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EXISTENCE OF SOLUTIONS FOR AN ELLIPTIC EQUATION
INVOLVING THE p(z)-LAPLACE OPERATOR

MARIA-MAGDALENA BOUREANU

ABSTRACT. In this paper we study an elliptic equation involving the p(x)-
Laplace operator on the whole space RY. For that equation we prove the
existence of a nontrivial weak solution using as main argument the mountain
pass theorem of Ambrosetti and Rabinowitz.

1. INTRODUCTION

In this paper we discuss the existence of solutions for the problem

—Ap@yu(z) + b($)|u(x)|p($)_gu = f(x,u), forxzeRY

(1.1)
ue Wy (RY),

where N > 3, p : RV — R is Lipschitz continuous with 2 < essinfgn p(z) <
esssupgy p(z) < N, b: RY — R and f: RY x R — R are two functions which
satisfy certain conditions. We denoted by A, ) the p(z)-Laplace operator given by

Apiwyu = div (|Vu(z) [P =2 Vau(z)).

The study of equations involving p(z)-growth conditions, such as , has captured
a special attention since there are some physical phenomena which can be modelled
by such kind of equation. In that context we just remember their applications
to the study of electrorheological fluids and in elastic mechanics (see Diening [3],
Halsey [8], Ruzicka [15], Zhikov [16]).

On the other hand, we point out that equation is related with stationary
non-linear Schrodinger equations (see Rabinowitz [14] and Mih&ilescu-Rédulescu
[10] for more details).

Existence results for p(z)-Laplacian Dirichlet problems on bounded domains were
studied in [6] [IT} [12] while for the study of p(x)-Laplacian problems in RY we refer
to [4, .
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2. PRELIMINARY RESULTS

We recall in what follows some definitions and basic properties of the generalized
Lebesgue-Sobolev spaces LP(®) (), W) (Q) and Wol’p(x)(ﬂ), where € is an open
subset of RY. In that context we refer to the book of Musielak [I3] and the papers
of Kovacik and Rakosnik [9] and Fan et al. [4, 5] [7].

Set

L) ={h; h e LOO(Q),esseigrllf h(z) > 1 for all z € Q}.
For any h € LS°(9) we define

h™ =esssuph(x) and h~ = essinfh(x).
€N €N

For any p(x) € L (), we define the variable exponent Lebesgue space

LP@)(Q) = {u : is a measurable real-valued function such that
/ [u(z)[P® da < oo}
Q

We define a norm, the so-called Luzemburg norm, on this space by the formula

|ulp(z) = inf {p > 0; / | |p($)d <1}

Variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many
respects: they are Banach spaces [9, Theorem 2.5], the Holder inequality holds [9]
Theorem 2.1], they are reflexive if and only if 1 < p~ < pt < oo [9, Corollary 2.7]
and continuous functions are dense if p* < oo [9, Theorem 2.11]. The inclusion
between Lebesgue spaces also generalizes naturally [9] Theorem 2.8]: if 0 < || < o0
and 71, 9 are variable exponents so that 71 (x) < ro(z) almost everywhere in Q2 then
there exists the continuous embedding L™2(®)(Q) — L™ ®)(Q), whose norm does not
exceed Q] + 1.

We denote by L (*)(2) the conjugate space of LP(*)(2), where 1/p(z)+1/p (z) =
1. For any u € LP®)(Q) and v € L”/(”)(Q) the Holder type inequality

|/uvdm| <(—+ —)|u\p 2) V] (2) (2.1)

holds true.

An important role in manipulating the generalized Lebesgue-Sobolev spaces
is played by the modular of the LP(*)(Q) space, which is the mapping Pp(z)
L) () — R defined by

oo (10 = [ [l o

If u € LP(®)(Q) and pt < oo then the following relations hold

lulp) > 1 = ‘ulp(w) < pp(ay(u) < |u|p(w)’

|ulp) <1 = ‘ulz(z) < Pp(a) (u) < |u| (z)} (2.3)
[ — Ulpzy = 0 & pp(a)(Un —u) — 0.
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We also consider the weighted variable exponent Lebesgue spaces. Let b: RY — R
be a measurable real function such that b(z) > 0 a.e. € Q. We define

Li((;)) () = {u : u is a measurable real-valued function such that

/ b()|u(2)[" @ dz < oo}
Q

The space Lf((:j)) (Q) endowed with the above norm is a Banach space which has

similar properties with the usual variable exponent Lebesgue spaces. The modular

of this space is py(z);p(a) : LZ((;C))(Q) — R defined by

Po(a)ip(a) (1) = /Q b()|ulP@ da.

Ifue Lf((f)) (€2), then the following relations hold

[ul(b(z),p(z)) > 1 = |u|:€b_(:z)),p(z)) < Po(a)ip(a) (1) < |“|?b+(z),p(z))’
[ul (@) pay) <1= |U|§’;<z>,p(m>> < Po(ayp(@) (W) < [l ) piay)-
We define also the variable Sobolev space
WP (Q) = {u € LP@(Q) : |Vu| € LP(Q)}.
On Wl’p(””)(Q) we may consider one of the following equivalent norms
[ullp@) = [ulp@) + [Vulp)
or

|MH=mHﬂ>otéqV%@

We define also Wol’p(x)(Q) as the closure of C§°(2) in W1P(®)(Q). Assuming p~ > 1

the spaces W12 (Q) and W, (m)(Q) are separable and reflexive Banach spaces.
Set

P 4 ]“if)\p(“’) dr <1}.

Ly (u) = / (IVuP™ + |u|P™) da.
Q
For all u € WO1 P (w)(Q) the following relations hold
- +
Hall > 1 = [ull?” < () <l (25)
+ -
ulll <1 = [[lulllP < Ly (u) < [[|ull|” (2.6)

Finally, we remember some embedding results regarding variable exponent Lebesgue-
Sobolev spaces. For the continuous embedding between variable exponent Lebesgue-
Sobolev spaces we refer to [5, Theorem 1.1]: if p : Q — R is Lipschitz continuous and

pT < N, then for any ¢ € LY (Q) with p(z) < q(x) < ]\I/szgfa):), there is a continuous

embedding WP(®)(Q) < La(*)(Q). In what concerns the compact embedding we
refer to [5, Theorem 1.3]: if Q is a bounded domain in RY, p(z) € C(Q), p* > N,

then for any ¢(z) € LF(Q2) with essinf g (1\1[\/_19;22) —q(z)) > 0 there is a compact

embedding W1P(®)(Q) «— L) (Q).
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3. MAIN RESULT

In this paper we assume that b and f satisfy the hypotheses:

(B1) b€ L (RY) and there exists by > 0 such that b(z) > by, for any z € RY;

loc

(F1) f € CY(RN x R), with f = f(z,2), f(2,0) = 0 and lim,_ L& = 0, for

|2|pF -2

all z € RY;

(F2) pt < J\JIV_”p, and there exist aj,a2 >0 and s € (ptT —1,Np~ /(N —p~) —1)

such that
pt—2 s—1 N .
z ) — ) ) b
|f2(x, 2)| < aylz] + az|z| VeeRY,VzeR

(F3) there exists p > pT such that

0 < uF(x,2) ::u/ozf(a:,t)dtng(x,z), Ve eRYVzeR\ {0}

Let E be the space defined as the completion of C§°(RY) with respect to the

norm
lully = Vulp@) + [l p@).pe)-
Remark 3.1. Condition (B1) implies that E C Wol’p(w)(RN).
A simple calculation shows that the above norm is equivalent to

Jull = inf { > 0; /Q (

Vu(z)
u

p(x) (@) i)y o
"+ b(2)| . |7 da < 1}

Set

J(u) :

/ (|vu|P<x> + b(:z:)|u\p(””)) dz.
RN
Then, for all u € E the following relations hold:
- +
Jull > 1= Jull” < J(u) < [lul”,
n _
Jull <1 = Jull” < J(u) < Jull”

We say that u € E is a weak solution of (1.1]) if
/ (|Vu|p(””)_2VuVU + b(x)|u|p(z)_2uv)dac = f(z,u)vde,
RN RN

for any v € C§°(RY).
The main result of this paper is given by the following theorem.

Theorem 3.2. Assume conditions (B1) and (F1)-(F3) are fulfilled. Then problem

(1.1) has a non-trivial weak solution.

We point out the fact that the result of Theorem [3.2] extends the results from

[14] and [10] where similar equations are studied in the linear case.
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4. PROOF OF MAIN THEOREM

The energy functional corresponding to problem (1.1)) is defined as I : E — R,

I(u) = /RN e )(|vu|p<r b)) da:—/ Pz, u)dz.

Similar arguments as those used in [4, Lemmas 3.1 and 3.2] assure that I € C'(E,R)
with
(I'(u),v) = / <|Vu|p(m)72Vqu + b(m)|u\p(z)72uv) dx — f(z,w)vdz,
RN RN

for any u, v € E. Thus, we observe that the critical points of functional I are the
weak solutions for equation (|1.1)).

Our idea is to prove Theorem applying the mountain pass theorem (see e.g.
[2]). With that end in view, we prove some auxiliary results which show that the
functional I has a mountain pass geometry.

Lemma 4.1. If (B1) and (F1)-(F3) hold, then there exist 7 > 0 and a > 0 such
that for all w € E with ||u|]| =7

I(u) > a>0.
Proof. Using (F1) and L'Hospital Theorem, we have

F
tim L&A g, S@2) L@.z)
z2—0 2P z—0 pt . 2P 1 2—0 p*(pJr — 1) . ptT—2

for all z € RY. Thus,

:O7

F(z,z)

+

lim

z—0 zp

=0. (4.1)
Using (F2) we have

fo(@,2) < |fa(@,2)| < arl2P” 72+ agl2)
By integrating, we obtain

ay
<

2P+ 22z,
We integrate again:

0< Flz,2)| < Ar|z|P" + Ao|2H, (4.2)
where Aq, Ay are positive constants. Then

F(x, z) Az Agfz
0l v = M T N
since s € (p* —1,Np~ /(N —p~) — 1). Therefore,

zll{{olo ZNP /(N P~)

Using relations (4.1)) and (4.3)), we obtain

Ve >0, 351>Osuchthat| |<5forallzvv1th|z\<51,

F
V€>O 352>05uchthat ’%

=0. (4.3)

| < e for all z with [z| > &.
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Thus, for € > 0 there exist d1, d2 > 0 such that
F(z,2) <e-|]z]P", |z| <&

and

Flz,z) <e-|z|NP /=P 2] > 65y,
Relation implies that there exists a constant ¢ > 0 such that

F(x,z) <c¢ forall z with |z| € [01, d2].
We conclude that for all € > 0 there exists ¢. > 0 such that

Fx,2) <elzP" + colz|NP/(N=p7) (4.4)

Let us assume that ||u|| < 1. Then, using relations and (£.4), we have

1
I(u) > ij(u) . F(z,u)dx
1
>l / Fle,u)de
1 — —
2 :Hullp*—e/ |u\p+dz—ce/ NPT/ N =) gy
p RN RN

For p(z) < q(z) < ]\J,V_plgz) we have WhP@)(RN) — L@ (RN) continuous, so

E — LI@)(RN) continuous, thus |u|; . < cl|lu||z. Choosing ¢(z) = pT and then

q(z) = ]\J,V_pp_ we obtain

1
+ o\ T
e S allll o ([ o) < el
R

N_p—
[ul Np—/(N—p—) < C2llull & (/N |U|Np7/(N_p7)da:) NPT < el
R
Therefore,

1 i
I(u) 2 el —ecalfull? — ez - cefful ™ /)

1 _ _
> [l [(p+ o) — e -l NP/ W] > a0,

1

for some fixed € € (0, ) and a, ||u]| sufficiently small. O

Lemma 4.2. Assume conditions (B1), (F1)-(F3) hold. Then there exists ¢ € E
with ||e|| > 7 (7 given in Lemmal[{.1]) such that I(e) < 0.

Proof. Denote
F(x,t
ny = 2812 gy s
th

Then using (F3) we get
1
/ —
W (t) = pye] [tzf(x,tz) — pF(x,t2)] >0, Vit>0.

Thus, we deduce that for any ¢t > 1, F(z,tz) > t*F(z, 2).



EJDE-2006/97 EXISTENCE OF SOLUTIONS FOR AN ELLIPTIC EQUATION 7
Choosing u € E with |jul| > 1 and [,y F(x,u)dz > 0 fixed and t > 1, we have

I(tu) = /R NL <|V(tu)|p(m)+b(m)|tu|p(z))dm— / F(z, tu)dz

p(x)

]RN
1
_ 2@ (1907 4 b ulP@ ) de — / Fle tu)d
/]RN p(2) (| ulP + b(x)|ul ) x . (z,tu)dzx
v
ST/ (\Vu|p($)+b(x)IUIp(””)) d:rf/ F(x,tu)dz
p RN RN
"
<

ol [ Pl
p RN

But p > p™, therefore I(tu) — —oo when t approaches +o0, which concludes our
lemma. ([l

Proof of Theorem[3.3. We set
I':= {7 € C([Oa 1]7E) : ’Y(O) =0, 7(1) - 6}3
where e € E is determined by Lemma [:2] and

:= inf I(~(t)).
¢i= Inf max (v(t))

According to Lemma [4.2] we know that e[| > 7, so every path v € T intersects the
sphere ||w|| = 7. Then Lemma implies

c¢> inf I(u)> a, (4.5)

llull=7

with the constant @ > 0 in Lemma [£.1] thus ¢ > 0.

By the mountain-pass theorem (see, e.g., [2]) we obtain a sequence (uy), C E
such that

I(up) — ¢, I'(u,) — 0. (4.6)

We claim that (uy,), is bounded in E. Arguing by contradiction and passing to a
subsequence, we have ||u,| — co. Using it follows that for n large enough,
we have

C+1+WMHZHWJ—iWWMWJ- (4.7)

Since

1
= i p(z) p(z) _
T(un) /RN 7 (V) b, ) /RN Pz un)de,

W)y = [ (1907 5 b anl @) dz = [ ) undin,
RN RN
using (4.7) we obtain
1 1 1
c+ 14 JJuy| > (pj - ;)J(un) - /]RN {F(x,un) - ’uf(z,un)un] dzx.
By (F3) we have
1
/ [F(a:,un) — ff(x,un)un]dac <0.
RN K
The above inequalities combined with relation (3.1)) yield
1 1

1 1 -
ct 1+ funl = (E*;)J(un) > (F* M)Ilunll” -
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We obtain

1 1 .
Now dividing by ||u,|| in (4.8) and passing to the limit as n — oo we obtain a
contradiction. So, up to a subsequence, (uy,), converges weakly in E to some u € E.

Np~
If Q is bounded then there ex1sts a compact embedding E(Q) — L~-»= (). Then

(up)n converges strongly in LV (), for all Q bounded domains in RY. If we
prove that
(I'(un), 9) = (I'(u), 0), Vo € C5°(RY). (4.9)
Then, by (4.6), u is a weak solution of (L.I), since C§°(f2) is dense in E. To do
this, let ¢ € C$°(RY) be fixed. We set = supp(¢p).
To prove , first we prove that

lim f:z:uncpdx—/ flz,u)pdx.
n—oo R

A simple calculation implies
\/(f(x,un)—f(%u))so(x)dﬂ S/ [f (@, un) = f(z,u)] - o(z)|dz
Q Q
<ol [ 1fGu) = fawlds
= |90L°°(Q)/Q|f(x’un)_f(x’u)|.|unudx

Up — U

< lelm@) /Q o, 0)] - [t — i,

where v, € [tun,u] (or [u,u,]). Using (F2), we obtain
‘/ x,un) — fx u))go(:t)dx’
+ _
< lellzeioy [ Jarfonl?” 2 + aafont ™ -, — ulda
Q
+_ o
< lellze (o) - [al/ |V, [P 2. |t — u|dx+a2/ [ U |* L. |y, — u|dx|.
Q Q

—1 — 1. Using Holder inequality,

n
pr=2 _
We have p+ T+

| () = u))pla)da]

pt—2

< Il - larllonl2172, o - um = T

Taking into account that u, — u strongly in L*(Q), for all i € [p“‘ -1, ]\I,Vf;,} and

remarking that for all x 6 ) and for all n > 1 there exists A, (z) € [0,1] such that
=M\ (2)ug, — An(2)]u(z) we deduce

/\vn7u| d:z:*/|)\ —u|sd:c§/|un—u|sdxﬂ(), as n — oo.
Q

It results that
/ |vn |Pdz — / |u|*dz , as n — oo.
Q Q
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From the above considerations, we obtain
‘/(f(ac,un) — f(z,u))p(x)dz| — 0, as n — oo.
Q

Since C§°(RY) is dense in E, the above relation implies

lim [ (f(z,u,) — f(z,w))(u, — u)dx = 0.

n—oo 0

Next, since (uy,), converges weakly to u in F, it follows that

lim [ f(x,u)(uy, —u)dz =0.

n—oo Q

Thus, actually we find

lim [ f(x,un)(u, —u)dx = 0.

n—oo Q
On the other hand, we have
lim (I'(up), up —u) = 0.

Combining the last two relations we deduce that

n—00

lim (|Vun|p(m)_2VunV(un — ) + b(2) | un [P 20y, (uy — u)) dx =0. (4.10)
RN

Since relation holds true and (u,, ), converges weakly to u in E, by [4, Lemma
3.1], we deduce that (u,), converges strongly to u in E. Then since I € C1(E,R)
we conclude
I'(uy) — I'(u), (4.11)
as n — 00.
Relations and show that I'(u) = 0 and thus u is a weak solution for
. Moreover, by relation it follows that I(u) > 0 and thus, v is a nontrivial
weak solution for . The proof of Theorem is complete. O
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CORRIGENDUM POSTED DECEMBER 1, 2006

The author would like to thank Professor Xianling Fan for pointing out an error
that occurred in the original paper. More exactly, condition (F2) must be replaced
by

(F2) pt < J\J,sz; and there exist s € (p*—1,Np~ /(N—p~)—1),0 € (s, Np~ /(N—

p7)) and gi € L®(RN) 0 L/ C—P +D(RN) g, € L°(RN) N LY/ O=9)(RN),
with g1(x), g2(x) > 0 such that

fo(z, 2)| < gr(@) |27 "2+ go(2)[2]*, V2 eRN, VzeR.

This new condition was inspired from the paper by Fan and Han [4], and implies
the old condition.

Remark. Condition (F2) implies that there exist aj,as > 0 and s € (p™ —
1, Np~ /(N —p~) — 1) such that

[fo(m, )| S arleP 2 + a2, Vo eRY, VzeR

After this correction, the proof of Theorem will change as well. At the end of
the proof, from “If 2 is bounded ...” on page 8, line 5, to “limy, oo [, f(, tn ) (tsn—
u)dx = 0.”, page 9, line 8, will be replaced by:

Next, since (uy,)n converges weakly to u in F, it follows that
lim fz,u)(up —u)dr = 0.
n—oo [pN
Using condition (F2) and [4, Lemma 3.2], we find
lim fz,up)(un —u)dz = 0.
n—oo [pN
Combining the above two relations we obtain
lim (f(z,un) — f(z,w)(up — u)de = 0.
n—oo [pN

End of corrigendum.
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