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EXISTENCE OF POSITIVE SOLUTIONS FOR NONLINEAR
DYNAMIC SYSTEMS WITH A PARAMETER ON A MEASURE
CHAIN

SHUANG-HONG MA, JIAN-PING SUN, DA-BIN WANG

ABSTRACT. In this paper, we consider the following dynamic system with pa-
rameter on a measure chain T,

uB(t) + Mg () fi (ur(o(t)), uz(0 (1)), ... un(0(1))) =0, ¢ € [a,b],
aui(a) = uit(a) =0, yui(o(b)) + duf (a(b)) =0,

where i = 1,2,...,n. Using fixed-point index theory, we find sufficient condi-
tions the existence of positive solutions.

1. INTRODUCTION

The theory of dynamic equations on time scales has become a new important
mathematical branch (see, for example, [T], B, 8, @]) since it was initiated by Hilger
[14]. At the same time, boundary-value problems (BVPs) for scalar dynamic equa-
tions on time scales have received considerable attention [4l 5l 6] [7, [L0L 1T} T3] 15, [16].
However, to the best of our knowledge, only a few papers can be found in the lit-
erature for systems of BVPs for dynamic equations on time scales [16].

Sun, Zhao and Li [I7] considered the following discrete system with parameter

A2Ui(k) + M (k) fi(ur (k) ug(k), ..., un (k) =0, ke [0, T],
ui(0) = ui(T +2) =0,

where i = 1,2,...,n, A > 0 is a constant, T and n > 2 are two fixed positive
integers. They established the existence of one positive solution by using the theory
of fixed-point index [12].

Motivated by [I7], the purpose of this paper is to study the following more
general dynamic system with parameter on a measure chain T,

uSB () + M (t) fi(ur (o), uz (0 (1)), . . ., un(a(t)) =0, t € [a,b], (1.1)
aui(a) — Bu(a) =0, ~yui(a(b)) + dul (o (b)) = 0, (1.2)

where, i = 1,2,...,n, A > 0is constant, a,b € T, a, 8,7, § > 0, ¥(c(b)—0?(b))+J >
0, 7 =78+ ad + ay(o(b) — a) > 0, and the function o(t) and [a,b] is defined as
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in Section 2 below. Let R be the set of real numbers, and Ry = [0,00). For
= (ur,uz,...,up) € RY, et flul| =37 u;.
We make the following assumptions for i = 1,2,...,n:

(H1) h; :[a,b] — (0,00) is continuous.
(H2) f; : RY — R4 is continuous.

For convenience, we introduce the following notation

P tim Y g gy S

full—o Jlull llufl—oo Jul

o= fF and =3
=1 1=1

, u€RY,

2. PRELIMINARIES

In this section, we introduce several definitions on measure chains and some
notation. Also we give some lemmas which are useful in proving our main result.

Definition 2.1. Let T be a closed subset of R with the properties
ot)=inf{reT:7>t}eT
pt)=sup{reT:7<t}eT

for all t € T with ¢ < supT and t > inf T, respectively. We assume throughout
that T has the topology that it inherits from the standard topology on R. We say
t is right-scattered, left-scattered, right-dense and left-dense if o(t) > ¢, p(t) < t,
o(t) =t, p(t) = t, respectively.

Throughout this paper we assume that a < b are points in T.

Definition 2.2. If r,s € TU {—o00, 400}, r < s, then an open interval (r,s) in T
is defined by

(r,s)={teT:r<t<s}

Other types of intervals are defined similarly.

Definition 2.3. Assume that x: T — R and fixt € T. Then, x is called differen-
tiable at t € T if there exists a 8 € R, such that, for any given € > 0, there is an
open neighborhood U of t, such that

2(o(t)) — x(s) — Olo(t) — s]| < elo(t) —s|, seU.

In this case, 0 is called the A-derivative of x at t € T and we denote it by 6 = x°(t).
It can be shown that if x : T — R is continuous att € T, then

_ alo(t) — (0
="

if t is right-scattered, and

if t is right-dense.
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In the rest of the paper, we assume that the set [a, o (b)] is, such that

b b
gzmin{tGTitZW}, wzmax{té’ﬂ‘:tﬁ%},
exist and satisfy
M <f<w< W

We also assume that if o(w) = b and § = 0, then o(w) < o(b).
We denote by G(t, s) the Green function of the boundary-value problem

—uPB(t) =0, t€la,b],
au(a) — fu®(a) =0, ~u(o(d)) + du?(a(b)) =0,
which is explicitly given in [11],
Gt 5) = {i{aa —a)+ B}{r(o(b) — o(s) + 6}, t<s,
’ HHalo(s) —a) + BH (o (b) —t) + 6}, t>0o(s),

for t € [a,02(b)] and s € [a, b], where r = v3 + ad + ay(c(b) — a). For this Green
function, we have the following lemmas [8, [9] [T].

Lemma 2.4. Assume a, 3,7,6 >0, y(o(b) — a?(b)) +6 > 0, and
r=~v0+ad+ay(c(d) —a) >0.
Then, for (t,5) € [,0*(B)] X [a,], 0 < G(t, 5) < G(o(s),5).

Lemma 2.5. (i) If (t,s) € [(o(b) + 3a)/4, (30(b) + a)/4] x [a,b], then G(t,s) >
IG(o(s),s), where

- { alo(b) —a] + 48 ~[o(b) — a] + 46 };

dafo(b) —a] +48° 4v[o(b) — o(a)] + 46
(i) If (t,8) € [§,0(w)] X [a,b], then G(t,s) > kG(c(s),s), where
o - Glo(w),s)
k= min {l’ selatl G(o(s), 5) }
The following well-known result of the fixed-point index is crucial in our argu-
ments.

Lemma 2.6 ([I2]). Let E be a Banach space and K a cone in E. Forr > 0, define
K, ={u€ K : ||lu| <r}. Assume that A : K, — K is completely continuous, such
that Ax # x for v € 0K, = {u € K : ||u|| = r}.

(i) If ||Az|| > ||z||, for x € OK,, then i(A,K,,K)=0.

(ii) If ||Az|| < ||z||, for x € OK,, then i(A, K, ,K) =1.

To apply Lemma to and , we define the Banach space B = {z|x :
[a,0?(b)] — R is continuous }, for z € B, let |z]o = maxic(q,2p) [2(t)] and E =
B", for u = (u1,us,...,u,) € E, |lul| =31 [uilo-

For u € E or R, |lu|| denotes the norm of u in £ and R}, respectively.

Define K to be a cone in E by

K= {u: (w1, ug, ..., up) € E:ui(t) > 0,t € [a,0%(b)],i=1,2,...,n,

and min u; (t) > k|lul| t.
i, 3 u(0) 2 Kl
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For u = (uy,usg,...,u,) € K, let
A(u) = (A1 (u), As(u), ..., Ap(u)),

where
o(b)
Ai(u) = )\/ G(t,8)hi(s) fi(ur(o(s)),...,un(c(s)))As, tE€ la, 02(b)].

Lemma 2.7. Assume that (H1) and (H2) hold, then A : K — K is completely
continuous.

Proof. For u = (u1,ug,...,u,) € K,and i = 1,2,...,n, it follows from Lemma
that

0 < Ay —)\/ G(t, 8)ha(5) fi(ua((5)), . . . un(0(3))) As

a

So, fori=1,2,...,n

As(u)lo < A / ha(s) (1 (0(8)), - un(0(5))) s,

For t € [£,0(w)], from Lemma E 5[ and the above inequality, we have
a(b)
Ai(u)(t) = A G(t, s)hi(s)fi(ui(o(s)), ..., un(o(s)))As

a

o(b)
> kA G(o(s),s)hi(s) fiui(o(s)),...,un(o(s)))As
Zk|AZ(U,)|0, i:1,2,...,n
So, for t € [§,0(w)],

> Aw)(b) kZ|A Yo = llAul.
=1

Hence,

min ZA ) > k|| Aul|;

tel¢,o(w)]

i.e.,, A(u) € K. Further, it is easy to see that A : K — K is completely continuous.
The proof is complete. O

Now, it is not difficult to show that the problem (1.1)) and(1.2)) is equivalent to
the fixed-point equation A(u) = u in K. Let

o(w)
i = G(t,s)hi(s)As, and T = :
vi= pax /}5 (t,s)hi(s)As, an min {7}

Lemma 2.8. Assume that (H1) and (H2) hold. Let u = (ui,us,...,u,) € K and
1n > 0. If there exists f;, such that

fio tur (0 (1)), uz(()),- - un(0 (D)) Z 0 ) uilt), te 6 o), (2.1)
i=1

then [[A(u)l| = Aknl|[ul].
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Proof. From the definition of K and (2.1)), we have
[A(u)]| = Z | Ai(u

a(b)
> |AiJlo =X max }/ G(t,8)hiy () fio(ur1(c(s)), ..., un(o(s)))As

tela,o2(b)

o(w)
> A max / G(t,8)hiy (8) fio (u1(a(8)), ..., un(o(s)))As

t€la,o2(b)] ¢

o(w) n
> A”teﬁ?‘?%{(bﬂ /6 G(t,s)hio(s);ui(s)As
= kAn|lullvio
> kATl
The proof is complete. O
For each ¢ = 1,2,...,n, we define a new function fz Ry — Ry by

fi(t) = max{fi(u) : w € RY, ||ul| < t}.
Denote

g L) e o Hi))
ot O g i 20
As in [I8, Lemma 2.8], we can obtain the following result.

Lemma 2.9. Assume that (H2) holds. Then, fNiO = f and ff’o = fro.

Lemma 2.10. Assume that (H1) and (H2) hold. Let h > 0. If there exists € > 0,
such that

fi(h) <eh, i=1,2,...,n, (2.2)
then ||A(u)]] < AeCl|ul|, for u € 0K}, where
o(b)
C= max / G(t, s)hi(s)As].
tG[a a2(b)]

Proof. Suppose u € GKh; ie, u € K and |lu|]| = h, then it follows from (2.2)) that

o(b)
A;(w)(t) = )\/ G(t,8)hi(s) fi(ur(o(s)), ..., un(c(s)))As

a(b)
<A b G(t, s)hi(s)fi(h)As

a
o(b)
< )\Eh/ G(t, s)hi(s)As
o(b)
< Xeh  max G(t,8)hi(s)As, t€a,0?(b)], i=1,2,...,n.
tela,02(b)] J,

So,

o(b)
|A;(u)|o < Aeh  max / G(t,s)hi(s)As, i=1,2,...,n.
t€la,02(b)]
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Therefore,

n n G'(b)
lA(w) || = Z |[Ai(u)lo < Aeh » | max )]/ G(t, s)hi(s)As] = XeC||ul|.
i=1 @

P t€la,02(b

The proof is complete. U

3. MAIN RESULT
Our main result is the following theorem.

Theorem 3.1. Assume that (H1) and (H2) hold. Then, for all A > 0, (L.1) and
(1.2) has a positive solution if one of the following two conditions holds:

(a) fO=0 and f> = oo;
(b) £ =00 and f> =0.

Proof. First, we suppose that (a) holds. Since f° = 0 implies that f) = 0, i =
1,2,...,n, it follows from Lemma that f0 =0, i =1,2,...,n. Therefore, we
can choose r; > 0, such that

fitr) <er, i=1,2,...,n,

where the constant & > 0 satisfies AeC' < 1, and C is defined in Lemma [2.10] By
Lemma [2.10} we have

[A(w)]| < AeClu|| < JJul], forue OK,,. (3.1)

Now, since f> = oo, there exists f;, so that f?° = oco. Therefore, there is H > 0,
such that
fio(w) Znflull,  forueRY, and |ul = H,

where 7 > 0 is chosen so that ApkI’ > 1. Let rp = max{2ry, 7+ H}. If u € 0K,,,
then

lall =) uilo = Y wilt) = Kllull = kry > H,  t € [§,0(w)],
i=1 =1

which implies that
fio(wr(o(8)),uz(0 (1), . un(0(1))) = nllull = 1D wi(t), t€[§ 0w
i=1

It follows from Lemma [2.§] that
[A(u)|| > AnTk|[ul| > [jul|, for u € OK,,. (3.2)
By , and Lernma
(A K., K)=1 and i(4,K,,,K)=0.
It follows from the additivity of the fixed-point index that
i(A, Ko\ Ry ) = 1,

which implies that A has a fixed point u € K,.,\K,,. The fixed point u € K,,\K,,

is the desired positive solution of (1.1)) and (|1.2).
Next, we suppose that (b) holds. Since f° = oo, there exists f;, so that f = oc.
Therefore, there is 71 > 0, such that

fio() Z nlull, forweRY, and [lul| <ry,
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where n > 0 is chosen so that AnkI' > 1. If u € 0K, then

Fio tur (o (1)), ua(a(t)), - un(0 (D)) Z nllull = 1) wit), €€ ow)).

i=1
It follows from Lemma 2.8 that
|A(w)|| > MTk||u|| > ||u||, for u € dK,,. (3.3)
In view of f*° = 0 implies that f* =0, i =1,2,...,n, it follows from Lemma 2.9]
that f>° =0,7=1,2,...,n. Therefore, we can choose ry > 2, such that

filr) <erq, i=1,2,...,n

where the constant € > 0 satisfies

AeC < 1,
and C is defined in Lemma [2 We have by Lemma [2.10] that
|A(u)| < )\EC’||u|| <|ul, forue OK,,. (3.4)

By , and Lemma

(A K,,,K)=0 and i(4,K,,,K)=1.
It follows from the additivity of the fixed-point index that
(A KTz\ T1 )_17
which implies that A has a fixed point u € K,.,\K,,, which is the desired positive

solution of (1.1)) and (|1.2). O

Remark 3.2. It is worth noting that these techniques can be extended to the
following multi-point system based in [6],

(piy) (1) — as(t)y '(t)+/\h'(t)fi(yl(a(f))vyz(U(t))v~--7ym(0(t))):0, t e (ttn),
ay;(t) — Bpi(t)y; () Zamyz te);,  Wiltn) + 6pi(tn Zbkzyz tk),

fori=1,2,...,m
Example 3.3. Let T = {1 — (3)M} U[1,2]. We consider the dynamic system
DA+ Mi(u (o)), uz(0 (1)), - un(a () =0, e [0,1], (3.5)
u;(0) —u(0) =0, u;i(1)+u(1) =0,
i=1,2,...,n, where f; : R} — R, is define by
filur,ug, .. up) = (ug +ug + - F+u,)™, i=1,2,...,n.

It is easy to see that
fO=0 and f*® =00

So, it follows from Theorem that for all A > 0, (3.5)-(3.6) has at least one
positive solution.
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