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LARGE TIME BEHAVIOR OF SOLUTIONS TO SECOND-ORDER
DIFFERENTIAL EQUATIONS WITH p-LAPLACIAN

MILAN MEDVED, EVA PEKARKOVA

ABSTRACT. We study asymptotic properties of solutions for certain second-
order differential equation with p-Laplacian. The main purpose is to investi-
gate when all global solutions behave at infinity like nontrivial linear functions.
Making use of Bihari’s inequality and its Dannan’s version, we obtain results
for differential equations with p-Laplacian analogous which extend those known
in the literature concerning ordinary second order differential equations.

1. INTRODUCTION

In this paper, we study asymptotic properties of the second-order differential
equation with p-Laplacian

('[P~ ) + f(t,u,0') =0, p>1. (1.1)

In the sequel, it is assumed that all solutions of are continuously extendable
throughout the entire real axis. We refer to such solutions as to global solutions.
We shall prove sufficient conditions under which all global solutions are asymptotic
to at + b, as t — +o00, where a,b are real numbers. The problem for ordinary
second order differential equations without p-Laplacian has been studied by many
authors, e. g. by Cohen [0], Constantin [7], Dannan [8], Kusano and Trench
[91 [10], Rogovchenko [13], Rogovchenko [14], Tong [I5] and Trench [I6]. Our results
are more close to those obtained in the papers [I3| [4]. The main tool of the
proofs are the Bihari’s and Dannan’s integral inequalities. We remark that sufficient
conditions on the existence of global solutions for second order differential equations
and second order functional-differential equations with p-Laplacian are proved in
the papers [I], 2, B [4, [TT]. Many references concerning differential equations with
p-Laplacian can be found in the paper by Rachunkovd, Stanék and Tvrdy [12],
where boundary value problems for such equations are treated.

Let

U,(to) = Uog, Ul(to) = Uui, (12)
where ug,u; € R be initial condition for solutions of .

We say that a solution u(t) of possesses the property (L) if u(t) = at+b+o(t)

as t — 0o, where a, b are real constants.
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2. MAIN RESULTS
Theorem 2.1. Letp > 1, r > 0 and ty > 0. Suppose that the following conditions
are satisfied:
(1) f(t,u,v) is a continuous function in D = {(t,u,v) : t €< tg,00),u,v € R},
where tg > 0
(2) There exist continuous functions h,g: Ry =< 0,00) — Ry such that

£t )) < h@g (X))ol (hu0) € D,

where for s > 0 the function g(s) is positive and nondecreasing,

/OO h(s)ds < o0,

to

and if we denote

¥ ds
Gaz)= | — &
(-T) /;0 Sr/pg(sr/p)’

[eS) 0o _B_q
G(OO):/ L:B/ AT
o STPg(s7P) ), Tg(T)

then

where a = (ty)"/?.

Then any global solution u(t) of the equation (1) possesses the property (L).
Proof. Without loss of generality we may assume tg = 1. Let u(t) be a solution of
(1), (2). Then
t
(W' ()7 < o' ()1 (t) < e +/ [f (s, u(s), v’ (s))|ds, (2.1)
1
where ¢g = |u1|P. Let w(t) be the right-hand side of inequality (2.1]). Then
u'(t) < w(t)/?
and

u(t) <ep+ /1tw(s)1/pds <+ (t—Dwt)V? < tley +w(t)/?], (2.2)

where ¢; = |ugl, i.e.
u(t) < tley +w(t)VP], 6> 1.
Applying the inequality (A + B)P < 2P~1(AP + BP), A, B > 0 and the assumption

(2) of Theorem [2.1| we obtain from ([2.2)):
t\P
(‘u(t >|) < 2p—lczf+2p—1w(t)

t (2.3)
< 2p—1czl7+2p—1 (02 +/0 h(s)g([mis”]r)|U/(S)|T)ds'

Let
d=20"(ck +cp), H(t) =2P"1h(t). (2.4)

(MO <ar [ H@o((MMYurras == @9

t s

Then
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ie.,

(1) <

From the assumption (2) of Theorem and the inequality (2.1]) it follows

|u(s)]

o <+ [ a2 oras < =0

i.e. we have
W' ()P < 2(t).

Since ¢(s) is nondecreasing, the inequality (2.3)) yields

g([@w < g(z(t)"/?)

and so we conclude for ¢ > 1,

2(t) < d+ /1 H(s)g(z(t)"/?)z(t)"/Pds.

From the assumption (2) of Theorem it follows that the inverse G=! of G is
defined on the interval (G(+0), c0). Applying the Bihari theorem (see [5]) we obtain

2(t) < G™1 (G(d) 4 2r~1 /OO h(s)ds) =K < 0.
1

Therefore the inequality (2.4)) yields
|u'(t)] < L:= K/

and from ([2.3]) we have

u®)l _
Wl <

Since
[ st atenias < [ un (M) s <20 <

for t > 1, the integral [ |f(s,u(s),u'(s))|ds exists. From (2.5) it follows that
there exists a € R such that

lim v'(t) = a.

t—o0

By the 'Hospital rule, we can conclude that

t
d
lim u(t) _ ut fy W(r)dr = lim /() = a.

t—oo t t t—00

Therefore there exist b € R such that u(t) = at + b + o(t). O
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Example 1. Let tg=1,p>r >0,

fltu,u) = n(t)tl_“e_t<%)p_rl [2 + (‘?l) }(u’)"7 t>1, (2.6)

where 0 < a < 1, n(t) is a continuous function on interval (1,00) with K =

sup>q [n(t)] < oo
The function f(¢,u,u') can be written in the form

BICOR (2.7)

where h(t) = n(t)t' et g(u) = ur " In(2 + |u|). Obviously g(u) is positive,
continuous and nondecreasing function, [~ [h(s)|ds < KT'(a) = K [;* '~ *ds

and
© ri-ldr o dr o dr
. [ —_ = 0. 2.8
/1 7g(T) /1 7In(2 4 7) /1 2+7)In(2+7) o (2:8)

Thus we have proved that all conditions of Theorem 1 are satisfied. This means that
for every solution u(t) of the initial value problem (|1.1] 7 . ) there exist numbers
a,b such that u(t) = at + b+ o(t) as t — oc.

u

F(t ') = h(tyg (1%

t

Theorem 2.2. Let p > 1,7 > 0 and tg > 0. Suppose the following conditions are
satisfied:
(1) The function f(t,u,v) is continuous in D = {(t,u,v) : t €< tp,00),u,v €
R},
(2) There exist continuous functions hy, ha, hs, g1,92 : Ry — Ry such that

|f(tu,v)| < hl(t)gl([m]r> + ha(t)g2(|v]") + ha(t), (t,u,v) € D,

where H; = ft s)ds < o0, i = 1,2,3, for s > 0 the functions g1(s),
g2(s) are nondecreasmg and if

r ds
G(z z/
D=y 5+ ga(7)

B [S%s) ds _B [e%s) %—1d7_ o
G("O"/m gl<sr/p>+gz<sr/p>‘rL GET G

where a = (ty)"/P.

Then any global solution u(t) of the equation (1) possesses the property (L).

Proof. Without loss of generality we may assume ty = 1. By the standard existence
results, it follows from the continuity of the function f that equation has
solution u(t) corresponding to the initial data u(1) = ug, v/(1) = u;. Two times of
integration from 1 to t, yields for ¢t > 1

(' ()" < [/ ()P~ /(1) = uf —/ f(s,u(s), ' (s))ds, (2.9)

T/p. (2.10)

u(t) <wup+ (t—1) /fsu '(s))ds
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It follows from (2.9) and (2.10]) that for ¢t > 1,
[/ (8)] < w(t)/?,
u(t)] < t(er +w(®)'/P),

where ¢; = |ugl, c2 = Ju1|?, w(t) = c2 + flt |f(s,u(s),u (s))|ds. Using the assump-
tion (2) we obtain for ¢t > 1

@) < [et [ oy ([
+13xmﬂu Ahg ",
[u(®) <c + [cz + /lt h1(8)91<[|u(38)|]r)d3

t
+/1t hg(s)gg(|u’(s)|r)ds+/1t hg(s)dsr/p.

Applying the inequality (A + B)P < 2”*1(14” + BP), where A, B > 0, we obtain

('“ <d+/ Hi( )|} )ds

/HQ gg |u d8+/ H3

where d = 2P~ (] + 02), Hl( = 2P=1h,(t), i = 1,2,3. Denote by z(t) the right-
hand side inequality (2.11]
. . t)\"
W/ ()] < 2(t)77P, (@) < (1), (2.12)
Since the function g;(s) and g2(s) are nondecreasing for s > 0, we obtain

o (W OF) <0 (z0). a1 ([ < g (077).

Thus, for t > 1,

t t t
2(t) < d+/ Hi(s)g1(2(s)"/P)ds —l—/ Hy(s)g2(2(s)"/P)ds —|—/ Hs(s)ds. (2.13)
1 1 1
Furthermore, due to evident inequality

Hi(8)91(2(s)"/%) + Ha(s)g2(2(s)"/?) < (Hi(s) + Hz2(s))(g1(=(s)"/?) + gz(z(s)(;/?él))
By , we have -

2(t) Sd+ Hs + /1 (Hu(s) + Ha(5))(91(2(5)"/7) + g2(2(5)"/7))ds;

(2.11)

ie.,
t
2(t) <d+ 2P hy + 271 / (h1(s) + hg(s))(gl(z(s)r/p) + gg(Z(S)T/p))dS. (2.15)
1
Applying Bihari’s inequality (see [5]) to (2.15), we obtain, for ¢t > 1,

A(t) < G (G(d 4 9P 1],) 4 2P /t(hl(s) + hg(s))ds),

1
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where

¥ ds
G(z) = / ,
D= )+ gl
and G~1(x) is the inverse function for G(x) defined for x € (G(+0), o). Note that
G(+0) < 0, and G~!(x) is increasing.
Now, let B B B
K =G(d+ 2" h3) + 27" (hy + ha) < .
Since G~1(z) is increasing, we have
2(t) < GTHK) < oo;

so it yields

O < G, )< a7 ).

Using assumption (2) of the Theorem we have

Aﬁmm@mwnmsmmeﬁﬁ+mwww@m+@w

< 2(t) < GHK),

where ¢ > 1, the integral flt |f(s,u(s),u'(s))|ds converges, and there exists an a € R
such that
lim v'(t) = a.

t—o0

Example 2. Let to =1,p>r >0,
fltuw) = m@E e (3)" 2+ (3)]
+ ()t 2e P In(3 ") + pa(E)t T se !
where 0 < a; < 1, 1;(t) are continuous functions on [1, 00), K; = sup;~; [7:(t)| < oo,

1 =1,2,3. Then f(t,u,u’) can be written as

u
F(tu0) = (g1 ([7]7) + ha(t)g2(0") + ha(8),
where h;(t) = n;()t' =¥ et i =1,2,3, g1(u) = u* In(2 + u), go(u) = ur In(2 + u).
Then u

£t 0)] < [l @lgs (1517) + [ha(®lga (o)) + R ()]
where (t,u,v) € D = {(¢t,u,v) : t € (1,00),u,v € R}, |h;(t)] < K;T'(ev;), i = 1,2,3
and obviously we have

*  rrldr
)= | e

_/°° reldr
1 T%[h’l(2+7')+h’l(3+7')]

>t / v A

— 2/ B4+71)InB+7)
This means that all assumptions of Theorem are satisfied and thus any global
solution u(t) of the equation (1) possesses the property (L).

Theorem 2.3. Let tg > 0. Suppose that the following assumptions hold:
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(i) there exist nonnegative continuous function hy,ha, 1,92 : Ry — Ry such
that

U7 r
()] < (g (27 + ool
(ii) for s > 0 the function gi(s), g2(s) are nondecreasing, and

gr(oau) < Pr(a)gr(u),  galau) < ¢o(a)gs(u)

for a > 1, u > 0, where the functions ¥1(a), () are continuous for
o> 1
(iii) ft s)ds=H; < 00, i=1,2.

Assume that there exists a constant K > 1 such that

oo ds
(1K) +92(K)27 (Hy + Hy) < /t 91(7/7) + ga(s7/7)

_p/+°° r - ldr
rJo  9i(T) +g2(T)’

where a = (t )’"/p Then any global solution u(t) of the equation (L.1)) with initial
data u(ty) = u'(to) = uy such that (Jup| + |u1])? < K possesses the property
(L).

Proof. Without loss of generality we may assume ¢y = 1. Arguing in the same way
as in Theorem . we obtain by assumptlon (i) of Theorem -

@) < [l + [ m@n (a5t [ mamerna] e
UL < o)+ [l + /m E (S) ds+/ ha(s)ga(l' () )ds] ” (27)
where t > 1.

(MO < ke ([ s ([ )+ / hals)ga(u())ds), (2.9

where K = 2P~ (|ug|? + |u1|P) > (Juo| + |u1|)P. Denoting by z(t) the right-hand
side of inequality ([2.18]) we have by (2.16) and (2.18)
t)I\"
! (D) < =)/, (@) < 2(t)/P. (2.19)

Since the function g1 (s), g2(s) are nondecreasing for s > 0, for ¢ > 1, (2.19)) yields

() < K+ 207 / B (5)g (=(5)7/7)ds + / ha(s)as(=(s)77) s, (2.20)

By assumption (ii) of Theorem [2.3] the functions g; (u), g»(u) belong to the class H.
Furthermore, if 91 (u) and go(u) belong to the class H with corresponding multiplier
function ¥ (), ¥2(a) respectively, then the sum g;(u) 4+ ga(u). Applying Bihari’s
Theorem (see [5]) to (2.20), we have for ¢ > 1

2(t) < KW™H K™ (1 (K) +¢2(K)))2”’1/1 (h1(s) + ha(s))ds, (2.21)

where
ds

W(u):/1 gl(sr/p)+g2(sr/p)7
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and W~1(u) is inverse function for W(u). Inequality (2.21)) holds for all ¢ > 1
because
(K (41 (K) + 42 (K)2P ™ (Hy + Hy) = L < oc.
Since W~1(u) is increasing, we get
2(t) < KW YL) < o0,
so it follows from (2.19)), (2.20)) that
t
—‘“i Vo kwr), )< xw ().
The rest of the proof is similar to that of Theorem and thus it is omitted. [
Example 3. Let ¢y > 0. Consider (L.1)) with p > 1, % =2,
f(t,u,v) = hy(t)u? = ho(t)v?, (2.22)
where hy(t) = mt—gt)tl_‘“e_t, ha(t) = ma(t)t'=2e 8 0 < oy < 1, my(t), i = 1,2 are
continuous functions on the interval (0,00) with K; = sup,s,, [7:(t)| < co. Then
we can write
flt,u,v) = 771(15)751_0‘16_'5(%)2 +ma(t)t ~2e0? (2.23)
and
[f(t,u,u)| < Kal(a1)g1(u) + Kol (a2) gz (u'), (2.24)

where g1 (u) = u?, go(u’) = (u')? . The functions g1, go satisfy the condition (ii) of
Theorem [2.3| with 11 (o) = 12() = o and

[e’e} g—ld [e’e} d
/ T / T - . (2.25)
to gl(T) +92(T) to T

Thus all assumptions of Theorem are satisfied and therefore any global solution
u(t) of the equation (1.1)) (independently on the initial values ug, u;) possesses the
property (L).
Theorem 2.4. Let to > 0. Suppose that the assumptions (i) and (ii) of Theorem
hold, while (ii) is replaced by
(ii’) for s > 0 the functions g1(s), g2(s) are nonnegative, continuous and non-
decreasing, g1(0) = g2(0) = 0 and satisfy a Lipschitz condition
l91(u+v) = g1(w)]| < Ao, g2(u +v) = g2(u)] < Agv,

where A1, Ao are positive constants.
Then any global solution u(t) of (1.1) with initial data u(ty) = wug, u'(to) = w1 such
that |ug|P 4 |u1|P < K possesses property (L).
Proof. Applying [8, Corollary 2] to (2.20]), we have for ¢ > 1

(1) <K 420 / (ha () + ha(8)) (92 (5C) + g2(K)

to

X exp (2”*1 /t()\l + Ao)(ha(T) + hQ(T))dT) ds

to
< K + 2071 (Hy + Hp) (g1 (K) + g2(K)) exp (27 (M + o) (H + Ha) )
< +o00.
The proof can be completed with the same argument as in Theorem [
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Theorem 2.5. Let ty > 0. Suppose that there exist continuous functions h, g1, g2 :
R, — Ry such that

(e 0)] < a0 (4] Ygallor),

where for s > 0 the functions g1(s), g2(s) are nondecreasing;

/oo h(s)ds < oo,

to

and if we denote

v ds
G(:T) = /to gl(sr/p)QQ(Sr/p)

then G(+o0) = & [ #;;T)dT = +o0, where a = (tg)v. Then any global solu-

tion u(t) of the equation (1.1 possesses the property (L).

Proof. Without loss of generality we may assume ¢y = 1. Arguing as in the proof
of Theorem [2:2] we obtain for ¢ > 1

MMSDmP+[%@mﬁﬁﬁmmwmwﬂw},

Iuit)l < Juo| + |:u1|p+/1th(5)gl([’Ués)]r)gzaul(s)r)ds}1/17’ (2.26)

(MO < ¢ 2= [ nsgan (21 a1,

t s
where C' = 2P~ (|ug|? + |u1|P) > (|uo| + |u1|)P. Denoting by z(¢) the right-hand
side of inequality (2.26)) and using the assumptions of the Theorem [2.5] we have for
t>1
t
2(t) <1+ C+2r71 / h(s)g1(2"/P)ga(z"/P)ds. (2.27)
1

Applying Bihari’s inequality (see [5]) to (2.27)), for ¢ > 1, we obtain
t

2(t) < G (G(l +O)+ 2?‘1/ h(s)ds) < GY(K),
1

where
w ds
o= [
(w) 1 g1(s7/P)ga(s7/P)

and G~1(w) is the inverse function for G(w). The function G~!(w) is defined for
w € (G(40), 00), where G(+0) < 0, it is increasing, and

K=G(1+C)+ 2p71/ h(s)ds < 0.
1

The rest of proof is similar that of Theorem and thus is omitted. |
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Example 4. Let to =1, p>1r >0,

oo == [(5 e (2] ez ]’

where 7)() is a continuous function on (1, 00) with K = sup,¢c; o) 1(t) < 0c. Let

g1(u) = [u%_l In(2 + u)rM, g2(v) = [v%_l In(2 4+ v)} 1/4, h(t) = n(t)t' et
Then

F(tu0) = h(t)gr (15]7) g2 (")
and

'] P2_1 o0
_p (T T _p [T dr
Gtroo) =5 / PG R / Tz 1)

>B/°°d—7_+
r), @rnm@rn

Obviously |f(t,u,v)| can be estimated as in Theorem Thus all assumptions of
Theorem are satisfied and this means that any global solution of the equation

(1.1) possesses the property (L).
Theorem 2.6. Let tg > 0. Suppose that the following conditions hold:

(i) there exist nonnegative continuous functions h, g1, ge : Ry — Ry such that

o) < a2 go(ror)

t
(i) for s > 0 the functions g1(s), g2(s) are nondecreasing; and
gi(au) < i(a)gi(u),  g2(au) < Pa(a)ga(u)
fora > 1,u > 0, where the functions 1 (), ¥2(a) are continuous for a > 1;
(iif) [, h(s)ds = H < +o0.
Assume also that there exists a constant K > 1 such that
K~ Hupn (K ) (K) < / T / T )
1 91(s/P)ga(s7/P) v Jo g1(7)ga(7)

where a = (to)». Then any global solution u(t) of the equation (1)) with initial
data u(ty) = ug,u'(to) = uy such that 2P~ (|ug|P+|u1|P) < K possesses the property

(L).
Proof. Without loss of generality we assume that ty = 1. With the same argument
as in Theorem for t+ > 1, we have

|u(s)]

t
!/ < p
W01 < [l + [ o) ([
Ju(d)] t [u(s)]» .
P < ol + [l [ hs)n ([0l ()17
Applying the inequality (A + B)? < 2P~1(AP + BP), A, B > 0 we obtain

(MY < 91 g 4 ) + 27 / t o (MY g uf(9))as]. (2:20)

1/p

] )ga (' (s)")as|

1/p
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Denoting by z(t) the right-hand side of inequality (2.29)), for ¢ > 1, we obtain

At <K + / H(5)g1(2(5)"/7)g (2(5)"/)ds, (2.30)

where K = 2P~ (Jug|? + |uy|P) and H(t) = 2P~ 1h(t). Assumption (ii) implies that
the functions g1 (u), g2(u) belong to the class H. Furthermore, it follows from [6]
Lemma 1] that if ¢ (u) and go(u) belong to the class H with the corresponding
multiplier functions ¢ (a) and w2(a) respectively, then the product ¢;(u)g2(u)
also belongs to H and the corresponding multiplier function is 1 ()12 (). Thus,
applying [8, Theorem 1] to , for t > 1, we have

2(t) SKW‘l(K‘lwl(K)wg(K)/l H(s)ds), (2.31)
where
“ ds
W(U) :‘/1 gl(ST/p)gg(ST/p)’ (232)

and W ~1(u) is the inverse function for W (u). Evidently, inequality (2.31)) holds for
all ¢ > 1 since by (12.28)

K1y (K)o (K) /1 H(s)ds € Dom(W™1) (2.33)

for all t > 1. The rest of the proof is analogous to that of Theorem [2.2] and is
omitted. ]

Theorem 2.7. Let ty > 0. Suppose that assumptions (i) and (iii) of Theorem
hold, while (ii) is replaced by

(i") for s > 0 the functions g1(s), g2(s) are continuous and nondecreasing,
91(0) = ¢g2(0) = 0, and satisfy a Lipschitz condition

g1(u+v) = g1(w)] < Av,  g2(u +v) = ga(u)| < Agv,

where A1, Ao are positive constants.

Then any global solution u(t) of the equation (L.1)) with initial data u(ty) = wo,
u'(to) = uy such that lugl? + |u1|P < K possesses the property (L).

Proof. Without loss of generality we may assume ty = 1. Applying [8, Corollary 2]
to ([2.30), we have for ¢t > 1
t t
2(t) < K + g1 (K)ga(K) / H(s)exp (Ao / H(r)dr )ds
1 1
< K+ Hg (K)go(K)exp (MM H) < +00.

The proof of the above theorem can be completed with the same argument as in
Theorem 2.2 O
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