, we eventually get the following existence theorem.

Theorem 4.7. Let uw € R and k > 2. Under assumption (H1) with k — 1, let
K, CC J,, ugp € T+ H* and vy € L>® with Oyvo € H* and vo(R) C K,. There
exists a positive T such that the Cauchy problem associated with the system (1.9)
and initial data (u(0),v(0)) = (ug,vo) has a unique solution (u,v) which satisfies
u—1, Oy € C([0,T); HY)Yncl([0,T); H*=2) and v(Rx [0,T]) CJ, (4.34)
with moreover,
(v —wo) € C([0,T); H** Yy net([o,T); H*1). (4.35)

Besides, there exists a constant C = C(«, q, K,) such that T may be chosen such
that

1 1
T>—log(1+ — .
c ( |uo — | = + [ Oyvol =

Proof. Under the assumptions of theorem the estimate of lemma {4.5| reduces
to
Xi(t) < X5,(0)eCteC Jo 19u=(M)llzee dr (4.36)

with C depending only on k, ¢, a and J,,, z := (u — @) + tw and

k . 1/2
x(0) = (3 ety 30 )3) "
3=0

From the above estimate, we gather that the blow-up criterion stated in (4.33)
remains true under the assumptions of theorem [4.7] and that the time of existence
in H* is the same as in H2. Indeed, from (#.36) and Sobolev embeddings we get

Xi(t) < Xi(0)eCte” Jo Xa(r)dr
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Hence, X}, remains bounded as long as X, does. Thus the lifespan in H* is the
same as in H2. Now, the above inequality with k& = 2 yields

- X ct -
Xo(t) < Xa(0)e while  X»(0)(e“* — 1) < 1.
1— X2(0)(eCt — 1)
This gives the desired lower bound for the life span in H?2. O

5. APPENDIX

In this section, we state some technical estimates for products or composition of
functions which have been used repeatedly throughout the paper.
Most of them are based on the following Gagliardo-Nirenberg inequality.

Lemma 5.1. Letk € N and j € {0,...,k}. There exists a constant C; j, depending
only on j and k such that

j 1= ok, 1
18501l 26 < Cirellvllze 9y vll -
We can now state some tame estimates for the product of two functions.

Lemma 5.2. Let k € N and j € {0,...,k}. There exist a constant C; ) depending
only on j and on k and a constant Cy, depending only on k, and such that

1050} ~vl 2 < Crue (Ilullzoe [950llza + ol 105wl 22 ). (5.1)
vl < Coe(lull e 0l e+ 0l < |9 ull 2 ). (5.2)
Proof. Because
vl < Ci (llwellze + 19} (wo)llzz ),
Leibniz formula entails that

k
vl < Co(llull < llollzz + D 10Judk ol )

J=0

so that inequality (5.1]) (used repeatedly) yields (5.2)). Let us focus on the proof of
(5.1). According to Holder inequality, we have

10560k ~v 2 < 05ul s 050 o

This obviously yields (5.1 if j = 0 or k. Else, using lemma we get

S 1-4 i/k
|00 Tollzs < Cou(lullie|9Follz) (ol |Okullz)
and Young inequality leads to (5.1]). O
Let us now state estimates in Sobolev spaces for the composition of functions.

Lemma 5.3. Let k > 1 and F' be in WIIZ’:O(R), There exists a constant C, such
that for all v € L*° such that 851) € L2, there holds

k—1

105 (F ()]l . < Crllofvll o Y 0l [F9H (0)]| Loe
=0
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Proof. This inequality stems from Fa&d-di-Bruno’s formula:

k! v\ " ok ,
k — v (2R R ' (G14+ik)
ay(F(U))_Zillmik! (1!) (k') F ()

where the sum is over all the (i1,...,ix) € NP such that 41 + 2ig + - - - + ki = k.
On the one hand, Hélder inequality gives

k
||(8yv)“ (a:lljv)lkF(il-'ru.-‘rik)(U)HL2 < ||F(i1+~~+’ik)(v)||Loo H ||@5U||1Le%. (5.3)
=1 )

On the other hand, lemma [5.1] yields for 1 < ¢ < k,

¢ 1-£ %
10g0ll, 2 < Collvll =" 105l -

Inserting this inequality in (5.3]) completes the proof of lemma (I
Corollary 5.4. Let F' € I/Vllg’coo, k € N. There exists a constant Cy, so that
k—1
[F(v)w] g < Ck(HF(@)”Lm”w”H’C +wllze 105l o Y IIF9HD ()| oo o]l x).
j=0
(5.4)
k . .
1E )0y 0ll 0 < CullOyoll e Y IFD @)z 0] - (5.5)
j=0
[ F(v)Oyw|| g
(G ;). 60
< Ck(IIF(v)IILoollaywHHk + wllz [18yoll g Y IFHD ()] o 0] oo)-

j=0
Proof. The three results are obvious if £k = 0 so let us assume that £ > 1. Then
applying inequality (5.2]) yields
1@l < Co (1P 0l g + 1wl 105 (F(0)) 2.
Lemma [5.3| enables us to bound the last term in the right-hand side. This yields

(-4).
For proving (j5.5)), we introduce F a primitive of F. We have
IF ()00l e < Ok (IF(0)dyvlz2 + 10y (F () £2) -

Now, applying lemma [5.3] yields the desired result.
For proving (5.6]), we first notice that by virtue of Leibniz formula, we have

IE@)8ywll e < Cr Y 104(F(0)) 05wl .

0<e<j<k
Hence, according to (5.1]),
IF(0)dyw]| g < Cr > (||F(U)HL°°H5§+1WI|L2 + lele||3§+1(F(U))||L2)»

0<j<k
k+1
< C(IF @) 10y ] s + ol 37 105 (F ()22 )
m=1

and applying lemma achieves the proof of (|5.6). O
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Corollary 5.5. Let I be a bounded interval of R and F be in W (R; I) for some
k € N and satisfy F(0) = 0. Let v € H* be a I-valued function. There exists a
constant C' = C}, such that

k—1
[E @) e < Ck(”FI”L“’(I)”v”LQ 00l D ol HF(j+1)||L°°(I))'
j=0

Proof. We first use the fact that

IF@ge < Ce(IF@)Ie + 105 (F@)lI22)-

The last term in the right-hand side may be bounded according to lemma 5.3 For
bounding the first one, we take advantage of first order Taylor’s formula

1
F(v) = v/ F'(tv)dr.
0
which obviously implies |[F(v)[|r2 < [|F"[| oo (1) l[v]| £2- O

Corollary 5.6. Let I be a bounded interval of R and F be in WFHL°(R; I) for
some k € N. Let v and w be two I-valued functions such that dyv and dyw € H*!
and w —v € H*. Then F(w) — F(v) belongs to H* and there exists a constant
C = C}, such that

1F(w) = F) i < Cu(I1F ] gl = 0ll g+ 1 = ]l ze (10501 + 105wl . )

k—1

3 (el + ol ) 1T )

=0

Proof. Arguing by density, it suffices to prove the inequality for smooth I-valued
functions. According to first order Taylor’s formula, we have

Flw) — F(v) = /0 (w — V) F' (0 + 7(w — v)) dr.

Therefore,

IF(w) = F(0)] 50 < / (@ — 0)F' (0 + 7w — 0)) | e -

Fix a 7 € [0,1]. From corollary we get

[(w = v)F' (v + 7(w — )|

< Gk (HF/(U +7(w =)z [w = 0ll g + [ = 0l L |y + T(Dyw — o)
k—1

X Y AFTD |y lo 4+ 7w = V)l )
j=0

whence the desired inequality follows. (I
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