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VARIATIONAL AND TOPOLOGICAL METHODS FOR
OPERATOR EQUATIONS INVOLVING DUALITY MAPPINGS
ON ORLICZ-SOBOLEV SPACES

GEORGE DINCA, PAVEL MATEI

ABSTRACT. Let a : R — R be a strictly increasing odd continuous function
with lims 4o a(t) = 400 and A(t) = fot a(s)ds, t € R, the N-function gener-
ated by a. Let Q be a bounded open subset of RV, N > 2, T[u, u] a nonneg-
ative quadratic form involving the only generalized derivatives of order m of
the function u € WJ"E4(Q) and ga : @ X R — R, |a|] < m, be Carathéodory
functions.

We study the problem

Jau = Z (=) DY (@, D%u) in Q,
lal<m

D% =0o0n0Q,|la] <m-—1,

where J, is the duality mapping on (WZ"EA(f),]| - |lm,4), subordinated to
the gauge function a (given by (|1.5))) and

lullm,a = [[VTu, ulll ),

Il - I ay being the Luxemburg norm on E4(£2).

By using the Leray-Schauder topological degree and the mountain pass
theorem of Ambrosetti and Rabinowitz, the existence of nontrivial solutions
is established. The results of this paper generalize the existence results for
Dirichlet problems with p-Laplacian given in [12] and [13].

1. INTRODUCTION

Throughout this paper € denotes a bounded open subset of RN, N > 2. Let a :
R — R be a strictly increasing odd continuous function with lim;_, a(t) = +o00.
For m € N*, let us denote by W™ E 4 () the Orlicz-Sobolev space generated by the
N— function A, given by

A(t):/o a(s) ds. (1.1)
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In this paper we study the existence of solutions of the boundary-value problem

Jou = Z (=Dl Deg, (2, D) in Q, (1.2)
la]<m
D% =0 ondQ,|la] <m-1, (1.3)

in the following functional framework:

e T'[u,v] is a nonnegative symmetric bilinear form on the Orlicz-Sobolev space
W' EA(R2), involving the only generalized derivatives of order m of the functions
u,v € WiPE 4 (), satisfying

¢ Z (D*u)? < Tlu,u] < co Z (D*u)?® Yu € WyLa(Q), (1.4)
la|=m la|=m
with ¢, co being positive constants;
o ||ullm.a = ||\/Tu,ul||(a) is a norm on W EA(S2), || - [[(a) designating the
Luxemburg norm on the Orlicz space L 4(f2);
o Jo: (WEAQ), ||+ lm,a) = (WEAQ), | - Hm,A)* is the duality mapping on
(WEEA(Q), || - llm,a) subordinated to the gauge function a:

a([[ullm.4) - [ a Umff*%gL
(Jou, h) = CA VT e WEAQ): (L5)
T[u u Tu,u)
Joo (Vg Y de

® g, : QxR =R, |al <m, are Carathéodory functions satisfying some appro-
priate growth conditions.

The main existence results are contained in Theorems [6.4] and [Z.4] and the tech-
niques used are essentially based on Leray-Schauder topological degree and on the
mountain pass theorem due to Ambrosetti and Rabinowitz, respectively.

Let us remark that for the particular choice of a(t) = [t|P72-¢, 1 < p < oo,
m =1 and T[u,v] = Vu - Vo, the existence results given by Theorems and
reduce to the well known existence results of the weak solution in I/VO1 P(Q) for the
Dirichlet problem

—Apu = go(x,u) inQ
u=0 on 9.

The plan of the paper is as follows: In section 2, some fundamental results
concerning the Orlicz-Sobolev spaces are given; these results are taken from Adams
[1], Gossez [19], Krasnosel’skij and Rutitskij [22], Tienari [30].

The main results of section 3 concern the smoothness and the uniform convexity
of the space (W{"E4 (), || - |lm,4). Note that, in order to prove the uniform con-
vexity of the space (W{"E4(€2),]| - [lm,), an inequality given by Proposition
and playing a similar role to that of Clarkson’s inequalities is used. This inequality
is a corollary of a result due to Groger [20] (see, also Langenbach [23]).

The content of section 4 is as follows: the smoothness and the uniform convexity
of the space (W{"E4(2),] - lm,4) allow us to show that the duality mapping on
(WEEA(Q), || - [lm,a) corresponding to the gauge function a is given by

J.(0) =0,
Jatt = a(]| - [lm.a) | - [l7, a(w), w70

Moreover, .J, is bijective with a continuous inverse, J; .
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Section 5 deals with the properties of the so called Nemytskij operator on Orlicz
spaces. These properties will be used later coupled with compact imbeddings of
Orlicz-Sobolev spaces in some Orlicz spaces (a prototype of such a theorem is
Theorem due to Donaldson and Trudinger [I5] (see, also Adams [T]).

In section 6, the existence of a solution for problem , , reduces to a
fixed point existence theorem. Since for any u € WJ"E 4(£2) one has D“u‘ 00 =0,
|| < m — 1, the approach is realized in WJ"E4(f)-space. It is shown that if a
point u € W' E4 () satisfies

Jou = (i" o N od)u,

or, equivalently,

u=(J, ' oi*o Noi)u,

then u satisfies (in the sense of (W' EA(2))"), that is u is a weak solution for
, . In writing of compact operator P = J; ! 0i* o N o4, i* is the adjoint
of 7 and the meaning of 4 and N are given by Propositions and respectively.
In order to prove that P possesses a fixed point in W E4(€2), an a priori estimate
method is used.

In section 7, the existence of a solution for problem , , reduces to
proving the existence of a critical point for the functional F' : WJ"E4(Q) — R,
given by . In order to prove that F' possesses a critical point in W E4(Q),
we show that F' has a mountain-pass geometry. Consequently, the mountain pass
theorem of Ambrosetti and Rabinowitz applies.

In section 8, some examples of functions a for which existence results for the
problem , may be obtained are given. It would be notice that the same
function a appears in examples[8.3] and 8.4} however, the corresponding hypotheses
being different, the existence results are obtained by using distinct techniques: the
mountain-pass theorem for example and a priori estimate method for exam-
ple B4l The same is true for examples [8.6] and B-7] The only a Leray-Schauder
technique can be applied for example A slight modification of function a, ap-
pearing in example [3.8] enables the use of the mountain-pass theorem, as example

[R10] shows.

2. ORLICZ AND ORLICZ-SOBOLEV SPACES

Definition 2.1. A function A : R — Ry is called an N-function if it admits the
representation

It]
A(t) :/0 a(s)ds,

where the function a : R — Ry is right-continuous for ¢ > 0, positive for ¢ > 0
and non-decreasing which satisfies the conditions a(0) = 0, lim;_, o a(t) = oco.

It is assumed everywhere below that the function a is continuous.

Remark 2.2. In many applications, it will be convenient to extend the function a
for negative values of the argument. Thus, let @ : R — R, be the function given by

(o) = {a(t), if ¢ >0

—a(—t), ift<0.
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Then, the function A: R — Ry,

A(t) = /O t a(s) ds,

is an N-function. Obviously, the function a is continuous and odd.

Throughout this paper, we suppose that a : R — R is a strictly increasing odd
continuous function with lim;_, . a(t) = 400 and A is the N—function given by

).

Let us consider the Orlicz class
KA () ={u:Q — R measurable; [ A(u(z))dz < oco}.
Q

The Orlicz space L 4(€) is defined as the linear hull of K 4(£2) and it is a Banach
space with respect to the Luzemburg norm

HUH(A) = inf{k > 0; / A(#) dx < 1}.
Q
Remark 2.3. If a(t) = [t|""2 - £, 1 < p < oo, then A(t) = ' K,(Q) = LA() =
LP(Q) and [lull(ay = p” 7 [|ull Lo (0)-
Generally K 4(Q2) C La(9). Moreover, K4(Q2) = L4(f) if and only if A satisfies
the As-condition: there exist & > 0 and tg > 0 such that

A(2t) < EA(t), for all t > ¢. (2.1)

Theorem 2.4 ([22 p. 24]). A necessary and sufficient condition for the N- func-
tion A to satisfy the Ao-condition is that there exists a constant a such that, for
u >0,

< a. (22)

The N-function given by

Alu) = /Olu a~1(s)ds,
is called the complementary N -function to A.
Remark 2.5. Let p, ¢ be such that p > 1 and p~! + ¢~ ! = 1. If A(t) = %, then
A(t) = . Consequently K+(Q) = Lx(Q) = LI(Q).
We recall Young’s inequality
w < A(u) + A(v), Vu,v €R

with equality if and only if u = a=!(|v]) - signv or v = a(|ul) - sign u.
The space L4(2) is also a Banach space with respect to the Orlicz norm

Hu||A—sup{|/ v(z) dz|;v € K£(Q /A ))de < 1}.
Moreover |22, p. 80],
ullcay < lJulla < 2[ullay, Vu € La(Q).
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One also has a Hélder’s type inequality: if u € La(Q) and v € L(Q2), then uv €
L'(Q) and

|/QU(w)v(x) dz| < 2l|ullayllvll - (2.3)

We shall denote the closure of L®(€Q) in L4(Q2) by E4(2). One has E4(Q) C
K4(9) and E4(R2) = K4(Q) if and only if A satisfies the Ay -condition. We shall
denote by [T (E4(£2), r) the set of those u from L4(Q2) whose distance (with respect
to the Orlicz norm) to E4 () is strictly less than r. If the N -function A does not
satisfy the As-condition, then

[1(Ba(9),7) c Ka(9) C H E4(Q
the inclusions being proper.
Theorem 2.6 ([22 p. 79)). If u € La(Q) and |lul|ay < 1, then u € KA(Q2) and
= [qAu(z))dr < |lull(ay. If u € La(Q) and ||lul[(ay > 1, then p(u; A) >

||U||<A>
Lemma 2.7 ([18]). If u € EA(Q2), then a(Ju|) € Ka().

The Orlicz-Sobolev space W™L 4 (€2) (W™E4(2)) is the space of all u € L4 ()
whose distributional derivatives D%u are in L4 (Q2) (E4(Q2)) for any «, with || < m;

The spaces W™ L4(Q2) and W™E4(Q) are Banach spaces with respect to the
norm

fulwozae = (32 107ulzy) " (2.4)
|| <m

If Q has the segment property, then C*°(€2) is dense in W™ E4(Q) [I, Theorem
8.28]. The space W' E 4 () is defined as the norm-closure of D(2) in W™E 4(Q).
Now, let us suppose that the boundary 9 of Q is C'. Consider the “restriction
to Q)" mapping 7 : C°(Q) — C(99Q), F(u) = ulsq. This mapping is continuous
from (C°°( L lwira)) to (C(OQ), || - |raoe) B9 p. 69]. Consequently, the
mapping 7 can be extended into a continuous mapping, denoted v and called the

“trace mapping”, from (W EA(Q). |- |wirye) to (Ea@9). ]| | £40m)-

Theorem 2.8 ([19, Proposition 2.3]). The kernel of the trace mapping
v WIEA(Q) — EA(8Q) 18 WOIEA(Q)

The following results are useful.

Theorem 2.9 ([7]). W™L4(Q) is reflexive if and only if the N-functions A and
A satisfy the Ao-condition.

Proposition 2.10 ([I8]). There exist constants ¢, and cp o such that

/ZAD“ dm<cm/ ZAchDud

la]<m la|=
for allu € Wi"La(Q).
Corollary 2.11 ([I8]). The two norms

( Z ”DQUH?A))UQ and ( Z ”DQUH?A)Y/Q

lal<m laj=m

are equivalent on WL 4(Q).
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We recall that, if A and B are two N-functions, we say that B dominates A near
infinity if there exist positive constants k£ and tg such that

A(t) < B(kt) (2.5)

for all ¢t > tg. The two N-functions A and B are equivalent near infinity if each
dominates the other near infinity. If B dominates A near infinity and A and B are
not equivalent near infinity, then we say that A increases essentially more slowly
than B near infinity and we denote A << B. This is the case if and only if for

every k >0
A(kt)
——= =0. 2.6
N0 (2:6)
If the N-functions A and B are equivalent near infinity, then A and B define the
same Orlicz space [, p. 234].
Let us now introduce the Orlicz-Sobolev conjugate A, of the N-function A. We
shall always suppose that
1 4-1
A
lim fo) dr < oo, (2.7)
t=0 )y 7N

replacing, if necessary, A by another N-function equivalent to A near infinity (which
determines the same Orlicz space).

Suppose also that

t A—l

lim NS—) dr = 0. (2.8)
t—o0 1 TN

With (2.8]) satisfied, we define the Sobolev conjugate A, of A by setting

ATY(t) = /Ot AilelT) dr,t > 0. (2.9)

TN

Theorem 2.12 ([1]). If the N-function A satisfies and ([2.8), then
Wy La(Q) — La, ().
Moreover, if Qg is a bounded subdomain of ), then the imbeddings
WoLa(Q) — Lp(Q0)

exist and are compact for any N -function B increasing essentially more slowly than
A, near infinity.

Theorem 2.13 ([30, Theorem 2.7]). The compact imbedding
WoLa(Q) — Ea(Q)
holds.
3. GEOMETRY AND SMOOTHNESS OF THE SPACE (W{"E4(Q), | - [lm,4)

Definition 3.1. The space X is said to be smooth, if for each x € X, = # 0Ox,
there exists a unique functional z* € X*, such that ||z*|| =1 and (z*, ) = ||z

The following results will be useful.

Theorem 3.2 ([10]). Let (X, ||||) be a real Banach space. The norm of X is Géiteaux
differentiable if and only if X is smooth.

In order to study the smoothness of the space W["E (), we recall a result
concerning the differentiability of the norm on Orlicz spaces.
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Theorem 3.3 ([22]). The Luwvemburg norm || - ||(ay is Gateauz-differentiable on
E4(R2). For u# 0, we have

Joa (HZH(A)) (z) dx
Jo o(iies) e de

Moreover, if the N-function A satisfies the Ag-condition, then the norm || - || 4y is
Fréchet-differentiable on E4 ().

(- Weay (), by = for all h € Eo(9). (3.1)

The following results will be also useful.

Lemma 3.4 ([30, Lemma 2.5]). If (un)n C Ea(Q2) with u, — u in E4(Y), then
there exists h € K4(Q2) C La(Q) and a subsequence (Un, )n, such that |uy,, (z)] <
h(z) a.e. and up, (r) — u(x) a.e.

Lemma 3.5 ([22, Lemma 18.2]). Let A and A be mutually complementary N -
functions the second of which satisfies the As-condition. Suppose that the derivative
a of A is continuous. Then, the operator N,, defined by means of the equality
Nou(z) = a(Ju(z)]), acts from [[(Ea(R2),1) into K5(Q) = L(Q) = E5(Q) and is

continuous.

Now, let T[u,v] be a nonnegative symmetric bilinear form involving the only
generalized derivatives of order m of the functions u,v € WJ"E 4 (), satisfying the
inequalities (1.4). From these inequalities and taking into account Corollary
we obtain that WJ"E4(§2) may be (equivalent) renormed by using the norm

[llm.a = [V T, ulla)- (3.2)

Theorem 3.6. The space (W"EA(Q), ||“|lm,a) is smooth. Thus, the norm |||/,
is Gateauz-differentiable on Wi EA(Q2). For u # O, (), we have

fn ( uu](w)) Tut@) gy

/ llellm, \/T[u ul(x) m
{l - Hm,A(“)’h> T Tl forallh e W"EA(2). (3.3)
Joa(*; ) dz
Q [, 4 [EAEA

YOS

Moreover, if the N-function A satisfies the Ag-condition, then u — | -
continuous thus || - ||m,a is Fréchet-differentiable.

Proof. Let u # 0 be in W§"EA(2), that is \/T[u,u] # 0g,). Let us denote
(u) = [[\/T[u,ul||cay- It is obvious that 1) can be written as a product ¢ = QP,
where @ : EA< ) — R is given by Q(v) = [lv]la) and P : W"Ea(Q) — Ea(Q) is
glven by P(u) = v/T[u,u]. The functional @ is Gateaux differentiable (see Theorem
and
(Q'(v),h) = [[vll{ay(R), (3.4)
for all v,h € Ea(2), v # 0g,(q). Simple computations show that the operator P
is Gateaux differentiable at v and

P (u)(h) = L (3.5)
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for all u,h € Wi"EA(S2), u # Owgp, (o). Combining (3.4) and (3.5), we obtain
that ¥ is Gateaux differentiable at w and

(@' (u), h) = (Q'(Pu), P'(u)(h))

Tu, h]
={| - |/ 4 (Pu), ———=
(I 1y (Pu) Taa
VTuwul(x)\ Tlu,h](z)
_ an( lwllm,a )\/T[%u](l.) dx
B VTTuul(@)y /Tluul@) ,
Jo () R e

Now, we will show that the mapping u — ¢’'(u) is continuous. In order to do
that it is sufficient to show that any sequence (u,), C W{"E4(Q2) converging to
u € WJ"E4(Q) contains a subsequence (un, )r C (tn)n such that ¥ (uy, ) — ¢'(u),
as k — oo, in (W(;”EA(Q))*. We set

h m
W) = LR e wipEa@),
where ¢ : W"EA(2) — WI"EA(Q) is defined by

[T, T
(p(u),h) = /Q ( HuHm,A ) Tw, u(x) d
and g : Wi"E4(Q2) — R is given by

q(u)/Qa(\/T[U,U](SC))\/T[Uvu](Jf) de.

[[eellm, 4 [l

First, we show that if u, — u in WJ"E4(£2), then the sequence (u,), contains a
subsequence (un, )i C (un)n such that ¢(u,, ) — q(u) as k — oo. Since

I/ Tt un] — V/Tu, u]] < /Tl — u,t, — ul, (3.6)
it follows from
[t — wllm,a = [|[V/T[un — w,up —ullj(a) = 0 as n — oo, (3.7
that
VT [tn, un] — /Tlu,u] asn — oo, in Ea(Q); (3.8)
therefore

\/T[Umun] _ \/T[u, ul
([, [[llm, 4
By applying Lemma |3.5] and obtain
a T[un,un]) . af Tu, u]
[[tnm, [[llm, 4
Then, from Lemma [3.4] it follows that there exists a subsequence (un, )i C (un)n
and w € K5(Q) = E4(2), such that

asn — oo, in E4(0).

) asn — oo, in E4(Q).

T, , Un, () NaTIe) NP
i ) 7, ) koo fracaet (39

and
a( Tlun,,, un, (%)

] ) <w(x), forae. ze. (3.10)
ng |lm,A
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Taking into account (3.7), written for (u,, )x, and applying again Lemma it
follows that there exists a subsequence (also denoted (un,)r), and w; € Ka(£2)
such that

VT U, — U, —u)(z) =0 ask — oo, for a.e. € Q. (3.11)
and
Tt tun, () <wi(z), fora.e. x €l (3.12)
Out of (3.11)) and (3.6]), we obtain
VT [ty tn, |(2) = /Tlu,u)(z) as k — oo, for ae. z € Q. (3.13)
Consequently
Tluny, tn,)(2)
a(——— VT |[un, , up, |(x
(et ()T )
T
— a(M) Tlu,ul(x) ask — oo, for a.e. x € Q
[wllm,a
and

(Ml 0 J0y T < w(o) - wr(a), forae. we @
e

Since w-w; € LY(£2), by using (3.8]) and Lebesgue’s dominated convergence theorem,
it follows that

/a(\/T unk7unk )) \/T[unk’unka) d

T
”unk”mA |ty [lm, A
T T
H/ \/ [, ul( )\/ [u,u}(aj)d , as k — o0,
[[wllm,a [[wllm,a

which is g(un, ) — q(u) as k — oo.
For the (uy, )r obtained above, we shall show that

o(un,) — p(u), ask — oo, in (W(’f””EA(Q))*.
But
Tu,v] = Z Cap(x)D*uDPy,
lo]=[B]=m
where cng € C(9Q), therefore they are bounded.
First let us remark that, for arbitrary h, one has

| (p(un,) = e(u)) (h)]
Tltn, , Un, | (x) D%u,,
- v / o [a( L U () C

\al = [t |lm, 4 T [ty Un, | ()
Tu, u)(z) D%y

—al [ulma  /Tlw, d(@)

< M Z / \/ unk’unk}(‘r)) Daunk

‘unk”mA T[un;wunk}(x)

|p? hdx‘ 610

T[wu}(x) D%y

[le]|m, a Tlu, ul(x)

}Dﬁhdx‘.
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We intend to apply Holder’s inequality (2.3) in (3.14)). Since D?h € E4(Q), for all
0 with |8| = m, it is sufficient to show that

Tiny, o]y DoV Tloely Dou_ yo)

a
1n [[m, A T[tn,, Un,] |/, A T[u, ul
Moreover, we will show that
T'lup,,, un D%uy,, Tu, De
(Y Tttt U (VT Y € B4(Q) = K4(Q).
([t I, 4 Ttny, Un, ] wllm,a * /T[u,u]

Indeed, a T[u’u]) ?a“ € K4(9), because Tluul EA(f2), by Lemma

lwllm, 4

obtain a( T[u’u]) € K#(£2). On the other hand, since T satisfies inequalities
Mullm. 4 A
we have N
_ Dt L
VT u,u). — Ver
therefore

a T[u,u}) D>y Sia( T[u,u])e

wllm,a * /Tlu,u] — ver  (ullm,a
(the N-function A satisfies the As-condition). Consequently,
Tlu,u], D%

a
l[ullm,a * /Tu, u]

K=(Q) = Ex(9). (3.16)

Now, using the same technique, we obtain

( T[unmunk]) Daunk

a € Kz(Q) = Ex(2);

||unk||m,A T[unkvu’ﬂk]

therefore we have (3.15)). Applying Holder’s inequality in (3.14]), we obtain

[(plum,) =)W <My 3 e

|| =] Bl=m
o Tu, u](z) D%y

||U||m,A ) T[u’u](l,)”(Z)HhHm,A-

( T[un“unk](x)) D%uy,
llwn llm, 4 T'un,,, un, | (x)

Consequently,
T[tin,,, n, | () D%u,,
lp(tne) — plu)]| < M (V) -
* O/|—§|ﬂ;|—m ||unkH7n,A T[unk,unk}(x)
T[u, u](x) Deu
" s I
m,A Tu, u](x)
Finally, we show that
Tty Un, | (x) D%y, Tlu, u](x) D>y
a —a — — 0,
L P e BV s o R T PRV oL
(3.17)

as k — oo.
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We will use the following result [29, Theorem 14, p. 84]. An element f € L4(Q)
has an absolutely continuous norm if and only if for each measurable f,, such that
fn— fae and |f,| < |f], a.e., we have || f,, — f[/(a) — 0 as n — oo. The fact that
f € La() has an absolutely continuous norm means that for every € > 0 there
exists a ¢ > 0 such that || f - xg||la < € provided mes(E) < 0 (E C ). Moreover,
any function from E4(2) has an absolutely continuous norm [22] Theorem 10.3].

Then, follows from the above result with the following choices:

T [t tUn, ] D%y,
fe=a Lt € E4(Q),
( ||unk ||m’A ) T[unkvunk] 4
~ Tlu,u]y D%u
f=a € E4(Q)
Rl ) /ey < 75

From (1.4) and (3.11)), it follows

D%y, () — D%(x), for a.e. z €
therefore, taking into account (3.9)), (3.13), we obtain

fr(x) = f(x), ask — oo, for a.e. z €.

On the other hand, from (|1.4) and (3.10), we have
w(z)
<
|fr(@)] < NG
with w € K4(Q2) = E4(Q). Setting

f= % € (),

for a.e. x € Q,

it follows (3.17)). It follows that ||¢(un, ) — @(u)]] — 0 as k — . O
Now, we will study the uniform convexity of the space (W{"EA(Q),] - |lm,4)-

To do it, we still need some prerequisites. We begin with a technical result due to
Groger ([20]) (see, also [23], p. 153]).

Lemma 3.7. Let A(u) = O‘"' p(t) dt and Ay (u) = O‘"l p1(t) dt be two N-functions,
such that the functions p and p1 should satisfy the conditions

@Z@, T>t>0, (3.18)
pt+7)—p(r) > pi(t), 7>t>0. (3.19)
Then ) )
§A(a) + §A(b) — A(e) > Ai(cy), (3.20)
where

_ 2 2
a>b>0, a2bgc§a;b, co =12 ;’b — . (3.21)

The next corollary is a direct consequence of the preceding lemma.

Corollary 3.8. Let A(u) = Olu‘ p(t) dt be an N-function. Suppose that the function
p(t)/t is nondecreasing on (0,00). Then

SA@) + SAB) ~ AW > Ale.),
where a, b, ¢ and ¢, are as in (3.21)).
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Proposition 3.9. Let A(u) = [l ()dt be an N-function. Suppose that the

0
p(t) is nondecreasing on (0,00). Then

FA(VTT]) + AT - A( T2 250 = 4 \/—

Proof. We apply Corollary [3 . with @ = \/T[u, u], b =

Tu+v u—i—v] u—v u—v

function

O

Proposition 3.10. Let A be an N-function. If the N-function A satisfies the
As-condition, then

P La(®) = Ba(@) = Ko@) =R, p() = [ Alu(w))ds
18 continuous.

Proof. Obviously, p is convex, therefore it suffices to show that p is upper bounded

on a neighborhood of 0. But, if |lu/(4) < 1, then p(u) < |lul/4) < 1. O
Proposition 3.11. Let A be an N-function. Then, one has:

1) If p(u) = [, A(u(z))dz =1, then ||lul|a) = 1;

(i) of, in addztzon A satzsﬁes a As-condition, then p(u fQ =1

if and only if ||lu|ay = 1.
Proof. (i) Indeed, we have

1= plu /A ez > [lullay,

the last inequality being justified by the definition of the ||-|| 4y-norm. If [Jul 4y < 1,
then (see Theorem , we have

| Atz <l < 1.
Q

which is a contradiction.
(ii) Taking into account the result given by (i), the “only if” implication has to
be proved. Now, since |lu(4) = 1, we can write

p(u)—/QA(u(I))dx—/QA( ) <

1 [l a)

The strict inequality cannot hold. Indeed, if for some u with [lul|4) = 1, we
have [, A(u(z))dz < 1, then there exists ¢ > 0 such that [, A(u(x))dx +e < 1.
From Proposition limy_1, p(Au) = p(u), therefore, there exists 6 > 0, such
that for each A with [A — 1| < 4, we have

|/A()\u(x))dz—/A(u(x))dz| <e.

It follows that, for 1 < A <144, [, A( ))dx < [, A(u(x))dx +e < 1. Since
Jo A( ))dx < 1, we infer that ||ul|(a) < < 1, which is a contradlctlon O
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Proposition 3.12. Let A be an N-function which satisfies the Ag-condition. If
[ullcay > €, then there exists 1 > 0 such that [, A(u(z))dz > 1.

Proof. Let u be such that [|ul[(4) > ¢. Assume that the assertion in the proposition
is not true, therefore for each n we have [, A(u(x))dz <. This means that p(u) =
Jo A(u(x))dz = 0. Then, the As-condition implies that, p(2Pu) < kPp(u) = 0,
therefore p(2Pu) = 0. Consequently ||2Pul|a < p(2Pu) + 1 = 1, therefore [jul|(4) <
[ulla < 5 < ¢ for p large enough, which is a contradiction. O

Definition 3.13. The space (X, || - ||x) is called uniformly convex if for each ¢ €
(0,2] there exists d(g) € (0,1] such that for u,v € X with ||u||x = ||v||x =1 and
lu—v|x > e, one has [|“F2|x <1—6(e).

Theorem 3.14. Let A(u) = Olu‘p(t) dt be an N-function. Suppose that the
function p(t)/t is nondecreasing on (0,00). If the N-function A satisfies the As-
condition, then W[ E () endowed with the norm

[wllm,a = VT {u,ullla)

is uniformly convex.

Proof. We start with the following technical remark: if the N-function A satisfies a
As-condition and [, A(u(x))dz < 1—n for some 0 < n < 1, there is § > 0 such that
[ullay < 1—4. In the contrary case, there is u satisfying [, A(u(z))dz < 1 —n for
which ||ul[(a) > 1 — 4 for any § > 0. In particular inequality [, A(u(z))dz <1—n
may be satisfied for some u with [|u|| 4y > 1/2. On the other hand, every u satisfying
Jo A(u(z))dz < 1 —n has to satisfy [|ul[a) < 1 (see Theorem and Proposition

3.11). Put a = 1/||ul/(ay. Clearly 1 < a < 2, [laul/(ay =1 and [, A(au(z))dz =1
again by Proposition [3.11)).

Now, by the convexity of A we derive that
1= /QA(au(x)) dx
= /QA (2(a — Du(z) + (2 — a)u(x)) dx
<(a- 1)/QA(2u(m))dx+ (2 a)/QA(u(x))dm

<(a-1k [ Au(@)) dz+ (2 - a)/ Au(z)) da:
Q Q

therefore

1g[(a—1)k+2_a]-/QA(u(x))dx<[(a—1)k+2_a].(1_n).

On the other hand, from % <a<1l 0<n<1andk > 2, it follows that
[(a—1)k+2—a]-(1—n)<1, which is a contradiction.

Now, let € > 0 be and u,v € Wi EA(Q2) such that |[ullma = [|[\/Tu, ullla) =1
s MNvllm,a = [1V/Tv,v]llay = 1 and [[u = vllm,.a = [[\/T[u —v,u —v]|[(a) > €. Then

1452 lm,a = I/ T[*5%, “52]|la) > §. From Proposition [3.12| it follows that there

exists 7 > 0 such that [, A(y/T[“F%, “5%])dz > n. On the other hand, from

Proposition we have [, A(\/Tlu,u])dz = [, A(\/T[v,v])dz = 1. Taking
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into account Proposition we obtain that [, A( [, “T'H’]) de < 1—n.

From the above remark, we conclude that there is a § > 0 depending on € such that
142 ot = /T2, 252y < 1= 6. -

4. DUALITY MAPPING ON (W{"E (), || - [lm,a)

Let X be a real Banach space and let ¢ : Ry — R, be a gauge function, i.e. ¢
is continuous, strictly increasing, ¢(0) = 0 and ¢(t) — oo as t — oo.

By duality mapping corresponding to the gauge function ¢ we understand the
multivalued mapping J, : X — P(X*), defined as follows:

J,0 = {0},
Jor = @([[z]){v" € X7 [lu”]| = 1, (u”, z) = [l=][}, if = #0.

According to the Hahn-Banach theorem it is easy to see that the domain of J, is
the whole space:

(4.1)

D(J,) ={x € X;Jx # 0} = X.
Due to Asplund’s result [3],

[l ]l
T, =ov.wie) = [ e (4.2)

for any x € X and 0 stands for the subdifferential of v in the sense of convex
analysis.

By the preceding definition, it follows that J, is single valued if and only if X is
smooth, i.e. for any  # 0 there is a unique element u*(z) € X* having the metric
properties

(w (@), ) = all, Ju*(@)] = 1 (4.3)

But it is well known (see, for example, Diestel [10]) that a real Banach space X is

smooth if and only if its norm is differentiable in the Gateaux sense, i.e. at any

point z € X, x # 0 there is a unique element || - ||'(x) € X* such that, for any
h € X, the following equality

el =l

tin PR — g (), )

holds. Since, at any = # 0, the gradient of the norm satisfies

H-1'@I=1, - 1'(2),z) = || (4.4)
and it is the unique element in the dual space having these properties, we imme-
diately get that: if X is a smooth real Banach space, then the duality mapping
corresponding to a gauge function ¢ is the single valued mapping J, : X — X7,
defined as follows:

J,0 =0,
Jer = (z)] - [I'(x), ifz#0.

Remark 4.1. By coupling (4.5) with the Asplund’s result quoted above, we get:
if X is smooth, then

(4.5)

) — 0 ife=0
Tor=v(2) {vmmww%m if 2 0, (46)

where v is given by (4.2).
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From (4.4) and (4.5)), it follows that
[Tl = e(llzl),
(o) = o(all)2ll, for all 2 € X.

The following surjectivity result will play an important role in what follows:

(4.7)

Theorem 4.2. If X is a real reflexive and smooth Banach space, then any duality
mapping J, : X — X* is surjective. Moreover, if X is also strictly convex, then
J, is a bijection of X onto X*.

In proving the surjectivity of J,,, the main ideas are as follows: (for more details,
see Browder [5], Lions [24], Deimling [9])
(i) J, is monotone:

(Jox = Ty, —y) = (@(llz])) = (lyl) (=]l = llyl)) = 0,Va,y € X.

The first inequality is a direct consequence of while the second one follows
from ¢ being increasing.

(ii) Any duality mapping on a real smooth and reflexive Banach space is demi-
continuous:

T — T = Jorn — Jox.

Indeed, since (x,),, is bounded and [|J,z,|| = ¢ (|2x]]), it follows that (J,z,,),, is
bounded in X*. Since X* is reflexive, in order to prove J,x, — J,x it is enough
to prove that Jyx is the unique point in the weak closure of (J,x),,.

(iii) Jy, is coercive, in the sense that

(Jpz, )
]

According to a well-known surjectivity result due to Browder (see, for example,
Browder [5], Lions [24], Zeidler [31], Deimling [9]), if X is a reflexive real Banach
space, then any monotone, demicontinuous and coercive operator 7' : X — X* is
surjective.

Consequently, from (i), (ii), (ili) and the Browder’s surjectivity result above
mentioned it follows that, under the hypotheses of Theorem J, is surjective.

It can be shown that if X is a strictly convex real Banach space, then any duality
mapping J, : X — P(X*) is strictly monotone, in the following sense: if z,y € X
and z # y, then, for any 2* € J,x and y* € J,y one has (z* — y*, 2z —y) > 0.
Clearly, the strict monotonicity implies the injectivity: if =,y € X and x # y then
Jox N Joy = 0. In particular, if the strictly convex real Banach space X is also a
smooth one, then any duality mapping J, : X — X™ is strictly monotone:

<J¢Z*J@y,$*y>>0, Vl’7y€X,.’£7éy,

= ¢([l]) = oo as [z]| — oo

and, consequently, injective.

Corollary 4.3. If X is a reflexive and smooth real Banach space having the Kadec-
Klee property, then any duality mapping J, : X — X* is bijective and has a
continuous inverse. Moreover,

It = x5, (4.8)

where J;,l : X' — X** ds the duality mapping on X* corresponding to the gauge

function o=! and x : X — X** is the canonical isomorphism defined by (x(z),z*) =

(x*,x), for allx € X, for all x* € X*.
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Proof. The existence of J; ! follows from Theorem As far as formula is
concerned, first we shall prove that, under the hypotheses of Corollary [4.3] any
duality mapping on X* (in particular, that corresponding to the gauge function
¢~ 1) is single valued. This is equivalent with proving that X* is smooth.

The smoothness of X* will be proved by using the (partial) duality between
strict convexity and smoothness given by the following theorem due to Klee (see
Diestel [I0, Chapter 2, §2, Theorem 2]):

X" smooth (strictly convex) = X strictly convex (smooth).
Clearly, if X is reflexive, then
X* smooth (strictly convex) < X strictly convex (smooth).

Now, by the hypotheses of Corollary X is reflexive and smooth. Also, by the
same hypotheses, X possesses the Kade¢-Klee property, that means: X is strictly
convex and
[z, = z and |z, || — ||z|]] = zn — 2. (4.9)
Consequently, X being reflexive, smooth and strictly convex so is X*.
Let us prove that equality (4.8]) holds or, equivalently,
xJg et = J5 ot Vat e X+ (4.10)
From the definition of duality mappings, J;,lx* is the unique element in X**
having the metric properties
* * * —1 * *
(Jorz™,z%) = o7 (lz*]]) l=",
[Jg-az™ll = ¢~ (ll2*]]) -
We shall show that x.J; La* possesses the same metric properties and then the result
follows by unicity. Putting z* = J,x it follows (by definition of J,) that

(4.11)

" = o(llz]),
(@, 2) = e(llzIDlzl = o7 (") ll*]l
and, consequently, we deduce that
(xJgta® ") = (x(z), ") = (2%, 2) = o~ (")) [l="]),
IxJZ e[l = Ix(@)ll = llzll = o~ (ll])

Equality (4.10) follows by comparing (4.11) and (4.12)) and using the uniqueness
result evoked above. Formula l) is basic in proving the continuity of J;; L. Indeed,

let z} — 2* in X*. As any duality mapping on a reflexive Banach space, J;‘,l is
demicontinuous, J;_lx;‘; — J;_lx*. Consequently, we deduce that

(4.12)

Jotwh = x TNy, = x T et = I e (4.13)
On the other hand,
15 sl = x|l = Tl = o () — ¢~ (lel) = 15 ).
(4.14)
From (4.13), (4.14) and the Kadec-Klee property of X, we infer that J 'z, —
Jolzx. [l
2

Corollary 4.4. If X is a weakly locally uniformly convex, reflexive and smooth
real Banach space, then any duality mapping J, : X — X* is bijective and has a
continuous inverse given by
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Proof. Since any weakly locally uniformly convex Banach space has the Kadec¢-Klee
property (see Diestel[Chapter 2, §2, Theorems 3 and 4(iii)][10]) the result follows

by Corollary O

Theorem 4.5. Let ¢ be a gauge function. The duality mapping on (Wi"E4(Q),
|te||m,a) is the single valued operator J, : Wi EA(Q2) — (Wg”EA(Q))* defined by

! 0 ifu:O
Jou — -
ou =) {so<||u||m,A>||'|;M(u> ifut0,
where
”u”m,A
(u) = / p(t)dt = ® (Jullm.a), Vue WEA(R),

where ® is the N-function generated by ¢ and, for any u # 0, || - ||, a(u) being
given by .
This result immediately follows by Theorem [3.6] and Remark [£.1}

5. NEMYTSKIJ OPERATOR ON L 4(2)

We recall that f: Q xR — R is a Carathéodory function if it satisfies:
(i) for each s € R, the function  — f(xz,s) is Lebesgue measurable in Q;
(i) for a.e. = € Q, the function s — f(z,s) is continuous in R.

We make convention that in the case of a Carathéodory function, the assertion
x € Q) to be understood in the sense a.e. x € .

Proposition 5.1 ([22, Theorem 17.1]). Suppose that f : @ xR — R is a Carathéo-
dory function. Then, for each measurable function u, the function Nyu : Q — R,
given by

(Nyu)(z) = f(z,u(z)), for each z € Q (5.1)

is measurable in €.

Definition 5.2. Let M be the set of all measurable functions v : Q@ — R, f :
2 x R — R be a Carathéodory function. The operator Ny : M — M given by
(5.1) is called Nemytskij operator defined by Carathéodory function f.

Theorem here below states sufficient conditions when Nemytskij operator maps
a Orlicz class K4(Q) into another Orlicz class Kp(2), being at the same time
continuous and bounded. The following result is useful.

Theorem 5.3. Let A and B be two N -functions and f : QxR — R be a Carathéo-
dory function which satisfies the growth condition

|f(z,u)| < c(z) +bB~ ! (A(u) ,x € Qu € R, (5.2)

where ¢ € Kp(QY) and b > 0 is a constant. Then the following statements are true:

(i) If B satisfies the Ag-condition, then Ny is well-defined and mean bounded
from K4(Q) into Kp(Q2) = Eg(R?). Moreover, Ny : (EA(Q)7|| ) ||(A)) -
(Es(),] - () is continuous;

(ii) If both A and B satisfy the As-condition, then Ny : (Ea(Q),| - [l(a) —
(Es(Q),]- () is norm bounded.
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Proof. Let us first remark that the well-definedness of Ny as well as the continuity
and the boundedness on every ball B(0,7) C L4(2), with r < 1, may be obtained as
consequences Theorem 17.6 in Krasnosel’skij and Rutickij ([22]). The proof of this
theorem is quite complicated; that is why a direct proof of Theorem [5.3] including
the supplementary result given by (ii), will be given below.

(i) Let u,v € R. Since B is convex and satisfies the As-condition, one has

1 k
B(u+v):B(2~§(u+v)) < i(B(u)—l—B(v)). (5.3)
Let p be such that 2P > b. Since B satisfies the As-condition, one has
B(bu) < B(2Pu) < kP B(u). (5.4)

Now, let u € K4(€). By using (5.2)), (5.3)), ( and integrating on €2, we have

[ B @) do = [ B(feu@) do
Q Q

< E/ B (c¢(x)) dx+
2 Ja

saying then Nf(KA(Q)) C LB(Q) = EB(Q)
From (5.5)) it follows that, if u € K4(Q) and [, A(u(z)) dz <const., then

/QB [Nf(u)(x)] de < g/QB(c(x)) dx + const.;

therefore Ny transforms mean bounded sets in K 4(€2) into mean bounded sets in
Ep(Q).

Now, let us consider u € E4(Q2). For the continuity of Ny, it suffices to show
that every sequence (uy,), C Ea() such that

fp+1 (5-5)

/QA(u(x))dz < o0,

lim |lu, —ulla =0
n—oo

has a subsequence (up,)r such that Nf(u,,) — Nf(u) as k — oo, in Lp(2) =
Ep(Q).

Indeed, let (u,), be a sequence as above. By using Lemma it follows that
there exists a subsequence (un, )i C (un)n and h € K4(€) such that

klim Un, () = u(z), ae x€Q (5.6)
and
[tn,, ()] < |h(z)], ae xze€QkeN. (5.7)

The function f being a Carathéodory function, it is clear that
klirn Ni(un,)(x) = Np(u)(z), ae x€Q,
— 00

therefore,
leIEOB (N¢(un, )(z) — Ne(u)(z)) =0, ae ze€. (5.8)
On the other hand, from it follows that
INf(un, ) ()| = | f(z,un, (2))| < c(z) +bB ' (A(h(z))), ae z€QkeN.
Consequently, by using a similar argument to that in and taking into account

(5.7), one obtains
B (Ng(un,)(x)) <

k kp+1
2

B (e(a)) + A (h()),
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and by using a similar argument to that in (5.5)), one has

BNy ()(x)) < 2B @) + *

therefore, by (5.3)) and the preceding two inequalities, one obtains

A(h(z));

B (Ny(un, ) (2) — Ny (w)(w) < & B (Ny(un, ) (@) + & B (Ny(u) )
< X Blea) + E A0 + Aluta)

Since the right term of this inequality is in L!'(Q) and (5.8) holds, by applying
Lebesgue’s dominated convergence theorem, it follows that

Tim [ B(Ny(un,) (@) = Np(w)(2)) dz =0,
o Jo

that is the subsequence (N (up,)), converges in mean to Ny(u). The N-function B
satisfying the A, -condition, it follows that the subsequence (Ny(uy, )), converges
in norm to Ny(u), therefore the operator Ny is continuous.

(ii) Now, let us suppose that A satisfies the Ag-condition. If the set M C E4 ()
is norm bounded, then, from As-condition, it follows that M is mean bounded,
therefore N¢(M) is also mean bounded. But any mean bounded set is norm
bounded too. O

Now, let us consider the functional G : E4(92) — R given by

w) = /Q G (z,u()) da, (5.9)
where
G(J:,s)z/o flx,7)dr. (5.10)

We recall the following result concerning the differentiability of the functional
F.

Theorem 5.4 ([22], Theorem 18.1)). Let f : QxR — R be a Carathéodory function.
Assume that there exists an N -function M such that

\f(z,u)| < e(z) +bM ' (M(u)),z € QueR, (5.11)

where M is the complementary N -function to M, ¢ € K+7(2), b> 0 is a constant
and M satisﬁes the Ag-condition. Then, the functional G, given by (5.9), is of class
Ct on En(QY), with Fréchet derivative given by

/Nf x)dz:/gf(x,u(x))h(x)d:r, u,h € Ep(Q). (5.12)

6. AN EXISTENCE RESULT FOR (1.2)), (1.3)), vIA A LERAY-SCHAUDER TECHNIQUE

Since any u € W E 4 () satisfies the boundary conditions (see Theorem
2.8)), the idea is to prove the existence of an element u € W[ E 4 () which satisfies
also in a sense that will be clarified.

First, we shall prove the following result.
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K

Proposition 6.1. Let A(u) = |,
As-condition. Suppose that the function

a(t)dt be an N-function which satisfies the
at)
¢

Ju: WIEA(Q) — (W EA(Q))"

is a bijection, with monotone, bounded and continuous inverse.

is nondecreasing on (0,00). Then

Proof. According to Theorem Wi E4(£2) is uniformly convex (in particular,
reflexive) and smooth (Theorem [3.6) The result follows by Corollary O

In what follows, we give a meaning of the right member in (1.2)) as operator
acting from W' E4(Q) into (WJ"EA(Q))". To do it, let us first remark that if M,,
|a| < m, are the N-functions, then, the space

X= () W™ 'Ly, (). (6.1)
|aj<m
is complete with respect to the norm
lulx = Y lullwn-iLy, @ (6.2)
|a|<m

Indeed, if (uy), is a Cauchy sequence in X, then this sequence is Cauchy in
Wm=LLy (), for each o with |a| < m, therefore there exists v, € W™ 1Ly, (Q),
|a| < m, such that

[tun = vallwm-11,, (@) — 0 asn — oo,
and o with |a| < m. Then
|tn — vall(ar,) — 0 asn — oo,
and « with |a| < m. Consequently, since €2 is bounded, we have the imbeddings
Ly, () — LY(Q), for |a| <m,
therefore taking into account the uniqueness of the limit in L'(£2), we can set

U = Vg, |a| < m. Obviously, u € X and ||u, —u||x — 0 as n — oo, that is X is
complete.

Proposition 6.2. Let Q be any domain in RYN. Let A(u) = fo‘ul a(t)dt be an
N-function, which satisfies the conditions and . Let m € N* be given.
Suppose that, for each o with |a] < m, there exists an N-function M, which in-
creases essentially more slowly than A, (the Sobolev conjugate of A) near infinity.
Then, the imbedding

WeBa(Q) <5 X = (| W™ 'L, ()
lal<m

exists and is compact.

Proof. If u € WJ"EA(Q), then u € E4(Q), DPu € EA(), |3] <m and D?u = 0 on
09, |B] < m — 1. Therefore, for each 3 with |3| < m — 1, DPu € W} E(9), since,
if |3| <m—1, DPu € Ea(), the first order derivatives of the function D”u are of
the form D%u, with || = |8] +1 < m. Or D% € E(Q), |a| < m and DPu =0
on 09 for |B| < m — 1. Therefore, if |3] < m — 1, DPu € W} E4(Q). Under the
hypotheses of proposition [6.2} by applying Theorem [2:12] it follows that the imbed-
dings Wi EA(Q2) — L, (Q), |a| < m, exist and are compact. Consequently, for a
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fixed a, |a| < m, DPu € Ly (Q), if |8] < m, that is u € W™ 1Ly (Q), there-
fore u € (41 <m Wm=LLy (Q). Moreover, from the continuity of the imbeddings

WEEA(Q) — L, (), |a] < m, it follows that there exists a positive constant C,
such that

HUHX S C”u”ﬂ’L,A-
On the other hand, for |3| < m — 1, we have

ID%ullw g0y < lullwe 2ac)-

Now, let (u, ), be a bounded sequence in W E4(2). Then (D"u,),, is bounded
in Wi E(Q), for any 3, |3| <m — 1. Since the imbeddings W3 E4(2) — L, (),
la| < m, are compact, for each |3| < m, (D?u,),, is precompact in Ly, (), for any
a. Consequently, the sequence (D%uy,),, contains a subsequence (DPu,, )x which
converges in Ly (), for any «, |a| < m. By finite induction, one can select
a subsequence, also denoted (un, )i of (un)n, such that for |8| < m, (DPu,, )k
converges in Ly (€2), for all «, |a| < m. Therefore

DPu,, —ug, € Ly, (R) as k — oo.

Since € is bounded, the imbedding Ly, (2) — LY(Q) is continuous. It follows
that ug, = ug, for each a. Therefore,

DPu,, —ug, k—o00, VB, |B| <m—1, ug € Ly, (), Yo, |a] <m — 1.

If u,, — uask — oo and DPu,, — ug as k — oo, 0 < |3] < m — 1, then, by
using the continuity of distributional derivation, it follows that D%u,, — DPu as
k — oo, therefore ug = u. Thus (uy,, ), converges to u € W™=1Ly, (Q), for every
a with |a| < m. Therefore, u € X and u,, — u as k — oo in X. ]

Proposition 6.3. Let m € N* be given and let g, : @ x R — R, |a] < m, be the
Carathéodory functions. Suppose that, for each a with la| < m, there exists an
N -function M., such that M, and M, satisfy the As-condition, such that

lga(z, 8)| < colz) + daﬂ;l (My(s)), x€Q,seR,|al <m, (6.3)

where co € K37 () and do is a positive constant. Let us consider the space X
given by , endowed with the norm . Then, the operator N : X — X*,

(Nu) (h) = > /Q 9oz, D*u(z))D*h(x)dz, (6.4)

|a|<m
is well-defined and continuous.
Proof. Indeed, if u € (4| <,p, Wm=1L (), then, for any «, with |a| < m, we have

u € WMLy (Q); therefore, if |a| < m, it follows that, for any 3, with |3| < m,
DBy € Ly, () = Ey, (Q), since M, satisfy the Ag-condition. Consequently

(] W 'L, ()

|a]<m

={ue () La,(Q) | Due () Lar(Q),¥8] <m—1}.
|al<m || <m

Using Theorem it follows that go(z, D*u(z)) € K37 (), |a| < m. Therefore,
N is well-defined.
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Now, we will show that the operator N is continuous. Let v € X and (uy,), C X
be such that ||u, — u||x — 0. Then, for each o with |a| < m, we have

un — ullwm-11,, @ —0 asn— ooc.
Consequently, for any 3, with |5| < |a| < m, we have
| DPu,, — DBuH(Ma) — 0 asn — oo.

In particular
D%u,, — D% —0 asn— oo,
(aa)

for any o, with |a| < m. Using Theorem we obtain
[Ngo (D%un) = Ng, (D*u)l 37,y — 0 as n — oo,

for each a, with |a| < m. Consequently, by using the generalized Holder inequality

, we have
IN (un)(h) = N(u)(h)]

=S / (00, Dt (2)) — g, D*u())] Dh(z)da

lal<m
<2 Y [INg, (D%up) = Ny (D*u)|| 37, 1D R (a1
laj<m
<2 Y |INg. (D%un) = Noo (D*u)| a7 1oll qwrm =110,
|a|<m
<2(0 3 NG (Dun) = Ny, (D°w)| a7 ) I x:
|aj<m
therefore
IN(un) = N(u)|x- <2 > [Ny, (D%up) = Ny (D*u)l| 57,y = 0
laj<m
as n — 00, that is the operator N is continuous. ([

Let us suppose that the hypotheses of Propositions [6.2] and are satisfied.
Then, the diagram

W EA(Q) S () W' Ly, () & ( N WmflLMa(Q)) & (WS”EA(Q))
|a|<m |a|<m
(6.5)
shows that i* o N o ¢ is a compact operator from W{"E4(Q) to (Wi EA(Q2))*.
An element u € W[ E4 () is said to be solution of problem , (1.3)) if

Jou= (i o N o) (u) (6.6)
in the sense of (W§"EA(Q))" i.e.
Jau, h) = ((i* o N o) (u), h),

—~

for all h € WJEA(Q) or

(el 2) - fo o (YD) L

I (m)\/md =2 /an(anaU(fU))D“h(x)dx (6.7)
Qa2 x

Talm.a ) Tallm.a laj<m
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for all h € W[ E4(Q).

Problem , reduces to a fixed point problem with compact operator.
Indeed, by Proposition the operator J; ' @ (WEA(Q))" — WEa(Q) is
bounded and continuous. Consequently, ) can be equivalently written

u=(J, ' oi*oNoi)(u)
with J; 1 oi* o Noi: Wi"EA(Q) — W{"EA(Q) being a compact operator. We will
use the ”a priory estimate method” in order to establish the existence of a fixed
point for the compact operator P = J;1oi*o Noi: WIEA(Q) — WiEA(Q).

Theorem 6.4. Let A(u) = O\ul a(t)dt be an N-function, which satisfies the Aq-

condition and -, . Suppose that %") is nondecreasing on (0,00). Let m €
N* be given and let go : 2 x R = R, |a| < m, be Carathéodory functions. Assume
that, for each « with |a| < m, there exists an N-function M, which increases
essentially more slowly than A, near infinity and satisfies the As-condition, such
that the growth conditions hold. If

tM,(t) o] <
=su ol <m
T M)
and v = maX|q|<m Yo Satisfies
., ta(t)
inf ——=
TSP = Ay

then the operator P = J, 1oi*oNoi has a fized point in W' E () or equivalently,
problem (n) (-) has a solution. Moreover, the solution set of problem ,
(1-3) is compact in W E4(€2).

Proof. In order to prove that the compact operator P has a fixed point, it suffices
to prove that the set

S={ueWJ"Es(Q) | 3t € [0,1] such that u = tPu}
is bounded in W E4(€2). To do this, a technical lemma is needed. O

Lemma 6.5. Let A(u) = Olu‘ a(t) dt be an N -function.

(a) If po = infyso 2 A(t then for any t > 1, one has A(t) > A(1)tPo;
(b) If A satisfies the Ag-condition and

then oo > p* > 1 and for any u € LA(Q) with [|ul/(a)y > 1, one has
| Atutads < (6.9)

Proof. (a) First, we remark that, from Young’s equality, we have
ta(t)
At)
therefore pg > 1. Integrating the inequality

a(t) _ p
Al = =

>1, foranyt >0, (6.9)

7> 0.
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over the interval [1,¢], we obtain
At) > A(L)tPe, fort > 1. (6.10)

(b) According to (6.9), p* > 1. Since A satisfies the As-condition, kA(t) >
A(2t) > ta(t); therefore

ta(t
o) b with k> 2.
A(t)
Thus, p* is finite and
a(t) _ p*
< — 0.
Alr) — 77 s
Now, let u be such that [jul| 4y > 1. Integrating over the interval [‘;Zﬁﬁl) s Ju(@)]],
we obtain ()|
u(z .
Alu(z)) < A( Mullf 1) (6.11)
[l ay”™ A

Integrating over {2 and taking into account that

[ gl
o lulla
it follows .

Now, let u € S, u = tJ; ' (i*Ni)u, t € (0,1]. Then J,(¥%) = (i*Ni)u, therefore
(see (6.7)), we have

u —)= %((Z*Nz)u, u) :% Z /an(x,Dau(x))Do‘u(x)d:c. (6.12)

AN

|af<m

On the other hand, we have the following estimate (see (6.3)):

| Y [ suler. Dula)) D ufa)

lal<m

< % [ lonlo. D@D ula) o

|al<m

<Y [ [+ T (oD u(@))] D7) o

|aj<m

< Z / co(z)|Du(x)| dx + Z da/ M;l (Mo (D%u(2))) | D%u(x)| dx.
|a|<m Q |a|<m a
(6.13)
Now, for any N-function M, one has the inequality

MY, (1) <2, V> 0;

[0

therefore, setting ¢t = M,/(s), we obtain s - M;l (M, (s)) < 2M,(s). Consequently,

we have
M, (Mo(D%u(2))) |[Du(x)| < 2Mq(|D%u(x)]). (6.14)

Then, taking into account (6.12), (6.13)) and (6.14), it follows that

CIOH DL Y [ a@Dtu@lde 2 Y do [ Mo(Du(a))d

|a|<m |a|<m
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therefore, we have

1 1 U, U
it -elgliln) = 02
(6.15)
<7 > /ca )| Du( |d:c+f > da /M (ID* (u(x))|)da
‘04|<m || <m
However, for |a] < m, we have
1Dl (are) < Mullwm—rza, @) < lullx < cflullm,a, (6.16)

the space X being given by . Therefore, from Holder’s inequality, we have
|/Qca(ff)\DQU(x)|dw| < 2|lcallar ) 1P ullara) < 2¢lleallaz,yl[wllm.a- (6.17)
On the other hand, if || D%ul|(as,) < 1, then (see (6.16))
/M (D*u(@))dz < | D%ullrr,y < ellullm.a.
If | D%ul|(az,) > 1, then from ,
[ M0 (wta)))ds < 1@, <l 0

with v > 1. Consequently, if u € WJ"E4(£2), we have

/ Ma(Du(x))dz < Ol 4 + clullma, o] < m. (6.18)
Then, from (6.15)), (6.17)), (6.18), we obtain
1 1 D FE
L R 0 o I A

where D = 2¢7 Z\a|<m de and E = 202|a|<m (da + ||Ca||(ﬁa))'
On the other hand, from Young’s equality and (6.10)), we obtain

u u u AT .
1l (1 ) 2 A a) > AN 2 = S 0l
thus
A1) D E
Sl g < 2l 4+ = (6.19)

where D =2¢737, ., deand E'=2c37,, (do + ||Ca”(ﬁa))~ Consequently

AMullyy 4 < DMl 4+ Bt ullm,a < Dl 4 + Ellullm,a;  (6.20)

therefore
AQ)|ulPe 7t = Dljull}) 3 — E < 0. (6.21)

We remark that, since v < pg, inequality (6.21)) implies that there exists a constant
C such that ||ul[m,a < C. O
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7. AN EXISTENCE RESULT FOR (|1.2)), (1.3), VIA MOUNTAIN PASS THEOREM

In this section, the existence of weak solution for the problem ([1.2)), (1.3) will
be proved by a variational method. First, we recall a version of the Mountain Pass
Theorem ([2]) as given in ([28]).

Theorem 7.1. Let X be a real Banach space and I € C*(X,R) with I(0) = 0.
Suppose that the following conditions hold:
(G1) There exist p >0 and r > 0 such that I(u) > r for ||u|| =p;
(G2) There exists e € X with |le|]| > p such that I(e) <
Let
I'={y € C([0,1]; X);7(0) = 0,7(1) = e}
and set

= >r).
©=Jebemn 100 (e2n)

Then, there is a sequence (up)n in X such that
I(up) — ¢ and I'(uy) — 0 asn — oo.

Remark 7.2. Let A be the N-function given by (1.1). Suppose that A satisfies
the Ao-condition. Then, according to Lemma [6.5{(b),

ua(u)
0o > p* = sup 1
u>0 A( )
Therefore,
a(u) _ p
< —,u>0.
Afw) = "
Integrating over the interval [t1, 2], to > t1 > 0, we obtain
A(tQ) t2 p
= 7.1
Alta) — (t1) (1)
In particular, for 0 < ¢t < 1, one obtains
At) > AP (7.2)
and for 1 < t it follows that
A(t) < AP . (7.3)

Lemma 7.3. Let A be an N-function which satisfies the Ao -condition. Then,
there exists a positive constant C, such that

[ A m<c/ VITwd(@) de, (7.4)

forallu € Wa”EA(Q) and any « with |a] < m.

Proof. Indeed, from Proposition and the left hand side of inequality (1.4]), we
obtain

Cm,Q
A(D*)dx < sc /A—’ Tlu,ul(x)) dz, 7.5
| A < sey [ A2 T ul) (75)
where s is the number of the multi-index o with \oz| = m. Let r be such that

2" > 2 GQince A satisfies the As-condition, from it follows that

Ve
/QA(DO‘u) dx < scmkr/ﬂA< T[mu](x)) dx

and lemma is proved. [
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Lemma allows us to define

a ueWaﬂElg(Q),u;éO fQA(Dau(x)) dr ; |OK‘ <m, ( . )

for any o with |a| < m.
It is easy to see that (minj,|<m, Aa) " is the best constant C' in writing inequality

)
Our goal is to prove the following result.
Theorem 7 4. Let A(u fo t)dt be an N-function, which satisfies the con-

ditions and - Assume that A and A, the complementary N -function to
A, satisfy the Agy-condition. Also, let go : @ X R — R, |a| < m, be Carathéodory
functions with primitives

G (m,s):/ 9o, T) dT. (7.7)
0
Let us consider the numerical characteristics
ta(t ta(t tA’ (t
at) o otalt) LA s

— inf = — sup —~ —
Po=iSoawy P TN Ay TR AL
A, being the Sobolev conjugate of A.
Suppose that the following conditions hold:
(H1) there exists a positive constant C' > 0 such that
A(t) > C - P Vit € (0,1); (7.9)
(H2) there exist the N-functions My, |a| < m, which increase essentially more
slowly than A, near infinity and satisfy the As-condition, such that
90(2:8)| < o+ dod, (Ma(s),2 € Qs €RJal <m,  (7.10)

where M, are the complementary N-functions to M, and ca, do are posi-

tive constants;
(H3)

lim su gOé (‘T) S) C)\
s_,op a(s) 2Ny’
uniformly for almost all x € ), where \, are given by @ and No =

Z|a\<m L;

(H4) there exist sq > 0 and 0, > p* such that
0 < 0,Ga(x,s) < sgalx,s), forae ze (7.12)

and all s with |s| > s, and p* is given by (7.8);
(H5) po < pa.
Then, the problem (1.2), (1.3) has non-trivial weak solutions in Wi*E ().

(7.11)

To prove the theorem, the Mountain Pass Theorem will be applied to the func-
tional F': Wi"EA(Q2) — R,

Fu) = A([[tfm.a) = > /G (z, D*u(x)) dx. (7.13)
la|<m

Proposition 7.5. Under the hypotheses of Theorem[7.4), the functional F given by
, is well-defined and C* on WJ"E ().
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Proof. First we shall prove that the functional F is Well deﬁned This reduces to

proving that for any o with |a| < m and any u € W{"E4(2), [, Go (z, D*u(z)) dx
makes sense. Indeed, by using (H2) it follows that for any a with |oz\ < m one has

|Gz, s)| < | /0 <ca +do DT, (MQ(T))) dr|

(7.14)
—1
< Cals| + dals|M,, (Ma(]s]))
since M;l and M, are strictly increasing.
On the other hand, any N-function M, satisfies
MO, (1) < 2,9t >0
and then, from (7.14)), one obtains
|Ga(z,s)| < cals| +2daMy(]s])- (7.15)

Thus
/QGQ (z, D%u(x)) dox < ca/Q |D%u(z)| dx + QdQ/QMa (|ID%u(x)]) dx.

Since, for u € W{"E4 (), Du € E4(2) — L*(Q), it follows that [, |D%u(z)| dx
makes sense. Hypothesis (H2) allows us to apply Theorem Consequently,
WEEA(Q) — L, (Q) = K, (Q). Since u € Wi"EA(Q) and |a| < m, we infer
that u € Wy Ea(Q), therefore D*u € Ky, (€2). Consequently, [, Mo (|D*u(z)|) da
makes sense.

Now, we shall show that F' € C! over WI"E4 (). To do this, we write F as

F=o-17,
where
D(u) = A([[ullm,a) (7.16)
and
Z (z, D%u(x)) dx, (7.17)
a|<m/

and show that both ® and ¥ are C'. As far as ® is concerned, it follows from
Theorem [3.6] that @ is continuously Fréchet differentiable at any u # 0 and

Tlu,ul(®)\ T[u,h)(x)
an( lullm,a )\/Tuu](z) dr

o¢ HUHm A IIHHm A

(®'(u), h) = a([[ullm.a) - (7.18)

If uw = 0, then a direct calculus shows that ® is Gateaux differentiable at zero and

(@(0), b = Tim AU llm.4)

0 t B }E)% a([tl[hllm.a) - sgnt - [[Allm.a = 0.

Moreover, u — ®'(u) is continuous at zero. We start by showing that for any u # 0,

/ <\/T“ “ ) VITwl(@) oy (7.19)

”U”m A Hu”mA
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Indeed, from Young’s equality and Proposition we obtain

/ (\/Tu u )\/T[u,u}(x)

[l 4 [, 4

Tu, u](z) — Tu, u)(x)
= [ AT e [ A (M) e

=1 +/S2A<a(m)) dr > 1.

On the other hand, by using Schwarz’s inequality for nonnegative bilinear symmetric
forms and Holder’s inequality (2.3 m, it follows that

VITw @) Tl hl(a)
|/ ||u\|mA ) T, u](m)dx|

<| [ L)) T o (720)
< 2uh||m,A||a(M) Ilcn

l[ullm, 4
From ([7.19) and (7.20) we infer that

(@ (w), )] < 2a([[uflim,a) | hllm,alja (7 ” || H (7.21)

for all w # 0, and all h € W{"E4(Q). Now, we shall show that, for any u €
W Ea()\{0},

oo < ke 72)

the constant k occurring in expressing the As-property of A (see (2.1])). Indeed,
for any real t, one has

Ala(t)) < A(2t) < kA(t).
Consequently, for any v € E4(Q),

/QZ(a(v(a:))) dz < k:/ A((a)) da.

Q
In particular, for v = ”uﬂEn A] with u € WJ"E4(2)\{0}, one obtains
(- (VTTu,u](x) / VTu, ul(z)
A d <k dr =k.
/Q G e ||u||mA |uHmA Tla )
Consequently,
Up, , Un ) Tun,un x)
H (H)H(A) < ||a<[n|m](>||,4
7 T[u, u](z)
<[ A ~——=)]d 1<k+1.
*/Q (T ) rrsis

From (7.21)) and (7.22) it follows that
(@' (w), )] < 2(k + Dallullm,a) 1 2llm, a3
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thus
@ (w)[| < 2(k + Da(l[ullm,a) =0 as [[ull;m,a — 0.

To conclude that F is C!, the C'-property of ¥ has to be proved. This is a direct
consequence of Theorem H, which also gives us the expression of ¥’ (u):

(W'(w),h)y = > | ga(x,D*u(x)) D*h(z)dx. (7.23)
o¢|<1ﬂ/Q

O

In the next lemma, we shall verify the mountain pass theorem conditions.

Lemma 7.6. Under the hypotheses of Theorem the functional F given by
(7.13) has the geometry of the mountain pass theorem.

Proof. We will prove that the hypothesis (G1) of the mountain pass theorem is
fulfilled. For the first term in ([7.13)), according to (H1), we have

A(llullm,a) = Cllullzg 4, (7.24)

if ||uljm,a < 1.

In what follows, we shall assume that ||u|l,,4 < 1. We shall now handle the
estimations for the second term in . From (H3) we deduce that for any o
with o] < m there exist pq € (0 2 and s, > 0 such that

? 2No
Gz, 8) < paA(s), forxzeQ, 0<|s| < sq- (7.25)
Indeed, from (7.11) it follows that for any o with [a| < m, we can find y1 € (0, $32)
and s, > 0 such that
ZACL) < flo, foraz e Q,0<[s] < sq.
a(s)
The above inequalities imply
9o, 8) < paa(s), forxzeQ,se (0,84) (7.26)
and, since a is odd
Ja(2,8) > —pqa(|s]), forz € Qs € (—s4,0). (7.27)
Thus
|ga(, 8)| < paa(ls]), for x € Q,|s| < sq- (7.28)

(Clearly, imply gq(x,0) = 0, for x € Q and any a with |a| < m. Conse-
quently, the problem (1.2)), admits the trivial solution.)

By integrating in ([7.26)), from 0 to s € (0, s5), we obtain that is true for
0 < s < 8q. For s € (—s4,0), taking into account and the oddness of a, we
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have

Guo(z,s) = —/Soga(ac,T) dr
< o /SO a(|r|) dr
= —llg /0 a(t) dt

—S

Is]
= :ua/o a(t) dt = MaA(S)a

showing that (7.25)) is true for s € (—sq, 0) too. Now, let us consider |s| € [sq, +00).
. M, (3) . . .
The function === being increasing, we have

From ([7.15)), it follows that
|Ga(x,s)] < CaMa(|s]), for |s| > sq, (7.29)

where C, = cam + 2d,. Since M, increase essentially more slowly than A,

near infinity, we have
Mo (s)

1 =0, VkE>0
e A(ks) T2
in particular
. Ma(s)
dm s
Consequently, there exist s/, > s, such that
M,(s) <C!A(s), Vs>sl, (7.30)

The definition of p, implies that there exists p € (0, p. —po) and s” > s/, such that

Al(s) _ pe— 1
> for s > si. 7.31
) S s or s > s, (7.31)
Let us denote by S, = max (s}, s), ko = 2= > 1, |a| < m. Taking into account
Theorem there exists a positive constant K such that
[1D%ull(a,) < Kllullm,a, (7.32)
for any a with |a| < m. If we suppose that
1
l[ullm,a < ; (7.33)
(maX|a‘<m k:a)K
then, it follows from ((7.32)) that for any o with |a| < m,
kallD%ull(a,) < 1. (7.34)

In what follows we assume that

, 1
[t rm, 4 < min (1, T kQ)K) (7.35)
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Consequently, the inequalities (7.34]) permit us to define for |a| < m, the intervals
| Du(z)|

[ka|DaU(x)|7 W

|, zeq. (7.36)

Now, if we denote Q, = {z € Q : [D%u(z)| > 54}, |a| < m, then for any z € Q,,
we have ko|D%u(z)| > s,,. Consequently, from (7.30)

M, (|D%u(z)]) < My (ko|Du(z)]) < C! As (ko|Du(z)|), Vo € Q4. (7.37)
At the same time, if x € Q,, then k,|D%u(z)| > s”, therefore, integrating (7.31))
over the intervals (7.36) , we obtain
[ D u()|

Ay (ko|D%u(z)|) < E2-7H|Du||73 7 - A (e
(ke D?u()]) Dl - A

). (7.38)

for any = € Q.

Integrating on €2, and taking into account the inequality [, A ( Hzl(lfi)) dr <1,
we find that
Ay (ko |D%u(x)|) de < kP-"H||D%u
Qa
for any o with || < m. Consequently, for every u € Wj*E4(Q) satisfying (7.35)
and a with |a| < m, by using successively (7.29)), (737, (7-39), we have

/ Go (2, D%u(z)) do < CQC&/ A, (ko|D%u(z)|) dz:
Qa Qa

R (7.39)

(7.40)
< CaCLkE | D%l 1
Thus, taking into account ([7.32)), we obtain
> [ Gutw.Du(w) do < D full (7.41)
Qo

laj<m

where D =37, Do, Do = CoCo kLK, |a| <m.
On the other hand, for any a with |a| < m, from (7.25) and the definition of A,
we deduce

/ Go (z, D%(x)) do < ua/ A(D%u(z)) dx
O\ Q4 Q

< % QA( Tlu,u](x)) dz (7.42)

vt > 0. (7.43)

Since [|ullm,a < 1, one can consider the interval [ T[u,u](@,%] By
integrating in (7.43)) over this interval, we obtain

A ( T[u,u](w)) < ||qur{L),A : A(M>

l[wllm, 4
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By integrating again this inequality on €2, we find that

/ A (VI l(@) de < [l (7.44)
Q
Consequently, taking into account (7.42) and ([7.44)) and summing by «, we have
C
> / Go (w, Du()) dv < Z[Jull}? 4. (7.45)
|al<m N\ 20
Then, from ([7.24)), (7.41)), (7.45)), we obtain
C _ C e
F(u) > Cllully, 4 = S llully a = Dl 4" = Il ffi,A[g — Dlullp: "]

So, for

1 C 1 )

— < 3 1 — |\ Px—H—PQ
||UHm,A p = tmn ( ’ (max‘a|<m ka)K, (3D)

it follows that F(u) > %pp > 0.
Now, we shall verify the hypothesis (G2) of the mountain pass theorem. Let 6,
and s, be as in (H4). We shall deduce that for any a with |a| < m, one has

Go(z,8) > vo(x) - |s%, forae xeQand|s|> sq, (7.46)

where the functions 7,, |a] < m, will be specified below.
Indeed, from ([7.12)) it follows that for any a with |a| < m,

Guo(z,8) >0, forae z€Qand|s|> s, (7.47)
Then, for a.e. x € Q and 7 > 54, from (7.12)), we have

b _ guler)
T = Gaolz,7)

Integrating from s, to s > s, it follows that

which implies

Cal(@,5) > Gol,50) - 5
Cr

for a.e. x € Q and s > s,, (7.48)

for any « with || < m. On the other hand, for a.e. z € Q and 7 < —s,, from

(7.12) and (7.47), we have

970 > 9o (T, T)

T Ga(%T).

Integrating from s < —s, to —s,, it follows that

gl Gol(x,—84)

(&3

|s|fe = Ga(z,s)

which implies

for a.e. z € Q and s < —s4, (7.49)
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for any a with |a| < m. Setting

N G RCET
¢ 7(;“(3”9’;5“) if s < —s,,

from and (| -7 we obtain

For )\ 2 1, o] <mand u € W(;”EA(Q) we define
O (u) = {z € Q| A|D%u(x)]| > s4}-

We choose a function u € WJ"E4(Q2) such that |[D%u(z)| > 0, for a.e. z € Q, and
vol (Qf(u)) > 0, |a| < m. It is clear that Q¢(u) C Q¢ (u) and hence vol (Qf(u)) <
vol (Q5(u)), for all A > 1.

We shall show that F'(Au) — —oo as A — oo. For a fixed o with |a] < m and
A > 1, we have

/ Go (, A\Du(z)) dx :/ Go (2, AD%u(x)) dx
Q Q% (u)

+/ Ga (x,\D%u(x)) dx.
Q\QR ()
Using (|7.46]), we obtain

/ Go (2, AD%u(x)) d > \o= / Yolx) | D%u(z)|?> de = N0~ K, (D),
) 23 (w)

> N\l / Yo (@)|DYu(z)|% do = N0~ K, (D®),
Q“(u)
with
K.(D%) :/ No(@)| D u(x)|? da > 0,
Q% (u)

On the other hand, if z € 2\ Q§(u), then AD%u(x) < s, and by virtue of (7.15)),

we have

/ (G (2 AD U(2)) | d2 < (Cosir + 2 Mo (50)) 0012 = K.
DNQG (w)

therefore
/ Go (2, \D%u(x)) do > —KJ,.
Q\Q (u)
Consequently,

FOw) < AN ullma) = Y MeKo(D*)+ Y K.

la|<m |a]<m

From (7.3), it follows that for ||u||m A > 1, we have
A N|t]lm,a) < A(L)N = 3 M KL(DY) + Y K.

laj<m |a]<m

Since 6, > p* for any a with |a| < m, it follows that F(Au) — —o0 as A — oo.
Consequently, for large X\ , say A > Ag, F(Au) < 0. Then, setting e = Agu, we
have F'(Agu) < 0 for some Ay > 1 and the second hypothesis of the mountain pass
theorem satisfied. O
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Lemma 7.7. Under the hypotheses of Theorem the functional F given by
has the following property: any sequence (un)n, C WI'EA(Q) for which
(F(un)),, is bounded and F'(u,) — 0 as n — oo, is bounded.

Proof. Let (un)n, C W§"E4(2) be a sequence such that (F(u,)), is bounded and
F'(un) — 0 as n — oo. We shall show that the sequence (uy), is bounded in
WM E (). Indeed, let us put
0 = min 6,.
|a|<m
Since F = ® — ¥ with ® and ¥ given by (7.16) and (7.17) respectively and F’ =
@' — U with & and ¥’ given by ((7.18)) and (7.23) respectively, we have

F(ttn) —  F(un) ()

0
= At ) = gl llon a0t ) (7.50)
1
+ Z [Z9a (#, D%up(x)) D%up(x) — Go (2, D%upn(x)) | da.
oc|<1ﬂ/sv2 0

Since (F(up)),, is bounded, it follows that

1 En
Flun) = G (un)(un) < M+ —Flun]lm,a, (7.51)

with e, = ||F’(un)|| — 0 as n — oco. Now, we shall give an estimation for

> )Q[éga<x,paunu0»0aun@ﬂ——Ga<erQUn0w>]df

lal<m

occurring in ((7.50)).

Let n be fixed. For any a with |a| < m, define Qg ,, = {x € Q | |[Duy,(x)] > sa},
and Q, , = N\Qq,,. Clearly

5 [ [0 D% () D) = G (0, D% ()]

lo| <m

S /Q (500 (2, Dun(2) D () — G, Dune) ] (7.59)
lof<m = e

+ Z o [éga (z, D%up(2)) Dup () — Go (z, D%y (2)) | dx.
o) <m ¥ Fan

Taking into account (H4),
1
/ [59"‘ (2, D%y (x)) Dun(x) — Go (z, D%y (x)) ] dz > 0. (7.53)
Qa,n
Taking into account (|7.15)), one has

|/Q/ Go (x, D%y () dx|§/9/ [ca| D% un ()| + 2da Mo (|D%un(z)|)] dx

a,n

< [caSa + 2daMy (sa)] vol(Q) = K.

a

(7.54)
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On the other hand, from (|7.10)), it follows that

‘/ (z, D%up (z ))Do‘un(x)dx’

< / [ca|Do‘un(x)|+daH;1Ma (Daun(x))waun(x)@ dz (7.55)
.

a,n

< [Casa + dasaM:Ma (sa)} vol (Q) = K,.

Thus
1
| [gga (z, D%p(z)) D%up(x) — G4 (z, D“un(m))] dx|
Q/
;{,n (7.56)
< 7a + Kl; = Cq.

From (7.53)), (7.56)) and ([7.52)), we infer that
3 / X e (5, Dun(2)) D*tn(2) — G (5, Dun(2)) | dz > — 3 C

|a|<m la]<m
Consequently (see ([7.50)),
1
F(u,) - EF/(UH)(un) > A(”unHmA) ||un||m Aa ||UnHm A Z Co. (7.57)

lal<m

Comparing (7.57) and (7.51), one obtains

1 En
A(llunllm. ) = 5 lunllm, aa(llunllm,a) = Y Ca <M+ unllm.a.  (7.58)

|aj<m
By definition of p*, one has
[tn|lm,aa(l|tnllm,a) < p*A(l[unllm,a)- (7.59)
Finally, comparing ([7.59) and (7.58)), one obtains
* €
(1= %) Alllunllm,a) < My + Fllunlln.a, (7.60)

with M7 = M + Zla\<m C,, for any n.
The last inequalities imply the boundedness of (un),. In the contrary case,
passing to a subsequence, we may assume that ||[uy, ||, 4 — 00, as n — oco. Dividing

by ||tn|lm, 4 in (7.60) and making n to tend to infinity, one obtains a contradiction:
At [lm, 4)
lunllm,a

Proof of Theorem[7.} From Lemma it follows that the functional F' satisfies
the hypotheses of the Mountain Pass Theorem. Consequently, there exists a se-
quence (up), in Wi"E4(€Q) such that

F(up) — ¢ asn — oo, (7.61)
F'(up) -0 asn— oo. (7.62)

— 00 as n — oo while +ée, — 0 asn— oo. [l

My
HunHm,A

By Lemma (tn)r is bounded. Consequently, passing to a subsequence, we may
assume that u, — u € W["E4(Q) as n — oo (where “—” denotes the convergence
in the weak topology).
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Now, we shall show that
U(up) — ¥(u) asn — oo, (7.63)
U (up,) — ¥'(u) asn— oo. (7.64)
To do this, put (for any a with |a| < m)
()

/G (x,v(x))dz, Yve Es(Q). (7.65)

According to Theorem. 5.4 W, € CL. Since u, — uin W["E(£) as n — oo and the
imbedding of W E4 () into W™ ' E4(Q) is compact (Theorem [2.13)), we deduce
that
D%u,, — D% asn — oo, in E4(),
for || < m. Consequently
U(up) = Y Uo(Dp) — Y Vo(D%u) = U(u),
|al<m |a|<m

as n — oo. Moreover, for any h € Wi E4(€2) one has (by Theorem again)
(0 () = W' (), ) <D (WG (D%un) — UG, (Du), DB

|al<m
< Y IWL(DYuy) = WL (D) [ DRl )
|a]<m

<2 hllwp o) D [Wa(Dun) = Yo (D),

|la]<m
which implies
1V (un) = W' ()] < Y [W6(D%un) = Wi (D*u)]| = 0 asn — oo,
laj<m

since D%u,, — D% as n — oo, |a| < m and ¥, € C.
Since F'(u,) = ' (u,) — ¥'(u,) — 0 as n — oo and V' (u,,) — ¥'(u) as n — oo,
it follows that
&' (u,) — ¥'(u) as n — oo.
By convexity,
D (1) — B(u) < B (un) (1 — 1) = (D (1) — V() — ) + (V' (1), w0 — ),

which implies
lim sup ®(uy,) < @(u).

n—oo
On the other hand, being continuous and convex, ® is weakly lower semicontinuous;
therefore

O (u) < liminf ®(uy,).

n—oo

Thus
O(u) = lim P(uy,) (7.66)

and, consequently,
lim F(uy,) = F(u) =c.
We will show that F’(u) = 0. Again by convexity of ®, one has
(@ (up) — @' (v),un —v) >0, Vn,Yv e Wi"EA(Q).
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Setting n — oo, we obtain

(U'(u) — @' (v),u—v) >0, YveW]Es(Q).
Setting v = u — th, t > 0, the above inequality gives

(U'(u) — ®'(u—th),h) >0, YheW["Es(Q).
By letting t — 0, one has

(U'(u) — ®'(u),h) >0, VheWEA(Q).
Thus F'(u) = ®'(u) — ¥'(u) = 0. O
8. EXAMPLES

In this section, some examples illustrating the above existence results are given.
To do this, some prerequisites are needed.

Lemma 8.1. Let A: R — Ry, A(t) = O\t\ a(s)ds, be an N-function and A, the

complementary N -function of A.
(i) Suppose that
ta(t)

Al > 1.

p*f=sup——= < oo and py= inf
t>0

Then both A and A satisfy the Aq-condition.
(ii) Suppose, in addition, that p* < N and there are constants 0 < v < N and
6 > 0 such that

A(t) > O, vt e (0, A71(6)). (8.1)
Then A, the Sobolev conjugate of A, can be defined.
Proof. (i) Since p* < oo, A satisfies the Aj-condition. (see [22] Theorem 4.1]).
Since pp > 1, A satisfies the Ag-condition (see |22 Theorem 4.3]).
(ii) It is sufficient to prove that conditions (2.8) and (2.9) are satisfied (see
Theorem [2.12). Indeed, it follows from (8.1)) that

A7) < e T € (0,6),
with C; = C~'/7. Consequently,
g -1
A~ (7) N~ N—y = N—y
ldeScl'ﬁ(aNV —tN'Y).
Without loss of generality, we may assume that 0 < § < 1 and then
1 -1 0 -1 1 -1
. A7) A~ (1) A~ (1)
i ), vy 4T = i ( /t sy 4T /5 e &)

Ny oxen /1 A(7)

N — s TNHD/N

dr < oo.

Thus ([2.8) is satisfied.
To prove that (2.9) is also satisfied, we first remark that, from (7.1)), one has

At) < (A*TW’ for any t > A='(1). Tt follows that A='(7) > ¢/ - 71/P" for any

7> 1, with ¢ = A71(1). Consequently, for any t > 1,

t A—l Np* _p*
/£d7>c’.7p<tl\§vp* _1>
1

TN T =TT
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and, since p* < N,

tg-1
, A7)
tgﬁl»mwnde_“’
thus (2.9)) is also satisfied. O
The next lemma summarizes some arguments used in 8] p. 55].
Lemma 8.2. Let A : R — Ry, A(t) = OM a(s)ds, be an N-function, which
satisfies the conditions (2.7) and . If limy o % =1 < oo, then
tAL(t) NI

e A(t) NI
Example 8.3. Consider the problem (1.2)), (L.3), under the following hypotheses:
(i) the function a : R — R is defined by a(t) = Y"1 | a;[t|Pi~2t, where a; > 0,
1<i<n,pr1>pi>1,1<i<n-1,p, <N,
(ii) The Carathéodory functions g, : 2 x R — R, |a| < m, satisfy the following
conditions:

lim su 9a(@,5) @1
o a(s) 2p1 Ny’
uniformly for almost all z € Q, where A\, are given by (7.6) and Ny =
Z|a\<m L

(8.2)

(ili) p, < N and there exist go, 1 < go < ]\],V_p;n, |a| < m, such that

19 (2, 8)| < ca +dals|™™, z€Q, sER; (8.3)
(iv) there exist s, > 0 and 6, > p,, such that

0 < 0,Go(x,8) < sga(x,s), forae zeQ (8.4)

and all s with |s| > s,.
Under these conditions, the problem (|1.2)), (1.3) has a nontrivial weak solution.
Proof. Before giving the proof, we underline that the function a given by hypothesis

(i) appears in [I7], in the following context (see [I7, example 3.1]: if a is given by
(i) and

fls)=>_Bjls| s,
j=1

with 8; > 0, for j =1,...,m, and ;41 > d; > 1, for j =1,...,m — 1, satisfying
N > p, and
N n_l n
pn_]_<§m<u7
N_pn

then, the problem
- (erla(u/))/ =Vl f(u) in (0,R)
u'(0) = 0=u(R)
has a positive solution and therefore the problem

a(|Dul)
| Dul

— div ( Du) = f(u) in Q= B~ (0, R)

u=0 on o



40 G. DINCA, P. MATEI EJDE-2007/93

has a positive radial solution of class C'.

The idea of the proof is as follows: The preceding assumptions entail that the
hypotheses of Theorem are fulfilled. To do this, first we compute the numerical
characteristics pg, p* and p., given by (7.8). Let & : (0,00) — R, defined by

h(t) = %1, with

n a; ,
Aty =Y e (8.5)
i=1 1"
By direct calculus, we obtain lim; o h(t) = p; and p; < h(¢), for all ¢ > 0. Thus
po = p1 > 1. Analogously, lim;_,o, h(t) = p, and h(t) < p,, for all t > 0. Thus
p* =pp < N.
Clearly, from ({8.5)), it follows that

A@t) > 2em vt > 0. (8.6)
P1

Since p* = p, < N and holds, we deduce (Lemma (i)) that A, exists.
Consequently, according to Lemma [8.2] we can compute p, and we obtain
tAL(t) Npn
« = liminf ——% = .
L O
Since po > 1 and p* < N, it follows (Lemma (i)) that A and A satisfy the
As-condition.
Now, we are in position to properly show that the above hypotheses entail the
fulfillment of those of Theorem Indeed, since p1 = pp, (8.6) says that (H1)
in Theorem is satisfied. The hypothesis (H2) in Theorem is satisfied with

M.(s) = |Sq‘aa , |a| < m. Clearly, M, satisfies the As -condition. In order to prove

that My, |a| < m, increase essentially more slowly than A, near infinity, it follows
that [T, p. 231]),

A1)

*

im ———~ =
t—o0 Ma (t)

Indeed, using ’'Hospital rule,

ANt ANt
i *71( ) = lim gali(l) = lim ga% =0,¢c, = qg‘qafl)/q‘*, (8.7)
t=o0 Mot (t) 1o MmN smoe Y (f(g)) Tt

since from (ii), the degree of denominator is pn(qi + &) > 1. To conclude that

(H2) in Theorem is also satisfied, we have to prove that inequalities (7.10)) hold.
Indeed, since M, (s) = ‘Sqlﬁ, qi + qi, =1 (see Remark , then

— 21
[s9°71 = (ga = 1) M~ (Ma(s)) -
Consequently, (8.3) rewrites as
4 ——1
[ga(x,8)| < o +da (qo — 1) % M, (My(s)),x € Q,s € R, |a] < m, (8.8)
showing that (H2) is satisfied. Hypotheses (H3) and (H4) in Theorem are

fulfilled by virtue of (8.2) and (8.4) respectively; since p* = p,, (8.4) implies the

fulfillment of (H4); finally, since pg = p1 < pn < 1\1[\/ f’;n = p«, (Hb) is satisfied

too. O

Example 8.4. Consider the problem (|1.2)), (L.3)), under the following hypotheses:
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(i) the function a : R — R is defined by a(t) = Y"1, a;|¢t[P~2t, where a; > 0,
1<i<n, pr1>pi>1,1<i<n—-1,p1 >2 p, <Nj;

(ii) there exist qo, 1 < g4 < p1, |@| < m, such that the growth conditions (8.3
hold.

Under these conditions, the problem (1.2]), (1.3) has a solution. Moreover, the
solution set of problem (1.2), (1.3)) is compact in W™ E 4 ().

Proof. The idea of the proof is as follows: The preceding assumptions entail that
the hypotheses of Theorem are fulfilled.

Indeed, A satisfies the As-condition inasmuch as p* = p,, < N (see Lemma
(i)). Conditions (2.8) and are satisfied (the arguments are those used in the
case of Example Since p; > 2, 2 < i < n, it easily follows that @ is strictly
increasing for ¢t > 0. As M, functions, which increase essentially more slowly than
A, near infinity and satisfy the As-condition as well as the growth conditions ,

we shall take M, (s) = ‘Sqll, |a] < m (the arguments are those used for Example
[8.3). Finally, the last condition in Theorem [6.4] is satisfied since
tM] (t)
=su = al <m
TR
and, by hypothesis (ii), ¢go < p1 = po. O

Remark 8.5. Comparing the existence results provided by Examples [8.3] and
it can be seen that the results obtained in Example [8.3] are stronger than those
obtained in Example
Indeed, under the hypotheses from Example we obtain (via the mountain
pass theorem) the existence of a nontrivial solution for the problem 7 ,
while Example states only the existence of a solution without specifying if it is
nontrivial.
Comparing the hypotheses of these two examples it can be seen that:
e the hypotheses about a in Example [8:4] are stronger than those formulated
in Example [8.3;
e one part of the hypotheses about the functions g, (referring to growth
conditions ) are common to both examples;
e in Example [8.3] are formulated other supplementary conditions about the

functions g, (see (8.2)) and (8.4)).

These supplementary conditions have as consequence the fact that functional F
(defined by (7.13])) has a mountain pass type geometry.

Example 8.6. Consider the problem (|1.2), (1.3]), under the following hypotheses:

(i) the function a : R — R is defined by a(t) = [t|P?tV/t12 + 1,1 <p < N — 1;
(ii) The Carathéodory functions g, : 2 xR — R, |a| < m, satisfy the following

conditions: (2. 9) \
. ga\Z, S a
lim sup < ,
s—0  a(s) 2pNoy
uniformly for almost all z € Q, where A, are given by (7.6) and Ny =
Z|a\<m L
(iii) there exist gq, 1 < go < NN—_’;}, |a] < m, such that the growth conditions

(5:3) hold;
(iv) there exist so > 0 and 6, > p + 1 such that the conditions (8.4) hold.

(8.9)
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Under these conditions, the problem (L.2)), (L.3) has a nontrivial weak solution.

Proof. The idea of the proof is that used for Example [8.3] namely, we shall show
that the preceding assumptions entail the fulfillment of those of Theorem To
do this, first we compute the numerical characteristics pg, p* and p., given by (7.8)).

Let h : (0,00) — R, defined by h(t) = %, with

\/t2 +1- 7/ dr,t > 0. (8.10)
\/7
First, by direct calculus, we obtain lim;_,g h(t) = p and, since
_pl) /
h(t) =p+ —F———"—— 8.11
)=+ o A dr (s.11)
one has p < h(t), for all ¢ > 0. Consequently po=p>1.
Secondly, one has
pI(t)
— P 1 wso. 8.12
trvt2 +1—1I(t) (8.12)

Indeed, let f(t) = (p+ 1)I(t) — tPV/t? + 1 Since f(0) = 0 and f'(t) < 0, for all
t > 0, inequality (8.12] - follows. From and -, we infer that h(t) < p+1,

for all t > 0 and, since lim;_,o h(t) = p —i— 1, we conclude that p* =p+1 < N.
To compute py, first we prove the existence of A,. Indeed, since a(t) > tP~1, for
all ¢ > 0, we obtain that

A(t) > L2, v >0, (8.13)
p

Condition p+1 < N being also satisfied (by hypothesis), the existence of A, follows
by Lemma (ii). According to Lemma

tAL(t) _ N(p+)
p*—hrglor.}fA() N1

Since po > 1 and p* < N, it follows (Lemma (i)) that A and A satisfy the
As-condition.

Now, we are in position to properly show that the above hypotheses entail the
fulfillment of those of Theorem Indeed, since p = po, (8.13) says that (H1)
in Theorem [7.4 n is satisfied. The hypothesis (H2) in Theorem is satisfied with

My (s) = L= | , o] < m, which, obviously, satisfy the As- condltlon Since a(t) > P,
for all t > 0, it follows that A(t) > tpH , for all ¢ > 0; therefore
lim ——— < lim > —0.

5—00 (A(S))i-i_% T s—oo (p—|—)i+%5(i %)(P+l)

Consequently, from , one obtains limy_, ]T/lf**ll((?) = 0, that is, M,, |a| < m,
increase essentially more slowly than A, near inﬁ?lity.
Asin Examplem7 (8-8) shows that (H2) is satisﬁed Hypotheses (H3) and (H4)
in Theorem re fulfilled by virtue of (8.9 , and (8.4) respectively; since
5.1

= p+ 1, (8.4) implies the fulfillment of (H4) ﬁnally, sincepp =p<p+1<
N(fﬂ) = p., (H5) is satisfied too. O

Example 8.7. Consider the problem (|1.2)), (L.3)), under the following hypotheses:
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(i) the function a : R — R is defined by a(t) = [t|[P7?tV/t2 +1,2<p < N — 1;
(ii) there exist ¢n, 1 < go < p, |a] < m, such that the growth conditions (8.3)
hold.

Under these conditions, problem (|1.2)), (1.3) has a solution. Moreover, the solution
set of (1.2)), (1.3) is compact in WJ"E4 ().

Proof. The idea of the proof is as follows: the preceding assumptions entail that
the hypotheses of Theorem [6.4] are fulfilled.

Indeed, A satisfies the Ag-condition inasmuch as p* = p+ 1 < N (see Lemma
(i)). Conditions and are satisfied (the arguments are those used
for Example ). Since p > 2, it easily follows that @ is strictly increasing
on (0,00). As M, functions, which increase essentially more slowly than A, near
infinity and satisfy the As-condition as well as the growth conditions , we
shall take M, (s) = Isql%, |a] < m (the arguments are those used for Example m)

Finally, the last condition in Theorem [6.4] is satisfied since

OO
= Ssu = (6%
Te t>%) Mo (1) o
and, by hypothesis (ii), ¢go < p = po. O

Example 8.8. Consider problem (1.2)), (1.3]), under the following hypotheses:
(i) the function a : R — R is defined by a(t) = [¢t[P~?tIn(1+]t]),2 <p > N—1;
(i) there exist gq, 1 < go < p, |@] < m, such that the growth conditions (8.3)
hold.
Under these conditions, the problem (1.2]), (1.3) has a solution. Moreover, the
solution set of problem (1.2)), (1.3]) is compact in WJ*E 4 ().

Proof. Before giving the proof, we underline that the function a given by hypothesis
(i) appears in [§], in the following context (see [8], example 1 in the introduction):
if a is given by (i) and
N(p-1
l<p<N-1 and p<5<M,
N—p

then, the problem

Vu
[Vl
u=0 on 0N

—div (a(|Vul) )= |ul®tu  in Q

has a nontrivial nonnegative weak solution in W3 E4 ().

The idea of the proof is as follows: the preceding assumptions entail that the
hypotheses of Theorem [6.4] are fulfilled. To do it, first we compute the numerical
characteristics py and p*, given by . Let h : (0,00) — R, defined by h(t) = fz((tt)),
with

Aty = Ema 4 - gk d 0 8.14
t) = t)— = , t>0. )
) pn( ) p/ol+T ! (8.14)

By direct calculus, we obtain lim;_,q h(t) = p+ 1 and, since

M =p+ g ln(lp—i(tt))— 1= /0 1:: ar, (8.15)
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one has p < h(t), for all ¢ > 0. Consequently py = p > 1. To compute p*, we shall
show that
pI(t)

tPIn(l +1t) — I(t)
Indeed, let f(t) = f(t) = (p+)I(t) — t*In(1 4+ ¢). Since f(0) = 0 and f'(¢) < 0,
for all ¢ > 0, inequality (8.16) follows. From and 7 we infer that
h(t) < p+1, for all t > 0 and, since lim;_,o h(t) = p + 1, we conclude that p* =
p+1 < N. Therefore, A satisfies the As-condition inasmuch as p* = p+1 < N (see

Lemma 1)) On the other hand, by a direct calculus, one has lim;_.q ﬁ% = ﬁ;

therefore, for ¢ = p% there exists § = A71(§) such that

<1, Vt>0. (8.16)

2
A(t) > ——tPTL Yt e (0,6 = A7 (6)). 8.17
(t) P (0,9 (6)) (8.17)

Since p* = p+1 < N and holds, we deduce (Lemma[3.1] (ii)) that conditions
and 1) are satisfied. Since p > 2, it easily follows that @ is strictly
increasing on (0,00). As M, functions, which increase essentially more slowly than
A, near infinity and satisfy the As-condition as well as the growth conditions ,
we shall take M,(s) = ‘Sql%, |a] < m. Indeed, from Lemma a), it follows that
A(t) > A(1)t?, t > 1, therefore

lim —>— < lim 5 = 0.

T (A T (R

Consequently (see Example, the arguments continue. Finally, the last condition
in Theorem [6.4] is satisfied since

o)

=qa, o] <m

and, by hypothesis (ii), ¢go < p = po. O

Remark 8.9. We will show that, under the hypotheses adopted for Example (8.8
Theorem cannot be applied. Thus, the hypothesis (H1) of Theorem is never
verified. Indeed, if f(t) = A(t) — CtP, then, it is easy to see that, for ¢ € (0,%),
to = e“? — 1, we have always f(t) < 0.

Example 8.10. Consider the problem (|1.2)), (1.3)), under the following hypotheses:
(i) the function a : R — R is defined by a(t) = [t|P"2tIn (1 +a +|t]), 1 <p <

N -1, a>0;
(i) The Carathéodory functions g, : 2 xR — R, |a| < m, satisfy the following
conditions:
. Ja(z,8)  In(l4a)- A,
lim su < 8.18
s—0 P Cl(S) 2pN0 ( )
uniformly for almost all x € €, where A\, are given by (7.6) and Ny =
Z|a\<m L
(iii) there exist ¢q, 1 < go < NN—&, |a| < m, such that the growth conditions
(8-3) hold;

(iv) there exist s, > 0 and 6, > p + 1 such that conditions (8.4]) hold.
Under these conditions, the problem (|1.2)), (1.3) has a nontrivial weak solution.
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Proof. The idea of the proof is as follows: the preceding assumptions entail that the
hypotheses of Theorem are fulfilled. To do this, first we compute the numerical
characteristics pg, p* and p., given by (7.8). Let h : (0,00) — R, defined by

h(t) = 4{3, with

A =" L R 8.19
)=—In(l+a+t)—~- | ———dr,t>0. 1
0 =Smrarn— o [ T (819)
By direct calculus, we obtain lim;_,q h(t) = p and, since
pI(t) /t T
h(t) = I(t) = —d 8.20
®) p+tpln(1+a+t)—l(t)’ ®) o 1+ta+r ™ (8:20)

one has p < h(t), for all t > 0. Consequently, py = p > 1. To estimate p*, we shall
prove the existence of a constant 0 < Cy < 1, such that

p* =suph(t) < p+ Cpy.
>0
Indeed, the system
t—C(l+a+t)ln(l1+a+t)=0
1-C-Cln(14+a+t)=0

admits a unique solution (¢, Cp). Clearly

(8.21)

1
1+ln(1+a+t0)

where to — (1 + @) In(1 4+ « + o) = 0. Moreover h(t) < p + Cy, for all ¢ > 0. This
is true, since

0<Cy= <1

)

pI(t)
tPIn(l14+a+t)—I(t)
Indeed, let f(t) = (p+ Co) I(t) — t?In (1 + o+ t), for all ¢ > 0. One has f'(¢) =
ﬁ:;tg(t) with g(t) =t — Co(14+a+t)In(1+a +1t), t > 0. Since (tg, Co) is the
unique solution of (8.21)), it may easily show that ¢, > 0, ¢’(t) = 0 and g(tg) =

0 = max;>¢ g(t). Consequently, g(t) < 0, t > 0, which implies f'(¢) < 0, for all
t > 0. Since f(0) = 0, it follows that f(t) < 0, for all ¢ > 0, which is equivalent
with (8.22)). This calculus explicit the claim concerning inequality (6.19) in [8].
Clearly, since a(t) > In(1 + «) - tP~1, for all t > 0, it follows that
In(1+ «)
p

Since p* < p+1 < N and (8.23) holds, we deduce (Lemma (ii)) that A, exists.
Consequently, according to Lemma [8.2] we can compute p, and we obtain

tAL(t) _ Np

< Co, Vt > 0. (8.22)

At) > 2, Yt >0. (8.23)

p. = liminf A(t) N-p

Since po > 1 and p* < N, it follows (Lemma (i)) that A and A satisfy the
As-condition.

Now, we are in position to properly show that the above hypotheses entail the

fulfillment of those of Theorem 7.4l Indeed, since p = pg, (8.23) says that (H1)

in Theorem is satisfied. The hypothesis (H2) in Theorem is satisfied with
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)
o

M, (s) = |sq‘qa |a] < m, which, obviously satisfy the Ag-condition. From l] it
follows that

s s
lim — > < lim — — 0.
T (AT e (et (G
P
—1
Consequently, from 1) one obtains limy_, s A’Z*,l((?) = 0; that is, M,, |a] < m,

increase essentially more slowly than A, near infinity.
As in Example 8.3] (8.8) shows that (H2) is satisfied. Hypotheses (H3) and (H4)

in Theorem are fulfilled by virtue of (8.18)), (8.13)) and (8.4]) respectively; since
p*=p+1, 1) implies the fulfillment of (H4); finally, since pg = p < NN—_’; = Py,
(H5) is satisfied too. O
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