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WELL-POSEDNESS FOR SOME PERTURBATIONS OF THE
KDV EQUATION WITH LOW REGULARITY DATA

XAVIER CARVAJAL, MAHENDRA PANTHEE

ABSTRACT. We study some well-posedness issues of the initial value problem
associated with the equation

Ut + Uggz +NLu +uuy, =0, z€R, t >0,

where n > 0, Eﬂ(g) = —P(&)u(&) and ¢ € R is bounded above. Using the
theory developed by Bourgain and Kenig, Ponce and Vega, we prove that the
initial value problem is locally well-posed for given data in Sobolev spaces
H#(R) with regularity below L2. Examples of this model are the Ostrovsky-
Stepanyams-Tsimring equation for ®(¢) = |¢|—|¢|3, the derivative Korteweg-de
Vries-Kuramoto-Sivashinsky equation for ®(¢) = ¢2 — ¢4, and the Korteweg-de
Vries-Burguers equation for ®(¢) = —&2.

1. INTRODUCTION

In this paper we consider the initial value problem (IVP)
Ut + Uy +NLu+uuy, =0, zeR, t2>0,
u(z,0) = uo(),
where > 0 ls\ a constant and the linear operator L is defined via the Fourier
transform by Lu(§) = —®(£)au(€). The Fourier symbol

n 2m

&) =D > ci'lel, cij €R, comp =—1. (1.2)

=0 i=0

(1.1)

is a real valued function which is bounded above; i.e., there is a constant C' such
that ®(£) < C. Without loss of generality, we suppose that ®(£) < 1. For this, let
us perform the following scale change

1 z t
'U(l',t) = FU(X7 F)
Then v satisfies the equation
N0y 4+ Nvgas + 01T + Nov, = 0, (1.3)
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where
Tv(&) = ©(A)0(E).
If we take A3 = C, where C is as earlier, then the Fourier symbol of the new operator

T in (1.3) is bounded above by 1. Finally, inverting the scale change, we obtain
well-posedness result for the original IVP (|1.1)) from that of (|1.3). So, throughout

this work we consider the IVP (L.1)) with ®(&) in (1.2]) satisfying ®(£) < 1
Our interest here is to obtain well-posedness results for (1.1)) with given data
up in the Sobolev spaces H*(R) with regularity below L?. The L?-based Sobolev
space H*(R) is defined by
H*(R) :={f € S'(R) : || fllz= < o0},
where

wmﬁ=Au+m%wmwﬁ,

and f(€) is the usual Fourier transform given by

f(6) = F(f)(e wﬁ/'%”

However, from here onwards, we will neglect the factor 27 in the definition of the
Fourier transform because it does not alter our analysis.
Also, we consider the homogeneous Sobolev space H*(R) defined via the norm

WWS:AMWM@W%.

Before stating the main results of this work, we give some examples that belong
to the class considered in .

The first example of this type is the generalized Ostrovsky-Stepanyams-Tsimring
(OST) equation.

Ut + Uggq — n(Hum + Hummz) + ukum =0, zeR, t>0, ke Z+a
u(z,0) = ug(x),

where H denotes the Hilbert transform:
Hg(x) = P.V.— / d§ ,

u = u(z,t) is a real-valued function and n > 0 is a constant.

Equation with k& = 1 was derived by Ostrovsky et al. in [I7] to describe the
radiational instability of long waves in a stratified shear flow. Recently, Carvajal
and Scialom in [6] considered the IVP and proved the local well-posedness
results for given data in H®, s > 0 when k = 1,2, 3. They also obtained the global
well-posedness result for data in L? when k = 1. The earlier well-posedness results
for with k£ = 1 can be found in [I], where for given data in H*(R), local result
when s > 1/2 and global result when s > 1 have been obtained.

Another model that fits in the class is the derivative Korteweg-de Vries-
Kuramoto Sivashinsky equation

Ut + Ugpgr + n(uzm + u:catmm) + uu, = Oa HAS ]Ra t > Oa
u(z,0) = up(x),

where u = u(z,t) is a real-valued function and n > 0 is a constant.

(1.4)

(1.5)
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This equation arises as a model for long waves in a viscous fluid flowing down an
inclined plane and also describes drift waves in a plasma (see [8,[I8]). The equation
(1.5)) is a particular case of Benney-Lin equation [2] [I§]; i.e.,

Ut + Upgz + N(Ugz + Uzsze) + Plagaze + v, =0, xR, t>0,

u(x,0) = ugp(z), (1.6)

when 3 = 0.
The IVP associated to was studied by Biagioni, Bona, Torio and Scialom
in [3]. They also determined the limiting behavior of solutions as the dissipation
tends to zero. Biagioni and Linares proved global well-posedness for the IVP
for initial data in L? in [4].
Another example is the Korteweg-de Vries-Burgers equation
Ut + Uppr — Mgy Uty =0, z€R, >0, n>0,
u(z,0) = uo(),

Recently, Molinet and Ribaud considered the IVP (1.7)) in [I5] and proved that
it is locally well-posed for given data in H®, s > —1. The equation is also
known as the parabolic regularization of the KdV equation with > 0. Some years
ago, when the interest was to obtain local results for given data in larger Sobolev
spaces, this regularization was used to obtain well-posedness results for n > 0 and
then pass the limit 1 | 0. However, this limit is a delicate matter.

Now, we state the main results of this work. The first result deals with the local
well-posedness for given data in the Sobolev spaces of negative index.

Theorem 1.1. The IVP with n > 0 and ®(§) given by is locally well-
posed for any data ug € H*(R), s > —3/4.

(1.7)

To prove this theorem we follow the theory developed by Bourgain [5] and Kenig,
Ponce and Vega [IT]. The main ingredients in the proof are estimates in the integral
equation associated to an extended IVP that is defined for all ¢ € R (see IVP
below). The proof we presented here does not use the Bourgain type space
associated to the linear part of the IVP ; instead it uses the usual Bourgain
space associated to the KdV equation. To carry out this scheme, the Proposition
plays a fundamental role which permits us to use a bilinear estimate for 9, (u?)
(see [I1]), that is a central part of our arguments.

The result of the Theorem [I.I]improves the known local well-posedness results for
the IVP (1.4) and described above. Note that, the value s > —3/4, in the case
of the Korteweg-de Vries (KdV) equation, is sharp in the sense that for s < —3/4,
the IVP associated to the KdV equation is ill-posed. We should mention that, the
lack of conserved quantities in the spaces with regularity below L2, prevents us to
get global solution using the usual technique.

The second result is concerned with the particular case of the IVP for
given data in the homogeneous Sobolev space when the Fourier symbol is of the
form ®(¢) = [¢[* — [¢[*2, k € Z+.

Theorem 1.2. The IVP with n > 0 and ®(&) = [€]F — |¢F+2, k € ZF, is
locally well-posed for any data up € H*(R), s > —1/2.

Although this theorem does not improve the result obtained in Theorem it
is interesting on its own because the proof we present here uses different tools, that
are simpler than the ones used in the proof of Theorem The main ingredients
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in the proof are the refined local smoothing effect (see in Corollary [3.3| below),
and a Strichartz type estimate (see Proposition below). Using these estimates
we are able to apply fixed point argument to obtain a local well-posedness result
in the homogeneous Sobolev spaces of negative order without the use of Bourgain
type spaces.

Now we introduce function spaces that will be used for proving Theorem

We consider the following IVP associated to the Linear KdV equation
Up + Ugge = 0, ZL’,tGR,

1.8

u(0) = up. (18)

The solution to (1.8)) is given by u(z,t) = U(t)uo(x), where the unitary group U(t)
is defined as

T (t)uo(€) = e w5 (¢). (1.9)

For s,b € R, we define the space X,; as the completion of the Schwartz space
S(R?) with respect to the norm

lullx., = 1U(=t)ullm, , = (7)€ U(—t)u(€, )| 2.2
= |7 — £3)4e)*a(E, 722,

where @(§, 7) is the Fourier transform of w in both space and time variables. The
space X, is the usual Bourgain space for the KdV equation (see [5]).

Note that is defined only for ¢ > 0. To use Bourgain’s type space, we should
be able to write the IVP for all ¢ € R. For this, we define

(1.10)

n ift >0,
t) =nsgn(t) = 1.11
n(t) = nsgn(t) {—n £t<0 (L.11)
and write (1.1]) in the form
Ut + Ugze + () Lu +uu, =0, =z, t €R,
(1.12)
u(0) = up.
Now we consider the IVP associated to the linear part of (1.12)),
Ut + Ugee + 1) Lu =0, z,t R,

¢ ewe +100) (1.13)

u(0) = up.

The solution to (1.13) is given by u(z,t) = V (t)ug(z) where the semigroup V (t) is
defined as

V(t)uo(€) = "<+ Oz5c). (1.14)

Observe that, defining U(t) by U(t)ug(¢) = e1®@75(¢), the semigroup V(t)
can be written as V(t) = U(t)U(t) where U(t) is the unitary group associated to
the KdV equation (see ([1.9)).

This paper is organized as follows: In Section 2, we prove Theorem In
Section 3, we present a refined local smoothing effect when ®(¢&) = [£]F — [¢]F+2,
ke Z", in . In Section 4, we to obtain some Strichartz type estimates. In
Section 5, we prove Theorem [1.2
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2. LocAL WELL-POSEDNESS IN H® FOR s > —3/4

This section is devoted to supply the proof of the Theorem We start by
proving some preliminary results.

2.1. Preliminary estimates.

Proposition 2.1. Let s > —3/4. There exist b € (—%,0) and €, > 0 such that for

any b € (%,b’—I—l] with 1 —b+b <e¢, and u,v € Xy
[[(uv)e|

The proof of the above proposition can be found in [IT].
We consider a cut-off function ¢ € C*°(R), such that 0 < ¢(t) <1,

¢(t):{1 if [t <1, 21)

X, Scllullx,, vllx,,-

0 if [t >2.

Let us define 17 (t) = ¢(L) and 9z (t) = sgn(t)yr(t).

The following Proposition plays a central role in the proof of our first main result,
Theorem This Proposition allows us to work in the usual X ; space associated
to the KdV equation instead of the Bourgain space associated to the IVP .

Proposition 2.2. Let —1/2 <¥ <0, T € [0,1]. Then we have

[PV (uollx., , < clluolls- (2.2)
If1/2 <b<b/3+2/3, s €R then

t
me)/o V(t =) (uug) ()t | x, , < T2 lung | x, o (223)

where ¢ is a constant.
Before proving this proposition, we record the following results.

Lemma 2.3. Let 0 < T <1,1/2<b< 1 and a < 1. Then we have

lor ()l gp < (T2 + TV2), (2.4)
92 (2) ey < T2, (25)

alt cT?
|F(|t|r(t)e ! ‘)(7')\ < ma (2.6)
F(t] b (8) elt)(r)] < ——- (2.7)

1+ (72 + a2)T?’
where ¢ is a constant independent of T' and a.
Proof. Using the definition of the space H®, we have
lor )l gy < cllérlce + ell Dy e = T3¢ 12 + TV | DY 12,

where we used the fact that iﬂ/?)(r) = Th(T 7). To prove (2.5)), we exploit the
compact support of ¥ to get

lor(t) e gy < T2 (Bl 2 + ell DY ($r () e[ 2 < (T2 + T2 DYR] 12),
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where h(t) = ¢ (t)e?T1!. Integrating by parts twice we obtain
c
(2
where, in the case when a < 0, we have used the fact that |z|e® < e, Vo <1, in

particular for = aT'. This proves inequality (2.5)).
To prove inequality (2.6) we have

F(|tldr(t) e (r) = T*p(T7) (2.8)

[h(r)] <

where p(t) = |t|1)(t)e?T . Integrating by parts, we obtain
c

< - k=0,1,2.
'S e '

p(T)
Therefore,
. c
b < T T (2.9)

Combining (2.8) and (2.9) yields the desired inequality (2.6). The proof of (2.7) is
([l

similar.
Remark. It’s not possible to obtain similar inequalities as (2.4)) and (2.5) for o7 (t)
because of the discontinuity.

In the following estimates, without loss of generality, we suppose that n = 1.

Lemma 2.4. Let —1/2 < <0,1/2<b<V/3+2/3, T €(0,1], a<1. Then

t
HwT(t)/O N f (@) | gy < TP f (2.10)
where ¢ is a constant independent of a, f and T'.

Proof. Tt is sufficient to prove Lemmawhen la] < 1. In fact, let us suppose that
Lemma has been established in the case |a] < 1. Then when a < —1, we use
the change of variable t'a = t/, to obtain

V() Io(t) := pp(t) /0 elt=tle (¢t = %%T(at) /0 " lat=' fa(t)dt' = %J(at).
(2.11)

where f,(t') = f(t'/a) and J(t) = ¢ur(t) [J e/~ f,(¢')dt’. Note that for a < —1,

1T @)z < claT |27 foll yor < clafP/270 /273020 22802
(2.12)

Since b’ + b > 0 and |a| > 1, from (2.11]) and (2.12)) we obtain
1
7 (#) Lo ()| e = m”J(at)”Hb

b
a
< el 1Ol

< c
= |a|®'+0)/2

T1+b'/273b/2 Hf”H”"

Hence, we arrived at (2.10) in this case too.
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From here onwards, we consider |a| < 1. Now let b > 1/2, then we have

t t
Ia(t) — / e\t—t’\af(t/)dtl — / e(t—t') sgn(t)af(t/)dt/
0 0

t
:6a|t\/ efsgn(t)at’/eit'Tf-(T)det/
0 R

t
:ea|t\/f(7_)/ e(iT—sgn(t)a)t'dt/dT
R 0

R (it—sgn(t)a)t _
*ealt‘/f(T)—e 1d7'

iT — sgn(t)
_ ealtl
/ fr £ = _ar
iT — sgn(t)a
We have
1 ) a i T
= sgn i )
sgn(t)a — it I T T e
If we define
a t
Pa(t) = prRTL qa(t) = PR

and replace 7 by ' we obtain
I, (t) = sgn(t) / pa(t') [e“'tl et ‘] Fhat' + z'c/ qa(t’)[ea‘tl et t]f(t )dt’
R R

= a71(t) + Iayg(t).
(2.13)

Estimate for I, ;. We consider two cases.
Case 1: [t'| > 1/T. Let f(t') = f(t')xq¢|>1/7)- From the definition of I, 1 we
have

Ur(OLa(0) = asenOer(t) [ LD e~ ar —an(1), (219

where h(t) = sgn(t)y(t) fR{f(t’)/(aQ + 1)} [eaTltl — eiT”/]dt'. We have

h(t)(r) = A an Eﬁlt)lzK(a, T, t')dt, (2.15)

where
K(a,T,, t’) = / sgn(t)i(t) [eaT|t\ _ 6iTtt']€7it'rdt.
R
Integrating by parts,

|K (a, T, 7,t)| < c<<i/§, and |K(a,T,7,t")| <c {t') +c<t/>2 < C<t/>2.

Hence
<t'>2b
(>

K(a,T,m,t)| < ¢



8 X. CARVAJAL, M. PANTHEE EJDE-2008/02
Therefore, from (2.15)) we obtain

— e T3/2+b'—2b
DI < < /| PO s < T

% Sy a2 + 02 ()
Now, using ([2.14)) we have
t _ _ _
ler@La(®)llme = lal A7 ) o < lal T2 |A@) o < T2 =220

Hence
7 (O L) o < T2V 730 fll o < /23002 £

Case 2: |¢/| < 1/T. Let f(t') = J?(t/)X{W\g/T} and as earlier ¢p(t) =
sgn(t)r(t). We have

F (o) Laa(t))(7)

efit‘rtZT(t) ‘/Rpa(t/) [ea\t| _ eit't] f(t/)dt,dt

~»

pa(t/) (t/)/]R/lZT(t)e_itT [eam —eit/t]dtdt’

I
—

pa(t) FEWF (1) e (7) = F () (7 — 1)}’

pa(t) FWWF (1) M) (7) = F () e (v — 1) Yt

I
S—

R
+ /Rpa(t/)f(t/){f(l/;T(t) e (r =) = F(Pr () (r — ') }dt’
= TIg11(7) + Ig12(7).

Since |po ()| < 1/|t'|, we can estimate the term I, 11(7) as in [9]. Therefore we will
estimate only the term I, 12(7).
Let us define (', 7) := F (¢¥r(t)[e*] — 1]) (7 — ¢), then we have

h(t',T) = /Oaf(uwT(t) eI (r —t')ds. (2.16)

From (2.7) we have that
cT?

- St (- — ¢
F (@) ) = < e

(2.17)

where c is independent of s, 7, ¢’ and T.
Observe that 0 < s <aifa>0and a < s <0if a <0. Thus we obtain

lal 1
h(t', T §0T2/
R A T T
|a|
A+ r=¢IT)1+ |7 —¥¢|T+|a|T)

2ds

= ¢T?

As |Tt'| <1, we have
1 2
< .
L+|r=t|T ~— 1+|7|T

Hence
|a|

h(t <er?—"
|h(t',7)| < ¢ (1+ [7|T)?
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Using the Holder’s inequality we obtain

Tars()] = | / palt') F(EA(E 7)dt|

! —2b’ h t/,T 2 1/2
< g (/|t’<1/T Mdt/)

(a2 —|—t’2)2
- T2 iVl </ as |t’|*2b,)dt’)1/2 (2.18)
= (1 rfT)2 [t/|<1/T
cT3/2+Y
< A+ £l 2o

Finally, we arrive at

1/2 , 1+ |7|2 1/2
([a+ i ianetrar)” < e i ([ E ar)
R R (

14 |7|T)
< T3 g L + _1
¢ HY \ 172 7 Tbr1/2

< I fll g,

Therefore, in this case we have
/
[ Tallme < T "* | fll g

Estimate for I, 2. The estimate for I, o is similar to that of I, 1, exchanging p,
by g, and ¢7(t) by ¥ (t). So, we omit its calculation. O

In the following remark we present improvement of the estimate obtained in the
Lemma [2:4] in some particular cases. Although, this improvement does not help to
improve our main result, it will be of interest on its own.

Remark. (1) The proof in the case [t/| < 1/T is valid for all a < 1.
(2) We know that

Hg(n) = —isgn(n)g(n) and Gu(t) = —isgn(t) "'l
Thus

Loa(t) = —dr (D@ (1) / 4o )t + VEr o (8 F H(aaF)(8)
= dr(t)F " (g) (1) / GtV TVt + N3 () F Hau ) (1),

where ¥7(t) = sgn(t)ir(t). Consequently,

T 2(7) = tr % 4a(7) / 48 ()t +V/3mir * H(gaF)(7)

-~

— P % qal7) / Ga()F(#)dt + V2TH () * (qa ) (7).

R
Similarly,
Tt (7) = 30 % 4a(7) /R 4a(t) F (1)t + @H@ * (gaf)(7)-

B)If1/2<b< ¥ /3+2/3, thenl—b+b >3/4+V/2—b>1+b/2-3b/2>0.
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(4) If |a| > 1, then |g. ()] < ¢/(t'), hence

[la)Feiar < /”f "t < ol

and therefore we obtain a more refined estimate than (2.19)).
(5) In the case |t'| > 1/T we can to obtain a better estimate for I, o because ¥ is

regular (using the inequalities || and ) In fact, let f(t’) = f(t/)X{\t’|>1/T}~

‘We have that
[aefe)
R

Since [t'| > 1/T implies |¢'| ~ (¢'}, using the Cauchy-Schwartz inequality we obtain

At/
[t'|>1/T |t‘
At/ " —b
5/‘ O (2.19)
w1y 1]

dt’ 1/2 /
<l ([, ) ST Wl

s
@y loe

lor () La2Oll gy < llvr @) Ol 217 (@ YOl

Similarly,
at’ 1/2
/ | a | Hf”Hb |t">1/T |t/|2b (a2 +t/2)
1 dt’ 1/2
/ 2.2
- C|a|1/2+b’ (/;{ |t/|2b/(1+t/2)) ||f||Hb ( O)
1

= CW 1l e
Hence from (2.19)) and ( - we obtain

T\ 1/4+b"/2
/W% Ol < () 1, (221)

and

Py < FOr
17 @Ol S [

At/ 2
S A
|t'|>1/T <t> |t|
< TR p,

So from inequality (2.4) we have

1o @)l 1 F (g0l )@l gy < T2 TEPHO0Y £l o < T2 ]
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On the other hand, if a < —1 from inequalities (2.5) and (2.21)) we obtain

o (6) et / 4a(#) P2t

()" (Hle)( la) (1) 1
()" (1 )

< 3/ /2= (1 +

IN

IN

1
sy ) Ml
< cT3/4+b’/2*b||f||Hw

Now if |a| < 1 using the inequality (2.5) we obtain:

[or(®) ey [ 10T < TV T2 (1 )
< TR £
< T g
< CT3/4+b//2_b||f||Hb/
Therefore, in this case
lor () La() |y < T2 £l o,

where c is a constant independent of a, f and T

Now we prove Proposition which plays a crucial role in the proof of the first
main result of this work.

Proof of Proposition[2.4 To prove (2.2)), we use the estimate (2.5) with 7' =1 and
a= ®(&) < 1, to obtain

() O 2, < (o),
where ¢(n) is a constant. Therefore,
2s |7~ 2 1/2
[ (O)V (Ouollx., < C(??)(/R@ [uo(&)] df) < c(n)lluol &=
Now, we move to prove (2.3). From definition (1.10) of the X ; norm, we have

lor () / V(1) (uy) (£)dE | x..,

— T~ t)r (1) / V(t — ) () ()| 1,
(2.22)

= [(7)"(€)* Fer [wT(t)/O U=t U(t = t')(uuz ) (t")dt'] | 12 12

t
— )" I (t) / € I IO (¢, €)1 | 1

If we fix the variable { and suppose f¢(t') = e Ty (t,€) the estimate (2.3)
follows from ([2.22]) using (2.10]). O
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2.2. Proof of the Theorem [I.1l

Proof. As discussed in the introduction, we will use Bourgain’s space associated to
the KdV group to prove well-posedness of (|1.1)); therefore we need to consider that
(1.12)) is defined for all ¢. Now consider ([1.12)) in its equivalent integral form

u(t) = V(t)uo — / VAt o) () () (2.23)
where V(t) is the semigroup associate(;) with the linear part given by . Note
that, if for all ¢ € R, u(t) satisfies

u(t) = YOV (t)uo — pr(t) /t V(t —1')(uus)(t)dt,
then u(t) satisfies in [-T,T]. We deﬁone an application

() (t) = (1) V(tyuo — vr(t) / V(t— ) (uy) (¢

Let s > —3/4, and ug € H*. Let b and b’ be two numbers given by Proposition [2-1]
such that § = min{l1 4+ /2 — 3b/2, 3/4 + s/3 — b} > 0. For M > 0, let us define a
ball

X0 =A{ue Xop |ulx,, <M}
We will prove that there exists M such that the application ¥ maps X sMb into X é‘fb
and is a contraction. Let u € X[. Then using Propositions and the

definition of X .3,41; we obtain

1¥(w)llx.., < clluolls + eT?|(uus)]

M M
X S H M <

where we have chosen M = 4c|lug||gs and 0 < T < 1 such that ¢cT'M = 1/4.
Therefore, ¥ maps X % into itself. With a similar argument we can prove that ¥
is a contraction. Hence ¥ has a unique fixed point u which is a solution to (1.1))
such that u € C([-T,T], H*®).

The rest of the proof follows in an analogous way to [11], so we omit the details.
O

3. A REFINED LOCAL SMOOTHING EFFECT

In this section we prove the following local smoothing effect for the semigroup
Vi (t) defined by (1.14) with ®(¢) = |¢|*—|¢|*+2. Similar results can also be obtained
for more general ® as in ((1.2]). Our proof follows the ideas of [6].

Theorem 3.1. Let T > 0, up € L9, 0 < s < (k+3—p)/p+1/p1 and p > 2,
p1 > 2, then

c(n) .
1D:Vi(Buollpg e < (k+3—p(s+1)+p/p1)t/r (e + 19 Juollsa, (31)

where e = €(p, k,s,p1) = (k+3—p(s+1))/(k+2)+p/((k+1)p1) and 1/p+1/q = 1.

Corollary 3.2. Letug € LY, T >0,2<p<k+3, and 0 < s < (k+3—p)/p,
then

s C(n) 1/p 20T €
HDsz(t)uouLngc < (h+3—p(s L 1))/ (T"Pe + T°°) ||uol|Las (3.2)
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where eg = €(p, k,s) = (k+3—p(s+1))/(k+2) and 1/p+1/qg=1.
In particular, the case when p = 2 is interesting, which is stated as follows.

Corollary 3.3. (1) Ifug € L?, p1 >2,0<s<1+(k—1)/2+1/p;,0<T <1
and v = min{1/2,¢(2, k, s,p1)} then

) c(n) TV
DV (¢ 2 <
[1DZVi()uoll 2 o2 < 1+ (k—1)/24+1/p1 —s)

(2) If up € H*, —k/2<s<0,0<T<1andy=min{l/2,e(2,k,1—3s,p1)} then

c(n) 17
(k=1)/24+1/p1 + s)1/2

1/2HU’OHL2' (33)

D2 Vi (H)uollpz pzr < 1D ol 2, (3.4)

in the following cases:
(i) when —(k—1)/2<s<0 and 2 <p;.
(ii) when —k/2 < s < —(k—1)/2 and 2 <p; < (—s— (k—1)/2)7L.

In the proof of Theorem we will use the following result.
Proposition 3.4. Let p > 2, and 1/p+1/q =1, then
e < ellullzs, (3.5)
The proof of the above corollary can be found in [I3] Corollary 1.43].

Proof of Theorem[3.1. We can assume that ug € S(R). We consider a cut-off func-
tion p € C(R\ {0}), 0 < ¢ <1 defined by

1 ifo<t<1
t) = - =7 3.6
olt) {0 ift<Oort>2. (3.6)

Let us define o7 (t) = ¢(4), then
I1DZVi()uo (@)l Lo o2 < [lor(t) D3 Vi (t)uo (@)l r Lo
Let 1/p; +1/q; = 1, using duality it is enough to prove for ug in L? and g in L L3
7= [ er®Diviu@ate. e ] < clhuolis ol
Using , we have
DiVi(t)uo(z) = i/R j€]° e PO i g () e
Therefore, by Fubini’s theorem, Proposition [3.4] and Hélder’s inequality we obtain

J < clluollzallLgllLa,
where Lg(§) is defined by

Lg(¢) = ¢]°] / pr(t)g(x, t)elt FMEOTIE gy gt
R2
and
1Lg(&)] < |&I° /R er (D)™ O F (g (-, 1) (&)]dt. (3.7)
We have
1Lg()l Law) < 1Lg(E)llLaqiei<2) + 1Lg(E)l La(ie)>2) = J1 + Ja. (3.8)
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In J; by (3.7)), Minkowski and Holder’s inequalities and Proposition (3.4) we obtain

Ji SC/R@T(t)”e”tq)(g)||LT1(|5|§2)”7*1(9(-,t))(f)”[;ﬂ“ﬂgg)dﬁ (3 9)

<ce®lor|ee llgllpspn < c® TP |lgll o,

where ¢ is a constant, 1/¢ = 1/r; + 1/p; and 1/p; + 1/¢; = 1. Similarly for Jo we
have

Jo < /RWT(t)” ¢ entq)(f)”L”(\f\>2)”g('7t)HLgl dt.

For t > 0, we have

< c(n)
L(lEl>2) = Ys/kr2)+1/((k+2)r1)

_ k42
[N

Therefore, for 0 < s < (k+ 3 — p)/p+ 1/p1 we obtain

or(t)
ts/(k+2)+1/((k+2)r1)

Ja < ()

o lglleg o < cm) T llgllg e, (3.10)

where € = (k+3 — p(s +1))/(k +2) + p/((k + 1)p1). From (3.8), and

we obtain

0(77) 1/p_ 2nT €
ILgllLe < (k43— p(s+ 1) p/p)/7 (T°Pe™ +1°) ||gll pa g -

4. SOME STRICHARTZ TYPE ESTIMATES

Proposition 4.1. Let2<p, k> 1, ¢, = %, 0<T<1,s<0 and
Ly >0
—+———c .
r (k+2) PP

Then
1, _ s .
[Ve(®)uollr rz < c(n, sqro)T T =0 g |
where 1/q+1/p=1, 19 =2/(2 — q).

Proof. Let ®(&) = |¢|F — |£]*+2. By (83.5) we have

Vi ()uollLyre < cl[Vi(t)uoll gz
<c Hent@(oﬂBHL;Lg(lflg) + C||e’”q’(€)ﬂ5||L;Lg(\g\>2)
= J1 + JQ.

In J;, using Holder’s inequality we have

Jy < 37 sen Tl
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To estimate Jo, by Holder’s inequality we obtain
[ em @i
[g]>2
S/ eI (1 g ey 701+ el e) Y de
[€]>2
_ (k+2) _
< [le T2 (1 1) 75 Lo (g2 l1uo | %

1 1 (k+2) /o
=1yl —sqr q
< ¢(n) L1/((k+z)m) + 1/ (k+2)r0)—sq/ (k+2) (/Re Y ly[ Ud?l) }HUOHHSa

where ro = 2/(2 — ¢). Therefore

1 1y s .
J2 < 0(777 SqTO) || tl/((k+2)roq)—s/(k+2) HLQHUOHHS < 0(777 SqTO) T7'+(k+2) ok ||u0||H57
where ¢, = ﬁf%. O

Corollary 4.2. Let0<T <1,s<0,1<r<2(k+2)/(1—2s). Then
Vi (ol g ree < e, s)TH =02 COF2D 0| .
Proposition 4.3. Let ug € L?. Then
Vi (t)uol ooz < €™ [luo| 2.
Proof. Using Plancherel identity
IV (®yuollzz = [l =" DT5 €)1z < e fuol| 2,
where we used the estimate ent(1€l"—1€""*) < enT’, O

In the following section we give an application of the above results.

5. PROOF OF THEOREM [I.2]

This section is devoted to give proof of the local well-posedness result for given
data in homogeneous Sobolev space with regularity below L?. We consider the IVP

Ou+ O3u+nL(v) + udpu =0, z€R, t>0,

u(z,0) = up(x), (5:1)
which is a special case of with Fourier symbol ®(¢) = |¢[F — |¢[F+2.
To prove Theorem we need the following proposition.
Proposition 5.1. Let 0 < —s < 1/2. If u € L*/(1=2%) | then
1D2 (w2 < cllullp2ra-z20. (5.2)
Ifu e L' N L2, then
D3 (w)l[z2 < ellullpr + [lullz>). (5.3)

Proof. The inequality (5.2]) follows using the Hardy, Sobolev, Littlewood inequality
and

1 1
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The inequality (5.3) follows from
SN2 SN2
Dl = [ [y
n

In|<1 |n|—2s I>1 | =2

Now we are in position to supply proof of our second main result.

Proof of Theorem[1.3, Now let ug € H*®, with 0 < —s < 1/2. For 0 < T < 1, define
a ball

Zog ={w e C(0,T],H*); ||w|||l7 < a},
where

a1 =2 _s
ol = el g + lewall o + T35 )

—1/s<p1<oo,q1>2,1/p1+1/q1 = (1 —2s)/2 and p; is chosen as in inequality
(3.4) of Corollary Using Corollary [3.3] and Proposition 4.1 we obtain
Vi (®)uoll|r < ]| D3 (uo) |2 (5.4)

Also, using the inequality (5.2) we obtain

T T
/ 105 (0vs)llzz < / Jvee | 270-20
0 0

<dllvellzz o 9]l 2 po (5:5)
{- et +i+eis}
< T\ 2 (5 taterm g2,

Now, define an application
t
U(v)(t) = Vi(t)up — / Vi (t — T)vv, (7)dT,
0

where Vj(t) is the evolution operator defined in (1.14)) with ®(¢) = |¢|F — |¢|F+2.
With the help of the inequalities (5.4)) and (5.5)), it can be shown that the appli-
cation ¥ maps Z, r into Z, r and is a contraction considering a = 2¢|| D2 (uo)|| L2,

—2 .
and CT{_ZQT(’“+2>+%+W}@ < 1/2. The rest of the proof follows from a standard
argument. [

Remark. If we use the inequality (5.3 we can also take the following space in the
proof of the Theorem

Zoqw ={w e C([0,T],H®); |[w]l|r < a},
where
_ ) T{%—i—ﬁz}
wlllz = llwll g« + llwallz Lor + wellLz L2 + T2 wllzz Lo

_1l__s_
+Tt3 ’“*2}||w||L%‘FL§7

—1/s <p1 < o0, q1 >2,1/p1 +1/g1 = 1/2 and p; is chosen as in Corollary
inequality (3.4). By Corollary and Proposition we obtain

Vi @uolllr < €| D3 (uo)|| 2
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Then using (5.3)),

T T
| 1Dwelzz <e [ (ovaloy + ovallzz)
0 0
<cllvallzzrz Ivllrzre + cllvallpz Lo vl Lz Lo
SCT{%+ﬁ+Z a2+cT{7%+%+ﬁﬁl2}a2

91 -2 1 s
< CT{*2q1(k+2)+5+k+2 }QQ_
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