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AN APPLICATION OF A GLOBAL BIFURCATION THEOREM
TO THE EXISTENCE OF SOLUTIONS FOR INTEGRAL
INCLUSIONS

STANISLAW DOMACHOWSKI

ABSTRACT. We prove the existence of solutions to Hammerstein integral in-
clusions of weakly completely continuous type. As a consequence we obtain an
existence theorem for differential inclusions, with Sturm-Liouville boundary
conditions,
u”(t) € —=F(t,u(t),u(t)) for a.e. t € (a,b)
l(u) =0.

1. INTRODUCTION

The purpose of this paper is to prove existence theorems for the integral inclusion
of weakly completely continuous type

b
u(t) € / K(t,s)F(s,u(s))ds for all t € [a,b].

Integral equations (inclusions) have been studied by many authors; see, for example
[I7], where the nonlinear alternative for multi-valued mappings is used for obtaining
existence results for Volterra and Hammerstein type equations. Our approach is
rather different and is based on a global bifurcation theorem for convex-valued
completely continuous mappings; see [7, Theorem 1].

This paper will be divided into four sections. In the second section we will
introduce a class of integral inclusions of weakly completely continuous type, and
next we will state the main theorem. In the third section we will prove an existence
theorem using a global bifurcation theorem for convex-valued completely continuous
mappings [7, Theorem 1]. In this part we will assume that a multi-valued mapping
F : [a,b] x R — cl(R¥) satisfies appropriate conditions close to zero and infinity.
The fourth part contains some applications of the results given in the second section,
and selectors theorems. As consequences we will obtain existence theorems for
integral inclusions and for boundary value problems for differential inclusions.

In this paper we will use the following notation. Let E be a real Banach space.
By cl(E) we will denote the family of all non-empty, closed and bounded subsets
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of E. By cf(F) we will denote the family of all non-empty, closed, bounded and
convex subsets of E. For two sets A, B € cl(F) we will denote by D(A, B) the
Hausdorff distance between A and B. In particular we put |A| = D(4, {0}).

Let F1, Es be two Banach spaces and X C Fj. A multi-valued mapping ¢ : X —
cl(E2) has a closed graph provided for all sequences {z,} C X and {y,} C Fs the
conditions x,, — x, y, — y and y, € @(x,) for every n € N imply y € p(z).

We call a multi-valued mapping ¢ : X — cl(E>) completely continuous if ¢ has
a closed graph and for any bounded subset A C X the set ¢(A) = [J,c4 ¢(z) is a
relatively compact subset of Fs.

A multi-valued mapping ¢ : X — cl(Es) has a strongly-weakly (s-w) closed
graph provided for all sequences {z,} C X and {y,} C Fs the conditions =, — z,
Yn — y and y, € ¢(z,) for every n € N imply y € p(z) (yn — y denotes weak
convergence).

We call a multi-valued mapping ¢ : X — cl(Es) weakly completely continuous
if p has a strongly-weakly closed graph and for any bounded subset A C X the set
©(A) = Uzeap(x) is a relatively weakly compact subset of Fs.

We will also need the following notations. For z = (z1,...,2;) € R¥ we call
x non-negative (and write + > 0) when x; > 0 for ¢ = 1,...,k. Let || - |jo be
the supremum norm in C[a,b] and || - ||z be the norm in C([a,b],R¥) given by

lulle = Zle lluillo for u = (uq,...,ux) € C([a,b],R¥). For v € C([a,b],RF) we
say v > 0 if and only if v(t) > 0 for every t € [a,b]. For u,v € C([a,b],R*) we
write (u,v) = fab Zle u;(t)v;(t)dt. Let the mapping p : R¥ — R* be given by
p(x1, .. xk) = (e, .- |zk]).

2. INTEGRAL INCLUSIONS OF WEAKLY COMPLETELY CONTINUOUS TYPE

In what follows we consider the integral inclusions of weakly completely contin-
uous type,

b
u(t) € / K(t,s)F(s,u(s))ds, t€ [a,b], (2.1)
where the kernel K : [a,b]? — R satisfies the following conditions:
K(t,s) = K(s,t), Vt,s€ [a,b] (2.2)
K(ta') € LOO((a,b),R); vt e [avb]
K(t)(s) = K(t,s) is continuous, K : [a,b] — L>((a,b),R)

b
v > 0 implies / K(t,s)v(s)ds >0, Vv e C([a,b],RF); (2.5)
the set of eigenvalues of v(t) = A f; K(t,s)v(s)ds corresponding to non-negative
eigenvectors is nonempty and is finite. Let us denote this set by

A={pr...,un}, with pg < po < < pn; (2.6)

the multi-valued mapping F : [a,b] x R¥ — cl(R¥) satisfies the condition: There
exists a multi-valued mapping ¢ : C([a,b],R*) — cf(L'((a,b),R¥)) with a s-w
closed graph such that

o(v) C {w € L*((a,b),R¥) : w(t) € F(t,v(t)) a.c. on [a,b]} (2.7)
for each v € C([a, b], R¥).
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Recall that a multi-valued mapping F : [a, ] x R¥ — cl(RF) is integrably bounded
if: For each R > 0 there exists a function mg € L'((a,b), R) such that

|F(t,z)| < mp(t) for a.e. t € [a,b] and every z € R* with |z| < R. (2.8)

A solution of the integral inclusion (2.1)) is a continuous function u : [a,b] — R”
which satisfies (2.1]).

Theorem 2.1. Let K : [a,b> — R satisfies (2.2)-([2.6) and let a multi-valued
mapping F : [a,b] x RF — cl(RF) satisfies 2.7)), (2.8) and for every e > 0 there
exists § > 0 such that

D(F(t,x), {mip(x)}) <elx| fort € la,b]|z| <d; (2.9)
for every € > 0 there exists Ry > 0 such that
D(F(t,z), {map(x)}) <elz| fort € [a,b]|z| > Ro; (2.10)

with constants my, mo such that my > max A and mo < min A. Then there exists
at least one non-trivial solution of integral inclusion (2.1)).

3. PROOF OF THEOREM [2.1]

We need some notation. Let ¥ : (0,00) x C([a,b],RF) — cf(C([a,b],R¥)) be
a completely continuous mapping such that 0 € ¥(A,0) for all A € (0,00). Let
f:(0,00) x C([a, b], R¥) — cf(C([a,b],R¥)) be given by

Fyu) =u—T(\u). (3.1)

We call (u,0) € (0,00) x C([a, b], R¥) a bifurcation point of f if for each neighbour-
hood U of (u,0) in (0,00) x C([a,b],R¥) there exists a point (\,u) € U such that
u# 0 and 0 € f(\ u). Let us denote the set of all bifurcation points of f by By.
Let Ry C (0,00) x C([a,b],R¥) be the closure (in (0,00) x C([a, b], R¥)) of the set
of non-trivial solutions of the inclusion 0 € f(\, u).

Let V be a bounded open subset of a Banach space E and let the multi-valued
mapping g : V — cf(E) be given by g(z) = v — G(z), where G : V — cf(E) is
a completely continuous multi-valued mapping such that, for x € OV, the relation
x ¢ OV holds. It is well known that in such situation we may define the Laray-
Schauder degree deg(g, V,0) |2} [4, 12} 14 [16].

For each A satistying (X,0) ¢ By there exists ro > 0, such that 0 € f(\, u) for
llullx = r € (0,70], so the value deg(f (A, ), B(0,r),0) is defined. Assume that for
an interval [c,d] C (0, 00) there exists § > 0 such, that

((le= 6.0 U (d,d+ ) x {0}) N B, = 0.

Then we may define the bifurcation index s[f, ¢, d] of the mapping f, with respect
to the interval [c, d] as
s[f, e, d] = Alirill+ deg(f(A,-), B(0,7),0) — )\limi deg(f(A,-), B(0,7),0),
where r = r(A\) > 0 is small enough.
The main tool used in this section is Theorem 3.1 below. It is a global bifurcation
result for convex-valued completely continuous mappings being a consequence of
the generalized of the Rabinovitz global bifurcation alternative (see [5, 22]).
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Theorem 3.1 ([7]). Let f : (0,00) x C([a,b],R¥) — cf(C([a,b],R¥)) be given
by (3.1), and assume that there exists an interval [c,d) C (0,00) such that By C
[c,d] x {0} and s[f,c,d] # 0. Then there exists a non-compact component C C Ry
satisfying C N\ By # 0.

In what follows we will use the integral operator S : L((a, b),R*) — C([a, b], R¥)
given by

b
SWﬂﬂz/‘K@JW@MS (3.2)
where K is as above.

Remark 3.2. Let us observe that the operator S is well-defined and S is completely
continuous.

Proposition 3.3. Let ¢ : By — cl(Es) be a weakly completely continuous multi-
valued mapping and let T : E — FE; be a continuous linear mapping, and let
S : Ey — FE5 be a continuous linear mapping such that for every bounded subset
B of Eq, S¢(B) is a compact subset of a Banach space E5. Then the composition
SopoT :E — cl(Es) is completely continuous.

Now we prove the main result.

Proof of Theorem[2.1. By (2.7) and (2.8)) there exists a weakly completely contin-
uous multi-valued mapping ¢ : C([a, b], R¥) — cf(L((a, b), R¥)) such that

o(u) C {w € L'((a,b),R¥) : w(t) € F(t,u(t)) a.e. onla,b]} (3.3)
for each u € C([a,b],R¥). Tt follows from Remark 1 and Proposition that
the multi-valued mapping S o ¢ : C([a,b],R¥) — cf(C([a,b],R¥)) is completely
continuous. Let f : (0,00) x C([a, b], R*) — cf(C([a, b], R¥)) be given by the formula

FOGu) =u— ASp(u).
Let us observe that if 0 € f(1,u) then u is the solution of integral inclusion (2.1)). So
it is enough to show that there exists u € C([a, b], R¥), u # 0 such that 0 € f(1,u).
To prove this we apply Theorem [3.1]
The proof will be given in three steps.

Step 1. We show that By C {(4-,0);i = 1,...,N}. Let (X,0) € By, and let
{(An,un)} C (0,4+00) x C([a,b], R¥) be the sequence of non-trivial solutions of the
inclusion

Up € /\nSQO(un)
such that A, — Ao € (0,+00) and u,, — 0. Let the mapping P : C([a,b],R*) —
L'((a,b),R¥) be given by P(u)(t) = p(u(t)). So we have
Up € A Sp(un) — miASP(uy) + miA, SP(uy,).

Let us denote v,, = H":Lﬁ Then we have
n) P mn
on € Aps(Plm) = mPlun) y oy Gp ().
[[wnlk
By 1) we have |W — 0. Since the sequence {\,miP(v,)} is

bounded, there exists a subsequence of {v,,} convergent to vg in C([a, b], R¥), where
[lvollx = 1. So letting n — +oo we get

Vo = )\OmlSP(vg).
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Because P(vg) > 0 then by (2.5) SP(vg) > 0 and vy > 0. Hence P(vg) = vy and

vo = Aom1S(vy). Then by Ao = Lt for some i € {1,..., N} that implies

By C{(#5,0); i=1,...,N}.

Step 2. We show that slf, 7‘:11 , ‘;ﬁ] = —1. For this purpose let us observe first

that for A & { >‘1 : A € A} there exists > 0 such that by the mapping
f(\, ) : B(0,7) — cf(C(]a,b], R¥)) is homotopic to the mapping fo(),-) : B(0,7) —

C([a,b], RF) given by

fo(A u) =u— Am1SP(u).

Moreover for A € (0, £~ -) the mapping fo(A, ) : B(0,7) — C([a, ], R¥) is homotopic
to the identity mapping i : B(0,7) — cf(C([a,b],R¥)), let the homotopy be given
by h(r,u) = u — Arm1SP(u). Similarly to what we showed in Step 1 of this proof
we conclude that the homotopy h has no non-trivial zeros. Hence by homotopy
property of topological degree we have deg(fo(A,-), B(0,7),0) = 1. Assume now
that A € (X, +00). Choose any i € {1,..., N} and denote by u,, a continuous
non-trivial function such that w,, = u;S(u,,) and u,, > 0. We will show that
the mapping fo(),-) : B(0,7) — C([a,b], R¥) may be joined by homotopy with the
mapping f1 : B(0,7) — C([a,b],R¥) given by fi(u) = fo(A\,u) — u,,. A homotopy
hyi 2 [0,1] x B(0,7r) — C([a,b],R*) is given by hy(r,u) = fo(\,u) — Tu,,. Assume
now that hq(7,u) = 0 for some u, |lullx <r and 7 € (0, 1]. Hence

u = Am1SP(u) + 7S (uy, ) = S(Ama P(u) + Tpiuy,).
Since Ami P(u) + Tu,, > 0 by (2.5) we have u > 0. So that,

u = S(Amiu) + Tuy,,

and by ,
(u,up,) = (S(Amau) + Tuy,, uy,)
= )‘m1<S(u)a “m) + T<“um uﬂi>
= Ama(u, S(uy,)) + (U, up,)
)\ml

- 1 <u U’Hz> +T<UH'L7UH1>
K3

Then

Hi

and we obtain u; > Amq, because u > 0 and wu,, > 0. This contradicts the
assumption A > S Since miA € A, we have hi(0,-) = fo(A\,u) =0 = u = 0.
Hence the homoptopy hi has no non-trivial zeroes, also h(1,-) has no zeroes at all
that is why deg(fo(},+), B(0,7),0) = 0.
Step 3. Let us observe that by Theorem [3.1] there exists a non-compact component
C C Ry satisfying C N By # (. We are going to show that there exist A > 1 and
u # 0 such that (A, u) € C. Since the set C is not compact there exists a sequence
{(An,un)} C C such that either A, — 0 or A,, — +00 or else |lu, ||z — +o0.

First let us assume that A, — 0 and {||u,||x} is bounded. In this case, the
relation w,, € A\, S¢(uy) holds and consequently w,, — 0. As we showed in Step 1
u, — 0 and A, — Ag implies g € {W% A E A}, that contradicts A,, — 0.
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Now let us consider the case ||u,|[x — +00 and A\, — A\g < 1. We can see that
Up € A Sp(un) — Moy SP(uy) + maA, SP(uy,),

(cp(un) — mgP(un))

Un € A\pS
[

+ AnmaSP(vy,),

where v,, = ﬁ
By (2.8) and (2.10)) similarly to what we showed in Step 1 of this proof there
exists vg with ||vg||x = 1 such that

Vo = )\Omgsp(’()o).
Since P(vg) > 0 then SP(vp) > 0 and vg > 0. Hence P(vg) = vy and
Vo = )\OmQS(’Uo)

then by (2.6) Ao = £& for some i € {1,..., N} that contradicts Ao < 1.

Finally let us assrlnline that \,, — +o00o. In this situation there exist \,, > 1 and
un, # 0 with (A, u,) € C. Since CN By # () and by our assumptions T’:l < 1 for
i=1,...,N then there exist A < 1 and u such that (\,u) € C. By connectedness
of C there exists u with (1,u) € C. For such solution of inclusion 0 € f(1,u) there

must be u # 0, because (1,0) € R¢( (1,0) & By). So the proof is complete. O

4. EXAMPLES

In the first part of this section we study a class of multi-valued mappings which
admit a convex-valued weakly completely continuous selectors. The problem con-
cerning the existence of a continuous selector and a weakly completely continuous
selector have been studied by many authors for; see for example: Antosiwicz and
Cellina [1], Lojasiewicz [15], Pli§ [18], Pruszko [19] [20], Fryszkowski [10], Bressan
and Colombo [3], Frigon and Granas [9].

In what follows we will consider integrably bounded multi-valued mappings F :
[a,b] x RE — cl(R") satisfying one of the following properties:

F :[a,b] x RF — cl(R™) is £ ® B measurable i1
F(t,) :R¥ = cl(R") is Ls.c. for a.e. t € [a,b]. 4.1

Let us recall that A C [a,b] x R¥ is £® B measurable if A belongs to the o-algebra
generated by all sets of the form N x B where N is Lebesgue measurable in [a, b]
and B is Borel measurable in R¥.

F(-,z) : [a,b] — cl(R™) is measurable for all z € R*

. (4.2)
F(t,-) : R" — cl(R™) 1is continuous for a.e. t € [a, b].

F:la,b] x R* = cl(R") is Ls.c. (4.3)
F(-, ) : [a,b] — cf(R™) is measurable for all z € R* (4.4)

F(t,-) : R¥ — cf(R") isus.c. for ae. t € [a,b].

Now we state without proof the following Proposition. Next applying Theorem [2.1]
we obtain the existence of solutions of integral inclusions.
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Proposition 4.1 ([I, [3, @, 10, 15} 18, 19, 20]). If F : [a,b] x RF — cl(R™) is an inte-
grably bounded multi-valued mapping satisfying one of the conditions , ,
(4.3) or then the Nemytskii operator F : C([a,b],R*) — cl(L((a,b),R™)),
associated with F', admits a conver-valued weakly completely continuous selector.

Theorem 4.2. Let K : [a,b]?> — R satisfy [2.2)-(2.6) and let F : [a,b] x RF —
cl(R*) be an integrably bounded multi-valued mapping such that one of the hypothe-

ses (4.1)), (4.2), (4.3) or (4.4) holds. If, moreover F' satisfies (2.9) and (2.10) with

constants my, mo such that m; > maxA and mo < min A, then there exists at least
one non-trivial solution of integral inclusion (2.1).

Now we prove an existence result for differential inclusions with Sturm—Liouville
boundary conditions

u”’(t) € —=F(t,u(t),u'(t)) for a.e. t€ (a,b)

() = 0. (4.5)

where F : [a,b] x R x R — cl(R) is a multi-valued mapping and [ : C*([a, b],R) —
R x R is given by

l(u) = (u(a)sina — u'(a) cos o, u(b) sin 3 + v’ (b) cos 3),

and o, 8 € [0, 5],0 4 3% > 0. It is well known (cf. [6} 13]) that with the boundary
value problem
u’(t) = h(t) fora.e.te€ (a,b)

oo (4.6)

we may associate a continuous integral operator S : L((a,b),R) — C*([a,b],R),
given by

b
S(u)(t):/ —K(t, s)u(s)ds (4.7)

where K is Green’s function for (£.6). Let us observe that S(—h) = u if and only
if u € C'([a,b],R), v : [a,b] — R is absolutely continuous and u is a solution of
(4.6). Let us recall that if h < 0, h € C([a,b],RF) and u € C?([a,b],R) satisfies
(4.6) then w > 0 (cf. [2I]). It is well known (cf. [0, [13]) that there exists exactly
one eigenvalue u € R of the linear eigenvalue problem

u”(t) + du(t) =0 fort € (a,b)

) = 0 (4.8)

an eigenvector v,,, such that v,(t) > 0 for ¢ € (a,b) and then p > 0. Hence the set of
eigenvalues of the integral operator S for which there exists non-negative eigenvector
is equal to A = {u~'}. We will also need the linear continuous operator T :
C1([a,b],R) — C([a,b], R xR) given by T'(u)(t) = (u(t),u'(t)) for t € [a,b]. In what
follows we will use the following existence theorem which is some modification of
Theorem [2.1] for the integro-differential inclusions of weakly completely continuous

type

b
u(t) € / —K(t,s)F(s,u(s),u'(s))ds for all t € [a,b]. (4.9)
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Theorem 4.3. Let K : [a,b]?> — R be Green’s function for ([4.6) and let a multi-
valued mapping F : [a,b] x R x R — cl(R) satisfies (2.7)), (2.8)) and for every e >0
there exists § > 0 such that

D(F(t,z,y),{mip(z)}) <e(lz| +[yl)  fort € [a,b] and |z +[y| <&  (4.10)
for every € > 0 there exists Ry > 0 such that
D(F(t,z,y),{map(x)}) < (x| +[yl)  fort € [a,b] and |z] +[y| = Ro; (4.11)

with constants myi,ms such that mo < p < my. Then there exists at least one
non-trivial solution of integral inclusion (4.9).

Proof. Let f: (0,+00) x C*([a,b],R) — cf(C*([a,b],R)) be a multi-valued mapping
defined by

) = u = ASeT (),
where ¢ : C([a,b],R x R) — cf(L!(a,b)) is a weakly completely continuous multi-
valued mapping such that

o(u,v) C {w € L*(a,b) : w(t) € F(t,u(t),v(t)) ae. on [a,b]}.

Let the mapping S : L'((a,b),R) — C*([a,b],R) be as in ({£.7). By Proposition
and the well known properties of Green’s function, we see that the multi-valued
mapping S¢T : C1([a,b],R) — cf(C*([a,b],R)) is completely continuous. Essen-
tially the same reasoning as in Theorem proves this theorem. ([

Now from Theorem and Proposition we obtain an existence Theorem for
differential inclusions with Sturm-Liouville conditions.

Theorem 4.4. Let F : [a,b] x R¥ — cl(R¥) be an integrably bounded multi-valued

mapping such that one of the hypotheses (4.1)), , (4.3) or (4.4) holds. If,
moreover F satisfies (4.10) and (4.11) with constants my, ma such that mg < p <

my. Then there exists at least one non-trivial solution of boundary value problem

[@5).
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