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LOW REGULARITY AND LOCAL WELL-POSEDNESS FOR THE
14+3 DIMENSIONAL DIRAC-KLEIN-GORDON SYSTEM

ACHENEF TESFAHUN

ABSTRACT. We prove that the Cauchy problem for the Dirac-Klein-Gordon
system of equations in 143 dimensions is locally well-posed in a range of
Sobolev spaces for the Dirac spinor and the meson field. The result con-
tains and extends the earlier known results for the same problem. Our proof
relies on the null structure in the system, and bilinear spacetime estimates of
Klainerman-Machedon type.

1. INTRODUCTION
We consider the Dirac-Klein-Gordon system (DKG) in three space dimensions,
(Dt + - Dy)p = —=MBy + B¢, (Dy = —idy, Dy = —iV) (11)
O¢=m" — (B¢,¢), (O=-0;+A)
with initial data
¢l,_,=v0€H, ¢|,_y=d0o€H, 0o|,_,=¢r€H ", (1.2)

where 1 (t,z) is the Dirac spinor, regarded as a column vector in C*, and ¢(t,z)
is the meson field which is real-valued; both the Dirac spinor and the meson field
are defined for t € R, x € R3 M,m > 0 are constants; V = (0y,,0ry, Oy );
(u,v) := {(u,v)ca = viu for column vectors u,v € C* where v' is the complex
conjugate transpose of v; H® = (1++/—A)~*L?(R?) is the standard Sobolev space
of order s. The Dirac matrices are given in 2 x 2 block form by

=0 ) = a %)
1 _ 01 2 0 —1 3 _ 1 0
”‘(10’”‘@0’“‘01
are the Pauli matrices. The Dirac matrices o, 3 satisfy

Bl=p8, (&)=dl, B=())?=1 op+pa=0. (1.3)

where
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For the DKG system there are many conserved quantities which are not positive
definite, such as the energy, see [I1]. However, there is a known positive conserved
quantity, namely the charge, ||¢(t,.)|;» = const. To study questions of global
regularity, a natural strategy is to study local (in time) well-posedness (LWP) for
low regularity data, and then try to exploit the conserved quantities of the system.
See, e.g., the global result of Chadam [§] for 14+1 dimensional DKG system. The
LWP results for DKG in 1+3 dimensions are summarized in Table [I]

For DKG in 143 dimensions the scale invariant data is (see [1)

(Yo, o, ¢1) € L? x HY? x H™1/2,

where H® = (vV/—A)~*L2. Heuristically, one cannot expect well-posedness below
this regularity. This scaling also suggests that » = 1/2+s is the line where equation
is LWP. Concerning LWP of the DKG system in 143 dimensions, the best
result to date is due to P. d’Ancona, D. Foschi and S. Selberg in [I] for data

Yo € HS, ¢o € HY? e ¢ € H™Y/2+e,

where € > 0 is arbitrary. This result is arbitrarily close to the minimal regularity
predicted by the scaling (¢ = 0). The key achievement in this result is that a null
structure occurs not only in the Klein-Gordon part (in the nonlinearity (5, ))
which was known to be a null form (see [I] for references)), but also in the Dirac
part (in the nonlinearity ¢5v) of the system, which they discover using a duality
argument. This requires first to diagonalize the system by using the eigenspace
projections of the Dirac operator. The same authors used their result on the null
structure in ¢By to prove LWP below the charge norm of the DKG system in 142
dimensions (see [2]).

In the present paper we study the LWP of the DKG system in 143 dimensions.
We prove that f is LWP for (s,r) in the convex region shown in Figure
extending to the right, which contains the union of all the results shown in Table
[[] as a proper subset. In our proof, we take advantage of the null structure in the
nonlinearity ¢8v found in [I] besides the null structure in the nonlinearity (5, 1),
and some bilinear spacetime estimates.

We now describe our main result.

Theorem 1.1. Suppose (s,7) € R? belongs to the convex region described by (see
Figure|1]) the region
0 1 s 1 2s .1 95 1

s >0, max(i—kg,g—i-?,s) <7‘<m1n(§+ S, —|—s).
Then the DKG system is LWP for data . Moreover, we can allowr = 1+s
ifs>1/2, andr=sif s> 1.

If A,B,C,D are points in the (s,r)-plane, the symbol AB represents a line
from A to B, ABC represents a triangle and ABCD a quadrilateral, all of them
excluding the boundaries. We use the following notation for different regions in

Flgure R ACDUAD
1:= )

R2 = ABD7
Rs:=DUFUCDUDFUFEUCDFE, (1.4)
Ry :=GUBGUGFUBDGF,

R:=BDUU;_,R;.
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FIGURE 1. LWP holds in the interior of the shaded region, ex-
tending to the right. Moreover, we can allow the line r = 1+ s
for s > 1/2, and the line r = s for s > 1. The line r = 1/2 + s
represents the regularity predicted by the scaling.

This paper is organized as follows. In the next section we fix some notation,
state definitions and basic estimates. In addition, we shall rewrite the system
by splitting ¢ as the sum Py (D,)¢ + P_(D,)v, where Py(D,,) are the projections
onto the eigenspaces of the matrix a.D,. We also state the reduction of Theorem
[L1lto two X *? bilinear estimates. In Section 3 we review the crucial null structure
of the bilinear forms involved, and we discuss product estimates for wave-Sobolev
spaces H*?. In Section 4 we interpolate between the product estimates from Section
3 to get a wider range of estimates. In Sections 5 and 6 we apply the estimates
from Sections 3 and 4 to prove the bilinear estimates from Section 2. In Section 7
we prove that these bilinear estimates are optimal up to some endpoint cases, by
constructing counterexamples.

For simplicity we set M = m = 0 in the rest of the paper, but the discussion can
easily be modified to handle the massive case as well.

2. NOTATION AND PRELIMINARIES

In estimates, we use the symbols <, ~, 2 to denote relations <, =

~? T

a positive constant which may depend on s and r. Also, if Ky

, > up to
<K2§K1W€

~
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TABLE 1. LWP exponents for , . That is, if the data
(o, ¢o, 1) € H® x H" x H" =1 then there exists a time 7' > 0 and
a solution of (L)), (v(t), #(t)) € C([0,T], H*)xC([0,T], H") which
depends continuously on the data. The solution is also unique in
some subspace of C’([O,T],HS)XC([O,T},HT). Here ¢ > 0 is an
arbitrary parameter.

Reference 5 r
classical methods 1+e [3/2+¢
Bachelot [3], 1984 1 3/2
Strichartz estimate [7, [15], 1993 1/2+¢ 1+e
Beals and Bezard [4], 1996 1 2
Bournaveas [7], 1999 1/2 1
Fang and Grillakis [9], 2005 (1/4,1/2] 1
D’Ancona, Foschi and Selberg [1], 2005 € 1/2+¢

will write K7 ~ K. If in the inequality < the multiplicative constant is much
smaller than 1 then we use the symbol <; similarly, if in 2 the constant is much
greater than 1 then we use . Throughout we use the notation (-) =14 |-|. The
characteristic function of a set A is denoted by 14. For a € R, a® := a % € for
sufficiently small € > 0. The Fourier transforms in space and space-time are defined
by

f(f) = /RS e @ f(x)de, u(r,€) = /R1+3 e 1T (¢, 2) di d.
Then Dyu = Tu, and Dou= &u. If ¢ : R? — C, we define the multiplier ¢(D) by
AD)J(€) = #(O)T ().

If X,Y, Z are normed function spaces, we use the notation X -Y — Z to mean that

Juv]l g < lullx llvlly -
In the study of non-linear wave equations it is standard that the following spaces
of Bourgain-Klainerman-Machedon type are used. For a,b € R, define Xi’b, Hb
to be the completions of S(R'*3) with respect to the norms

lullxge = € (7 £ 16)°Tr, &)
Jullzzo = €71 = lED* T )]

We also need the restrictions to a time slab Sy = (0,T') x R3, since we study local
in time solutions. The restriction X$°(S7) is a Banach space with norm

Fellxge sy = 5 i, g

The restrictions H*?(S7) is defined in the same way. We now collect some facts
about these spaces which will be needed in the later sections. It is well known that
the following interpolation property holds:

(HSO’QO,HSI’QI)[Q] — ]—_]5>O‘7 (21)
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where 0 < 0 <1, s = (1 —0)sg + 051, « = (1 — 0)ag + Oy and (.,.)[ is the in-
termediate space with respect to the interpolation pair (.,.). It immediately follows
from a general bilinear complex interpolation for Banach spaces (see for example
[6]) that if

090 , Hboﬁo s H*Co,*%’

Ha1a1 Hbl,,@1 PN H*Ch*%’
then

HY . Hb,ﬁ AN H—c,—'y’
where 0 < 0 <1,a = (1—-60)ag+0ar, b = (1 —0)by+ by, c = (1 — )cog + Ocy,
a=(1—0)ag+ a1, 8= (1—60)8y+ 05 and 7 = (1 0)ro + 071
We shall also need the fact that
XE(St) < H**(Sr) — C([0,T], H*) provided b > 1/2, (2.2)

X4P e H® forall b> 0. (2.3)

The embedding (2.2)) is equivalent to the estimate
[u@ga < Crllullgassry < Callullyeris,y

for all 0 < ¢ < T and Cq,Cs > 1. In the first inequality, C; will depend on b (see
[1] for the proof), and the second inequality follows from the fact that (|7| — [¢]) <
(7 £1£]) (hence Cy = 1), which also implies (2.3)).

Following [I], we diagonalize the system by defining the projections

Pi() = 51+ a),

where ¢ = ¢/|¢|. Then the spinor field splits into ¢ = 4 4 ¢_, where ¢ =
Py (Dg)y. Now applying Py (D,) to the Dirac equation in (L.1)), and using the
identities

o Dy = |[Dy|P(Dy) = [Dy|P-(Dy),

2 (2.4)
Pi{(D;) =P+(D;) and Py(Dg)P+(D;) =0,
we obtain
(Dt + |Dx‘)¢+ = P+(Dx)(¢ﬂ1/))7

D¢ = _<51/J»1/J>,

which is the system we shall study.
We iterate in the spaces

Yy € X77(S), - € X7(S7), (¢,0i¢) € H™P x H'1P(Syp),
where )
3 <o,p<l1

will be chosen depending on r,s. By a standard argument (see [I] for details)
Theorem [LT] then reduces to

| Ps(D2) (8P4 (Dw),(/))HXio—H—s S 1Dl gree ||1/)Hx[1°]* ; (2.6)
[(BP11(Da) 0, P (D)"Y | v piie S ||1/)||X[s§ 19l 37 (2.7)
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for all ¢, 1,9’ € S(R**3), where £ and [£] denote independent signs, and ¢ > 0 is
sufficiently small.
But in [I], it was shown that ([2.6]) is equivalent, by duality, to an estimate similar

to , namely

(8P4 (Dy ), P (D)) vy S ||¢||Xf£]’ \WHX;&FH ) @)
for all 1,7’ € S(R'*3). Note that in this formulation, the bilinear null form
(BP4)(D3)t, Py (Dy)Y'), appears again. Thus, Theorem has been reduced

to proving ﬂ and (2.7). We shall prove the following theorem, which implies
Theorem [Tl

Theorem 2.1. Suppose

1 s 1 2s o1
s> 0, max(2+3,3+3,s)<r<m1n(2+23,1—|—s). (2.8)
Then there exist 1/2 < p,o < 1 and € > 0 such that and (2.7) hold simul-
taneously for all 1,7’ € S(R**3). Moreover, in addition to (2.8 we can allow
r=14+sifs>1/2, and r = s if s > 1. The parameters p,o can be chosen as

follows:

p=1/2+¢, (2.9)
1/2+s/3 if (s,r) € Ry,
1/2+s if (s,7) € Ra,
> 5/6 —s/3+¢ Z.f(S,T)GRg, (2.10)
3/2—s+4e if (s,7) € Ry,
1—c¢ if (s,r) € BD,
any number in (1/2,1) otherwise,

with € > 0 sufficiently small depending on s,r (see (1.4) to locate (s,r) in the case

of (10)).
3. NULL STRUCTURE AND A PRODUCT LAW FOR WAVE SOBOLEV SPACES

Let us first discuss the null structure in (8P;11(Dx)v, P+(D;)vy"). The discussion
here follows [I]. Taking the spacetime Fourier transform on this bilinear form we
get

[(BPL) (Do), Pe(Dy)y')] (7€)
- /]Rl+3 <5P[:t] (77)'[/;(>\, n)ﬂ P:I: (77 - 5){1;/()‘ — T, —= £)> dA dna

where we have (A — 7,7 — &) as an argument of ¢’ instead of (1 — X\, & —n) because
of the complex conjugation in the inner product. Since Pi(n — &)f = Pi(n — &),
and Py(n—§)8 = P (n— &), we obtain

(BP) (M (Nm), Pe(n —EY'(A =7, =€)

= (P(n = &)BP (N, n), ' (A= 7,1 =§))

= <6P¥(77 - f)P[j:] (n)w()\ﬂ?)ﬂb/()\ - T, = £)>

The matrix SPz(n — §)P4(n) is the symbol of the bilinear operator (v,v') —
(BP1)(Dy), PL(Dg)Y"). By orthogonality, Px(n — &)P+)(n) vanishes when the
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vectors [+]n and £(n — &) line up in the same direction. The following lemma,
proved in [I], quantifies this cancellation. We shall use the notation £(n, {) for the
angle between vectors 7, ( € R3.

Lemma 3.1. 3P=(n—&)Pu(n) = O (L([£]n, £(n - £))).

As a result of this lemma, we get

(B8P (D), Pi(Da)/ ) (r,€)| < /R L OO I A = 7 = €)] ddn,
(3.1)

where 014 + = £([£]n, £(n - €)).

The strategy for proving Theorem is to make use of this null form estimate,
, and reduce and to some well-known bilinear spacetime estimates
of Klainerman-Machedon type for products of free waves. We now discuss some
product laws for the wave Sobolev spaces H*® in the following theorems.

Theorem 3.2. Let d > 1/2. Then
H* . qHY s [2) (3.2)
provided that a,b > 0, and a +b > 1.

Proof. By the same proof as in Corollary 3.3 in [5], but using the dyadic estimates
in Theorem 12.1 in [I0], we have, for any ¢ > 0,

HUUHLz(RH?’) < Hu0||H1+E(R3) HU0||L2(R3) :

It follows by the transfer principle (see [I], Lemma 4) that

HlJrE,d . HO,d FN L2.
Now, interpolation between

H1+€,d . HO,d PN L2

HO,d A Hl—i—s,d PN L2
gives

H(l-‘ra)(l—@),d . H(1+8)9,d M L2,
for 6 € [0, 1]. If there exists § € [0, 1] such that a > (14+€)(1-0) (& 0 > 1—a/(1+¢))
and b> (1+¢)0 (& 0 <b/(1+¢)), then we have
Ho® . gY s 12,

If a,b > 0 and a+b > 1, then such 6 € [0, 1] exists, if we choose £ > 0 small enough.
This proves Theorem [3.2] O

Theorem 3.3 ([10, 13, [14]). Let s1,s2,53 € R. For free waves u(t) = e*P=lqy,
and v(t) = elF Py (where + and [+] are independent signs), we have the esti-
mate

11D 7% () || o gavsy < Nuoll grer voll 7 (3.3)
if and only if
s1+s2+s3=1, s1+82>1/2, s1,80<1. (3.4)

As an application of Theorems and [3.3] we have the following result.
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Theorem 3.4. Suppose s1, 82,83 € R and d > 1/2. Then
Heud . prsesd ., fp—s3.0 (3.5)
provided $1, S2, S3 satisfy
s1+s2t+s3=1, s1+82>1/2,
s1+83>0, s9+s83>0, (3.6)
S1,82 < 1,

or
S1+ 82+ s3>1, 81-1-82>1/27

s1+s3>0, s9+4+s3>0.

Proof. First, let us prove (3.5) for s1,s2,s3 € R satisfying (3.6). By Theorem
and the transfer principle (see [I], Lemma 4), we obtain

(3.7)

S1+ 82 +s3=1,
Hs1,d . HSZ)d M H—S370 if 51+ 89 > 1/2’ (38)
81, 82,83 > 0, 851,82 < 1.
Note that in view of ([3.6)) at most one of s1, s2,s3 can be < 0. But by the triangle

inequality in Fourier space (i.e., Leibniz rule), we can always reduce the problem
to the case s1, 892,83 > 0. Indeed, if s3 < 0, then (3.5 reduces to

Hsl+53,b . Hsz,d — L2 and Hsl,d . H52+53,d — L2.

In view of (3.8]) these estimates hold for s, s2, s3 satisfying (3.6). If s; < 0, then
(3.5) reduces to
HO,d . Hsl+s2’d AN H*Sg,o and HO,d . H52,d N [{*(814*83)707

and again by these hold for si,s9,s3 satisfying . The case so < 0 is
symmetrical to that of s; < 0.
It remains to show for s1,s9, 53 satisfying (3.7). Write s1 4+ s2+s3 =1+¢
where € > 0. We consider three cases: s3 <0, 0 < s3 < 1/2 and s3 > 1/2.
Case 1: s3 < 0. In this case (using s3 =1+ — 51 — s2), reduces to
H1+s—52,d . HSQ,d SN L2 and Hsl’d . H1+5—51,d N L2,

which hold by Theorem (since s1,s2 > 0, by and the assumption s3 < 0).
Case 2: 0 < s3 < 1/2. Here we consider three subcases: s; < 0, s < 0 and
81,82 > 0. By symmetry it suffices to consider s; < 0 and s1,s2 > 0. Assume
s1 < 0; then (using s1 = 1+¢ — s9 — s3) reduces to

FO0d . fplte—ssd  pp—s3.0 (3.9)
HO0d . glte—si—ss,d , pr—(s1+s3),0 (3.10)
Since implies , we have
HOA . pl/2+ed ) g—(1/2-),0 , [—1/2,0
Interpolating between this and
HOd . flted o, 12

with 0§ = 2s3, gives (3.9) (note that 6 € (0,1) by the assumption on s3). The same
interpolation, but now with 6 = 2(s; + s3) (0 € [0, 1] by the assumption on s; and

s3), gives (13.10).
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Assume next s1,s9 > 0. Choose 0 < s} < s1, 0 < s < s9 such that s},s, <1
and s} +s5+s3 = 1. Indeed, we can choose such s} and s/, as follows: If so+s3 < 1,
take s :=1— (s2 4+ s3) € [0,1) and s := so € [0,1). If 5o + 53 > 1, take s} :=0
and s :=1—s3 € (1/2,1). Then the problem reduces to

Hevd . prsad oy p=ss.0,

which holds since (3.6) implies (3.5)).
Case 3: s3 > 1/2. Take s = 1/2—0, where § > 0 is chosen such that s;+so+s5 > 1
(this is possible due to the assumption s; + s2 > 1/2 in (3.5)). Then

—55,0 —s3,0
H™ %" — H™%7
so the problem reduces to case 2 for s1, sp and s5. (I

We also need the following product law for the Wave Sobolev spaces.
Theorem 3.5 ([16]). Let t1,to,t35 € R. Then
Hivd . gt oy gts—ds (3.11)

provided
t1 +to +1t3 > 3/2,

t1 +t22>0, ta+132>20, t1+13>0
dy +do +ds > 1/27
di,ds,d3 > 0.
Moreover, we can allow t1 + to + t3 = 3/2, provided t; # 3/2 for 1 < j < 3.
Similarly, we may take di + da + d3 = 1/2, provided d; # 1/2 for 1 < j <3.
Proof. In view of (3.12)), at most one of t1,ts,t3 can be negative. But by the
same Leibniz rule as in the proof of Theorem this can be reduced to the case
t1,ta,t3 > 0, which was proved in [16, Proposition 10]. O
Theorem 3.6. Let € > 0. Then
H1/2+€71/2+ . H€71/2+ AN H—1+5,1/2. (313)

Proof. The embedding (3.13]) is equivalent to the estimate

(3.12)

IS [l g2 gavsy [l g2 goesy

where

I= H/ (7l = 1) *aA ma(r = A&~ n) D,

ris ()1 (m)/2e(€ = m)(IA = [n) /27 (|7 — Al = € — ) /2* Lo
By the "hyperbolic’ Leibniz rule (see [12] lemma 3.2), we reduce this to three esti-
mates

+ -
H1/2+E,O . HE,1/2 < H 1+E,0,
+ -
H1/2+5,1/2 . HE,O < H 1+€,0,
and (using also transfer principle to one free wave estimate)

D2l DY 2 ()| o S (110272 2| || Do | v |2,

~

where u = eFP=lyy and v = e*IP=lyy, and the operator D_ corresponds to
the symbol ||7| — |¢]|. The first two estimates hold by Theorem and the last
estimate holds by Theorem 1.1 in [I0]. O
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4. INTERPOLATION RESULTS

By bilinear interpolation between special cases of Theorems and and at
one point Theorem we obtain a series of estimates which will be useful in the
proof of Theorem [2.1] For a,b,c,a, 3,7 € R, and € > 0 sufficiently small, we obtain
the following estimates (the proof is given below):

>
H»> . ]'_1'0,1/2Jr PN H—c,O if a, C,.O{ el 07 (41)
3min(a/2,a) + ¢ > 3/2.
> >
H . 1;]'0,1/2Jr MN H—C,O if a,.a >0, c> 1/27 (42)
min(a, @) + ¢/2 > 3/4.

a>1, a>0, 8,v>0,
H* . H «— % if {a+ min(a, ) > 3/2, (4.3)
v + min(e, 3) > 1/2.

675207 CL,b>O,

gV ghh e et it {aqb=1, (4.4)
c+p>1/2.
HLY2T 08 < e gf #20,¢>0, (4.5)
c+p>1/2.
a,b,a >0, c>1/2,
H . H'/?" < B0 if  { min(a, @) + 2b/3 > 1/2, (4.6)
min(a, @) + 2¢ > 3/2.
b,3>0, a>1/2
Hel2t s oo (BP0 a2 1/2 (4.7)
a + 2min(b, 3) > 3/2.
> >
et e o ppoyp P20 az1/2 (4.8)
a+ 0 >1.
> > —
HO2 et o ey g (002002212 (4.9)
min(a, 8) +v/2 > 1/4.
>
Uzt s geo i JP20¢> 1/2, (4.10)
c+p>1.

Proof of (4.1)—(4.10). The parameter € > 0 is assumed to be sufficiently small. To
prove (4.1)) we interpolate between

H1+s,1/2+s . Ho,1/2+ s I2
72 ~HO’1/2+ s fg—(3/24¢),0.
This gives
H(+e)(1-0),(1/2+e)(1-0) | 70,1/2% | ;7—(3/2+€)0,0

for § € [0,1]. Now, if there exists 6 € [0,1] such that a > (1 4+ €)(1 — 0)
(0>1-a/(l+¢)), a>(1/24e)(1-0) (&0>1—-2a/(1+2¢)) and ¢ >
(3/2 + )8 (60 <2¢/(3+2¢)), then we have H@® . HO1/2" «, =<0 But
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such a @ € [0,1] exists if a,a,¢ > 0, 3a + 2¢ > 3 + 5e — 2¢(a + ¢) + 2% and
2¢ + 6 > 3 + 8¢ — 2¢(c + ) + 4e2. Since € > 0 is very small, it is enough to have
a,a, ¢ >0, 3a+ 2c¢ > 3 and 2¢ 4 6« > 3. This proves (4.1]). Interpolation between

H/2te1/24e Ho,1/2+ N H—(1/2+a),07
L2 _H0,1/2+ AN H7(3/2+e),0’

with a similar argument as above, proves (4.2)).
To prove (4.3)), we interpolate between

H1+€,1/2+6 . H071/2+5 PN L2
H3/2+E,€ . L2 N HO,*(]/Q*E)'
This gives
HO+)(1=0)+(3/2+€)0,(1/2+) 1=0)+20 | p0,(1/242)(1-0) , pr0,—(1/2=€)0
for 6 € [0,1]. If there exists 6 € [0, 1] such that a > (14 ¢€)(1 —0) + (3/2 + ¢)6,
a>(1/2+e)(1-0)+¢€b, 8> (1/24+¢)(1—0) and v > (1/2 — )6 , then we have
H» . HO,ﬁ M HO,f'y.

By a similar argument as in the proof of , such a 6 € [0,1] exists if a > 1,
a>0,68y>0,a+a>3/2,a+p>3/2,a+v>1/2and B+~ > 1/2. This
proves (4.3).

To prove , we interpolate between

Ha,1/2+ Cgb/2te g2
Ha,l/z+ L0 < fr1/2,0

which both hold if a +b = 1, a,b > 0, by Theorems and respectively. This
gives
Ha,l/z+ . o (1/2+e)(1-0) , r—0/2,0

for 6 € [0,1]. If there exists 6 € [0, 1] such that 8 > (1/2+4¢)(1 — 0) and ¢ > 0/2,
then we have
Hel/2T | ghs o e

fora+b =1, a,b > 0. By a similar argument as before such a 6 € [0, 1] exists if
B,c>0and ¢+ 5> 1/2.
For (4.5)—(4.10), similar arguments as in the proof of (4.1) are used, so we only

give the interpolation pairs, which give the desired estimate when interpolated.

For (4.5)), we use
H1,1/2+ . HO,1/2+5 s 13'78,07
H1,1/2+ L2 H71/2,O'
For (4.6]), we interpolate between
[l/2+e1/2+e .Ho,1/24r AN H7(1/275),0’
2. H3/4,1/2+ o, [J3/40
For (4.7), we interpolate between
HU/21/25 | gl/21/2+e 12,
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H3/2+s,1/2+ L2 s I2
For ([4.8]), we interpolate between
H1/2,1/2+ CHY/21/24e g2
HL1/2Jr _H1/2,0 s T2
For (4.9), we interpolate between
H0,1/2+ CHEO H*(lfs),f(1/2+s)7
H1/2-s-s,1/2+ e /24e H—(1—s),1/27

where the second embedding holds by Theorem For (4.10), we interpolate
between

H1/2,1/2+ CHgO1/24e , pp—(1/2+€),0

H1/2,1/2+ L2 s goLo
where the first embedding does not directly follow from Theorems [3.4] and but

from interpolation between

H1/2+e,1/2+ L |qO/2+e , pr—(1/2-€),0
H0,1/2+ [0 1/24e , pp—(3/2+€),0

which gives
H(1/2+5)(1—9),1/2+ L [jO /24, pp—(1/2—€)(1-6)—(3/2+¢£)0,0

for 6 € [0,1]. Choosing 6 = 1J2r528 gives the desired estimate. O

In the following two sections, we shall present the proof of the bilinear estimates

@' and (2.7) for all 1,4’ € S(R'*3) provided (r, s), p and o are as in (2.8), (2.9)
and (2.10) respectively. These will imply Theorem [2.1} First we prove (2.7)), and

then Note that using (2.3) we can reduce X*° type estimates to H*? type
estimates, which we shall do in the following two sections.

5. PROOF OF (2.7))

Without loss of generality we take [+] = +. Assume 9,7’ € S(R'*3) . Using
(3.1)), we can reduce (2.7)) (write p = 1/2+ ¢, as in (2.9)) to

+
=5 ellxee 191 xge s

where

0 ~ ~
I* = H /]R1+3 (7| f|£|>1/2725 [ [ (X = 1,m =€) d)\dn’

and 61+ = £(n,£(n— €)). The low frequency case, where min(|n|,|n —¢[) < 1 in
It follows from a similar argument as in [2], and hence we do not consider this
question here. From now on we assume that in 7=,

nl,ln =&l = 1. (5.1)

‘We shall use the following notation in order to make expressions manageable:

FOun) = )N+ D[ ml, - Ge(\n) = (m)* (A £ ))& (A, )],
L=lrl=l, ©=A+l, Zi=A-7En-¢,

)
2
L,r~£
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kg = L8] = Il = In = ¢€l],  w—=Inl+n—¢ —I¢l.
We shall need the estimates (see [I]):

B (R T S S
=g T m—ed " mmgm—ey 2
k+ < 2min(|n|, [n —£]), (5.3)

ke <|T|+ 10|+ |Z4].

5.1. Estimate for IT. By , and using
I+ < H/ KPEOLGL(A— 7,0 €)
M gies (§)V27m ()24 (n — §)1/2Hs(T)1/2722(0)7 (X4 )@
By €3 and
kY < I01Y272 min(|n), [y — €))% + |0]Y2 + |42,

Moreover, by symmetry we may assume |n| > |n —¢&| in It. By [2.8), r > 1/2, so
we have by the triangle inequality

@O VS )T (=R ()R, (5.5)
Hence the estimate reduces to
L SIFN e Gl 5 =1,2,3,

) d”HL:;

where
- [ FOLmG+ (A= 7.0~ )

P e et =g ) ()7
/ FAnGi(A—7,n—¢)

s (I (= V(D) 722 (@)= 1/2(5)

FAnGL(A—71,n—¢)
If = ’ : d\d ‘
=) L g
5.1.1. Estimate for If'. The problem reduces to
H1+sfr,a . Hs+1/2725,0' AN L2

drd H ,
s

_ d)\dn‘

)
2
LT,E

5
LT,E

which holds by Theorem for all 1/2 < ¢ < 1 provided the conditions
s>-1/2 r<1/24+2s and r<1+s
are satisfied, which they are by (2.8), and provided also that e > 0 is sufficiently

small, which is tacitly assumed in the following discussion.

5.1.2. Estimate for I, . We assume that || < min(|n|,|n — &|) = |n — €|, since
otherwise It reduces to I} in view of (5.3). Giving up the weight (©)~°+1/2 in
the integral, we get

x| FOWGL (A =70~ €)
PR fosss TG g (e D757

Then the problem reduces to

X dn‘

5
LT,E

H1+sfr,0 . H1/2+873€,0‘ FN HO,71/275

But by duality this is equivalent to the embedding
H0,1/2+€ . H1/2+3736,U SN H*lferr,O’
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which holds by Theorem for all 1/2 < o < 1 provided
s>0, r<l1/24+2s and r<1+s,
which are true by (12.8).

5.1.3. Estimate for I;'. As in the argument as for I2+, we assume that |I'| <
min(|nl, |n — &]) = [n — &|. Then

F(A777)G+()‘ —7,N— 5)

s / x| .
R N e (AR ORISR 3
Hence the problem reduces to proving
Hlits—ro . H1/2+s—36,o—1/2 PN HO’_1/2_E. (56)
By duality this is equivalent to the embedding
lts—ro . HO,1/2+5 AN H_1/2_s+36’_0+1/27 (57)

which holds by Theorem [3.4)if s > —1/2 and r < min(1/2+2s,1/2+s). But s > 0

by (2.8]), so holds for r < 1/2+sand all 1/2 < o < 1.
If s >1and r <1+ s (see figure[l)), then (5.7) reduces to

0,0 0,1/2+¢ —1/2—5+3e,—0+1/2
100 . F0.1/24e . -1/ 2,

which is true by Theorem [3.5|for all 1/2 < o < 1.
If s > 1/2 and r = 1/2 + s (this includes (s,r) € DF U F, see figure [T, then
(5.7) becomes

1/2, 0,1/2 —1/2—s+3e,—0+1/2
HY/20 . gol/2te , g=1/2-st3e,—0+1/2

which is true by Theor forall 1/2 <o < 1.

It remains to prove (|5.7)) for (see figure [1))
(S,’I“) € DUADUBDU Ry U Ry.

To do this, we need special choices of 0 which will depend on s and r as in . We
shall consider five cases based on these regions. In the rest of the paper, 6 € [0, 1] is
an interpolation parameter, o > 0 depends on s and r, and &,§ > 0 will be chosen
sufficiently small, depending on p. We may also assume that ¢ > § > e.

Case 1: (s,r) € Rs. Then according to we choose ¢ = 1/2 4+ s (note that
1/2 < o < 1, since 0 < s < 1/2 in this region). Write r = 1/2 + 2s — p; Then
becomes

[l/2—stel/2+s | pp0.1/24e , py—1/2—s+3¢,—s (5.8)
At s =0, (5.8)) becomes
H1/2=6+e1/2+6 | [0.1/2+4e I__[—1/2—5‘f‘35:_57 (5.9)

which holds by Theorem At s =1/2 -4, (5.8) becomes

[ote1=6  py01/24e , py—1+0+3e,—1/2+45 (5.10)

By duality this equivalent to
H170-351/2=6 | [0.1/24e | pr-d-0, 143

which is true by (4.1]). Now, interpolation between (5.9) and (5.10) with § = 21(8_;?
(note that 0 < 6 < 1 whenever § < s < 1/2— ) gives (5.8).




EJDE-2007/162 DKG IN THREE SPACE DIMENSIONS 15

Case 2: (s,r) € AD. Here 0 < s < 1/2, 7 =1/2+s. According to (2.10)) we choose
o =1/2+ s/3. Then (5.7) becomes

H/21/24s/3 | f0,1/2+e  [y—1/2—s+3¢,—5/3
which holds by (4.2) for s > 4.

Case 3: (s,r) € Ry. By (2.10]), we choose 0 = 3/2 — s+ 4e. Since r > 1+ s, (5.7)
reduces to (using also duality)

/2 +s—3e1—s+de | [101/24e | 70,~3/2+s—4e
which holds by (4.3) for 1/2 < s < 1.

Case 4: (s,7) € BD. Here s =1/2 and 1 < r < 3/2. According to (2.10]), we choose
o =1—c¢. Then (5.7) after duality becomes

H1—38,1/2—E . HO,1/2+5 MR H—3/2+7’7—1+6
which holds by (4.1)).

Case 5: (s,r) € D (i.e, (s,r) = (1/2,1)). Then by (2.10) we have ¢ = 2/3 + ¢.
Hence (5.7)) becomes

1/2,2/3+e | py0,1/2+¢ —~143e,~1/6—¢
Hl/2:2/3+e  [gO.1/2+e | 1 /6=,

which is true by (4.2]).
5.2. Estimate for I~. Assume first || < |n —¢|. Then [£] ~ |n — &, so by (5.2)),
92 ~ |§‘H*
~ Inlln =€

and hence we have the same estimate for _ as for 6. Moreover, by (5.3) and (5.4)
we have

kY2 S (0)272 min(|n], |n — €))% + (©) /2 + (R_)/2, (5.11)

so the analysis of IT in the previous subsection applies also to I~. The same is
true if || > |n —&| or || ~ |n| ~ |n — &|. Hence we assume from now on that

&l < Inl ~ [n —¢&l, (5.12)
I=. By (5.1) and (5.2)), we have

H/ RPPEA G-\ — 7.0~ &)
~ ]R1+3 1 r <n_§>1/2+s< >1/2—26<®>0’<Z_>0’
By (5.11] , the estimate reduces to

I SNFl e G-l 7=1,2,3,

where
. FOnG_(A— 7,1~ &)
= / G g ey e
i FOnG_ (A~ 7,5~ &)
s (€17 ( — E)1/2H8 (D) 1/2-2 (@)~ 1/2(5_}o
- — / FAnNG-(A-—7n—¢)
3 | Jeusa @ 1R (Y12 (@) (5 )71/

By symmetry it suffices to consider I; and I .

)

2
L

d\d H 7
s
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5.2.1. Estimate for I . Here the problem reduces to

HOO . [Y/2425=200 , pro14n0.
which holds by Theorem [3.4] provided
r<l1l, >0, r<1/242s,
and o > 1/2. Now assuming r > 1, which implies (¢)""1 < (n)""! + (n — &)~ ~
{n — &)1, the problem reduces to
HOO . [3/2H2-r=220 12

which is true by Theorem provided r < 1/2 + 2s and o > 1/2. Thus, the
estimate for I; holds in the desired region described in figure

5.2.2. Estimate for Iy . We may assume |I'| < min(|n],|n —&|) ~ |n — &|, since
otherwise I~ reduces to I; . Giving up the weight (©), the problem reduces to

2. H1/2+28—35,a M H—1+r,—1/2—s

By duality this is equivalent to the embedding
Hl—r,1/2+s . H1/2+23—35,U N L2
which holds by Theorem [3.4] if
r<l, s>-1/4, r<1/242s,
and o > 1/2. For r > 1, using the triangle inequality as in the previous subsection,
the problem reduces to
H0,1/2+5 . H3/2+237’I"736,0' AN L2

which is true by Theorem if r <1/2+2s and o > 1/2. Thus, the estimate for
I5 holds in the desired region described in figure

6. PROOF OF

Without loss of generality we take [+] = +. Assume 9,1’ € S(R'T3) . In view
of the null form estimate (3.1)), we can reduce (2.6 (write p =1/2+ ¢, as in (2.9))

to
Ji:SH¢HXivaWX;&Lw—e, (6.1)

where now

0 ~ ~
TE = H /]RHB BRI _i|§|>1/2+5 [N, MY (A =7,m = &) dX dn’

and 04 = £(n,+(n — €)) as before. We use the same notation as in the previous
section, except that now

Ge(An) = ) (N £ ) =7 [ (A, ).

The low frequency case, min(|n|, [n—¢|) < 1in J*, follows from a similar argument
as in [2], and hence we do not consider this question here. From now on we therefore
assume that in J*,

)
2
LT,E

nl,|n =&l = 1. (6.2)
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6.1. Estimate for J*. By (5.2) and (6.2)),
r|f RPFO G (A — 7.0~ §)
S JRars (T2 (n — 1275 (T)1/242(0)7 (¥4 ) 1= —=
By (5.3) and (5.4),

1/2 —0—¢ o— 5
kY2 S T2 4 (02 4 Sy ooy — g7

d)\dnHLig.

Hence the estimate reduces to

T SUFl 2 G2y 5 =1,2,3,

where

= /]RHS <€>’"‘1/2<nf£5;\£2§i%1_/;:2(;>§)<2+>1_”_8 “ dnHL?f,

5=\ L gy i
58 =1 o g - gy s,

6.1.1. Estimate for Jfr . The problem reduces to

H1/2+s,a . H1/27s,17076 SN H1/27r,0. (63)
If s > 1 and r > s, then (6.3]) reduces to

H1/2+s,o . H1/278’17076 AN H1/27s,0

which is true by Theore forall1/2 <o < 1.

It remains to prove (6.3) in the region R (see figure . We split this into the
following five cases:
Case 1: (s,7) € Ry. Then according to (2.10)), we choose o = 1/2 + s/3. Write
r=1/2+5/3+ o; becomes

H1/2+s,1/2+s/3 . H1/278,1/27S/37€ MEN H*S/ng,o,

which holds by for 0 < s <1/2.
Case 2: (s,7) € Ro. Then by , we choose 0 = 1/2+s. Write r = 1/2 + s+ g;
becomes

H1/2+s,1/2+s . H1/27s,1/2757£ M H*S*Q,O,
which holds by for 0 < s < 1/2.
Case 3: (s,r) € R3. Then according to (2.10)), we choose o = 5/6 —s/3+¢c. Writing
r=1/34+2s/3+ o, becomes

H1/2+s,5/6—s/3+5 . H1/2—s,1/6+s/3—2a AN H1/6—28/3—Q,O. (64)
At s =1/2, (6.4) becomes
FL2/3+e | fp0.1/3=2¢ | pp—1/6—0,0 (6.5)
which holds by (4.5). At s =1, (6.4) becomes
HB/2V/2e | e1/21/2-20 , pro1/2-00. (6.6)

which is true by Theorem [3.5| Hence we get (6.4) by interpolating between (6.5))
and with 6 = —1 + 2s.



18 A. TESFAHUN EJDE-2007/162

Case 4: (s,r) € BD. Here s =1/2 and 1 < r < 3/2. Then we choose 0 =1 —¢ in
view of - Hence . becomes
Hl,lfs . L2 SN H1/277’,0

which holds by Theorem
Case 5: (s,r) € BD. Then in view of (2.10]), we choose o = 3/2 — s + 4e. Writing
r=1/2+ s+ o, (6.3)) reduces to

H1/2+s,3/2fs+46 . H1/275,71/2+575€ SN H*S*Q,O
which is true by Theorem [3.5(for 1/2 < s < 1.

6.1.2. Estimate for J, . By duality the problem reduces to
H71/2+7‘,1/2+€ . H1/275,17075 AN H71/2fs,1/270' (67)

Assume s > 1 and r > s. Then ([6.7)) reduces to proving
H—1/2+s,1/2+s . H1/2—S,1—U—6 M H—1/2—5,1/2—a

which holds by Theorem [3.5|for all 1/2 < o < 1.

To prove for (s,r) € R, we consider the following five cases.
Case 1: (s,r) € Ry. Then by (2.10), we choose o = 1/2 + s/3. Writing r =
1/2+s/3+ o, becomes

Hs/3+g,1/2+6 . H1/27s,1/275/375 AN H71/275,7s/3.

At s = 4, this holds by (4.6]), and at s = 1/2 — 4 by (4.9); interpolation implies the
intermediate cases.
Case 2: (s,r) € Ry. By (2.10), we choose o = 1/2+s. Then writing r =1/24+s+p

, (6.7) becomes

Hs+g,1/2+a . H1/2—s71/2—5—8 AN H_1/2_S7_S

At s = 4, this holds by , and at s =1/2—¢ by Theorem the intermediate
cases follows by interpolation.

Case 3: (s,7) € Rs. Then according to (2.10)), we choose o = 5/6 — s/3 + €. Write
r=1/3+2s/3+ g; becomes

[ 1/6+2s/3+e1/2+e | [y1/2—s1/6+s/3-2e _, py—1/2-5,—1/3+s/3—¢ (6.8)
At s =1/2, reduces to
H1/6+g71/2+g . H0,1/3—2€ [N H_l’_1/6~ (6.9)

Using the triangle inequality (n — &) < (€) + (n), can be reduced to
H1/6+97(5,1/2+6 . H5,1/3725 PN H*l,fl/ﬁ

and
H1/6+Q,1/2+s . H5,1/3725 FN H71+5,71/6,

which both hold by (4.9). At s =1, becomes
H1/2+Q,1/2+€ . H—1/2,1/2—2£ PN ];1—3/27—57 (610)

which holds by Theorem[3.5 Interpolation between and (6.10)) with 6 = 2s—1,
gives .



EJDE-2007/162 DKG IN THREE SPACE DIMENSIONS 19

Case 4: (s,7) € BD. We choose 0 =1 — ¢, by (2.10]). Then (6.7)) becomes

Hl24r1/24e 2, g-l-1/2-

which is true by Theorem [3.5]
Case 5: (s,r) € Rq. Then by (2.10)), we choose o = 3/2—s+4e. Write r = 1/24s+0;
(6.7) reduces to

s+o0,1/2+¢ 1/2—s,—1/2+s—5¢ —1/2—s,—14+s—4e
Hstel/2+e gt/ / — g~V ,

which holds by Theorem for s > 1/2.

6.1.3. Estimate for J;r . By duality the problem reduces to
H1/2+S,U . H—1/2+r,1/2+6 oy [ ltstote0 (611)

Assume s > 1 and r > s. Then (6.11]) reduces to

1/24s, —1/2+s,1/2+ —14s+o0+e,0
H/ sa_H/s/s‘_)H soe’

which holds by Theorem 3.4 for all 1/2 < o < 1.

Next, we prove that (6.11)) holds for (s,7) € R.
Case 1: (s,r) € Ry. Then by (2.10), we choose o = 1/2 + s/3. Write r = 1/2 +
s/3 4+ o; becomes

1/24s,1/24s/3 s/34+0,1/2+¢ —1/2+44s/34¢,0
HM/2HsL/248/3 | pps/Sed/2he  p=1/24+4s/3+20,

which is true by Theorem for 0 <s<1/2.
Case 2: (s,7) € Ry. We choose 0 = 1/2+ s, by (2.10). Then writing r = 1/2+s+ o,
(6.11]) becomes

H1/2+S’1/2+S . Hs+g,1/2+5 M H_1/2+25+E’O

which holds by Theorem [3.4]for 0 < s < 1/2.
Case 3: (s,r) € Rs. . Then according to (2.10]), we choose 0 = 5/6 — s/3+¢. Write

r=1/3+2s/3+ p; (6.11)) becomes
H1/245.5/6-s/3+e | pp—1/6425/3+0,1/2+e | py—1/6+25/3+2¢,0

which is true by Theorem for 1/2 <s<1.
Case 4: (s,r) € BD.. Here, s = 1/2 and 1 < r < 3/2). By (2.10), we choose

0 =1—e¢. Then (6.11)) becomes

1,1—¢ —1/2+7,1/2+4¢ 1/2,0
H CHTY / — g ’

which holds by Theorem
Case 5: (s,r) € Ry. Then by (2.10)), we choose o = 3/2—s+4e. Write r = 1/2+s+;
(6.11)) becomes

1/24s,3/2—s+4e s+0,1/2+¢ 1/245¢,0
HY / - Hetol/24e , g1/245e,0

which is true by Theorem for 1/2 < s <1.
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6.2. Estimate for J~. By the same argument as in subsection[5.2] we may assume
(€] < [nf ~ n =]
Combining this with (5.2)) and (6.2)), we get
2| K2EO )G (A~ 7.0~ &)
T g () (n = VATV (O) (B ) e

By (5.3) and (5.4), we get £/ < |T[/2 +]0[1/2 4+ [S_|' =7 5|y — £|7~1/+<, Hence
the estimate reduces to

in 5 ||F||L2 HG*||L2 ) .7 = 1?2733

d)\dnH :
szg

where
- FAnGA—1,n1-¢)
Ji = / d\dn|
= o mrameE e Al
- FAnG-(A—1,n-%)
Sy = d\d
’ /RHS (€)r(n — VALY 2e(@)~1/2(8_)1-o=e ”’ L2’
- FAnG-(A—1,n-¢)
Jy = / dhdy| .
’ R1+3 <§>T<77>1_‘7_5<@>”<F>1/2+8 HLi,g
6.2.1. Estimate for J; . The problem reduces to the estimate
H1/270' . HO,l—O’—E [N H_T’O. (6.12)

If s>1and r > s, then (6.12) reduces to
H1/2,<7 . HO,l—o‘—E SN H—S,O

which holds by Theorem [3.5/for all 1/2 < o < 1.

We now prove (6.12)) for (s,r) € R.
Case 1: (s,7) € Ry. Then by (2.10), we choose 0 = 1/2 + s/3. Write r = 1/2 +

s/3+ o; (6.12)) becomes
H1/2,1/2+s/3 . HO,I/Q—S/S—E N H—1/2—s/3—g,0

which holds by for 0 < s < 1/2.
Case 2: (s,7) € Ry. Then we choose 0 = 1/2+s, by . Writing r = 1/2+s+ o,
becomes

H1/2,1/2+s . H0’1/2_S_E PN H—1/2—s—g,0’
which is true by for 0 < s <1/2.
Case 3: (s,7) € Rs. Then according to (2.10]), we choose o = 5/6 — s/3 + . Write
r=1/342s/3+ g; becomes

H1/2,5/675/3+5 . H0,1/6+S/3726 SN 1171/3725/379707

which holds by (4.10]) for 1/2 < s < 1.
Case 4: (s,r) € BD. Here s =1/2 and 1 < r < 3/2. We choose 0 = 1—¢ by (2.10).

Then (6.12) becomes
H1/2,17€ . L2 PN H*’I‘,O

which is true by Theorem
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Case 5: (s,r) € Ry. Then by (2.10)), we choose o = 3/2—s+4e. Write r = 1/2+s+p;
(6.12) becomes

H1/2,3/2—s+4€ . HO’_1/2+S_5E N H—1/2—s—g,0
which is true by Theorem [3.5|for 1/2 < s < 1.

6.2.2. Estimate for Jy . Giving up the weight (©)7~'/2 and keep duality, the prob-
lem reduces to

Hr,1/2+5 ~H1/2’17075 AN L2. (613)
Assume s > 1 and r > s. Then (6.13) reduces to proving

Hs,1/2+6 . Hl/?,l—a’—e N L2
which holds by Theore forall 1/2 <o < 1.
(613

It remains to prove (6.13)) for (s,7) € R, which we shall do in the following five
cases.
Case 1: (s,7) € Ry. Then by (2.10), we choose 0 = 1/2 + /3. Write r = 1/2 +
s/3 4 o; (6.13) becomes

H1/2+s/3+g,1/2+s . H1/2,1/275/375 AN LQ.

At s = §, this holds by , and at s = 1/2 — 4, by ; the intermediate cases
follows by interpolation.

Case 2: (s,7) € Ry. We choose o = 1/2+s, by (2.10). Then writing 7 = 1/2+ s+,
becomes

H1/2+s+g,1/2+a . H1/2,1/2—s—5 M LQ.

At s = ¢, this holds by , and at s = 1/2 — § by Theorem interpolation
implies the intermediate cases.

Case 3: (s,7) € Rs. Then according to (2.10]), we choose o = 5/6 — s/3 + . Write
r=1/3+42s/3+ g; becomes

FL/3+2s/3+01/24e | [r1/2,1/6+s/3-2¢ T2

)

which holds by (4.8)) for 1/2 < s < 1.
Case 4: (s,r) € BD. We choose 0 = 1 — ¢, by (2.10). Then (6.13)) becomes

HT,1/2+8 . H1/2,0 PN L27

which is true by Theorem [3.5
Case 5: (s,r) € Ry. Then by (2.10]), we choose o = 3/2—s+4e. Write r = 1/24s+;
(6.13) becomes

H1/2+s+g,1/2+s . H1/2,71/2+375s — L2
which holds by Theorem for1/2 < s < 1.

6.2.3. Estimate for J, . By duality, the problem reduces to
Hr,1/2+6 .Hlfcrfs,o' AN L2. (614)
If s > 1 and r > s, then (6.14)) reduces to
Hs,1/2+5 . H17075,1/2+s M L2

which holds by Theorem [3.4] for all 1/2 < o < 1.
We next prove (6.14)) for (s,7) € R.
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Case 1: (s,7) € Ry. Then by (2.10)), we choose o = 1/2 4+ s/3. Write r = 1/2 +
s/3 4+ o; (6.14) becomes

H1/2+s/3+g,1/2+5 . H1/2—s/3—s,1/2+s/3 M LQ.

which holds by Theorem [3.4] for 0 < s < 3/2.
Case 2: (s,1) € Ry. We choose o0 = 1/2+s, by (2.10)). Then writing r = 1/2+s+ o,
(6.14]) becomes

H1/2+s+g,1/2+5 . H1/2—s—e,1/2+s M L2,

which holds by Theorem [3.4]for 0 < s < 1/2.
Case 3: (s,7) € R3. Then according to (2.10]), we choose o = 5/6 — s/3 + . Write

r=1/3+2s/3 + 0; (6.14) becomes

H1/3+25/3+971/2+5 . H1/6+s/3—25,1/2+5 s I2.

which holds by Theorem [3.4] for s > 1/2.
Case 4: (s,r) € BD. Then by (2.10), we choose ¢ = 1 — . Hence (6.14]) becomes

H’r‘,l/2+8 . HO,1/2+6 SN LQ,

which is true by Theorem
Case 5: (s,r) € Ry. Then by (2.10)), we choose o = 3/2—s+4e. Writer = 1/2+s+yp;
(6.14]) becomes

H1/2+s+g,1/2+s . H—1/2+s—55,1/2+s M LZ.

which holds by Theorem (3.4 for s > 1/2.

7. COUNTEREXAMPLES

Here we prove optimality conditions on s and r in Theorem|[1.1} as far as iteration
in the spaces X7, H™ is concerned. To be precise, we prove:

Theorem 7.1. If s <0 orr < % orr<sorr>1+sorr> %+28, then for all
o,p € R and € > 0, at least one of the estimates 'I or (2.7)) fails.

More generally, we prove:
Theorem 7.2. Let a1, a0,as3,a1,qz, a3 € R. If the 4-spinor estimate
KBP (D), Pe(Da)'M gr-as.—as S 1Ml xaren 9] xoze2

holds for all 1,v' € S(RY*3), then:

1
a; +as +ag > 5, (71)
a1+« 3
12 1—|—a2+a321 (7.2)
as + Qo 3
> — .
a) + 9 +asz > 1 (7 3)
a1 +az3 >0 (74)
az +az >0 (7.5)
(7.6)

a1+a2+a320.
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7.1. Proof of Theorem Applying and in Theorem to
with (a1, as,a3,a1,02,a3) = (s,—s,r,0,1 — 0 — €,p), we see that the conditions
r > 1/2 and r > s are necessary. Similarly, we apply and in Theorem
to , with (a1,a9,as,0q,as,a3) = (s,s,1 —r,0,0,1 — p — &), to obtain the
necessary conditions r < 1/242s and r < 14s. We further apply the summation of
and to to obtain the necessary condition r > 1/2 (r > 1/2 +¢/4),
which is stronger than r > 1/2. Finally, we combine the necessary conditions
r>1/2 and r < 1/2 + 2s to conclude that s > 0 is also a necessary condition.

7.2. Proof of Theorem The following counterexamples are directly adapted
from those for the 2d case in [2], and depend on a large, positive parameter L going
to infinity. We choose A, B,C C R3, depending on L and concentrated along the
& -direction, with the property

neAd E€eC = n—-§€B. (7.7)
Using these sets, we then construct ¢ and 1’ depending on L, such that

/
||<ﬁp+(DI)w7Pi(Df)w>HH*“3*O‘& z i&, (78)
[l oo [[97] x 22002 L
for some § = 6(aq,as,as,a1,az,a3). This inequality will lead to the necessary
condition § > 0.
Let us take the plus sign in for the moment. Later, we will also use the
minus sign. Assuming A, B, C' have been chosen, we set

1;()\’77) = 1>\+n1:0(1)1n€AU+(77)7 (7.9)
PAN—T,n— €)= Iy—rqm—e=0) In—eeBvy(n — &), (7.10)
where
(&) = [1 0,836 +Z§2] (7.11)
is an eigenvector of P (f) and f =
Observe that
(Bus(m), o)) = 1= C+in' AC, (7.12)
where 77/ A ¢/ = 1G2 — 7281 and & = (&1, &). Hence
I (Bus (), v (n — €)) = +sinby ~ £6,, (7.13)

where the sign in front of sin 6, depends on the orientation of (n’,n’ —&’). But the
sets A, B, C will be chosen so that the orientation of the pair (n',n’ — &) is fixed;
hence we conclude (see [2]) that

18P (D), Py (DY | pr-sa e = K, (7.14)
where

0
K+ = H / + 1 —oanl _
mits (£)s (7] — [€])es {neA, A+m=0(1)} H{EeC, 7+&H1=
We now construct the counterexamples, by choosing the sets A, B, C'. Note that
in KT,
ned, £eC, n-£eB,

Adm=0(), 7+&=001), A—7+m & =0(1). (7.15)
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7.2.1. Necessity of (7.1). We consider high-high frequency interaction giving out
put at high frequency. Set

A={¢eR |6~ LIS L/4, | — LV S LV2/4, |& — LM% < 2V2/4),

B={ec®: |6 —2L| S L/2, |eal < LV?/2, |&al < LV /2},

C = {g ERY: |6 + L] < LJ4, |& — LV < LM2/4, |€5— LV?| < L1/2/4} .
Then holds. By , we have

1
0y = K(n/vnl - 5/) ~ I/’ €l nlsIn— & ~ L,

and
s+ 03
At =A+m+nl—m=A+m+ = 0(1). (7.16)
I +m
Similarly,
A=T+ =€ =0Q), [rl-Ilgl]=]r -] <7+&=0(). (7.17)

Let |A| denote the volume of A. Then

jAllC|?

+ o2l
K L1/2+a3

and 4] garer ~ LAYZ, | es o0 ~ LB
Since |A| = |C| ~ L?, we conclude that (7.8)) holds with 6(a1, as, as, a1, a2, a3) =
a1 + as + a3 — 1/2, proving the necessity of a; + as + az > 1/2.

7.2.2. Necessity of (7.2) and (7.3). We consider high-low frequency interaction
with output at high frequency.

A={eeR jal < LV2)2, | —1] < LV)2, & — 1] < LV?/2,
B={¢eR: |6 - LISV |6 <LV |&| < 2V2),

C={¢eR |+ LISLV?/2 |6 -1 S LV2/2, | —1] < LV2)2}

Then 0, = £L(n/, 7 — &) ~ 1, |n| ~ LY? and |¢|,|n — £| ~ L. Further, (7.17) still
holds, whereas the calculation in (7.16) shows that A + || ~ L'/2, since |n| 4+ 1 >
na —m > LY2/2. Thus,

Allc)?

+
K Tas

Wl ~ L AP gonion ~ LB,
But |A|,|B|,|C| ~ L*/?, hence holds with d(ay, az,as, a1, az, a3) = 95 +
as + az — 3/4, proving the necessity of .

To show the necessity of , we only need to modify A and B such that in
A, we set & + L| < L'/2/2 instead of |¢;] < L'/?/2, and in B we set |&;] < L'/?
instead of |¢& — L| < L'/2/2. Otherwise, the same argument as above shows the

necessity of (7.3)).
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7.2.3. Necessity of (7.4) and (7.5). The configuration is the same as in the previous
subsection, except that the squares A, B, C' now have side length ~ 1. We set

A={eeR%: || <1/2, |&—1|<1/2, |6 —1] <1/2},
B={¢eR: |6 —L|<1, [&| <1, [&—1]<1/2},
C={¢eR®: |&+L|<1/2, & -1 <1/2, |& 1] <1/2}.

Then 04 ~ 1, |n| ~ 1, |¢],|n — &| ~ L, and (7.16]) holds. Since (7.17)) also holds, we
conclude:

AllC]?
T
But |A|, |B|,|C| ~ 1, so (7.8)) holds with &(a1,as, as, a1, as, a3) = a1 + ag, proving
necessity of ((7.5). By symmetry (7.4) is also necessary.

7.3. Necessity of (7.6)). Here we consider high-high frequency interaction with
output at low frequency, and we choose the minus sign in ([7.8]).

A={6eR: |6 — LI <1/4, | -1 <1/4, |&— 1] < 1/4},
B={¢cR: |6 —L| <1/2, [&] <1/2, |&] < 1/2},
C={eeR:|&] <1/4, [&— 1] < 1/4, || <1/2}.

We now restrict the integration to

neA A+ln=0Q1), £€C, 7+2L=0(),

K* o Wllxee ~TAIYZ, 9| ~ LP|BJY2.

which implies
n—§€B, A-T—n=¢l=A+n[-7—=2L+L—n|+L—|n-¢=0(1),

since L—[n| = L—ny— (n3+n3)/(Inl+m) = O(1) and, similarly, L— |y — €| = O(1).
Now set

b(\n) = Lyt ni=o) 1yeavy(n),
V' N=T,n—8&) =1x_ryg|=0() In—cecBVv—(n — ),

where v_(§) = v (=€) and vy (€) is given by (7.11]). Thus, v_(£) is an eigenvector
of P_(&) = Py (—¢). Since _ = L(n/, &' —n’) ~ 1, we then get, arguing as in (7.14)),
and using ([7.12]),

H(ﬁp-i-(D)'(/)vP—(D)wl>”H*a3:*a3 > K_7

where
1
Kﬁ:”/ 1 oy Lecc, rr2n—oq)y dAdn| .z .
1ia (€038 (7] — e (€A A inl=0()} HeeC, r2L=0(1)} UHLf{
Since [€] ~ 1, [n], [n — €] ~ L and [7] — [{] ~ |7] ~ L, we see that
_ lAye . a
K™~ = Wllxmen ~ LUAR2, | o ~ L2 BIY2.

But |4],|B|,|C| ~ 1, hence (7.8) holds with d(a1, az,as, a1, a2, a3) = a1 + az + as,
proving necessity of (7.6) .
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