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POSITIVE SOLUTIONS FOR SEMIPOSITONE FOURTH-ORDER
TWO-POINT BOUNDARY VALUE PROBLEMS

DANDAN YANG, HONGBO ZHU, CHUANZHI BAI

ABSTRACT. In this paper we investigate the existence of positive solutions of
the following nonlinear semipositone fourth-order two-point boundary-value
problem with second derivative:
W () = ftut), (), 0<t<1,
W(1) = u(1) = u"(1) =0, ku(0) = u"(0),
where —6 < k < 0, f > —M, and M is a positive constant. Our approach
relies on the Krasnosel’skii fixed point theorem.

1. INTRODUCTION

Recently an increasing interest in studying the existence of positive solutions
for fourth-order two-point boundary value problems is observed. Among others we
refer to [11, 2, 3, [, [5, [6] [7, 8] [].

In this paper we consider the positive solutions of the following nonlinear semi-
positone fourth-order two-point boundary value problem with second derivative:

u(t) = f(tut),u"(t), 0<t<1,

I " " " (1‘1)
w' (1) =u"(1) =u"(1) =0, ku(0)=u"(0),

where —6 < k£ < 0, f is continuous and there exists M > 0 such that f > —M. This
implies that f is not necessarily nonnegative, monotone, superlinear and sublinear.
And also this assumption implies that the problem is semipositone .

The purpose of this paper is to establish the existence of positive solutions of
problem by using Krasnosel’skii fixed point theorem in cones.

The rest of this paper is organized as follows: in section 2, we present some
preliminaries and lemmas. Section 3 is devoted to proving the existence of positive
solutions of problem . An example is considered in section 4 to illustrate our
main results.

2000 Mathematics Subject Classification. 34B16.

Key words and phrases. Boundary value problem; Positive solution; semipositone; fixed point.
(©2007 Texas State University - San Marcos.

Submitted August 3, 2006. Published January 23, 2007.

Supported by the Natural Science Foundation of Jiangsu Education Office and by Jiangsu
Planned Projects for Postdoctoral Research Funds.

1



D. YANG, H. ZHU, C. BAI, EJDE-2007/16

2. PRELIMINARIES AND LEMMAS

Let C2[0,1] be the Banach space with norm |Jullg = max{||u||, ||u"||}, where

Jull = max [u(®)], u e Co,1)

By routine calculation, we easily obtain the following Lemma.

Lemma 2.1. Ifk # 0, then

1
u(t) / G(t, s)h(s)ds,
0
where the Green function is
18443, 0<s<t<1
Glts) == b0 i DD
6 |z—(—t)0+s’, 0<t<s<1

Remark 2.2. If —6 < k < 0, then

k 1
- < < - - - )
0<(1+6)G(O,s)_G(t,s)_G(O,s) 0§?§1G(t’8) k (2.1)
in closed bounded region D = {(¢,s) : 0 <t < 1,0 < s < 1}.
Let
1
1 1 1 1 1
t):= | Gt,s)ds=—t'— 34+ t2——t——, 0<t<1.
p0) = [ Gltayds = gt =g 4 P == 0
Since
1 1 1 1
)= =t3— 4+ -t—=-=—-1-1)><0, 0<t<1
Pi)= 5~ 3P+ pt— g =1 -0° <0, 0si<1,
1 1 1
") ==t> —t+=-=-(1—-1t)?2> <t<1
Pt = 3 14 5 = 511720, 0<t<1,
we have
Ipll = H=p0)=—=, minpH)=pl)=—7 -, (22
p|—0r£1tagx1p()—p TR ogltlglp =p(l) = k24’ (2.2)
1
/1| /! I
191l = guas, (9] = 5. 2.)

Our approach is based on the following Krasnosel’skii fixed point theorem.

Lemma 2.3. Let X be a Banach space, and K C X be a cone in X. Assume
Q1,Q9 are bounded open subsets of K with 0 € Q21 C Q1 CQq, andlet F: K — K
be a completely continuous operator such that either

(1) [[Full < [Jull,u € 091, and ||Ful| = ||ul|, u € 0Q2, or

(2) [Full = [Jull,u € 091, and ||Full < [[u]|,u € 0Qs.
Then F has a fived point in Qs \ Q.
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To apply the Krasnosel’skii fixed point theorem, we need to construct a suitable
cone. Let

C3[0,1] = {u € C?*[0,1] s u(t) > 0, v’ (t) >0, 0<t <1,
' (1) =4 (1) =4 (1) =0, ku(0) =u""(0)}.
It is easy to check that the following set P is a cone in C?[0, 1]:
k
= 2 : mi > —
P = {ue C30,1]: min u(t) > (14 D)llul},
where —6 < k < 0. For convenience, let

a(r) = max{f(t,u,v) : (t,u,v) € Di(r)}, (2.4)
B(r) = min{ f(¢t, u,v) : (t,u,v) € Da(r)}, 2.5

where
M 1 1 M
= <t<1, —<u< Sy M o<
Di(r) ={(t,u,v): 0 <t <1, 3 7u7r+(k—|—24)M7 5 <v<r},
1 3 1 175 85
=<t < =
Da(r) ={(twv): g <t <3 (0 5rpp) s+ oM
1
fg §v§r7—M}
32 32
! -1
—_ ] 1! _ . o
Cq fmln{{orgggl/o G(t,s)ds rgixl/ |G (t, s |ds }7m1n{ k,2},

1 (-1 32

G(t, 5)ds| o e s)ias]
max |:0m1?<xl/ t3) S [0@?31/ G (%, 5)] S] }
(- 6144) )

= max {
Obviously, 0 < (7 < CQ.

3. MAIN RESULTS

Theorem 3.1. Let —6 < k < 0. Assume that
M
- 10,1 —_—,

Feoax (G

is continuous, where M > 0 is a constant. Suppose there exist two positive numbers
r1 and ro with min{ry,rs} > 6k+k2M such that

a(ry) <mCi =M, B(ra) > rCy — M, (3.2)
where o, 3 are as in and , respectively. Then problem (1.1)) has at least
one positive solution.
Proof. Let ug(t) = Mp(t),0 <t < 1. Then by (2.1) and (2.3) we have

1 1 M 1
(—z =M <w)<-7, 0<uf(®)<gM, 0<t<l  (33)

+oo) x [~ 5, +00) — [~ M, +o0) (31)

k24
Consider the fourth-order two-point boundary-value problem

uM () = ft,u(t) — uo(t),u”(t) —uf(t)) + M, 0<t<1,
u'(1) =u"(1) =" (1) =0, (3.4)
ku(0) = u"(0),
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This problem is equivalent to the integral equation

- / G(t, 5)[f (5, u(s) — uo(s), u”(s) — ull(s)) + M]ds.

For u € CZ[0, 1], we define the operator A as follows

/Gts (s,u(s) —up(s),u”(s) —ug(s)) + M]ds, 0<t<1.

Computing the second derivative of (Au)(t), we obtain

1
(Au)"(t) = / (5 — )1 (s, u(s) — uo(s), u”(s) — ul(s)) + Mlds, 0<t<1.
t
Noticing and that v € C2[0, 1], we have

M
- <u(t) —up(t) < 400,

1
_§M <u'(t) —uj(t) < +oo, 0<t <1

Thus, from we get
(Au)(t) >0, (Auw)"(t) >0, te][0,1].
By the definition of G(t, s),
G'(1,5)=G"(1,s) =G"(1,8) =0, and G"(0,s) = kG(0,s) = —1,
which implies that
(Au)'(1) = (Au)"(1) = (4u)"(1) =0, and K(Au)(0) = (Au)"(0).
Hence, A : C2[0,1] — CZ[0,1]. Moreover, for each ¢ € [0,1], (By (2.1)) we have

1
(4u)(0) = / Gt 5)f(5,u(s) — wo(s), () ~ i (s)) + M
(1+5 /Gow(s u(s) = uo(s),u"(s) = i (s)) + M)ds

> - max/ G(t,s)[f(s,u(s) —uo(s),u”(s) —ugy(s)) + M]ds

6 0<t<1
= (14 D)l Au.

Thus, A: P — P.
We can check that A is completely continuous by routine method. Since C; < Cs,
it is easy to check that r; # ro. Without loss of generality, we assume r; < ro. Let

Q={ueP:|ullo<ri}, Qe={ueP:|ulo<r}
If u € 08, then ||u|lo = r1. So, |Ju|| < r; and ||| < 1. This implies
0<wu(t)<r 0<u’(t)<r;, 0<t<l.
By , for 0 <t <1, we have

1 1 1 1
By (8.2),

Fltu(t) —uo(t),u”(t) —ug(t)) < alr) <rCp—M, 0<t<1.
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It follows that

1
Jull = g [ Gt )15, (s) = o). () = (5) + Mlds

1
< r1Cq max G(t,s)ds <r
< guax [ Glt.s)s <,

)| = e [ 167 (19 (F o) = (o). (5) = g (s) + Ml

1
< 7 < .
<rC; OrgfglA |G" (t,5)|ds < rq

Therefore, ||Aullo < 71 = ||u/lo-
If u € 99, then ||u|lg = r2. So, |Ju|| < rq and ||u”|| < ro. This implies that

0<u(t)<ry, 0<u’(t)<ry 0<t<1.

Since
_ﬁ_l (§)< (t)< (1)__175_1 }<t<§
2048k D\g/=PUEPY 6144 k' 4= 7
1 9 1 3
~ < 1-12< 2 “<p<?
o p'(t) = 5( )_32, 1Sts
we have
1 175 1 85 1 3
— —— )M < t) — t) < — M —<t< =
(¥ oM vl —w®) <rat (g +55M, p<t<7,
and
9 M1 3
——M< —uf(t) <rg— —, —<t<-=
DM <) ) < n L<i<]
Thus, by (3.2) we obtain
1
FlEult) — uo(t), u”(8) — ull(£)) > B(ra) > r2Cs — M, thgz.

From this,

mw>mw/<ns [F(s,u(s) — uo(s), " (s) — ul(s)) + M]ds

0<t<1

4
> ro(Cy max / G(t,s)ds > ro,
0<t<1 /1

and

|(Aw)"|] > max /Z G"(t,8)[f(s,u(s) —up(s),u” (s) —ug(s)) + M]ds

0<t<1

NI

> roCh Joax / G"(t,8)ds > rs.

<t<1 J1

It follows that ||Aullo > 72 = |Juflo. By Lemma [2.3] we assert that the operator A

has at least one fixed point @ € P with 1 < ||@l|o < r2. This implies that (3.4)) has
at least one solution @ € P with r; < ||@l|o < r2.
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Let u.(t) = u(t) — uo(t), 0 < ¢t < 1. We will check that wu, is a solution of the
problem (1.1)). In fact, since Auw = u, we have

ux(t) + uo(t) = u(t) = (Aw)(?)
1
:/ G(t,s)[f (s,u(s) = uo(s),u"(s) — ug(s)) + Mlds

/Gts (5, 1 (s), u”/(5))ds + uo ().

It follows that
1
(6= [ Gt f(su(s)ul(s)ds, 0<e<
0

In other words, u, is a solution of ([1.1). Therefore, the problem (1.1]) has at least
one solution wu, satisfying u. + ug € P and r1 < ||u* + ugllo < ra.

Since 1y = min{ry,ro} > — 6lﬁLkQM we have

U (1) = [ux(t) + uo(t)] — uo(t) = [u.(t) +uo(t)] — Mp(t)

> (14 5l 1) +wo(0)] +

&)[T + L
6’" " T 6k + k2
which implies that u, is a positive solution of (1.1]). (Il

> 1+ M]>0, 0<t<l,

Using Theorem [3.1] we can prove following result.
Theorem 3.2. Let —6 < k < 0. Assume that
M M
—,+00) X [f?,Jroo) — [-M, +0) (3.5)

£10.0x [

is continuous, where M > 0 is a constant Suppose that there exist three positive
numbers ry < ro < rg with ry > — M such that one of the following conditions
is satisfied:

(1) Oé(’/’l) < 7"101 — M, ﬁ(’l‘g) > 7‘202 — M, 04(7"3) < 7“301 —

(2) B(r1) 2mCy — M, a(ra) <r:Cr — M, B(rs) > r3Ca —

Then problem (1.1) has at least two positive solutions.

6k+k2

4. EXAMPLES
Example 4.1. Consider the boundary-value problem
u(t) = f(t,ult),u"(t), 0<t<I,

(4.1)
u'(1) =u"(1) =u"(1) =0, —2u(0) = u"(0),
where f:[0,1] X [-1,400) x [-1,400) — [—2,400) is defined by
t2+\/ﬁ+9\/m—2 (t,u,v) € [0,1] x [-1,—3] x [-1,—3],
f(tuv)— t2+ +9\/U+ +777 (t,u,’U)G[O,l]X[*%,OO)X[*I, %]a
o a t2+ Vu+ + +9\[ 107 (t,u,v)E[O,l]X[—l,—%]X[—%,oo),
24 e 42 +5\f a (t,u,v) €[0,1] x [~1,00) x [~1,00)
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Thus, k= —2, M =2, (1 =2 and C; = {357. For

1537
11
Dl(r):{(t,u,v):OStgl, —lgugr—ﬁ, —1§U§r},
1 3 2897 939 9 1
Ds(r) = o<t < S S < r— 0 <y <pr— —
2(r) = (s v) g St g SUST e T SUST T g
By simple computations, we obtain
a(6) = max{f(t,u,v) : (t,u,v) € D1(6)}
61 61 1 1 1 1
- max{f(l, EvG)a f(]-v Ev_i)v f(la_§,6)v f(]-,_ia_i)}
61
= f(l,E,G) =8.76 <10 =6C; — M,
and
13
55)
. 13
= mm{f(tu,v) : (tu,v) € Dz(g)}
. 1 2897 9 1 2897 1 1 1 9 1 1 1
_mln{f(i’_M’_Tﬁ)’ f(z’—mv—?, f(i’_i’_ﬁ>’ f(ia_ia_i)}
1 2897 9 13
=f(-,————,——) =476 >4.49= —Cy — M.
=50 16 ” g
Take r1 =6 and ro = %3. Then l) holds. Moreover, we have
13 3 6
min{ry,re} = — > = = M.

8 72 Gk+k?
So, by Theorem m problem (4.1)) has at least one positive solution.
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