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POSITIVE PERIODIC SOLUTIONS OF NEUTRAL LOGISTIC
DIFFERENCE EQUATIONS WITH MULTIPLE DELAYS

YONGKUN LI, QIAN CHEN

ABSTRACT. Using a fixed point theorem of strict-set-contraction, we some es-
tablished the existence of positive periodic solutions for the neutral logistic
difference equation, with multiple delays,

q

P
Az(n) = z(n) [a(n) — Z a;(n)z(n — 7 (n)) — Z cj(n)Az(n —o; (n))]
i=1

Jj=1

1. INTRODUCTION

Using the continuation theory for k-set-contractions and the Mawhin’s contin-
uation theorem, [2], the existence of positive periodic solutions for the following
neutral logistic differential equation with multiple delays

d]Zt(t) = N(t)]a(t)-f Zb (=75t Z (t)Nj(t— gj(t))} (1.1)

are investigated in [3] [, [T}, [12] 13]. Where a(t), 5;(t), b;(t), ¢;(t), 75(¢), v;(t) are
continuous w-periodic functions and a(t) > 0, B;(t) > 0, b;(t) > 0, ¢;(¢t) >0 (j =
1,2,...,n). For the ecological justification of , see for example 5l @], 8, @, [10].

Given a, b be integers and a < b, we employ intervals to denote discrete sets such
as Zla,b] = {a,a+1,...,b}, Z[a,b) = {a,...,b— 1}, Z[a,0) = {a,a+ 1,...}, etc.
Let w € Z[1,00) be fixed. Throughout this work, we denote the product of y(n)
from n =a ton =b by szz y(n) with the understanding that H:L:Z y(n) =1 for
all a > 0.

The main purpose of this paper is to use a fixed point theorem of strict-set-
contraction [I, Theorem 3] to establish the existence of positive periodic solutions
of the following neutral logistic difference equation, with multiple delays,

Az(n) = z(n) [a(n) - Z ai(n)z(n —i(n Z n)Az(n —oj(n))|, (1.2)

j=1
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where a,a;,¢; € (Z(—00,00),R") and 7;,0; € (Z(—o0,0),R), i = 1,2,...,p,
j =1,2,...,q are w-periodic functions. To the best of our knowledge, this is the
first paper to study the existence of periodic solutions of neutral logistic difference
equations delays.

For convenience, we introduce the notation

0= [[1+ak). T=Y [0 als)= Y eis)]
k=0 5=0 i=1 j=1
w—1 P q
M=Y [Ya@+X 6] M= mx ),
s=0 i=1 j=1
1= oo L)

where f is a continuous w-periodic function. In this paper, we assume that
(H1) [Tz (1 +a(k) > 1.
(H2) ©377; ai(n) — 3251 ¢;(n) > 0.
(H3) (1+0™) g = maxueziony { S0y a:(n) + L0 ¢i(n) }-
(H4)
(H5)

H4 H(“ )@ < mmnez[oyw] { Yai(n) =Yg (n)}
-
H5 @F ] 16 <L

2. PRELIMINARIES

To obtain the existence of a periodic solution of system , we first make the
following preparations:

Let E be a Banach space and K be a cone in E. The semi-order induced by
the cone K is denoted by “<”. That is, x < y if and only if y — 2 € K. In
addition, for a bounded subset A C E, let ag(A) denote the (Kuratowski) measure
of non-compactness defined by

ap(A) =inf {6 > 0: there is a finite number of subsets 4; C A
such that A = U;4; and diam(A4;) < 5},
where diam(-) denotes the diameter of the set.

Let E,F be two Banach spaces and D C E, a continuous and bounded map
® : Q) — F is called k-set contractive if for any bounded set S C D we have

ap(®(9)) < kagr(S).

A function ® is called strict-set-contractive if it is k-set-contractive for some 0 <
k<1
The following lemma is useful for the proof of our main results of this paper.

Lemma 2.1 ([IL[7]). Let K be a cone of the real Banach space E and K, p = {z €
K :r <|z| < R} with R > r > 0. Suppose that ® : K, p — K is strict-set-
contractive such that one of the following two conditions is satisfied:
i) @z £z, for allz € K, ||z|| =r and Pz # x, for allz € K, ||z|| =
(ii) @z # z, forallz € K, ||z|| =7 and ®z £ z, for allz € K, |z| =

Then ® has at least one fized point in K, g.
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Finding an w-periodic solution of (1.1)) is equivalent to finding an w-periodic
solution of the equation

n+w—1 D
xz(n) = Z G(n,s)m(s)[Zai( s)x(s —71i(s)) + ch YAz (s — aj(s))]

n+w—1 1 ki
G(n,s) = kSH( +a )), n<s<n4+w-1.
wo(l+a(k) —1

It is easy to see that, for s € Z[k, k +w — 1] we have

1 < Glh,s) < im0+ alk)

“itak)—1" [l +a(k) -1

Let

X=Y={2:2Z(—00,00) = R,z(n+w) =2x(n),n € Z(—o0,00)},
X with the norm |z|o = max,eczjo.u—1){[7(n)[},» € X and Y with the norm [y|; =
maxy,ezo,w—1)1/¥l0; [Aylo},y € Y. Then X, Y are Banach spaces. Note that solving

(1.2)) is equivalent to solving

x = Pz, (2.1)
where
n+w—1 P
(Pz)(n) = Z G(n,s)x(s)[Zai( Yz(s —71i(s)) + ch YAz (s — O'J(S)):|
s=n i=1
forz € Y.
To apply Lemman to , we define the cone K in Y by
K={xe€Y:x(n)>0and z(n) >0 !z|;,n € Z[0,w — 1]}. (2.2)

In what follows, we will give some lemmas concerning K and ® defined by (2.1))
and (2.2)), respectively.
Lemma 2.2. Assume that (H1)-(H3) hold.

(i) If aM < 1, then ® : K — K is well defined.

(ii) If (H4) holds and a™ > 1, then ® : K — K is well defined.

Proof. For each z € K, it is clear that ®z € Y. In view of (2.2)), for n € Z(—00, ),
we obtain

(®z)(n +w)
n+2w—1 P g

= > Gn+ws)(s) [Z ai(s)z(s — 7i(s)) + Y _ cj(s)Ax(s — 0;(s))
s=n-+w i=1 7j=1
n+w—1 P

= Z G(n+w,u+w)x(u+w)[2ai(u+w)x(u+w—Ti(u—|—w))

+ch(u+w)A:v(u+w —Uj(u“"w))}

— (@2)(n).
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= (®z)(n

That is, (Px)(n + w)

EJDE-2007/110

), n € Z(—00,00). So ®x € Y. In view of (H2), for

x € K,n € Z(—00,00), we have

ntw—1

D2 Gl s)a(s)| Y- auls)a(
:H-cu—l - p
> Z G(n,s)x(s)[Zai(s
n+:171 Z_p
> Z G(n,s)xz(s) [Z
Therefore, for z € K,n € Z[0,w —

)+ ch VAz(s — a](s))}

S—Tl

s)|Ax(s — aj(s))\} (2.3)

S—TZ

i M@

1|w\1—2cj Jzh| >0

1]. We ﬁnd that

n+w-—1 q
[@alo < 5= Z [Zal (s —7(s)) + > es(s)An(s — aj(s))]
j=1
and
w—1 P
(Pz)(n) > ﬁ x(s)[Zaz( (s —7i(s —&—ch )Ax( s—aj(s))}
5=0 i=1
w—1 4 2.4
:ﬁzuﬂc(s){z%( (s — (s —&—ch )Ax( s—oj(s))} 24)
s=0 i=1
Z @71"1)58“)
Now, we show that (®z)(n) > ©~|(®z)|1,n € Z[0,w — 1]. From (2.2), we have
A(Pz)(n)
= A(Px)(n+1) — A(Pz)(n)
n+w q
= Z Gn+1,s)z [Zaz 8—7’1‘(8))+ZCJ'(S)A$(S—O'J'(S))}
s=n-+1 7j=1
n+w—1 q
+ ZC]'

_Zg(

) (s)[gaxs)w(s

Gn+1,n+w)x(n+ w) [Zai(n +w)z(n+w—7(n+w))

(8)Aa(s = 0;(s))|

£ ey(n+w)Aa(n + @ oy(n + )]

=1
n+w—1

p q

+ Z G(n+1,s)x(s) [Z ai(s)x(s — mi(s)) + Z c;j(s)Ax(s — aj(s))}

s=n
p

j=1
q

i=1

— G+ Ln)z(n)| Y ain)an =)+ e;(m)Ax(n —os(n)|

i=1
n+w—1

— ;G(ns [i

(s = 7)) + D es(s)Ax(s —0,(s))|

Jj=1
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P
=[Gn+1,n+w)—Gn+1,n)z [Zal x(n — 1;(n))
i=1
+ ch YAz(n — Uj(n))}
n+w—1 p
+ Z (n+1,s) — G(n,s)]x(s) [Z a;(s)x(s — 7:(s))
i=1

+ ch YAz (s — J](s))]

n+w—1 p

= a(n) Z G(n,s)z(s) [Za (s)x(s — mi(s)) + Zc] YAz (s — O'J(S)):|
{ﬁ: +Zc] YAz( n—aj(n))]
= a(n)(®z)(n) — x(n) [f: ai(n)z(n — 7i(n)) + Z ¢;(n)Az(n — o, (n))} . (25)
i=1

It follows from the above inequality and (2.3) that if (®z)(n) > 0, then

(ADz)(n) < a(n)(®x)(n) < a™(dx)(n) < (Pz)(n). (2.6)
On the other hand, from and (H3), if (A®z)(n) < 0, then
— A(Pz)(n)

=z(n) [Z a;(n)x(n —1;(n)) + Z cj(n)Az(n —o; (n))} —a(n)(®z)(n)

Swl?[éaz +ch )] - (@a)(n)

<(+a") gl [0 Y a) - o] -a@a)m)
5=0 i=1 j=1
n+w-—1 P q
—(+am) Y 50 feh [0 > i)~ lel Zcxs)} — " (@a)(n)
n+w-—1 q
<(@+a™) Y Gns)a(s) [a(s s — 7i(s Z s)| Az (s — aj(s))\]
—a™(®z)(n)
=1+ a™)(Px)(n) —a™(Px)(n)
— (@2)(n).

2.7)

It follows from (2.6) and (2.7) that |(A®x)|p < |Pzlp. So |Pz|; = |Px|o. By (2.4)
we have (®x)(n) > ©71|®z|;. Hence, ®z € K. The proof of part (i) is complete.
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Part (ii): In view of the proof of (i), we only need to prove that (A®z)(n) > 0
implies
(APz)(n) < (Px)(n).
From ({2.3)), , (H2) and (H4), we obtain

(A®z)(n)

a(n)(@2)(n) ~ O Jo} [Z@ n) =3 eim)]
y QCLM 1 n+w—1 p q
@) = lefig— X {;axs) +;cj<s>}
n+w 1
< a"(@x)(n) D Y =7l [Z |x|1+ZcJ )z
n+w—1 p B
< aM(®x)(n) Z G(n,s)z [Zaz(s)x(s —7:(5))
s=n i=1
+Z%|Mswmw
n+w-—1 P
< aM(@x)(n) - (@™ —1) Y G(n,s)a(s) [Zai(S)l’(S = 7i(s))
Zc] YAz (s — aj(s))]
M(@x)(n) — (o™ = 1)(@x)(n)
— (@2)(n).
The proof of (ii) is complete. O

Lemma 2.3. ®(S5) is precompact in X for any bounded set S in'Y.

Proof. Let d be a constant and S = {x € Y : ||z||1 < d} is a bounded set. We prove
that ®S is compact. To do this, we must show that any sequence in ®S contains a
convergent subsequence. Thus, let {z,,,m € Z[1,00)} be a sequence in S. Let us
show that {®x,,, m € Z[1,00)} has a convergent subsequence. For convenience, we
set

M(x(n)):z(n){zp:ai(n)x(n—n —|-ch n)Az(n — o;(n ))},

then
n+w—1

Z G(n, s)x(s)M(z(s)).
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It is obvious that the sequence {M (z,,(0))}, m € Z[1,00), is bounded; so the se-
quence {M (z,,(0))} contains a convergent subsequence. So let the sequence {z, 0},
be a subsequence of {z,,} such that {M (2., 0(0))} is convergent.

Again, {M(z,0(1))}, m € Z[1,00), contains a convergent subsequence. So, let
{Zm1} be a subsequence of {z,, ¢, such that {M(x,,,1(1))} is convergent. Observe
that {z,,1} is a subsequence of {z,,} and that {M(x,,1(0))} and {M (2., 1(1))}
are convergent.

Now, {M (zm,1(—1)} contains a convergent subsequence. Let {z_1 1} be a sub-
sequence of {x,, 1} such that {M(z_1,,,1(—1))} is convergent. Also, {x_1 m1} is
a subsequence of {z,,} and {M(x_1 m1(—=1)}, {M(x-1,m1(0)}, {M(z_1,m1(1))}
are convergent.

Continuing in this fashion we find, for each | € Z(—o00,00), a subsequence
{Z_41)m,a+1) ) m € Z[1,00) } of {x_ym1,m € Z[1,00)} such that
{M(z_(11)m,a+1) (L +1)),m € Z[1,00)} and {M(2_(41),m,q4+1)(—( + 1)), m €
Z[1,00)} is convergent. Observe that also the sequences { M (x_(j41),m +1(—1)),m €
Z[1,00)}, -y AM(2_(151),m,141(0)),m € Z[1,00)}, ..., {M(2_(141),ma41(1)),m €
Z[1,00)} are convergent.

Consider now the sequence {@_y 4, u € Z[1,00)}. Observe that it is a sub-
sequence of {z,,,m € Z[1,00)}, and also that {M(x_yuu(])),u € Z[1,00)} is
convergent for all | € Z(—00,00). Let us show that {®x_y 4., u € Z[1,00)} is a
Cauchy sequence.

Since {M (x_y,u,u(l)), v € Z[1,00)} is convergent for all | € Z(—o0,00), let € > 0
be given, there exists ug € Z[1,00) such that e, g € Z[1, 00) with e, g > uy,

-1
sup M (2 —cee(n)) = M(z—g,4,4(n))] < €01 5 )
n€ezZ[0,w—1]

Therefore, if e,g € Z[1,00) with e, g > ug, for all n € Z, we have

n+w—1

[(@2cee)(n) = (B2 g0 ) < 3 Gl )| M (2 o)) — M(z_g g0 ()]

©
0_1 sup  [M(2—c,ee(n)) — M(2—g,4,4(n))l
nel0,7—1]
< E.

<

This proves that {®x_,, 4, u € Z[1,00)} is a Cauchy sequence in X, and with this,
the proof of Lemma [2.3]is complete. d

Lemma 2.4. Assume that (H1)-(H3) hold and Rzgzl cé‘/f < 1.
(i) If a™ <1, then ® : K (N Qgr — K is strict-set-contractive,
(ii) If (H4) holds and a™ > 1, then ® : K\ Qg — K is strict-set-contractive,

where Qr = {z € Y : |z]1 < R}.

Proof. We prove only (i), since the proof of (ii) is similar. It is easy to see that ®

is continuous and bounded. Now we prove that ay(®(S)) < (R Z§=1 cé”)ay(S)

for any bounded set S C Q. Let = ay(S). Then, for any positive number

e < (R Z?Zl cé-”)n, there is a finite family of subsets {S;} satisfying S = J, S;

with diam(S;) < 7+ e. Therefore
|t —yl1 <n+e forall z,y €S (2.8)
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Since S and S; are precompact in X it follows that there is a finite family of subsets
{Si;} of S; such that S; = Uj S;; and

|z —ylo <e forall z,y €S, (2.9)

By Lemma we know that ®(S) is precompact in X. Then, there is a finite
family of subsets {S;;i} of S;; such that S;; = |, Sijr and

|®z — @yl < e for all z,y € S;j. (2.10)
From (2.3), (2.5) and (2.8)-(2.10) and (H2), for any z,y € S;jx, we obtain
[(A®z) — (ADy)lo

= max_{|a(n)(@2)(n) - a(n)(@y)(n)

n€eZ0,w—1]
()| Y aim)an —ni(m) + Y ¢;(M)Aw(n - o;(n))]
i=1 j=1
+y(n) [Z a;(n)y(n — 7 (n)) + Z c;(n)Ay(n —o; (n))} ‘}
< max {la(m)[(®2)(n) ~ (@y)(m]]}
+omax {Jzm [ X aitmatn = ) + 3" s (m)dz(n - o5 (n)]

+ max {‘x(n) [(i a;(n)x(n —1;(n)) + Z cj(n)Az(n — O’j(’ﬂ)))

n€Z[0,w—1] s 2
(Zal xz(n —7;(n)) +icj(n)A$(n—Uj(n)))”}
T et {‘y(n) [i a;(n)y(n —7i(n))

+ Z ¢j(n)Ay(n — o; (n))} [z(n) —y(n)] \}

. )yl
a E+Rne%a§1{zal mla(n = 73(n)) = yln = i(n)

+ch )| Az(n — a3(n)) ~ Ay(n — o5(n)|}

p

ve max IS amyn - +ch )|Ay(n = o;(m)] }

n€Z0,w—1] \ 4 1
i=
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q q
< aMa+Ra(bM) +R(n+a)<20§w) + Rs(bM + Zc%)
: o

Jj=1
q A~
= (Ran%) + He,
j=1

where H = a™ 4 2R0M 4+ 2RS4
have

1 ¢y’ From the above inequality and (2.10)), we

a
| P2 — Dyl < (RZ cj»w)n + He forall z,y Sij-
j=1

Since € is arbitrary small, it follows that

q
acl ( E: )acl
Therefore, ® is strict-set-contractive. The proof of Lemma is complete. O

3. MAIN RESULT
Our main result of this paper is as follows.

Theorem 3.1. Assume that (H1)—-(H3), (H5) hold.

(i) If a™ < 1, then system (1.2)) has at least one positive w-periodic solution.
(ii) If (H4) holds and a™ > 1, then system (1.2) has at least one positive w-
periodic solution.

Proof. We only need to prove (i), since the proof of (ii) is similar. Let R = e©-1)

and 0 <r < (%El). Then we have 0 < r < R. From Lemmas and we know
that @ is strict-set-contractive on K, g. In view of , we see that if there exists
z* € K such that ®z* = x*, then x* is one positive w-periodic solution of system
(T:2). Now, we shall prove that condition (ii) of Lemma [2.1] hold.

First, we prove that ®x 2 z, for all x € K, |z|; = r. Otherwise, there exists
x € K, |z|; = r such that &z > z. So |x| > 0 and ®x — z € K, which implies that

(®x)(n) —z(n) > O dx — x|, >0 forall t € [0,w]. (3.1)

Moreover, for ¢ € [0,w], we have
nt+w—1

(®x)(n) = Z G(n, s)x(s)[ x(s —m(s)) + ch )Az(s —0;(s))

@.
(]
I
£
—

/o) w—1 P q
< grlalo Yo [ D a9+ eils)]
s=0 11=1 =1
0-1
<O zo.

In view of the above inequality and (3.1)), we have
lz|o < |®z| < O z|o < |20,

which is a contradiction.
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Finally, we prove that ®z £ z, for all z € K, |z|; = R holds. For this case, we
need to prove that
br £ zekK, |z)p =R
Suppose, for the sake of contradiction, that there exists x € K and |z|; = R such
that @z < . Thus x — ®x € K \ {0}. Furthermore, for any ¢ € [0,w], we have
z(n) — (®x)(n) > 07z — x|y > 0. (3.2)

In addition, for any ¢ € [0,w], we find

n+w—1 p 4q
(@a)(n) = D G(n,s)a(s) [Z ai(s)a(s = Ti(s)) + Y ¢j(s)Aa(s — 05(s))
s=n i=1 j=1
1 . w—1 B p
> 570 it E et ;cxs)}
1 2
= mFR =R.

From this inequality and (3.2]), we obtain
|| > |zl > R,

which is a contradiction. Therefore, conditions (i) and (ii) hold. By Lemma we
see that ® has at least one nonzero fixed point in K. Therefore, system (1.2]) has at
least one positive w-periodic solution. The proof of Theorem is complete. [
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