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REMARK ON THE SPATIAL REGULARITY FOR THE
NAVIER-STOKES EQUATIONS

CHENG HE

ABSTRACT. Let u be a Leray-Hopf weak solution to the Navier-Stokes equa-
tions. We will show that the set of possible singular points of the vector field
resulting from integrating the velocity u with respect to time has Hausdorff
dimension zero.

1. INTRODUCTION

Let us consider the viscous incompressible fluid flow moving within a region €2
of the three dimensional space R3, which can be described by the Navier-Stokes
equations

Ou —vAu+ (u-V)u=—-Vm, in Q x (0,00),
V-u=0, inQx(0,00)
with the homogeneous boundary condition

(1.1)

u=0 on 9N x (0,00) (1.2)
when the boundary is not empty, and the initial condition
u(z,0) = up(x) in Q. (1.3)

Here u = u(z,t) = (u1(x,t),us(x,t), us(z,t)) denotes the unknown velocity vector
field, and m = 7(z,t) denotes the scalar pressure; v is the viscosity; and ug(z) is
the initial velocity vector field. For simplicity, the viscosity v is normalized to 1.

For the initial value problem and the initial boundary value problem to the
Navier-Stokes equations, the existence of a class of global weak solutions was shown
by Leray and Hopf in their pioneering works [8] and [7] a long time ago. Since then,
much effort has been made to try to establish uniqueness and regularity of weak
solutions. However, these two remarkable questions remain open. It is still not
known whether or not a weak solution can develop singularities at finite time, even
for sufficiently smooth initial data. A lot of attention has been turned to the study
of partial regularity of weak solutions to the Navier-Stokes equations. The first
analysis about the possible singular set was done by Leray.

Following Caffarelli, Kohn and Nirenberg [I], a point (z,t) (or t) is called a
singular point of a weak solution u to the Navier-Stokes equations if and only if u is
not essentially bounded in any neighborhood of (z,t) (or t). Leray [8] showed that
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the singularities, if exist, can occur at most on a set of ¢ with Lebesgue measure
Zero.

Scheffer [12]-[16] began the development of the analysis about the set of possible
singular points, and established various partial regularity results for a class of weak
solutions. Scheffer’s results showed that the set of possible time singular points
of the weak solution has 1/2-dimensional Hausdorff measure zero, and that the
set of possible space-time singular points of the weak solution has 5/3-dimensional
Hausdorff measure zero. See also [2], [I§]. Later, Caffarelli, Kohn and Nirenberg [1]
improved Scheffer’s results and showed that the set of possible space-time singular
points of a class of special weak solutions, named as suitable weak solutions, has
one-dimensional Hausdorff measure zero. Note that suitable weak solutions differ
essentially from the usual weak solutions in the sense that they should satisfy a
generalized energy inequality. A simplified proof of the main results of [I] was
presented in [9]; see also [19] Bl [10].

It is well-known that there exists a large time T' such that after the time T the
weak solution is smooth and the interval (0,7") can be expressed as U;er(a;,b;) U7,
where the set I is at most a countable set, (a;,b;) with ¢ € I are disjoint open
intervals in (0,T), the set 7 has 1/2-dimensional Hausdorff measure zero, and u
belongs to C* for (z,t) € Qx(a, b) for each interval (a, b) whose closure is contained
in some of the intervals (a;,b;) (cf. Fioas and Temam [2], Heywood [6], Leray [8],
Scheffer [12], sohr and W. von Wahl [18], Miyakawa and Sohr [I1]).

Applying their own local regularity theory, Caffarelli, Kohn and Nirenberg [I]
showed that the suitable weak solution is regular in the region {(z,t) : |z|?t >
k} if the initial velocity uo € L?(R3) and |z|'/%uy € L?(R3), or in the region
{(z,t) : t > 0,]z| > R'} for some R’ > R if the initial velocity uo € L?(R?) and
f‘I|>R |Vug|?dr < oco. Similar results has been obtained by Maremonti [10] in the
case of an exterior domain. To the best of our knowledge, up to now, the set of
possible singular points is still not fully understood.

In this paper, we try to estimate the Hausdorff dimension of the set of possible
spatial singular points of weak solutions in some sense. As is well-known, the set
of possible time singular points of a class of weak solutions has 1/2-dimensional
Hausdorff measure zero ( see [2, B, 8 12, 17]). As for the set of possible spatial-
time singular points, it is known that the 1-dimensional Hausdorff measure vanishes
(cf. [T, B @, 10, 20]). However, as far as we know, no such results are available for
the set of possible spatial singular points.

It is difficult to study directly the set of possible spatial singular points of the
weak solutions. So we will study the partial regularity of the weak solution by
integrating the solution in time For this purpose let u be a weak solution to the
Navier-Stokes equations (|1.1) and deﬁne Uz fo (z,s)ds for some T > 0. By

the definition of weak solutions, U(x fo u(zx, s)ds is well-defined in the sense of
Bochner (See below). Then followmg 1deab in [2], we will show that the set of points
at any neighborhood of which U is essentially unbounded has Hausdorff dimension
zero. This implies the corresponding estimate of the Hausdorff dimension of the
set of possible spatial singular points of the weak solution v in some sense.

We conclude this introduction by introducing some function spaces used in this
paper. Let LP(Q), 1 < p < oo, represent the usual Lesbegue space of scalar
functions as well as that of vector-valued functions with norm denoted by || - [|,.
Let CF,(£2) denote the set of all C> vector functions with compact support in €



EJDE-2008/120 SPATIAL REGULARITY 3

such that divg = 0. Let LP(0,T; X), 1 < p < oo, be the set of function f(¢) defined

on (0,T) with values in X such that fOT | f(®)||%dt < oo for a given Banach space
X with norm || - || x.

2. MAIN RESULTS

In this article, we only consider four types of the domains: (1) R?, (2) a bounded
domain in R?, (3) a half-space in R%, and (4) an exterior domain in R?.

We will consider the Leray-Hopf weak solutions defined as follows:

Definition. A Leray-Hopf weak solution of the system — in Qs =
Q x (0,00) is a vector field u : Qs — R? such that

u € L*(0,00; L2(Q)) and Vu € L*(0, 00; L*()), (2.1)

/ (u~8tw+u®u:Vw—Vu:Vw)da:dt:O (2.2)

oo

for any w € C§%, (Q) and any t € [0,00), u satisfies the energy inequality

t
lu(®)l3 + 2/0 IVu(r)l3dr < [|uoll3, (2.3)

and u takes the initial value in the sense that
Ju(-t) = uo(-)[l2 = 0 ast— 0. (2.4)

It is well-known now that Leray [8] and Hopf [7] constructed a global Leray-Hopf
weak solution . Here we intend to study the spatial partial regularity of the Leray-
Hopf weak solution, in some sense. In fact, we are interested in the estimate of the
Hausdorff dimension of the set of possible singular points of the vector resulting
from integrating the velocity v with respect to time. For simplicity, assume that
up € Cg, (€2). The argument can be applied to general initial data ug.

First we introduce the following result which was obtained by Giga and Sohr [4].

Lemma 2.1. Let ug € G55, (). Then there exists a weak solution (u,) such that

ue L=(0,00; L*(Q)), Vu e L*(0,00; L*(2)), (2.5)
Oy, 02u, Vr € LP(0,00; L9(Q)) (2.6)

for any 1 < p,q < oo with 1/p+ 3/2q = 2. Also u satisfies the energy inequality

t
lu(®)]3 + 2/0 [Va(r)|5dr < [luoll3- (2.7)
So 7 can be chosen such that
« 1 1 1

Vu, m € LP(0,00; L (Q)), — =-——. 2.8
( @), =2-3 (238)

As stated in the introduction, there is a time T such that, after T', a Leray-Hopf
weak solution u is smooth. For this 7" > 0, it is easy to see that

T T
U(z) = / u(z, t)dt, T(z):= / m(x, t)dt
0 0
are well-defined in L9 (Q2). Then (U,TI) satisfies the equations

AU =Ff, f=u—uT)—- /0 (u- Vu)(t)dt — VIIL (2.9)

0]
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Define
Qo =: {x € Q:U(x) is essentially unbounded in any neighborhood of x}
Now our main result can be stated as follows:

Theorem 2.2. Let ug € C§%,(2). Then Qg has Hausdorff dimension zero.

To prove our main theorem, we need the following lemma established by Foias
and Temam [2].

Lemma 2.3 (|2 Lemma 4.2]). Fora >0 and f € L*(R"™), let A,(f) be the set of
x € R™ such that there exists m, with

/ - If(y)ldy <279 for all m > m,.
y—x|<2—m™

Then R™\ Ay (f) has Hausdorff dimension less than or equal to a.
Plase see addendum

Proof of Theorem[2.3. We will follow the ideas in [2]. Since U € L7 (),

1 1
U(z) = o /]R3 Hf(y)dy =:Uy when 0Q =0, (2.10)

1 1
U(z) = W(x) + ym / ﬁf(y)dy when 9 # () with a harmonic function W.
T Jolr—y

(2.11)
It is well-known that the function W is smooth in the interior of  and is bounded
in the subdomain with positive distance away from the boundary. Extend f to the
outside of 2 by zero. So we only consider the partial regularity of Uy. For any
xo € R?, we have

1
— Up(y)|dy < / / f(y)|dydx
3 |lz—xo| <7 | ( I 47T T.s |z— ’I'U|<T’ R3 |l‘ ‘ |

< - .= dydz 2.12
e Rt /|| (v)ldy (2.12)

rr
T Am Jgs |zo — 2]

f(z)dx

with
f () = sup — £ ()ldy.

r TS |a—y|<r

By (2.6), we know that f € LI(R3) for any 1 < q < 3/2. So it follows from the
inequality on maximal functions that f* € LI(R3). Let

Mj = {xGR?’: |SU*£L’0| §27j}

e3.1

e3.2

e3.3
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For any xy € R3, we have
1

= [Uo(x)|dx
r3 /|:rzo<r
1 1

= 47 Jps |:Eo—x|

1
= v)de + / *(z)dx
47 /]R3\Ml |370 - CC| Z 47 MM, 41 |{L‘0 _ il?|f ( )
1—1
(L, de) |
3 1 - 0 q—1
3 1 1-1 1
e / ——dx / f*(x)|%dx
Zl:( Mi\Mj 41 IQT —$0|ﬁ ) ( M ‘ ( )| )

i 3i(1-1) | . z
§c+c¥2 (/Mj If (x)|qdz>

It is obvious that |f*|9 € L' (R?). Let A,(f*) be the set of these o € R? such that

there exists j,, with
/ 7 @)lde < 27
|zo—z|<2-7

for all j > j,,. Thus, for any xo € A,(f*), (2.13) gives us

1
e}

fH(x)dx

(2.13)

Us(2)ldz < C+CY 27730-9) .27 % < ¢y (2.14)
1

|z—z0|<r

provided that a > 3 — 2¢. Note that the constant C; is independent of zg. Let

_ 3 /
= — Uy (x)dx
drr? |z—z0|<r (@)

denote the average of Up in the ball centered at zy with radius r. Then, by (2.14]),
we have

1

— 2
r r |z—z0|<r

|z—zo|<r
provided that a > 3 — 2¢q. This implies
1 _
sup = |Uo(z) — Upldx < 2C4 (2.15)
z0EAL(f*), r>0 r lz—zo|<r

provided that a > 3 — 2q.
Then, for any xg € Ay (f*) with a > 3 — 2¢, (2.15) tells us that

|Uo(wo)| < oo.
Therefore,
Qo = {z €eR?: |Up(z)| =00} CR*\ Aa(f*).
Applying Lemma we deduce that the Hausdorff dimension of € is less or
equal to a. Letting a — 3 — 2q, we deduce that the Hausdorff dimension of 2y does

not exceed 3 — 2¢. Since ¢ € (1,3/2) is arbitrary, we deduce that the Hausdorff
dimension of 2 is zero. This completes the proof |

e3.4
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ADDENDUM POSTED ON SEPTEMBER 30, 2008

Following a suggestion from the anonymous refeee (to whom the author wants
to express his gratitude), the proof of the main theorem is rewritten as follows:



EJDE-2008/120 SPATIAL REGULARITY 7
Proof of Theorem[2.3. We will follow the ideas in [2]. Since U € L% (),

1 1
U(x) = yo /}R3 mf(y)dy =:Up when 99 = 0, (2.16)

1 1
U(x) = W(x)+ yo / ﬁf(y)dy when 9 # () with a harmonic function W.
T Jo |T—Y
(2.17)

It is well-known that the function W is smooth in the interior of 2 and is bounded
in the subdomain with positive distance away from the boundary. Extend f to the
outside of 2 by zero. So we only consider the partial regularity of Uy. For any
zo € R3, we have

1
x Ualldy < o5 [ [ i)y ds
7 |lx—zo|<r 47T |z— x0\<r R3 |$ yl

< .= dy dx 2.18
_4W/RS Pt /|| ()ldy (2.18)
1 1

- — = F
Yy R3 ‘.’ﬂo — fE| f (m)dx (xO)
with

rE@=sw [ 1wy

T

By (2.6), we know that f € LI(R3) for any 1 < q < 3/2. So it follows from the
inequality on maximal functions that f* € LI(R3). Since Up(x) is continuous in z,

from (2.18), we deduce that
U(w0)| < F(xzo) Vao € R,

Let
={z€eR®: |z —zo| <277}
For each zg € R?,

Flzo) = - / L @)

4 Jgs |20 —x|
- 78
< — x)dx + —— " (z)dx
A Jrs\my |x0 — x\ Z 4T \MJ+1 -z
1 1-3
<our( *dx)
N\ Jonn ozl (2.19)

ad 1

+O; (‘/Mj\Mj+1 |x_xoqqldgg>1_q (/MJ |f*(l')‘qd$)l/q
<O+ cigi—w—;)(/
1

M;

@) "

It is obvious that |f*|7 € L'(R3). Let A4(f*) be the set of these zo € R? such that

there exists j,, with
[ @<y
lwo—z|<277
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for all j > ju,. Thus, for each xo € A, (f*), (2.19) gives us

jzg_l 1 o0 .
Flan)| <00 Y 274073 ( / P @)tdr)" + 032y
1 M; jn:o
< Cy(xo)

(2.20)
provided that a > 3 — 2q. Then, for each xy € A,(f*) with a > 3 — 2¢, (2.20) tells
us that

|U0(l‘0)| < F(l‘o) < 01(560) < OQ.
It is obvious that
Qo = {m eER3: |Up(z)| = oo} CR3\ Au(f").
Applying Lemma [2.3] we deduce that the Hausdorff dimension of Qg is less or
equal to a. Letting a — 3 — 2q, we deduce that the Hausdorff dimension of 2y does
not exceed 3 — 2¢. Since ¢ € (1,3/2) is arbitrary, we deduce that the Hausdorff
dimension of €1 is zero. This completes the proof (]
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