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DYNAMIC FRICTIONAL CONTACT FOR ELASTIC
VISCOPLASTIC MATERIAL

KENNETH L. KUTTLER

ABSTRACT. Using a general theory for evolution inclusions, existence and
uniqueness theorems are obtained for weak solutions to a frictional dynamic
contact problem for elastic visco-plastic material. An existence theorem in the
case where the friction coefficient is discontinuous is also presented.

1. INTRODUCTION

The purpose of this paper is to consider a model involving frictional contact be-
tween an elastic visco-plastic material and a foundation. The balance of momentum
and initial conditions are of the form

u=div(e)+f for (t,x)e€ (0,T) x Q, (1.1)
u(0,x) = up(x), (1.2)
u(0,x) = vo(x), (1.3)

where for convenience, in the top balance of momentum equation, the density has
been taken to equal 1.

The domain € is a bounded open subset of R? for d = 2 or 3 having Lipschitz
boundary consisting of the union of three disjoint sets, ['c,I'g, and I'y, any of
which could be empty. Dirichlet conditions for u will be given on I'g, and on 'y,
the traction density will be specified, while on I'c are the complicated contact
conditions involving friction. The following will be needed to describe these.

Let n be the unit outward normal to 9. Then wu,,ur,or, and o, are defined
by the following.

Up = U- 1N,
ur =u—(u-n)n,
On = 0551514,
OTi = 035N — TNy
Then on I'¢ the boundary conditions are of the form
on = —p((un — 9)4)Ch, (1.4)
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lor| < F((un = 9)+)u(far — Ur)), (1.5)

lor| < F((un — g)1)p(jar — Ug|)  implies ap — Ur = 0, (1.6)

lor| = F((un — g) 1 )p(|ar — Ug|)  implies iy — Ur = — Ao (1.7

Here g is a non negative function in L (T'¢) which represents the gap between the
foundation and €2, C,, is a positive function in L>(I'¢), Uz € L=(0,T; (L*(T¢))%),
A is non negative, and p is a bounded positive function which is Lipschitz contin-

uous. The dependence of p on x is suppressed in the interest of simpler notation.
The following lemma gives a way to simplify the above boundary conditions.

Lemma 1.1. o satisfies f if and only if
or € —F((un — g) 4 )u([ier — Ur|)dn(ar — Ur) (1.8)
where n(x) = |x].
Proof. Suppose first — and up — Uy # 0. Then from and ,
o] = F((n — 9) 1 Ju( iy — Ul

lor—Ur|
((un—9)4)u(ar—Url)
—F((un — g)Jpllir ~ Ur)
lar — Ur|
Now 4r=Ur _ on(ar — Uz) where n(x) = |x|. Therefore, holds.

[ar—Ur|

Next suppose ur — Urp # 0 and (1.8)) holds. Since ur — Ur #0,

and so

and ur — Uy = —\op. Thus A = =

or = (uT — UT)

) . ur — Up
on(ar —Ur) = ————
[ar — Ur|
and so
) . ur — Uy . .
or = —F((unp — g)4)(Jar — Ur|)———— = —A(ar — Ur).
[ur — Ur|

Also since, in this case, |dn(ur — Uz)| = 1, it follows
lor| = F((un — 9)+) ([ — Ur)).

Now suppose ur — Uz = 0 and holds. Then if z € On(ar — UT) such that
equality holds, it follows |z| < 1 and so |op| < F((u, — g)+)p(jar — Ugpl).

Finally suppose iz — Ur = 0 and - . If o = 0, let z =0 and then
0 € an(ay — Up) and

or = 7F((un - g)+)“(|uT - UTDO

If o # 0, then let

7 = gr - 0
F((un — g)s i — Tg) - 01O

thanks to (1.5). Then
or = —F((un — g) 4 )u(lar — Ur|)z
and so (|1.8) holds. This proves the lemma. [l
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On I'y, the boundary condition is
u=0 onTly (1.9)

and on 'y,
on=1f, only. (1.10)

Systems like the above model dynamic friction contact problems [I1], [9], [4] [3].
The condition is the normal compliance contact condition. It says the normal
component of the traction force density is dependent on the normal penetration of
the body into the foundation surface. See [I1] for a discussion of the physical sig-
nificance of this condition. Conditions — model friction. These conditions
indicate the tangential part of the traction force density is bounded by a function
determined by the normal force or penetration. No sliding takes place until |o7p|
reaches this bound, F'((un — ¢)+)p(0). When this occurs, the tangential force den-
sity has a direction opposite the relative tangential velocity . The dependence
of the friction coefficient on the magnitude of the slip velocity, |ar fUT| is interest-
ing and so it has been included. It is assumed p is a Lipschitz continuous function
although the Lipschitz constant may be arbitrarily large. Of course in elementary
physics, one allows this function to have two values, one if sliding occurs and an-
other larger value if no sliding occurs. This will be considered later as a limit as the
Lipschitz constant converges to oco. All the functions may be assumed to depend
on x but this dependence is often suppressed for the sake of simpler notation.

The material coming into contact with the foundation is an elastic-visco-plastic
material for the stress, o satisfying the following constitutive relation which was
studied for a different kind of contact problem in [16].

o(t) = Ae(a(t)) + E<(u(t)) +/0 G(o(s) — Ae(u(s)),e(u(s)))ds (1.11)

The physical explanation of this constitutive relation is described in this reference.
This general form for the stress is the main new item in this paper. If G is equal
to 0, the stress is like the one considered in [I1], [8], [2] or [7].

For the sake of simplicity, I will consider the more general equation,

o(t) = Ae(v(t)) + Ee(u(t)) + /Ot G(o(s),e(v(s)),e(u(s)))ds. (1.12)
As in [16], the following is assumed on the functions, A, £, and G.
A:Qx 64— &l (1.13)
There exists L 4 > 0 such that
AG,2,) — A, =) o0 < Laler — 2l (1.14)
for all 1,69 € G4, a.e. x € Q. There exists m4 > 0 such that
(A(x, 1) = A(x,62)) - (€1 — £2) > maler — eaaa (1.15)

for all £1,e0 € &%, a.e. x € Q.
For any € € &%, x —.A(x, ¢) is measurable on 2 and the mapping x —.A(x, 0) is
in ‘H.
£:0x6% - e (1.16)
For any ¢ € 6%, x —A(x, ¢) is measurable on € and the mapping x —.A(x, 0) is in

H.
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There exists Lg > 0 such that
[€(x,€1) — E(x,82)[| < Le(ller — e2) (1.17)
for all 1,69 € &% a.e. x € Q.
For any ¢ € &%, x —&(x,¢) is measurable on Q and the mapping x —&(x,0) is
in H.
G:Ox64x6x6! - e (1.18)
There exists Lg > 0 such that
1G(x,€1,e1,01) — G(x,€5,€2,02)|| < Lg(|le} — &3]l + ller — 2| + [lor — o2])) (1.19)
for all €|,¢eh,e1,62,01,00 € &%, ae. x € Q.
For any €', ¢,0 € 6%, x —G(x,¢’,¢,0) is measurable on 2 and the mapping
x —G(x,0,0,0)
isin H. Also assume the following on p and F. The functions p and F are increasing
and

Pr—K<p(r)<K@l+r), r>0, (1.20)
p(r) =0, r <0,
F(r)<K(1+r) r=>0, (1.21)
Firy=0 ifr<0,
lu(r1) = p(re)| < Lip(p)[ri —r2f,  |pllo < C, (1.22)
and for a = F,p, and ry,r5 > 0,
la(r1) — a(r2)| < K|ri — 72l (1.23)

To allow for dependence on x of the functions, p and F,
x — p(x,r) is measurable on I'c
x — F(x,r) is measurable on I'c. (1.24)

However, this dependence on x will be usually ignored for the sake of simpler
notation.

With the above conventions and definitions, the following existence theorem will
be obtained.

Theorem 1.2. Let Q be a bounded open set in R% having Lipschitz boundary. Then
there exists a weak solution to the partial differential equation given by (L.1f) - (1.3)),
the boundary conditions given by (1.4) - (1.10)) with the constitutive equation for o

given in (1.11)) under the conditions given in (L.13) - (1.24)).

The plan is to show the conditions of a fundamental existence theorem, presented
in the next section are satisfied. First here are some function spaces and definitions
of the same sort used in [16].

&9 denotes the space of second order symmetric tensors on R? with the usual
Frobenius inner product,

A- B = A;;B;; = trace(ABT).

In which the repeated index summation convention is used as will be the case
whenever convenient. It is always assumed €2 is a bounded open set having Lipschitz
boundary. Define the following spaces.

H={o = (0i;) 1 03 = 0 € L*(Q)},
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with the norm and inner product given by

||O'||$_£E/§20'ij0'ijd$, (O’,T)HE/QO'ijTijd.r.

Also define
Hy ={u= (v) :e(u) € H},
with an inner product given by

(u7v)H1 = (u7V)L2(Q)d =+ (6(11),5(V))H
2. A FUNDAMENTAL EXISTENCE THEOREM

The monograph, [12] describes the theory and application of set valued pseu-
domonotone maps. The definition given there is as follows.

Definition 2.1. A : V — P(V’), for V a reflexive real Banach space and V' the
space of linear functionals, is pseudomonotone if the following conditions hold.
(1) The set Au is non empty, bounded, closed, and convez for all uw € V.
(2) If F is a finite dimensional subspace of V, u € F, and if U is a weakly
open set in V' such that U D Au, then there exists & > 0 such that if
v € B(u,d)NF, then Av CU.
(3) Ifuy = uwin'V and if uf € Au; is such that
lim sup (uj, u; —u)y <0, (2.1)
then for each v € V' there exists u*(v) € Au such that

lim inf (u},u; —v)y > (u*(v),u —V)y. (2.2)

As a special case, the above is implied if the following simpler conditions hold.
Definition 2.2. A:V — P(V’), for V a reflexive real Banach space and V' the

space of bounded linear functionals, is pseudomonotone if the following conditions
hold.

(1) The set Au is non empty, bounded, closed, and convex for all u € V and
the set,
{u* :u* € Au for u € B}
for B a bounded set is bounded. Simply stated, A is bounded.
(2) f u; = win V and if uf € Au; is such that

lim sup (u;, u; —u)y <0, (2.3)

1— 00
then for each v € V' there exists u*(v) € Au such that
lim inf (u},u; —v)y > (u*(v),u —v)y. (2.4)
11— 00
The existence theorems in this paper are obtained from reducing to a situation

in which the following theorem can be applied. [7]

Theorem 2.3. Let V' be a real Banach space and let H be a real Hilbert space
containing V such that V is dense in H. Identify H and H'. Suppose p > 2, and
define the space of solutions as follows:

X ={ueLP(0,T;V):u € L (0,T;V")}

lullx = llullze vy + 14l 2o 0,01



6 K. L. KUTTLER EJDE-2007/75

where the derivative is taken in the sense of V' valued distributions,

T
W (8) = - / & (tult)dt

for all ¢ € C(0,T), the space of test functions having compact support in (0,T).
Then suppose

A: X —P(X)
is pseudomonotone and for V = LP(0,T;V),

A:V— PO
is bounded and coercive in the sense that

inf{(u*,u) : u* € Au}

lully—o0,ueX [[ully

Also let f € V'. Then there exists a solution to the initial value problem,
u 4+ Au>s f, u(0) =wug € H.

In the problem considered in this paper, V; will equal L?(0,¢; V) where V is a
closed subspace of H; described above which also contains the functions, C°(£2)4.
Specifically,

V={ueH :u=0o0nTy}.
If no subscript is placed on V it will mean ¢t = T. The Hilbert space mentioned in
the above will be L2(2)4
3. THE ABSTRACT FORMULATION

In the formula for o(t) given in (L.11]) , denote by v the function, W. Then in
terms of these functions,

o(t) EAE(V(t))+5€(U(t))+/O G(o(s),e(v(s)),e(u(s)))ds
where .
u(t) = uo + /O v(s)ds (3.1)

and it will always be assumed that ug € V.
I will also denote by K a constant which is larger than all the Lipschitz constants
which could occur. Thus, for each v € V, ¢ is a fixed point of the operator,

U(v)o(t) = Ae(v(t)) + Ee(u(t)) + /o G(o(s),e(v(s)),e(u(s)))ds (3.2)

Lemma 3.1. For each v € V, there exists a unique fized point o(t) € L*(0,T;H)
for U(v). Also, letting o; be the fized point corresponding to v;,

t
o1 (t) — o2 ()| < Kle(vi)(t) — e(va(t)) | + K/ le(vi(s)) — e(va(s))lnds (3.3)
0
It also follows there exist constants §, C and K such that

(0,6(V)2 = Oe(v(t))[3 — C - K/O le(v(s))[3ds. (3-4)
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Letting o; be the fized point corresponding to v;, there exist constants, §, K such
T 00 - 0202 (0) - vl

> 0%|e(va(t) — e(va(t) |3, — K/Ot le(v1(s)) — e(va(s))[7ds.
Proof. Consider the equivalent norm on L?(0,T;H),

T
o2 = / o (t)2dt
0

I will show if \ is large enough, ¥(v) is a contraction map. Let o; € L?(0,T;H),
1 =1,2.

1W(v)or — ¥(v)o|3

_ / | / Glo1(s). £(v(s), 2(u(s))) — Glo2(s),2(v(s)).(u(s)ds | s

< K/ eimt/ llo1(s) — oa(s)||*dsdt
0 0
T T
=K [ o)~ oalo)? [ te s
0 S
T

T
- / o1 (5) — o (s)||2e > / 1e>6=0) dtds
0 s

<73 [ ) - eallFe s

= L8 on(s) — oa(s) I

Thus there exists a unique fixed point for ¥(v) as claimed.
Now consider (3.3). From the description of ¢ in (1.12)), it follows there is a
suitable constant, K such that

lo1(t) — o2 (t) | < K(le(vi(t)) — e(va(t))|n +/0 le(vi(s)) — e(va(s))|nds)

(3.5)

JrK/O lo1(s) — oa(s)|nds

and now the desired result follows from Gronwall’s inequality and adjusting con-
stants.

Consider (3.4). First, it follows from the description of o in and the as-
sumption that x —G(x,0,0,0) is in H that for some constants, C' and K depending
on the Lipschitz constants for G and the initial data,

o0 < K@)+ 0+ [ Ietv(s)as)

roK( /0|a(s)|;+|e(v(s))|%ds)

and after adjusting the constants and using Gronwall’s inequality,

lo(®)2 < C + Kle(v |H+K/|s ))\2ds. (3.6)
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Now from ([1.12)) and the assumptions on A, &, G, there exist constants §, C, K such
that

(0.6 > Sle(v(B)E, — Kle(u(t) - K / l0(5)[2,ds

—K/ le(v |Hds—K/ le(u(s))3,ds — C

and so, adjusting these constants, yields

(0,2 (V))e > 82=(v(8)) 3 — K/ (v \Hds—K/ o(s)/ds — C.

Now from (3.6)), a further adjusting of constants yields

(o), (v () = B2e(v (), — K / e(v(s))yds — C

Finally, let o; correspond to v;. Then from the properties of A, £, G, it follows there
exists a constant, K such that
t

lo1(t) — o2(t)[# < K<|€(V1(t)) —e(va(®)n + [ le(vi(s)) — €(V2(8))|Hd8)

0
+ K/Ot lo1(s) — oa(s)|nds
and so by Gronwall’s inequality, it follows that after adjusting the constant,
01(t) = 2(t) e < K (Je(va (1) = e(va()) e + / o1 () — evals) o)
which implies that on adjusting the constant again,
jo1(8) = 02Dl < K (|e(va(t) = e(va(t) + / ew1(9) —(va(s) Beds). (37

Now
(01(t) — o2(t),e(v1(t)) — e(va(t)))n
> 0%le(vi(t)) —e(va(t)[F — K/ le(vi(s)) — e(va(s))|Fds
0
— K/O lo1(s) — 02(5)\%@9
which, from , is greater than or equal to
le(w1()) ~ eva®) e — K [ [e(vi(5) — =(va(s)) Beds
0
-K - le(vi(r)) — e(va(r)) 3 drds

and adjusting the constants, is greater than or equal to
t

3?le(va(t) —e(va(t))l3 — K ; [e(v1(s)) — e(va(s))l7ds.

This proves the lemma. (I
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For the rest of this article, o will be this unique fixed point satisfying

o(t) = Ae(v(t)) + E=(u / Glo(s),e(v(s)), e(u(s))ds. (3.8
Recall
V={ue H :u=0o0nTy}
and f € V' is defined by
T T
(f,w) = /0 (£, W) L2(q)dt +/O (£, W) £2(0 ) dt (3.9

where f, € L2(0,T; L?(Q)?) and f,, € L?(0,T; L*()?). Also, I will continue to use
the convention that v = 01 as described above.
Now let w € V and consider the term, div(c). Then from the boundary condi-

tions,
/div(a)-wdwz—/a-a(w)dm—l—/ fn-wda—|—/ on - wda
Q Q I'n T'c
z—/o-s(w)dm—i—/ fn-wda—i—/ onn - wda
Q T'n e

+/ or - wda
T'e

:—/a-e(w)dm—i— £, - wda
Q Ty

~ [ P =9 )Con - wita+ [ op-wrda
Fc FC‘
Let 47 denote the operator
yrw = (YW)r =YW — 7(W - n)n
where v is the trace map on the boundary. Thus v gives the tangential value of

w on J9). Then from Lemma (1.1]), the boundary condition for the friction on I'c
is of the form

or € =77 F((un — 9)4)u(lvr — Ur)dn(vr — Ur)
where 7(x) = [x| for x € R%. Now define an operator, ¥ : V — V' as

T
<Ev,w>yz/ /a-e(w)dxdt
where o satisfies . Thus from Lemma
(Ev, vy > / @ (v(O), — O~ K / (v

:52/ le(v (1)) 2t — K/ /|g V,dsdt — C

after adjusting the constants.
Also let @ : V — P(V) be defined by saying that v* € Qv means there exists
z € L>(0,T; L°°(T'¢)?) such that for all w € V,

T T
/ / z - wrdadt < / / |vr — Ur + wr| — vy — UT|da dt. (3.11)
0 FC 0 1—\C

(3.10)
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and .
wow) = [ [ P = 9ou(ve - Ura wrdade (312)
I'c
The following lemma will be useful later.

Lemma 3.2. In case the function F is bounded, there exists a constant, K such
that if vi € Qv; fori=1,2,

t
(Vi = VEV1 = Valy, 2 —K / [va(s) — va(s)l[Bds
0

where U is a Sobolev space with the property that V' embeds compactly into U and
the trace map from U to L?(I'c)? is continuous.

Proof. Let (v;,2;) for i = 1,2 be such that v} € Qv; is given by (3.12]). Then

< V27V1 V2>Vt

/ [ [P —g)outioir = Orlpe

— F((uzn = 9))p(lvar = Url)zo - (vi = va)rdads

. (3.13)
/ F uln — ) ) (|V1T — UT|)(Z1 — Zz) . (V1 — Vg)TdOzdS

T'c
// ((u1n — )+ )(Ivar — U

— F((u2n — )+ )p(|ver — UT|)>Z2 ~(v1 = v2)rdads

Now the expression in the first term of the right hand side is nonnegative because

of (3.11). Therefore, (vi — v}, vy — va)y is bounded below by the expression in
(3.13]). The absolute value of this is bounded above by an expression of the form

K / s (s) — ws () [va(s) — va(s)lds+
K [ Ivits) = va(s) s

Now adjusting the constants, this is dominated by an expression of the form

t
K [ wis) = va(o)fas
0
which proves the lemma. ([

Finally, define P : V,— V) by

Puwv_// )4+)Cpn - wda.
I'c

Thus, letting J'(r) = Cpp(ry),

Pll V A —/ / )Cnvnda
T'c

- /F (J(un(t) = g) = I (gn — g))da = C
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where C' depends on ug,. Also from the assumptions on p, for each ¢ > 0 there
exists a constant, K. such that

t t s
|<Pu1—Pu2,v1—vQ>Vt|§€/ ||v1—V2||%/ds+K€// [vi — va|Zdrds (3.14)
0 0 0

4. EXISTENCE AND UNIQUENESS FOR AN ABSTRACT FORMULATION

It follows an abstract formulation of the above initial boundary value problem,
(1.1) - (1.10) where the stress is given by (3.8) is
VvV 4IXv+Qv+Pusfin), v(0)=vyec L*(Q)% (4.1)

Solutions to this abstract inclusion are the weak solutions of Theorem [[.2] From
now on a prime will denote the weak time derivative in the sense of V' valued
distributions.

Theorem 4.1. Let ug € V and let vo € L?(Q)?. Then there exists a solution to
(4.1). This solution satisfies

vevy, vel,T;L*(Q)7.
Proof. T will not consider (4.1)) directly. Instead, it will be reformulated in terms of

a new dependent variable, vy defined by
eMvy(t) = v(t)

because the problem in terms of this new dependent variable will satisfy the hy-
potheses of the Theorem stated above.

Then with this definition, v is a solution of (4.1) if and only if v, is a solution
of

Vi + v 4+ e 208(A0Ovy) 4+ e720QerVvy) + e 2O P(u) 3 e AIF in V',
v (0) = vyq.
(4.2)
From (3.4) and the definition of X,

(e_)‘(')E(eA(')V,\), vy

= (25 vy), erOvy )y
T t
> / e (MP(a(O) — O — K / M [e(v () Beds ) e
0 0
T t
> )~ C =K [ [ et (o) st

T ,T
> Bl ~C =K [ [ e Iewa(o)) s
0 s
2 2 1 ’ 2
> ()0 — €~ K5 [ lelva(s)lids
1
2 52||VAH$; - 52\VA|2L2(0,T;L2(Q)d) -C- Kﬁ”‘ﬂ”%}

Thus, if A is large enough, the above expression is greater than or equal to

(82 /2)[vall} = € = 8*[valLao,rir2 (@)
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From the assumptions on F' p,

(e OQ(Ova), vadvl
T
<c / e () |y [va(6) vt
0
T t
<cy / N / va(s) dsllva(6)]l vt
0 0
T t 2
<Co@o)walp+Cs [ ([ Ivaelds) ar
0 0
T t
<C+ (62/16)\\VA||$, + 05/ e*’\tt/ ||V>\(S)H2d5dt
0 0
T T
= €+ (82/16)[val[3 + 05/ / e~ Mdt|[v(s)[2ds
0 s

1 T
< C+(16)[all + C5T(5) / [va(s)|?ds
0
< C+ (5%/8)[[vall}

provided A is large enough. Next using the growth condition for p and adjusting
the constants as the computation proceeds,

T
(€O P(a), va)y| = | / / P((tn — g)4)Corvrnda di]
0 T'e
T
gCnK/ e_)‘t/ (1 + |un ()]) [vrn(t)|dor dt
0 I'e
T
< (82/16)[vall% + Cs / (e / (1 -+ un (8) )t
0 N
- C
< (82/16)[val3 + Cs / / (1 + Jun (D)) da dt
0 I
. C
< (8/16)[val3 + Cs / M (14 [u(t) |2 )dt
0
T t
< (82/16) [vall% + Cs / / lv(s)|2dsdt + Cs/A
0 0

< @10l + o/ | " llv(s)IPds + Ca/x
< (@/8)[vally +1
whenever A is large enough. Letting
Avy = Ay 4+ e 2OD(A0v,) + e 20 Q(er vy ) + e P(u)
It follows is of the form
Vi 4+ Avy 3 e Of (4.3)

and A : YV — P(V) is coercive as described in Theoremwhenever A is sufficiently
large.
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It is clear from the definition that A is bounded. I need to verify A is pseu-
domonotone and then the existence of a solution will follow from Theorem [2.3]

Letting u; correspond to v; as described above and then v); also be given as
above, it follows from (3.5)

<e_)‘(')2(e)‘(')v>\1) + e OP(y) — (eO8(AOvay) + e O P(uy)), vag — m>v
T t
> / 82le(var () — e(vaa()f — Ke 2 / e e(vau(s)) — e(vao(s)) s dt
0 0

T
— K/ e‘”/ [1n, — tzn|[Uain — Urzn|da dt
0 T'e

Using the continuity of the trace maps, this dominates

T t
/ 82e(van (1)) — e(van(t)) 3y — e 2 / €29 |e(vau (5)) — £(vaa(s)) s dt
0 0
T T
e / |y — ug |2t — (62/2) / Var—vaaldt
0 0
T t
> (52/2/ ||V)\1—V)\2||%/ — Ke_”‘t/ 62)‘S|€(V)\1(8)) — s(v,\g(s))ﬁdsdt
0 0

T T t
— 62/2/ \v,\l—v,\2|2L2(Q)ddt — 05/ e‘”‘t/ 62A5||v,\1—v,\2||2dsdt
0 0 0

T T
K+ C,
> 6%/2 / [va—vielpdt - === / [var=vas Pt
0 0

52 T

_ 5 . |V/\1—V>\2‘%2(Q)ddt

It follows that for all A large enough, Bv) given by
Bvy = Ay 4+ e 2On(er0vy) + e 20 P(u) (4.4)

is monotone and bounded as a map from V to V'. Tt is also clearly hemicon-
tinuous, meaning it is continuous on line segments. Therefore, this operator is
pseudomonotone. Since A = B + e~ *()Q, it only remains to verify e=*)Q is also
pseudomonotone.

This operator is clearly bounded. It only remains to verify the pseudomonotone
condition as a map from the space of solutions, X described above to P(X). To do
this, it is helpful to use the following two interesting Theorems found in Lions [10]
and Seidman [I4].

Theorem 4.2. Ifp>1,q¢q> 1, and W C U CY where the inclusion map of W
into U is compact and the inclusion map of U into Y is continuous, let

S={uelP0,T;W):u’ € LU0, T;Y) and |[ul|Lro,r;w) + |0 La(o,rv) < R}
Then S is pre compact in LP(0,T;U).
Theorem 4.3. Let W,U, and Y be as in Theorem[[.3 and let
S={u:[u@®)|w + [l zao,rsv) < R for t €[0,T7}
for g > 1. Then S is pre compact in C(0,T;U).
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It suffices to verify that if v, converges to v weakly in X and if v} € Qv then
for any w € X, there exists v*(w) € Qv such that

lim inf (vi,vi —w) > (v*(w),v — w).
k— o0

This will imply the same is true of e *()Qe*) which will show e *)Qe*) is
pseudomonotone on X. Suppose then that vj converges weakly to v in X and that
vi € Qv and let zy, be the element of On(vy — Up) for n(x) = |x| which satisfies

T
wiw)= [ f (= 9)uvir ~ U - widadr.

I need to verify that for all w € X there exists v*(w) € Qv, such that
ligninf(v}z,vk —w) > (vi(w), v —w)

Suppose this does not happen. Then there exists a sequence as described above
and w € X such that for every v* € Qv,

liminf(vy, v, —w) < (v*,v —w) (4.5)

k—o0

Since {z;} is bounded in L>(0,T; L>=(T'¢)?) it has a subsequence which con-
verges weak * to z € L°(0,T; L>®(I'c)%). Let U be a Sobolev space such that
V embeds compactly into U and the trace map from U to L?(I'¢)? is continuous.
By Theorem there is a further subsequence such that u; converges strongly
to u in C(0,7;U) and by Theorem there is a further subsequence such that
v converges strongly to v in L?(0,T;U). Also v} is bounded in V' so a further
subsequence converges weak * to v*. Now using this final subsequence,

T T
/ / Z - wTda dt S / / |VkT — UT + WT| — |VkT — UT|dOé dt.
0 T'e 0 T'c

and so, passing to the limit yields

T T
/ / Z-WTdadtS/ / |VT—UT+WT|—|VT—GT|dadt.
0 I'c 0 T'c

T
(Vi Vi — W) = / / F((utn — 9))u((vir — Uz))zi - (v — w)pdadt

and

so passing to a limit in this expression yields

T
v = [ [ P = g ou(ve - Ura(v - wyrdade
0o Jre
showing that
lim (vi,v, —w)= (v, v—w)
k—o0

and that v* € Qv contradicting (4.5). This shows A satisfies all the conditions of
Theorem [2.3] and this proves Theorem O

Next consider the question of uniqueness.

Theorem 4.4. In the case that the function F is bounded, the solution to Theorem

[£1) is unique.
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Proof. Recall the abstract equation of Theorem [£.1] is
V4+YXv+Qv+Pusfin), v(0)=vye L*(Q)?

where the operators are defined above. Suppose v; each are solutions for i = 1,2
and denote by v € QQv; that which makes the above inclusion an equality. Then
it follows from Lemma (3.2) there exists a constant, K such that

t
v = Vi1 = Vel 2 <K [ [[va(s) - va(s)l s
0

where U is a Sobolev space such that the embedding of V' into U is compact. From

B.1d),
(Puy — Puy, vy — va)y —5/ [[vi —va|¥ds — K. / / |vi — vol|3-drds
Also from (3.5)) it follows

t t S
(Bvy — Evg, vy — va)y, > 52/ [v1(t) — Vg(t)”%/ds - K/ / lvi — V2||%/drd5.
0 0o Jo

Letting ¢ < §2/2 and adjusting the constants, it follows

1 6%t
210 Va0 e + 5 [ Iva(t) = va(O)lfyds
0 (4.6)

t s t
< KE/ / [lvy — VQ||%,drds + K/ [lvi(s) — vz(s)||2Ud3
0o Jo 0

Now the compactness of the embedding of V into U implies for every € > 0 there
exists a constant C. such that

lwl|z, < ellwll3 + Ce|W|2L2(Q)d
Choosing ¢ small enough, (4.6 implies

1
S0 w2 Ol + 7 [ 1) - vt

<K// ||v1—vQ||Vdrds+K/\V1 )|L2(Q)dds

and now the conclusion that vi = vy follows from Gronwall’s inequality. This
proves the theorem. O

5. THE CASE OF DISCONTINUOUS 7

Assuming F is bounded, it is possible, as in [7, 9] to extend the existence part
of the above results to the case where the coefficient of friction, u is discontinuous.
This is the situation discussed in every elementary physics book where static friction
is greater than sliding friction. Specifically, assume the function p, has a jump
discontinuity at 0, becoming smaller when the sliding speed is positive. Because
of the discontinuity of u the definition of the friction operator, @) will be modified
slightly as follows: v* € Qv will mean

T
wvg/ g F((up —g)4)0 - [|VT—UT—|—WT|—|VT—UTHdadt
C
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where v is in the graph of p a.e. (t,x) where p is the coefficient of friction, assumed
to be decreasing and with a jump at 0. The question of uniqueness is open but the
existence theorem is the following.

Theorem 5.1. Let ug € V, vo € L2(Q)?. Also let u(0+) < u(0) and p is de-
creasing and Lipschitz continuous on (0,00). Then there exists a solution, v, to the
following problem.

veV, vV eV, (u,—g)s€L>(0,T;L*I¢)),
vV +3Xv+Pu)+Qv)>f inV,

v(0) =vg, u(t)=ug —I—/O v(s)ds,

where v* € Q(v) means
/ F((un —9)+ )¢[|VT_UT+WT|—|VT—I;TTHdadt
T'e

where for a.e. (t,%),
b(tx) € [p(0+), n(0)]
whenever (vp — Up)(t,x) = 0 and if (v — Ur)(t,x) # 0, then for a.e. (t,x),
(t,x) = p(lvr — Ur|(,x)).

This solution is the weak limit in X of solutions to the friction contact problem in
which the coefficient of friction is Lipschitz continuous.

Proof. In the following argument, it is assumed that whenever necessary, the func-
tions involved are product measurable representatives.

Let pe(r) = p(r) for all » > &, pe a decreasing function, and . is Lipschitz
continuous. Thus for r > 0,

lim g () = ().

See the following picture which describes the situation.

¢ 11(0)

Then let Q. be defined as before but with p. in place of p. Thus by Theorems
and [£:4] there exists a unique solution, v, to the abstract problem

V.4 5v. +Q.ve + Pusfin V', v.(0) =vo e L3(Q)%

As before, it is convenient to consider an equivalent problem in which the dependent
variable, vy is defined by

var(t)eM = v (t).
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for A large and positive. As before, this yields
Vi + AVer + e 208 (A 0vey) + e 0Q(0vey) + e A P(u) 3 e A Of in VY

vea(0) = vo
(5.1)
and the operator B : V — V' given in (4.4)) is pseudomonotone, in fact monotone
bounded and hemicontinuous while the operator A, of (4.3]) defined by
(Acv,v)v = v + e 208(A0v) + e720Q (2 Ov) + e P(u), vy
is coercive. Furthermore, the coercivity is independent of ¢ in the sense that
Aev,
lim 7< Vi v}y =00
Iviv=oe  [[vlly

independent of € > 0.
Therefore, there exists a constant C' independent of £ such that for v, the

solution to (5.1)),

[verlly < C.

Since the various operators in are bounded, it follows {v.)} is also bounded
in X, the space of solutions defined above. It follows there exists a subsequence,
e — 0, still denoted by {v.x} converging weakly to vy € X. Thus is of the
form

Viy 4 Bvey + e Q. (X 0vy) 3 e 20 in V', via (0) = vo (5.2)

where B is pseudomonotone on V. Let vI, € e‘A(')QE(e’\(')vg,\) be such that

* —

equality holds in the above inclusion. Letting v, = A0y, and v = eA(')v:)\, it
follows

vie Q(ve).
Then taking a further subsequence, it can be assumed vi — v* € X’. Let z. be
the element of L>°(0,T; L>(2)%) such that

T
wtowv= [ [ Pl =g dnclver = Uslae - wrdadt (53)

and for all w € V,

/T/ z. - wprdadt < /T/ |ver — Ur +wr| — |ver — UT|dadt. (5.4)
0 Jre 0o Jre
By Theorems [4.2] and a subsequence satisfies
Uep (1) — un(t)
uniformly in L?(I'¢) and so
F((uen — 9)4) = F((un — g)4) in L*(Tc)

uniformly which implies a subsequence converges pointwise a.e. Taking a further
subsequence,

pe(|ver — Up|) — ¢ weak * in L=([0,T] x Q).

Also, v. — v in L%(0,T;L?(I'¢)?) and so a subsequence has the property that
the convergence is also pointwise a.e. If (vp — Ur)(t,x) > 0, then for all & small
enough, (v.r — Ur)(¢,x) is bounded away from 0 also and so for such (¢,x),

lim pie(jver = Ur)) = p(jvr — Url).
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On the other hand, if (v — Up)(t,x) = 0 then for  any small positive number it
follows that for all £ small enough,

pe([ver — Ur|(t,x)) € [u(0+) — n, 1(0)]
Thus if E = (vp — Up)~1(0),
T
(@xm)E)u0+) ~m < [ [ Xevdadt < (@xm)(EWO)
0 T'e

which requires ¥(t,x) € [(1(0+) — 1), #(0)] a.e. Since 7 is arbitrary, it follows that
for these values of (t,x),v(t,x) € [u(0+),1(0)] a.e. Thus for a.e. (¢,x),9(t,x) is
in the graph of (¢, X) — pu(lve — Ug)).

Now consider . It follows

V = / / usn - )lLLE(|VET - UT|)Z5 wrda dt
I'c

= / r F((uen — g)4 ) pe(|Ver — UTD 59

. HVST — UT + WT| — |V5T — UT|]dOz dt
Therefore, passing to the limit as € — 0 in the above, it follows
T
(v, w)y < / F((un = 9)4)¥(Ive — Ur + wr| — [vp — Ur|)dadt  (5.6)
Te

Note the strong convergence properties of {v.r} also imply

lim sup(vZ,v. — v)y <0.
e—0

To see this consider (5.5)) with w replaced with v. — v. However, you can also
replace w with v — v. and conclude

0 > limsup(vl,v —v.)y = —hmmf(v Ve —V)y
e—0 e—=0
so that
0< limiélﬂv:,v‘E —v)y < limsup(vl,v. —v)p <0. (5.7)
£— e—0

Now recall

Va4 B+ =e2Ofin V', v, (0) = v (5.8)
where

v € e MIQ (eMvey)
“AOv* where v* is from (5.6) and e *)v = vy, it follows

Hence letting vy = e
A()vy), where the following limits hold.

vi€erOQ(e
vi, — vy weak x in )’
Vey — vy weakly in V
vi, — vy weak * in )’
Taking another subsequence if necessary, it can also be assumed
Bv.y —g weak * in V.
Passing to a limit in ,
Vitg+vi=efin), vy(0)=vo
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and it only remains to identify g with Bvy. From ([5.8)),
(<V/g,\ — Vi, Vex — Vi) + (V), Ver — V) + (BVex, Vex — Vi) + (VI Ver — VA>)
= <e*’\(')f7v5>\ — V)

and so

<V/)\avs)\ - V)\> + <BV5)\,V5)\ - V)\> + <V:>\7V5>\ - V)\> < <67)\(.)fa Vex — V)\>~

Hence from (5.7]),

lim sup ((vh, vex — V) + (Bvex, Vex — Va) + (Vi,, Vex — V)
e—0

= limsup(Bv:y, Vexr — Vi) < 0.
e—0

which implies

lim inf()(Bvs,\,vs)\ —vy) > (Bvy,va—vy) =0
£—

and so lim._,g(Bvey, vex — V) = 0. Since B is pseudomonotone, it follows that for
allw eV,
lim inf()(BvEA,vg)\ —w) = lim inf()((BvEA,VEA — Vi) + (Bvea, Vi — W))
E— E—

= lim infé)(BvE,\,vA —w)=(g,vy—w)

> (Bva,va — W)
and so

(8:va— W) > (Bvy,va— W)
and since w was arbitrary, this shows g = Bv). It follows there exists a solution
to
vi + Bvy + e_’\(')Qe)‘(')vA =e *Of in V', va(0) = v
which implies there exists a solution to
v+ Xv+Pu)+Q(v)>f, v(0)=vyo.

This proves the theorem. (I
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