Electronic Journal of Differential Equations, Vol. 2008(2008), No. 08, pp. 1-9.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu/ or http://ejde.math.unt.edu/
ftp ejde.math.txstate.edu (login: ftp)

ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO NONLINEAR
PARABOLIC EQUATION WITH NONLINEAR BOUNDARY
CONDITIONS

THEODORE K. BONI, DIABATE NABONGO

ABSTRACT. We show that solutions of a nonlinear parabolic equation of sec-
ond order with nonlinear boundary conditions approach zero as t approaches
infinity. Also, under additional assumptions, the solutions behave as a function
determined here.

1. INTRODUCTION

Let 2 be a bounded domain in R™ with smooth boundary 9. Consider the
boundary value problem

5(,06(tu) — Lu+ f(z,t,u) =0 in Q x (0, 00), (1.1)
O (e tu) =0 on 99 x (0,00) (1.2)
sy 9@ tu)=0 on ,00), .
u(x,0) = up(z) in Q, (1.3)
where
"0 ou - ou ou - ou
Lu= Uzzl a—mj(aij(a?)a—wi) + izzlai(x)a—xi, AN = ijzlcos(u, xz)a”(x)a—x]

Here the coefficients a;;(x) € C(2) satisfy the inequality

n

> ai(2)&& > ClEf* for E€R™, €40, C >0,

i,j=1

a;j(z) = aj;(z), v is the exterior normal unit vector on 9Q, f,+(s) = f(x,t,s)
and g .(s) = g(z,t, s) are positive, increasing and convex functions for s > 0 with
fet(0) = f2.4(0) = g.£(0) = g;.,(0) = 0. For positive values of s, p(s) is a positive
and concave function. Throughout this paper, we assume the following condition:
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(HO) There exist functions f.(s), g«(s) of class C1([0,00)), positive for positive
values of s such that for any a(t) tending to zero as t — oo,

i £E0) L ata)
t—oo  fo(a(t)) Totmoo ga(a(t))
fe

Js _ 9= _ / _ (9= _
5(0)— - (0) (@,)(0) (@,)(0) 0,

2

= b(l‘),

where a(x) is a bounded nonnegative function in 2 and b(x) is a bounded
nonnegative function on 0f2.

Existence of positive classical solutions, local in time, was proved by Ladyzen-
skaya, Solonnikov and Ural’ceva in [9]. In this paper, we are dealing with the
asymptotic behavior as ¢ — oo of positive solutions of 7. The asymptotic
behavior of solutions for parabolic equations has been the subject of study of many
authors (see, for instance [T}, 2], [3, [, 6] [7, [10]. In particular, Kondratiev and Oleinik
[6] considered the problem

ou

s — Lu+aluP'u=0 in Q x (0, c0), (1.4)
Ou

v 0 on 990 x (0,00), (1.5)

u(x,0) = up(z) in Q, (1.6)

where p > 1, and a is a positive constant. They proved that if u is a positive
solution of Problem (|1.4)—(1.6)), then

—1

lim tﬁu(x,t) = (p‘%l/ﬂavl(yc)dw)F (1.7)

t—oo

uniformly in z € 0, where v1(z) is a positive solution of the boundary value problem

L*(v)=0 inQ

- (1.8)
— = Zai(x) cos(v, z;)v on 0f),
ON =

with

W) = 3 grlasge) = 3 Gelale).
2,7=1 i,j=1
Notice that Problem is the adjoint of the Neumann problem for the operator
L. The same result with v;(z) = 1, a = a(x) has been also obtained in [2] and
[7] in the case where a(z) is a bounded function in Q and a;(z) =0 (i =1,...,n)
(i.e. the operator L is self-adjoint). In [4], the second author has shown similar
results about the asymptotic behavior of solutions for another particular case of
Problem (L.I)—(L.3) which corresponds to this last for a;(z) = 0 (i = 1,...,n),
olu) = u, f(z,t,u) = a(z)fe(u), g(z,t,u) = b(x)g«(u). Our aim in this paper
is to generalize the above results, describing the asymptotic behavior of solutions
for Problem f. Our paper is written in the following manner. Under
some conditions, we obtain in the next section the asymptotic behavior of positive

solutions for Problem (|1.1)—(1.3).
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Introduce the function class Z,, defined as follows: u € Z, if u is continuous in

G, g—; € G’ and %, 8225‘% € G, where G = Q x (0,00), G’ = Q x (0,00), and G

is the closure of G.

2. ASYMPTOTIC BEHAVIOR

In this section, we show that under some assumptions, any positive solution
u € Z, of Problem ([1.1)—(1.3) tends to zero as ¢t — oo uniformly in « € 2. We also
describe its asymptotic behavior as ¢t — oo. The following lemma will be useful
later.

Lemma 2.1. Let u,v € Z, satisfying the following inequalities

&pa(tu) —Lu+ f(z,t,u) > 89275:1) —Lv+ f(z,t,v) inQ x (0,00),
ou ov
N +g(x,t,u) > N +g(x,t,v) on 9N x (0,00),

u(z,0) > v(x,0) in Q.
Then we have u(z,t) > v(z,t) in Q x (0,00).

Proof. The function w(x,t) = u(x,t) — v(z,t) is continuous in Q x [0,00). Then
its minimum value m is attained at a point (zq,t9) € Q x [0,00]. If tg = 0, then
m > 0. If 0 < tg < oo, suppose that there exists ¢; such that 0 < t; < tg with
u(z,t) > v(z,t) for 0 <t < tq but u(wq,t1) = v(z1,t1) for some z1 € Q.

If 1 € Q then we have

M(m,m <0, Lw(z,t) >0, flu(zy,tr)) = f(v(z,t)).

ot
Consequently, we have a contradiction because
dp(u) — ¢(v)

ot (.’1?1,t1> — Lw(ml,tl) + [f(xl,tl,u(xl,tl)) — f(xl,tl,’l)<.’171,t1>)] > 0.
Finally if 7 € 09, then %(ml,tl) < 0. We have again an absurdity because of
the fact that

ow

87N(x1’t1) +[g(w1,t1,ulz1, 1)) — g1, tr, v(w1,1))] > 0.

Therefore we have m > 0. O

For the limit of f.(t)/g.(t) as t — 0, we have the following possibilities:

(P2) lim;—o 5*53 = 00,

(P3) lim;—o g*gg = (C,, where C, is a positive constant.

Let ¢ and €4 be such that:

(H1) ey =0, g, = 1 if (P1) is satisfied;

(H2) e5 =1, g, = 0 if (P2) is satisfied;

(H3) 5 = /152, €9 = £/ 15— if (P3) is satisfied.
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Assumption (P1) is always used with the coefficients €, €4 defined in (H1)-(H3).
The function

h(t) = e f(t) + £494(1) (2.1)
is crucial for the study of asymptotic behavior of solutions. Let
1
o' (t)dt
= 2.2
c - [ 40 (22)

and let H(s) be the inverse function of G(s). In this notation the initial-value
problem

P (B)B(1) = =An(B(E), BO)=1 (A>0) (2:3)
has the unique solution 5(t) = H(At). It follows from %(0) = (%)’(0) = 0 that

;L,((tt)) <tfor0<t<¢ (6>0)and hence
G0)=00, G(1)=0 and H(0)=1, H(c0)=0, (2.4)

which implies that 3(co) = 0. The function S(¢) will be used later in the construc-
tion of supersolutions and subsolutions of ([1.1)—(1.3) to obtain the asymptotic
behavior of solutions.

Remark 2.2. If (P1)—(P3) are satisfied, then
f(a,t, B(t))

0<

A T N
ey 2 B0
T

In the following theorems, we suppose that (P1) or (P2) or (P3) is satisfied.
Consider the boundary-value problem

oy
—A— Ly = —ra(x) + 6, AN —eqb(x) + 4. (2.5)
This problem has a solution if and only if
5(/ vo(x)da:+/ vo(z)ds) = I(a,b) —)\/ vo(z)dx, (2.6)
Q FTo) Q
where vo(x) is a solution of Problem (1.8) and
I(a,b) = sg/ b(m)vo(x)ds—l-sf/ a(x)vo(z)dz, (2.7)
a0 Q

(see, for instance [6]). Thus in this paper, for problem (2.5, we suppose that for
given A > 0, § satisfies (2.6)), which implies that problem (2.5) has a solution ).

Without loss of generality, we may suppose that ¢» > 0. Indeed, when ¥ is a solution
of , we see that ¢ + C' is also a solution of for any constant C' > 0. The
function 1 will be used later to construct supersolutions and subsolutions of 7
for getting the asymptotic behavior of solutions. The function vy (z) does not
change sign in Q. We shall suppose that vg(z) > 0 in Q. If a;(z) = 0, then the
operatorL is self-adjoint and vy(z) = 1.

Theorem 2.3. (i) Suppose that I(a,b) > 0 and lims_g %E:)(S) =0. Ifue
Zyp is a positive solution of (L.1)—(1.3]), then

tlim u(z,t) =0

uniformly in x € Q.
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(ii) Moreover if there exists a positive constant co such that
sh(H(s))
s H(s)g/ (H(s) =
I(a,b)
T vol(z)ds *
Proof. (i) Put w(z,t) = B(t) + ¢(z)h(6(t)), where 5(t) and (x) are solutions
of and respectively for A < ﬂ%, which implies that § > 0. A
straightforward computation reveals that
dop(w)
ot
= h(B(1))(=A = L) = A(B())W (B() ¢ () + f(,t, B(t)) + P(2)h(B(1)) f1.. (¥)
h2(B(t))¢" (2) 2 RE(B))R (B(1)¢" (2)
B 1)) = (10 R
O s gl tw) = h(BO) 9 4 g1, B(0) + V{Ih(B)l (D),
with {l,y, z} € [B(t), B(t) + ¥ (x)h(B(t))]. It follows from that

Ip(w)
7 - Lw+f(x,t,w)

= (0 —epa(x))h(B(t)) — A(BE)R (B)¢(x) + f (2,1, () + () h(B(E)) f1,+(v)

we have u(x,t) = H(csgt)(1+0(1)) as t — oo, where cq =

_L1U+f(l'7t,’w>

h*(B(t)¢" () 2 P2(BE)N (B()#" (2)
Cap(z) P E)
S 70 B 710 R
0
a% +g(z, t,w) = (5 — gb(2))(B(1)) + g(,t, B(t)) + () h(B(t)) gz, (1)-
Since f; (0) = g. (0) = 0, lims_o %E:)(s) = 0, using Remark 2.1, there exists
t1 > 0 such that
92) Lyt flatw) >0 in Qx (¢
5 w z,t,w mn 1,00)a
g% +g(z,t,w) >0 on I x (t1,00).

Let £ > 1 be large enough that
u(z,t1) < kw(x,t;) in Q.

Since fy(s) and g, (s) are convex with f;,(0) = g¢4.:(0), ¢(s) is concave and
wy <0, we get

awélzw) - Lkw + f(xat>kw) > 0 in Q X (tl,OO),
okw
Syt tkw) >0 on 99 x (t1,00).

It follows from Comparison Lemma [2.1] that
u(z,t1 +t) < kw(z,t, +1t) in Q x (0,00).
Since lim;_ o w(x,t) = 0 uniformly in 2 € Q, we have the result. O

The proof of Theorem (ii) is based on the following lemmas:
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Lemma 2.4. Under the hypotheses of Theorem (i), if w € Z, is a positive
solution of problem (1.1))—(1.3)), then for any € > 0 small enough, there exist T and
T such that

T. K. BONI, D. NABONGO

w(z,t+7) < Bt +T) 4+ 1(x)h(B1(t +T)),
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where (1(t) and ¥1(x) > 0 are solutions of (2.3) and (2.5) respectively for A =
g

Cfg — 3+

Proof. Put

wi(z,t) = Bu(t) + 1 (z)h(Bi (1))

Since cq = I(a,b)/ [, vo(x)dz, it follows that

e [ vo(x)dx

b= 2(Jovo(x)dz + [5q vo(z)dz)’

which implies that for any € > 0 small enough § > 0 and as in the proof of Theorem
(i), there exists T' > 0 such that

Since lim;_, « u(x,t) = 0 uniformly in x € Q, there exists a 7 > T such that

% — Lwy + f(z,t,w1) > 0 in Q x (T, 00),
(9’(01
N +g(z,t,w1) >0 on I x (T,00).

u(z,7) <wi(z,T) in Q.

Set 21 (x,t) = wi(x, T —7+1) in Q x (1,00). We have

Therefore,

21(2,7) = wi(z,T) > u(x,7) in Q,
Ip(z1) _ Op(wr)
ot ot
Lz = Lwy; in Q x (7,00),

82:1 o 8w1

67]\7_87]\/' on BQX(T7OO).

in Q x (7,00),

0 (21)
ot
821

N +g(z,t,21) >0 on 0N x (1,00),

— Lz + f(z,t,21) >0 in Q x (7, 00),

21 (z,7) > u(x,7) in Q.

It follows from Comparison Lemma [2.1] that

w(a,t+7) < wila,t+T) = Bt +T) + v (@)h(By(t + 1)),

which yields the result.

O

Lemma 2.5. Under the hypotheses of Theorem (i), if v € Z, is a positive
solution of (L.1)—(L.3), then for any € > 0 small enough, there exists T such that

U(l’,t + T) 2 ﬂg(t + TQ) + ¢2($)h(ﬁ1(t =+ Tg)),

where [a(t) and Pa(x) > 0 are solutions of (2.3) and (2.5)) respectively for A =

Cfgt+ 5
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Proof. Put
wa(z,t) = Ba(t) + 1 (z)h(Ba(t)).

Since cpg = fl(#b), it follows that
Q

vo(z)dz
_ —e [ vo(z)dx
2( [ vo(z)dz + [ vo(x)dx)’

which implies that for any € > 0 small enough § < 0. As in the proof of Theorem
(i), wy satisfies

6@;?2) - LU}2 + f(l', ta UJQ)

= (6 —eya(x))h(B2(t))

]

—(crg + g)h(ﬂQ(t))h'(ﬂz(t))%/f(I) + (@t Ba(t)) + (2)h(B2(8)) £ (y2)
o Sy B (z2) ey o BB (B()¢" (22)
(crg + 5)¥(2) 2 (3(0) (crg +5)¥7(2) 2 0300) ;

8’11)2

N 9@ tiws) = (8 —egb(@)h(B2()) + 9@, t, 52(1)) + Y (2)h(B2(t)) g5 o (12)-

with {ya, 22,l2} € [B2(t), Ba(t) + Ya(z)h(Ba(t))]. Since f; ..(0) = g;,(0) = 0,

lim,_.g %E:)(S) = 0, using Remark 2.1, for any £ > 0 small enough, there exists
T7 > 0 such that
9p(w2) I in Q x (T
5 " we + f(x,t,wy) <0 in Q x (T, 00),
ow
87]\? +g(z,t,wz) <0 on 9N x (11, 0).

Since lim;_, o wo(z,t) = 0 uniformly for z € Q, then there exists a T, > T} such
that

u(x, 7) > wo(z,Tp) in Q.
Set
zo(x,t) = wo(z,To — T +1¢) in Q x (1,00).
We get

z2(x,7) = wa(z, Tz) <u(z,7) inQ,

dp(22) _ dip(ws) in Q x (7, 00)

ot ot
Lzo = Lwy in Q x (7,00),
(92’2 8w2
gz _ 02 Q .
5N — N " 00 x (1,00)
Hence, we find that
dp(22) :
T—ng+f($,t,22)<0 in Q x (T, 00),
922 4 oot 2) <0 on 99 x (Tp, o)
ON g\x,1, 22 on 2,00),

2o(w,7) <wu(x,7) in Q.
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It follows from Comparison Lemma [2.1] that
u(z,t+7) Swz(w,t + 1) = Bo(t + T) + P2(2)h(B2(t + T)),
which gives the result. [

Lemma 2.6. Let 5(t,\) be a solution of Problem (2.3|). Then
(i) for~y >0,

. B+ )
lim ———————==1.
i B(EN)
(i) f ims— oo % < ¢y and o > 0, then
: 6(t,>\+01) . . ﬂ(t,)\‘i’a) CoY
1>1 — 2 > 1 f————>1- =— 2.
S VT SV
o BA—) Bt,\ —a) 2co0
1<1 f——— 2 <1 —_ <14 —, 2.9
SR AN e TN ST %)

for a small enough.

Proof. (i) Since B, (t) = B(t, \) is decreasing and convex,

h(B(t, N))
TP IR
which implies lim;_. o ﬁ(ﬁ'y(j;))‘) = 1 because lim,_.g SZE?Z) =0.

(ii) We have

h(H (X
L BtAt ) HO4a) | HOW — at g
— BN H(\)  — H(A\t) .

Since lim,_, o % < ¢g, we obtain ([2.8]). We also get by means of (2.8]) the
following inequalities:

. BEA—a) . Bt A — ) 1 2co0r
< —= < < <
P ATy S A Ty ST =
which yields (2.9). O

Proof of Theorem (ii). From Lemmas and for any € > 0 small

enough, we have

u(z,t) . u(x,t)
o) = S

where k1 and ko are two positive constants. Consequently

u(z,t) = B(t)(1+o(1)) as t— o0,

1—kie< tlim inf <1+ kee

which gives the result. (|

Remark 2.7. Let p(u) = u™, f(z,t,u) = a1(z,t)uP, g(x,t,u) = bi(x,t)u? with
0 <m <1, inf{p,q} > 1. Assume that lim; . a1(z,t) = a(z), lim;_,o0 b1 (x,t) =
b(x),

Eq/ b(ac)ds—i—ep/ a(x)dz >0,
19) Q
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wheree, =0,e,=1ifp>q e, =1,e4=0if p<gande,=1,g,=1if p=gq. If
u € Zp is a positive solution of Problem (1.1)—(1.3), then u tends to zero as t — oo
uniformly in z € . Moreover

lim 71;(@115)
t—00 ¢~ Wmi{p,q}—m

inf{p,q} —m / /
=|—F——1|¢ vo(x)b(x)ds + €

G oo B0 oleble)ds 4.2, |
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