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POSITIVE SOLUTIONS FOR SINGULAR THREE-POINT
BOUNDARY-VALUE PROBLEMS

RAVI P. AGARWAL, DONAL O'REGAN, BAOQIANG YAN

ABSTRACT. Using the theory of fixed point index, this paper discusses the
existence of at least one positive solution and the existence of multiple positive
solutions for the singular three-point boundary value problem:
v’ () +a®)f(ty(t),y'(1) =0, 0<t<1,
y'(0) =0, y(1)=ay(n),
where 0 < a < 1,0 <71 < 1, and f may be singular at y = 0 and 3y’ = 0.

1. INTRODUCTION

In this paper, we consider the singular three-point boundary-value problem
(BVP):

y'() +alt)f(t,y(t),y () =0, 0<t<l, (1.1)
y'(0) =0, y(1)=ay(n), (1.2)

where 0 < o < 1, 0 < n < 1, f may be singular at y = 0 and 3’ = 0, and
a € C((0,1),(0,00)).

When f(¢,z,z) has no singularity at = 0 and z = 0, there are many results
on the existence of solutions to (1.1)-(1.2) with different boundary conditions such
as z(0) = 0, (1) = dz(n), or z(0) = o, x(n) — (1) = x1 (see [ B 7 & Q).
Also when f(t,x,z) = f(t,x) has no singularity at = 0, using Krasnoselkii’s fixed
point theorem, Liu citell discussed the existence of positive solutions to —.
In 3 [14], the authors obtained the existence of at least one positive solutions to
(L.I)-(L.2) when f(t,z, z) is singular at 2 = 0 and z = 0.

The features in this article, that differ from those in [3, [I4], are as follows.
Firstly, the nonlinearity f(t,z,z) may be sublinear in = at z = +o0 and the degree
of singularity in # and z may be arbitrary; i.e., f(¢,z,2) contains %, 27 and ﬁ

PR

for any @ > 0, 8 > 0 and v > 0. Secondly, (1.1)-(1.2]) may have at least two positive
solutions. Thirdly, (1.1])-(L.2)) may have no positive solutions.
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There are main five sections in our paper. In sections 2, we discuss a special
Banach space and define a new cone in this space, and some lemmas are proved
for convenience. In section 3, we discuss the nonexistence of positive solutions to
—. In section 4, the existence of at least one positive solution to (|L.1f)-
(1.2)) is presented when f(¢,x,z) is singular at = 0 and z = 0. In section 5, we
consider the existence of at least two positive solutions to (L.1)-(L.2)) when f(¢,z, z)
is singular at * = 0 and z = 0 and f is suplinear at * = 4+0c0. Some of the ideas in
this paper were motivated from [I], 2, 12| [13].

2. PRELIMINARIES
Let
C'0,1] = {y:[0,1] — R : y(t) and y'(t)are continuous on [0, 1]}
with norm [|y|| = max{maxieo,1) [y(t)], maxepo,1 [y (t)|} and
P ={yeC'0,1] : y(t) > 0,Vt € [0,1]}.

Obviously C1[0,1] is a Banach space and P is a cone in C[0,1]. The following
lemmas are needed later.

Lemma 2.1 (citeg3). Let € be a bounded open set in real Banach space E, P be a
cone of E, 0 € Q and A: QN P — P be continuous and compact. Suppose

Mz #zx, YzedQnP, \e(0,1], (2.1)
then i(A,QN P, P) = 1.

Lemma 2.2 ([6]). Let Q be a bounded open set in real Banach space E, P be a
cone of B, 0 € Q and A: QNP — P be continuous and compact. Suppose

Az #£ 2z, YV2edQNP, (2.2)
then i(A,QN P, P) =
Lemma 2.3 ([11]). Let 0 < a <1, a, h € C((0,1),(0,0)), a,h € L*[0,1] and

lfa// s _a// Ry
[ atominraras

1—
min y(t) > al=mn) max |
t€[0,1] 1—an teo,]

Then
®)I- (2.3)
Lemma 2.4. Assume that f € C((0,1) x (0,+00) x (—00,0), (0,+00)), that a €

C((0,1),(0,40)), and that for any constant H > 0 there exists a function Vg (t)
continuous on (0,1), and positive on (0,1) and a constant 0 <y < 1 such that

flt,z,2) > ¥u(t)(—2), Vi>0,0<z<H, z2<0, (2.4)

where fol a(s)Ty(s)ds < +o00. Then there is a co > 0 such that for any positive
solution x € C[0,1] with '(t) <0 for all t € (0,1) to (L.1)-(1.2) we have

z(t) > co, t€][0,1]. (2.5)
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Moreover, if xg € C[0,1] is a positive solution to

Y (6) + alt) £t max{en, y(0)}. ~1o/ ()] — ) =0, 0<t<1,

y'(0) =0, y(1)=ay(n),

< (1- n)% < cp, To 15 a positive solution to

where I
—

Y (t) + a(t) f(t,y(t), =1y ()] — %) =0, 0<t<]l,
y'(0) =0, y(1)=ay(n).

Proof. Assume that z is a positive solution to (1.1)-(1.2]) with «’(¢) < 0 for ¢t € (0,1).

Then Lemma implies min,epo 1) 2(t) > al(ii;z) max;e(o,1] [z(t)] > 0.
Let H = 1. Then there exists a function ¥y (t) continuous on [0, 1], and positive

on (0,1) a constant 0 < < 1 such that
ft,xz,2) > U(t)(—2)", VE>0,0<zx<1, z2<0.

There are two cases to be considered: (1) z(t) > 1 for all ¢ € [0,1]. (2) z(1) < 1.
Let t. = inf{t|z(¢t) < 1 for all s € [¢t,1]}. If t, > 0, we have z(t,) =1 and z(0) > 1.
Then, Lemma [2.3] yields

1-— 1-—
min J2(8)] > 227 oy oy > S (2.6)
t€[0,1] 1—an teo,1] 1—an
If t, =0 and z(t,) =1, Lemma implies
1— 1-—
min_|z(t)| > al=n) max_|z(t)] > al=m) (2.7)
t€[0,1] 1—an teo,1] 1—an

also. If t, = 0 and z(t.) < 1, from , we have
—a"(t) = a(t) f(t, x(t),2'(t)) > a(t) V1 (t)(=2"(1))", t€(0,1).

Also note
J?H(f,)
————=— >a(t)V(t), te€(0,1).
(—z' () ~ a(t)¥1(t) (0,1)
Integrating from 0 to t, we have

1 oy K
07> [t wsdste 0.1),

which implies
t
/(0 2 [(1-7) [ as (a5, te 0.0
0
Integration from 7 to 1 yields

() — 2(1) > / - / 1 / " a(s) 0 (s)ds] 75

Since z(1) = ax(n), we have

e

x(1) >

1 t
/ [(1—7) /O a(s) Uy (s)ds| T dt. (2.8)

l1—«



4 R. P. AGARWAL, D. O'REGAN, B. YAN EJDE-2008/116

Let ¢o = 3 min{1, al(i;Z), T f fo (s)ds] ™= vdt} Combining (2.6),

(2.7) and (2.8)), we have

i t) > co.
B0z

Suppose that zo satisfies
o (t) + a(t) f(t, max{co, zo(t)}, —| 7o (t)] — *) =0, te(0,1),

25(0) =0, o(n) = aﬂ?o(l)-
Then z((t) < 0 and so zg(¢) < 0 for ¢t € (0,1). Then z, satisfies
74(1) + a(t) 1t max{eo, zo(0)}, 7(1) ~ ) =0, € (0,1),
20(0) =0, o(n) = awo(1).
There are are two cases to be considered:
(1) 2o(t) > 1 for all ¢t € [0, 1]. In this case, since ¢y < 1, we have

2 (t) + a(t) f (t, max{co, wo(t)}, xo () — %) = 2g(t) + a(t) f(t, 2o (t), 2(t) —

for0 <t <1.
(2) zo(1) < 1. Let t. = inf{t|zo(t) < 1 for all s € [t,1]}. If t. > 0, we have
zo(tx) =1 and x0(0) > 1. Then

1
~)=0
n) ’

. a(l—n) a(l—n)
t) > ——= > ——
trel%éﬂ]xo( )z 1—an te[o 1] X [2o()] 2 1—an
If t. = 0 and 2o(t«) = 1, we have
min_zo(t) > a(l—n) max |zo(t)] > a(l—n)
tc[0,1] 1 —an tepo,1] 1—an
also. If t, = 0 and zo(t.) < 1, from (2.4), we have
1 1
—ag(t) = a(t) f(t, max{co, wo (1)}, wp(t) = ) = a(t) V1 () (=ap(t) + )7, ¢ € (0,1).
Also note ")
ry(t
T S @)W (1), te(0,1).
Integrating from 0 to ¢, we have
1 1, 1, K
w0+ ) = (1= [t e 0.)

which implies
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Consequently, the definition of ¢y implies that xo(t) > ¢ for all t € [0, 1]. Therefore,
1 1
x4 (t) + alt) f(t, max{co, zo(t)}, 24 (t) — ﬁ> = g (t) + a(t) f (£, 20 (t), 2(t) — g) =0,

for 0 <t < 1. The proof is complete. O

To discuss the existence of multiple positive solutions, we construct a new space.
Let ¢(t) =1—t,¢t€[0,1] and

C,[0,1] = {y : [0,1] — R : y(t) and q(t)y'(t) are continuous on [0, 1]}

with norm ||y||; = max{maxco 1] |y(t)|, max;c(o17 ¢(t)|y'(t)|} and

1 . a(l —mn) /
— : > _— > .
Py ={y € C,[0,1] min y(t) 2 = — P ly(t)| and y(0) > Jnax a@®)ly' ()}

Lemma 2.5. The set C,;[0,1] is a Banach space and Py is cone in C;[0,1]

Proof. Tt is easy to see that || - || is a norm of the space Cj. Now we show that C}
is a Banach space. Assume that {x,};2; C Cj is a Cauchy sequence; i.e., for each
€ > 0, there is a N > 0 such that

lzrn —zmlq <e, ¥Yn>N, m>N. (2.9)
Then
max |z, (t) — zm(t)] <e, ¥Yn >N, m > N.
t€[0,1]
Thus, there is a zg € C[0, 1] such that

I a(t) — zo(t)] = 0. 2.10
Rl max [2a(t) = zo(t)] (2.10)

For 1 > 6 > 0, since (1 — &) max,e(o,1—4] |77, (t) — 7, (t)| < maxye(o,1-5) q(t)]27, (1) —

x),(t)|, we have

1 1

mas [z, (1) — (1) < a0 (8) = (0] < =,

te[0,1—4] —1-6 tel[g,%)fé]

which implies that for any § > 0, « (¢) is uniformly convergent on [0, 1 — §]. Hence,
xo(t) is continuously differentiable on [0,1). And since ¢(t)a’y,(t) is uniformly
continuous on [0, 1], there exists a ¢’ > 0 such that

lg(t1)xy o (t) — a(t2)ay g (t2)] <€ for [t —ta] < ,t1,t2 € [0,1).
Then

lq(t1)zo(t1) — g(ta)zo(t2))|
= lg(t1)wo(t) — q(t1)xy 41 (t1)

+q(t) 21 (1) = q(t2) @y (t2) + q(t2) @y (t2) — q(t2)wo(t)]
< lg(t)zo(t1) — q(t1) i1 (t)]

+la(t) @y 1 (t1) — a(t2) @y 41 (B2)] + |a(t2)z)y 1 (t2) — a(t2)zp ()]
<3, for|t; —ta] <&, t1,t2 €10,1),

which implies that lim;_,,- g(t)z((t) exists. Let q(1)zo(1) = lim;_1- q(t)z((2).
Now from (2.9)), we have for any ¢ € [0, 1],

q(t)|z,(t) — 2, (t)] <&, ¥n>N,m> N.
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Letting m — +oo, for all ¢ € [0, 1], we have

q(t)|z,(t) — z5(t)| <e, Vn> N. (2.11)
Combining (2.10) and (2.11)) shows C; [0,1] is a Banach space.
Clearly P, is a cone of C;[0,1]. The proof is complete. O

Lemma 2.6. For each y € Py, ||yll; = max.ep,1] |y(t)]-

Proof. For y € P, obviously ||y|l; > maxcjo,1)|y(t)]. On the other hand, since
y € Py,
max |y(t)| > y(0) = max q(t)]y'(t)]-

te(0,1] T telo,1]
Then
/
= t
[ max{tren[gﬁ] Iy(t)l,tren[gg] a®)ly' )1}

< t 0)} = t).

< max{tgl[gﬁ] ly(®)],y(0)} Jnax, ly(2)]
Consequently, [|y|l; = max;efo,17 |y(t)|. The proof is complete. O

Now we list the following conditions to be used in this article.

(H) feC((0,1)x(0,00) x (—00,0), (0,00)) and there are three functions g, h €
C((0,40), (0,400)), ® € C((0,1), [0, 400)), with ®(¢) > 0 for all ¢t € (0, 1),
and

ft,x,2) < @(D)h(x)g(lz]) V(t2,2) € (0,1) x (0,+00) x (=00,0).  (2.12)

(H’) For any constant H > 0 there exists a function ¥g(¢) continuous on (0, 1)
and positive on (0,1), and a constant 0 < v < 1 such that

flt,z,2) > ¥y(t)(—2), Vte(0,1),0<z<H, z2<0, (2.13)
where fol a(s)Vg(s)ds < +oo.
For each n € N ={1,2,...}, for y € P (or y € P,), define operators

1 1 s , 1
| [ atmistrmaxten )~ ()] = e ds

l1—«

(Any)(t) =

«

/On/osa(r)f(r,max{co,y(r)},|y/(7)|:L)dfds (2.14)

l—«

_/0 /Os a(T)f(7'7maX{co7y(7-)}’_|y/(7_>| B %)de&

for t € [0,1] and ¢ > 0.

Suppose that (H) and (H’) hold. A standard argument (see [6l [7]) applied to
(2.14) yields that A, : P — P is continuous and completely continuous for each
nenN.

Lemma 2.7. Suppose (H) and (H’) holds and fol a(t)®(t)suprcy<1y 1 g(u)dt <
+oo for all c > 1. Then A, : P, — P, is a continuous and completely continuous
for each n € N.

Proof. For y € P,, it is easy to see that [y/(¢)] < 15|yl for all ¢ € [0,1). Also (H)
and Lemma [2.3] yield

al(l_;?gen[gﬁ] (Any) ()] < (Apy)(t) < 400, Vi€ [0,1]
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and (A,y)’(t) > —oo for all ¢ € [0,1). Moreover, since
T 1-a / / (7, max{co, y(7)}, —|y'(7)| — %)deS
1
B 11—« A /0 a(T)f(T7 maX{Cmy(T)}, —|y/(7')| — E) dr ds

(Any)(0

1 s
Z/O /0 a(7) f(r, max{co, y(7)}, |y (1)]) dr ds
= / (1 — S)a(s)f(s,max{co’y(s)h _|yl(8)| . %)ds

0
and

0142 ()] = (1=1) [ alo)(somax{en.y(s)), 1o/ 0)] = )
< / (1 — s)a(s)f(s,max{co,y(s)}, —|y'(s)| — %)ds,
0

we have
(Anz)(0) > Jnax q(t)|(Apz)'(t)].

Consequently, A, P, C P, for each n € N ={1,2,...}. Moreover, since

Jin (A O] = [ alo) (s maxeo, () I (0)] = 1)ds

we can assume that A,y € C'[0,1].

Next we show that A, : P, — P, is continuous and completely continuous.
Suppose that {y.,} C Py, yo € P, with limy,— 400 ||¢m — Yollq = 0. Then, there is
an M > cg such that

[ymllg < M, [lyollq < M, m € N.
Then |y, (t)] < M/(1 —1t) for m € {1,2,...} and so

1
f(t,max{co, ym ()}, ~lyp (B)] = ~) < &) max h(u) — sup  g(u),
n coSusM lau<diy 1oy

for ¢t € (0,1). Moreover, since

lim £ (t, max{co, ym (1)}, ~ [y (D) — =) = £t max{co, o (£)}, Iy ()] — —),

m—+00 n n

for t € (0,1), the Lebesgue Dominated Convergence Theorem guarantees that

tm[a?(] [(Anym)(t) — (Anyo) ()]

1 s / )
I~ a /0 /0 CL(T)‘f(T7 max{co, Ym (7))}, —|yo, (7)| — ﬁ)
— f(r,max{co, yo(7)}, =lyo(7)| — —) drds
o nors , 1
+ 1— O[/0 /0 G(T)“f(T, max{co, Ym (7))}, —|Ym (7)] — ﬁ)

~ flr,max{eo, o)}, ~lyh(r)| ~ ) Big|dr ds

<
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// / )‘f(ﬂ max{co, Ym (7)}, =Y (7)]

n) f(r,max{co, yo(T)}, —|yo (T )|—f) drds — 0, asm — +oo.

Since AyYm, Anyo € Py, Lemma [2.6] yields
im ([ Anym — Anyollg = tmg‘)i] [(Anym)(t) = (Anyo) (1) = 0,

m— 00 €lo,

which implies that A,, : P, — P, is continuous.
Suppose D C P, is bounded. Then, there is an M > ¢g such that ||y|l, < M for
all y € D. Then |y'(t)| < M/(1 —t) for all y € D, and so

(e max{eo, y()} ~1y (0] - 2) < () wax, hw) s glw), 1€ (0,1,

co<us<M L§u§i+1itM
Thus
t
Jél[%)i]'( ny)(1)]
/ / 7)1 (7, max{co, y(r)} — Iy (1) — =) dr ds
1-0[ 0,Y ) Yy n
1
T )7, max{eo,y(r)}, ~ly ()] — D)l dr ds
1
o[ / ) maxfeo, y(r)}, ~ly/ (1) — )| dr ds
< 1—a/ / cor;lngh( )l< Ssu}r)1 Mg(u) drds
o :
[
+ 1701/0 /0 (s)a(T) Coglngh(u) lgugs;u}r)l%Mg(u) drds
1 s
—|—/ / a(T)®(r) max h(u) sup g(u) dr ds
o Jo cosusM l<u<dli
and
/
n t
fé}ﬁ“ﬁ‘( y)' (1]
t 1
< max [ ol frmax{eo, y(7)} Iy ()] = )l
tel0,1] Jo n

t
< .
< gy [ 406 s b ot

n

Also A, D is bounded in the norm ||z|o = max{maxte[o’l] \x( )|, maxyepo 1 |2 ()]}
For t1, ty € [0, 1] € D, we have

/ )| mac{eo,y(r)}, ~ly/ ()] — )| dr dsf

tz
h drd
/ j owe) o b p ot
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and
to
[(Any) (t1) — (Any)'(t2)] = | ) a(7)|f(7',max{co,y(7')},—|y/(T)|—%)|d7’|
<| 8 a(7)®(7) CUISHL?%(M}L(,IO%gugsiufﬁMg(U)dT',

which implies that {(A4,y)(t)|ly € D} and {(A,y)'(t)|y € D} are equicontinuous on
[0,1].

The Arzela-Ascoli Theorem guarantees that A, D and (A, D)’ are relatively com-
pact in C[0,1]. Since

o N ’
4l = max{ mase (Au) ()], max (1= 2)|(4,0) (1))

) )

< Any)(t Any) (B},
< max{ max |(Any)(8)], ma [(Any)' ()]}

the set A, D is relatively compact in C[0,1]. Consequently, A,, : P, — P, is contin-
uous and completely continuous for each n € {1,2,...}. The proof is complete. O

3. NONEXISTENCE OF POSITIVE SOLUTIONS TO (|1.1)-(1.2)

In this section, we notice that the presence of z in f(¢,x,z) can lead to the

nonexistence of positive solutions to —.
Theorem 3.1. Suppose (H) holds and [; ﬁdr = 400 for all z € (0,400) and
fol a(s)®(s)ds < +oo. Then (LI)-(L.2) has no positive solution.
Proof. Suppose z¢(t) is a positive solution to -. Then
T() + alt) F(t o 8),5h(6) = 0, t € (0,1)
20(0) =0, (1) = azo(n),

which means that there is a to € (0,1) with z((t9) < 0, zo(to) > 0 (otherwise
x'(t) > 0 for all ¢ € (0,1) which would contradict (1) = az(n) < z(n)). Let
t. = inf{t < to|z((s) < 0 for all s € [t,t]}. Obviously, ¢, > 0 and z((t.) = 0 and
xp(t) < 0 for all ¢ € (L4, to]. Condition (H) implies

—g(t) < a(t)f (¢ zo(t), z6(t)) < a(t)@(t)h(zo(t)g(|lzo(t)]), VE € (ts,t0),

and so

—z4(t)
Q(TOW)) < a(t)®(t)h(zo(t)) < a(t)®(t)h(zo(t)), Vt € (ts,to).

Integration from ¢ to ty yields

—z;(to) 1 to 1 1
—dr:/ — = d(—z,(s)) < max hu/asq)sds.
/_w g =), G TN S o M), ()2 0)

Letting t — t,, we have

—zo(to) 1 1
+oo = / ——dr < max h(u)/ a(s)®(s)ds < +oo0,
0 g(r) u€[zo(to),wo(t«)] 0

a contradiction. Consequently, (L.1])-(1.2)) has no positive solution. O
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Example 3.2. Consider the boundary-value problem

"+ (1=t (" )zt + (z+1) "4+ 1] =0, te(0,1),

#(0) =0, (1) = gr(3),

where a > 1, b > 1, d > 0. This problem has no positive solution. It is easy to see
that f(t,x,2) = (1 —)%(|z])%[x + (x + 1) "¢ + 1] for all (¢,z,2) € [0,1] x [0, +-00) x

(—00,400). Obviously, g(r) = r* and foz g(lr) dr = 400 for all z € (0,+00). Then

Theorem guarantees that (3.2)-(3.2) has no positive solution.

4. EXISTENCE OF AT LEAST ONE POSITIVE SOLUTION TO (|1.1))-(|1.2))
In this section our nonlinearity f may be singular at ¥’ =0 and y =0 and ® .
Throughout this section we will assume that the following conditions hold:
(H1) a(t) € C(0,1), a(t) > 0 for all ¢ € (0, 1)
(H2) Conditions (H) and (H’) hold and I(z fo
[0, 4+00) with

g(r

sup h(r) /01 a(s)®(s)ds < /000 dr

co<r<e g(r)

for all ¢ € [cg, +00) and suppose
c
sup I > 1,
co<e<too U1 (sup,, <<, h(r) [y a(s)®(s)ds)

where cq is defined in Lemma [2.4]
Theorem 4.1. Suppose that (H1)~(H2) hold. Then (L.I)-(1.2) has at least one
positive solution yo € C[0,1] N C%(0,1) with yo(t) > 0 on [O 1] and y{(t) < 0 on
(0,1).

Proof. Choose Ry > 0 with

l—an r—1 Rl 1 (41)
I (5UPe, <<, 1(r) [y a(s)®(s)ds)
From the continuity of =% and I, we can choose € > 0 and € < Ry with
R
— ! > 1. (4.2)
T I (supgy <<y M fo (s)ds) +1(e))

Let ng € {1,2,...} with 7710 < min{e, 3 a(l o co}} and let Ng = {ng,no+1,...}.
Now (H1)—(H2) guarantee that for each n € Ny, A, : P — P is a continuous and

completely continuous operator.
Let Oy = {y € C'[0,1] : ||y|| < R1}. We now show that

y#MAnyv VyGPﬂan,,ue (Oa 1]7n6N0' (43)
Suppose there exists a yg € PN 9IQ; and a pg € (0, 1] such that yo = poAnyo. It is
easy to see that y{(t) <0 and

hlt) = = [ a(s) (s, max{en, (o)} o(s) = st € 0.1 (4)
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Also
5 (6)+ poa(t) £t max{en, ()} uh(6) — ) =0, <t <1,
Y(0) = 0,90(1) = ayo(n).
Therefore,
1
—yo (t) = poa(t) f(t, max{co, yo(t)},yo(t) — g)
1
n

< a(t)®(t)h(max{co, yo(t)})g(—yo(t) + —), ¥t € (0,1),

which yields
@ a@h(maxieo,po(®)}), Ve e (0,1).
9(=yo(t) + 3)
Integration from 0 to ¢ yields

S~—
+
L
|
~
—
\

I(=yo(t )S/O a(s)®(s)h(max{co, yo(s)})ds

< sup h(r)/oa(s)@(s)ds,

co<r<R;
and so ,
1
I(—yo(t) + =) < sup h(r)/ a(s)®(s)ds + I(¢).
n CoS’I‘SR] 0
Thus
1
(1) < rl( sup h(r)/ als)®(s)ds + 1(8)), t e (0,1).
co<r<R; 0
Therefore,

) =w(D <@ =01"( s h) [ alB)ds+ 1)

co<r<R
Let t =n in (4.8). Then

1
) =) < =) (s ) [ aa(s)ds +1(2)

co<r<R;

Since yo(1) = ayo(n), one has
1

1
(— = Do) < (1 =mI( sup h(r)/o als)@(s)ds + I(e) ),

« co<r<R;
which yields

(V) < T =nr (s ) [ al)@(ds £ 16)).
Then implies
) <o)+ 17 sup hir) [ al(s)ds+1(2))

_ 1= 0”7]*1( sup h(r) /01 a(s)®(s)ds + [(8)).

l-a co<r<R;
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Now (4.7) and (4.9) guarantee that
= t ot
Ry max{tgl[gﬁ] |90 ( )"fél[?,’f] lyo ()}
1_ 1
< ;‘”7]—1( sup h(r)/ a(s)@(s)ds—i—[(a))
l-a co<r<Ri 0
which implies
Ry
S (supg, <<, h(r) fy a(s)@(s)ds + 1(e))

This contradicts (4.2]). Thus (4.3)) is true.
From Lemma for each n € Ny, we have i(4,,Q; N P,P) = 1. As a result,

for each n € Ny, there exists a y, € Q1 N P, such that y, = A,yn,; i.e.,

1ot , X
1_@A /0 a(T)f(ﬂmaX{COyyn(T)}’—|yn(7—)| _ ﬁ)des
-1 fa/ / a(7) f(r, max{co, yn(7)}, — |y, (T)| — %)dT ds

<1

Yn(t) =

/ / f(r,max{co, yn (1)}, — |y (7)| — %)drds.

It is easy to see that y, (¢) <0, and

a(®) = = [ o) (s max{eo. v (9}, () = D)ds. e No. 1€ O.1).

Now we consider {y,(t)}nen, and {y},(¢)}nen,. Since ||y,| < R1, one has

the functions belonging to {y,} are uniformly bounded on [0, 1], (4.10)
the functions belonging to {y,,} are uniformly bounded on [0, 1]. (4.11)

Thus
the functions belonging to {y,} are equicontinuous on [0, 1]. (4.12)

A similar argument to that used to show (4.5)) yields

y;{(t) + a(t)f(tvmaX{Cann(t)}vy;z(t) - %) = 07 0<i< 13

(4.13)
Yn(0) =0, yn(1) = aya(n).
By Lemma [2.4] we have
yn(t) > co, Vn € Nop. (4.14)
Now we claim that for any ¢1,ts € [0, 1],
IWh(t) = )~ IW(t) = )| < swp A |/ D). (4.15)
n n co<r<R;

Notice that
~y(8) = alt)(t, max{co, v (0)}, v (0) — )
a(t)| (¢, max{eo, ya(8)}, v (1) — )|

n

< a(t)®(t)h(max{co, yn (H) gy, (t) — —), V€ (0,1),

SR
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and
Vi(8) = —alt) b, ma{eo, yu (D)} ¥4 (0) — +)
(07t mac{eo, yo (1)}, v (1) — )|

< a(t)®()h(max{co, yn ()} g(yn(t) — —), Yt € (0,1),

3\'—‘

which yields
—Yn(t)
9lyn(t) = )
Yn(t)
9lyn(t) = 3)
Note that the right hand sides are always positive in (4.16)) and (4.17] - For any ¢4,
ty € [0,1] with t; < ta, we have

1
[ ke DS s b |/ (6l
t E) n Co<T‘<R1
ie., (4.15)) is true.

Since I~ is uniformly continuous on [0, I(R;)], for any & > 0, there is a &’ > 0
such that

|I_1(81) — 1_1(52)| <&V ‘31 — 52| < E/, S1,82 € [O,I(Rl)] (418)
Also (4.15)) guarantees that, for &’ > 0, there is a 6’ > 0 such that

< a(t)®(t)h(max{co, yn (t)}), ¥t € (0, 1), (4.16)

< a(t)®(t)h(max{co, yn(t)}), Vt € (0,1). (4.17)

1 1
|I(y;l(t2) — ﬁ) — I(y;(tl) — ﬁ)| < E/,V |t1 — t2| < (5’, t1,t2 € [0, 1] (419)
Now (4.18)) and (4.19) yield
1 1
[Yn(t2) = yn ()l = | = yn(te) + — + 4o (tr) = |

= 117 (T~ (t) + 1) = T Uy (12) + )]
<&, V|t —ta| <8, t1,t2 €]0,1],
which implies
the functions belonging to {y,} are equicontinuous on [0, 1]. (4.20)

Consequently (4.10]), (4.11), (4.12) and (4.20), the Arzela-Ascoli Theorem guaran-
tees that {y,} and {y}} are relatively compact in C[0,1]; i.e., there is a function
yo € C'[0,1], and a subsequence {yn,} of {y,} such that

_ . / o _
]gglootgl[gx [Yn,; (t) — yo ()] = 0, jgglmgl[gﬁ]\ynj(t) Yo(t)] = 0.

Since ¢/, (0) = 0, g, (1) = @y, (), 9, (£) < 0,y () > 0, £ € (0,1), j € {1,2,.... },
then one has

Now since sup,,>1 [|[yn| < R1, (H’) guarantees that there exists a Wg, () continuous
and ¥g, (t) > 0 on (0,1) such that

flt,x,2) 2 g, (t)(=2)", t€(0,1), z€(0,R], z<0.
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Then
9, (6) = al®) (1, max{en, o, (0}, 0, () — ) 2 ()W, (0, (6) + )7,
J J
for t € (0,1). Also note that

VW wa ), te(0,1).

ERGEESE

Integrating from 0 to ¢, we have

t
T, (0 + §> - 1_17%1 s / a(s)Wy(s)ds, te (0,1),
which implies
Sy ()~ > [ =) / L)W (s)ds + —— (LR, e (0,0)
g n; 0 1—~v"n;

Letting j — +o0, we have

—u(t) > (1 — ) / a($)U1 (s)ds)] 5, t € (0,1).

Consequently, y((t) < 0 for all t € (0, 1), which together with yo(1) > 0 guarantees
that yo(t) > 0 for all ¢ € [0, 1]. Therefore,

1
min{ min yo(s), min] lyo(s)|} >0, forallte [5, 1),

s€[L 1] s€[3.t
1
min{ min yo(s), min |y,(s)|} >0, for allt e (0,=].
s€[t, 3] s€[t, 4] 2

Since
1

P = [, A max(eo,n, () f, ()~ ). 1€ 0,

/ /
Yn, () = Y, (

5 j n;
letting j — 400, one has

1

() = (5) == [ als) (s, Len, (5]} ()t € (0.1).

Now by direct differentiation, we have
Yo (1) + a(t) f(t,{co, yo (1)}, y6(t)) = 0,0 <t < 1.
Now guarantees that yo(t) > co for all ¢ € [0,1] and so
Yo (t) +a(t)f(t, yo(t),5o(t)) =0, 0<t <1

From (4.21)), we have yo € C[0,1] N C?(0,1) and yq is a positive solution to (1.1))-
2. 0

Example 4.2. Consider the three-point boundary value problems

v +al(—y)E + () + (D) F T =0,0€ 01),
1
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where « > 0,a >0,1>~v>0,b>0and d > 0. Then, there is a ay > 0 such that
([@:2)-(#-2) has one positive solution yo € C[0,1] N C?(0,1) with yo(t) > 0 on [0,1]
and y,(t) <0 on (0,1) for all 0 < & < ap.

Let a(t) = p, ®(t) = 1 for all t € [0,1], h(x) = xb+(é)%d:p’d for x € (0, +00) and
g(z) = 27427 for z € (0,400). From the proof of Lemma we have ¢ = %204%
With a <1, and then afy’® + (é)% y~ 9 < ay® 4+ (122)? for all y € [co, +00). Let

fo T ———+—dr. Thus there exists an og such that

1(1/3)

— 7 51, VYae(0,a
asupc()grgl h(rr> ( O]

and then
c
sup > 1.
co<e<too ST (SupcOgrgc h(r)a)

Hence, the conditions (H1) and (H2) hold. Thus Theorem [{.1] guarantees that (4.2)
and (4.2)) has at least one positive solution.

5. MULTIPLE POSITIVE SOLUTIONS TO (|1.1))-(1.2)
In this section our nonlinearity f may be singular at ¢y’ = 0 and y = 0. Through-
out this section we will assume that the following conditions hold:
(P1) a(t) € C(0,1), a(t) > 0 for all ¢ € (0, 1)
(P2) Conditions (H) and (H’) hold and I(z o g
[0, +00) with sup, <,<.h(r fo a(s) ds < foo ‘f:) for all ¢ € [cp, +00)
and suppose

sup 1 o ¢ I > 1,
co<e<too Tl [=Y(sup,, < <. h(r) [, a(s)®(s)ds)
where ¢ is defined by Lemma
(P3) limy— o0 f(t,u, 2)/u = 400 uniformly for (¢,z) € [1,3] x (0, +00).

Theorem 5.1. Suppose that (P1)—~(P3) hold. Then (LI)-(L.2) has at least two
positive solutions y1 0, y1,0 € C[0,1]NC?(0,1) with y1,0( ) >0, y2,0(t) >0 on [0,1]
and yy o(t) <0, y50(t) <0 on (0,1).

Proof. Choose R; > 0 with

R
e ! . (5.1)
I (SuPcogrgRl h(r) fo a(s)fb(s)ds)
From the continuity of I=! and I, we can choose € > 0 and € < R; with
R
— ! > 1. (5.2)
ST (SUpgy < <y AT) fy a(s)®(s)ds + 1(€))

Let ng € {1,2,...} so that nio < min{e, iﬁCO} and let Ng = {ng,no+1,...}.
Lemma guarantees that for each n € Ny, A, : P, — P, is a continuous and
completely continuous operator. From (Ps), there is a R’ > R; such that

flt,x,y) > N*z, Vo> R,
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where N* > (flg/:(l — s)a(s)dsal(ii;:;))_l. Let

1—an
Ry > max{R', ———
U ST

R'}.
Now let
Q0 ={yeC0,1]: llylly < R}, Q2={yeCp[0,1]: |lylly < Ro}.
We now show that
y# pAny, Yye PNoQy, pe (0,1, n € Ny, (5.3)

and
Apx Lz, Yz edenNPne Ny (5.4)

Suppose there exists a yo € PN IN; and a pg € (0, 1] such that yo = poAnyo. It is
easy to see that y,(t) < 0 and

hlt) = = [ a(s) (s, max{eo. (o)} o(s) = st € 0.1, (655)

Also
5 (6)+ poa(t) (&, max{eo, o)}, (6) = ) =0, D <t <1,
Y0(0) = 0,30(1) = ayo(n).
Therefore,
~4l ) = poa(t) (1, max{eo, yo(0)}, (8) — )
< a(t)0(t)h(maxc{co, 1o (D) Dg(~uh(H) + =), Vi € (0,1)

which yields
—o (1)
9(=yp(t) + 3)

Integration from 0 to ¢ yields

< a(t)®(t)h(max{co,yo(t)}), Vte (0,1).

~
N
<
S~
—~
~
S~—
+
L
|
~
\
S~—
INA

/ a(s)B(s)h(max{co, yo(s)})ds

1
< sup h(r)/ a(s)®(s)ds,
C[)ST'SRl 0

and so

1
I(—yp(t) + l) < sup h(r)/0 a(s)®(s)ds + I(e).

n co<r<R;
Thus

1

() <17 sup () / a()B(s)ds +1(2). teO.1).  (56)
co<r<R; 0

Integration from ¢ to 1 yields

1
yo(t)fyo(ng(lft)rl( sup h(r)/o a(s)q>(5)ds+1(5)), te(0,1). (5.7)

co<r<R;
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Let t =n in (5.7). Then

1
) =) < =1 (s () [ a)a(s)ds +1(2)
Since yo(1) = ayo(n), one has
(=D < =1 swp h) / a()B(s)ds + 1(2)),

which yields

yo(1) < T f 5 (1- 17)]_1(0021;121%1 h(r) /0 a(s)®(s)ds + I(zs)).
Then implies
0(0) < 30+ 17 sup h0) [ als)B(s)ds+1(2)
co<r<R; ) (5.8)
= 11__6271_1(0021:5& h(r)/o a(s)®(s)ds + I(e)).

Now (5.6) and (5.8]) guarantees
Ry = max{ max lyo(t)], max (1 —1)]yo(t)[}

tel0,1 t€(0,1]
1 _ 1
< ;‘”7171( sup h(r)/ a(s)®(s)ds + I(s))
l-a co<r<Ra 0
which implies
Ry

<1

Epv— I
11_—(;7] L(supy<,<p, M) Jo a(s)®(s)ds + I(e))
This contradicts ((5.2]). Thus (5.3)) is true.
From Lemma 2.1} for each n € Ny, we have
z(An,QlﬂP,P) =1, n € Ny. (59)
Suppose there is a g € 0Q2 N P such that A,z < z9. Then ||z¢|l; = R2. Also
Lemma [2.3| implies
min_xo(t) >

> Q0= L wo(t)] =

a(l—mn)
t€[0,1] 1—an teo,1]

a(l
2 ol =

7_’7)32 >R
1—an
Then, we have
20(0) > (Az0)(0)
1 s
[ et moto -leb ()] - 1)drds

11—«

a nors / .
1—a/0 /o a(T)f(T’maX{CO’xO(T)}a—|33o(T)|—E)drds

3/4
> / (1 — s)a(s) f(r, max{co, zo(s)}, —|z((s)| — l)ds
1/4 n

3/4
> /1/4 (1 — s)a(s)N = max{cg, zo(s)}ds
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> /3/4(1 — s)a(s)dsN x MRQ

- Jiya 1—an
> [|zollq;
which is a contradiction. Thus, is true. Then Lemma implies
i(An, Q2N P, P)=0, n€ N. (5.10)
From and , we have
i(A,, (2 — Q)N P,P)=—1, né& N,. (5.11)

By (5.9), (5.11)), there is a x4, € Q1 N P and another x5, € Q2 N P such that
Anl'l,n = T1,n, AnIQ,n =T2n, NE No.

Now we consider {1 fnen, and {2 }tnen,. By Lemma we have 1 ,(t) > ¢

and 2, > Cp.

We consider {1, }nen,. Obviously max;c(o 1] |21,,(t)| < Ry for all n € Ny and
maxeo,1)(1—t)|2} ,,(t)] < Ry foralln € Ny. Also |24 ,,(t)] < 55 Ry forallt € [0,1)
and n € Ny. Hence, the functions belonging to {z1,,} are uniformly bounded on
[0, 1].

Since x1 ,,(t) satisfies

1
x/lln(t) + a(t)f(t,max{co,x17n(t)},x’17n(t) - ﬁ) =0, 0<t<l,

1, (0) = 0,21,n(1) = a1 n(n).
A similar argument to that used to show (5.6) yields that

1
*Ii,n(t) SIil( sup h(r)/o a(s)@(s)der[(E)), te(0,1),

co<r<R;

which implies that the functions belonging to {2} ,} are uniformly bounded on
[0,1] and so the functions belonging to {z1,,} are equicontinuous on [0, 1].

A similar argument to that to used to show yields the functions belonging
to {z},} are equicontinuous on [0, 1].

Consequently, the Arzela-Ascoli Theorem guarantees that {1 ,(¢)} and {z7 ,(¢)}
are relatively compact in C[0, 1]; i.e., there is a function z1 o € C1[0,1], and a sub-
sequence {1y, } of {x1,} such that

li (t) — = li ! — 7 = 0.
jjfmgl[gﬁ]\ml,nj(t) z1,0(t)] =0, jjrfmgl[gﬁ]\ml,nj(t) 2y ()] =0

Similar reasoning as in the proof of Theorem establishes that z; o is a positive

solution to (1.1)) and (1.2).

Similarly, there is a convergent subsequence {xz ,, } of {2 ,} such that

i [z, ()~ 220(0)] =0, Tim_[zh, (6) = aho(t)] =0

and xg o satisfies ([1.1)-(L.2).
Since [|21,0(lq = maxseo,1) [£1,0(t)] < Ry and [[z2,0[lq = maxsepo,1) [22,0(¢)] = R,
a similar argument to that used to show ([5.3)) yields that x; g, z2,0 € P NOQy; ie.,

= t) < R = t)| > R;.
71,0l e [21,0(t)] 1 lz20llg e |22,0(t)] 1

Consequently, 1 o and 2 are different positive solutions to ([1.1)-(1.2). O
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Example 5.2. Consider the three-point boundary value problems

Y Fal =)L+ (=) + (=) L+ +y T =0, te(0,1),

1 1

'0)=0,y(1) = zy(=

y'(0)=0,5(1) = 5y(5)
where 1 > e >0,a >0,b>0,d >0 and o > 0. Then there is a ag > 0 such
that ( --. ) has at least two positive solutions y1 0, y20 € C[0,1] N C?(0,1)
with y1 0(t) > 2,0(t) > 0 on [0,1] and y] 4(t) < 0, y54(t) < 0 on (0,1) for all

0<a<ag.

Let a(t) = p, ®(t) = (1—t)* for all t € [0,1], h(z) = 1+2°+2~% for x € (0, +00)
and g(z) = 1+ 2° + z7* for z € (0,+00). From the proof of Lemma we
have ¢ = 3min{3, =5(5 — 45(3)*")}, and then al =)l +y* +y 9 <
a(l=t)*[1+y"+co~? for all y € [co, +00). Let I(2) = [ y5e==dr. Thus there
exists an aq such that

e
. (3) >1, Vae (0,a]
Q5T SUP¢ <r<1 h(’/’)
and then
c
sup
co<e<+oo 3T (sup ., << fo (s)ds)

Hence, the conditions (P1), (P2) and (P3) hold. Thus Theorem guarantees that
(5.2)-(5.2) has at least two positive solutions.
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