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PARABOLIC EQUATIONS RELATIVE TO VECTOR FIELDS

THOMAS BIESKE

ABSTRACT. We define two notions of viscosity solutions to parabolic equations
defined using vector fields, depending on whether the test functions concern
only the past or both the past and the future. Using the parabolic maximum
principle for vector fields, we then prove a comparison principle for a class of
parabolic equations and show the sufficiency of considering the test functions
that concern only the past.

1. VECcTOR FIELDS

In [I], a maximum principle for vector fields is proved and consequently, a com-
parison principle for subelliptic equations is established. Using this point of view,
we prove an analogous comparison principle for a class of parabolic equations in
vector fields. These results are a generalization of the Euclidean results of Juutinen
[].

To create our vector field environment, we replace the Euclidean vector fields
{0sy, 02y .-+, 0z, } in R™ with an arbitrary collection of vector fields or frame

% = {Xl,XQ,...,Xn}
consisting of n linearly independent smooth vector fields with the relation

mwzwwij

for some choice of smooth functions a;;(x). Denote by A(x) the matrix whose (z, j)-
entry is a;;(z). We always assume that det(A(z)) # 0 in R™. We note that if A is
the identity matrix, we recover the Euclidean environment, which was considered
in [4]. We choose a Riemannian metric, denoted (-, -), and related norm || - || so that
the frame is orthonormal. The natural gradient is the vector

Xu = (Xl(u)vXQ(u)v SRS Xn(u))

and the natural second derivative is the n X n not necessarily symmetric matrix
X?u with entries X;(X;(u)). Because of the lack of symmetry, we introduce the
symmetrized second-order derivative matrix with respect to this frame, given by

()" = 3 (X + (2u)").
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Fix a point x € R™ and let £ = (&1, &2, . ..,&,) denote a vector close to zero. We
define the exponential based at x of £, denoted by 0,(&), as follows: Let v be the
unique solution to the system of ordinary differential equations

v'(s) = .Z&Xim(s))

satisfying the initial condition v(0) = x. We set ©,(§) = (1) and note this is
defined in a neighborhood of zero.

2. PARABOLIC JETS AND VISCOSITY SOLUTIONS TO PARABOLIC EQUATIONS

In this section, we define and compare various notions of solutions to parabolic
equations. We begin by letting u(x,t) be a function in R™ x [0, 7] for some T > 0
and by denoting the set of n x n symmetric matrices by S™. We consider parabolic
equations of the form

wy + F(t, 2, u, Xu, (X%u)*) =0 (2.1)
for continuous and proper F : [0,7] x R® x R x R™ x S™ — R. Recall that F is
proper means

F(t,z,r,n, X) < F(t,z,s,1,Y)
when r < s and Y < X in the usual ordering of symmetric matrices [3]. We note
that the derivatives Xu and (X?u)* are taken in the space variable . Examples of
parabolic equations include the parabolic infinite Laplace equation

up + Aot = up — ((X2u)*Xu, Xu) = 0

and the parabolic p-Laplace equation for 2 < p < oo given by

n
up + Apu = uy — divy (|| Xul|P~?Xu) = up — ZXi(||3€u||p_2Xiu) =0
i=1
where we observe that for a smooth function f,

n
divy f = Z X, f.
i=1
Let O C R”™ be an open set containing the point z5. We define the set Op =
O x (0,T). Following the definition of jets in [I], we can define the parabolic jets of
u(zx,t) at the point (zo,ty) € Or by using the appropriate test functions. Namely,
we consider the set Au(xo, o) by

Au(zg, to) = {¢ € C*(Or) : u(z,t) — ¢(x,t) < u(zo,to) — ¢(z0,t0)}

consisting of all test functions that touch from above. We define the set of all test
functions that touch from below, denoted Bu(zo, to), by

Bu(zo,to) = {¢ € C*(Or) : u(z,t) — ¢(x,t) > u(wo, to) — ¢(x0,t0)}.
We then have
P> u(xo, to) = {(¢e(20, t0), Xd(20, o), (X2 (0, 10))*) : ¢ € Au(wo,to)},
PZ’_U(Z‘Q,to) = {((ﬁt(l‘o,to),x(ﬁ(l‘o,to), (%2¢>(x0,t0))*) : ¢ S Bu(xo,to }

We call P?Fu(xg,ty) the parabolic superjet of u at (zg,to) and P?~u(xg,to)
the parabolic subjet of u at (xq,to).
Extending [Il Lemma 5], we have the following lemma.

~
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Lemma 2.1. Let O,,(§) be the exponential map based on the point ¢ and let & be
an n-dimensional vector. Then P>%u(wzg,to) = (a,n, X) € R x R™ x 8™ such that

(O, (6),1) < ulao, ) + alt — o) + (1, ) + 3 (XE &) + ol ¢
as & — 0. Additionally,
P% u(xo,to) = —P>" (—u)(x0, t0)
or, alternatively, P?>~u(zo,to) = (b,1,Y) € R x R™ x S™ such that

U(Or (€),1) 2 ulwo,to) + bt — to) + (1) + 5 (VE &) + o I])
as & — 0.

We also define the set theoretic closure of the superjet, denoted ?2’+u(xo,t0),
by requiring that (a,n,X) be in F2’+u(1'0,t0) exactly when there is a sequence
(Any Ty by WXy )y My X)) — (@, o, Lo, u(zo, to), 1, X ) with the triple (ay,, nn, X5)
in P>*u(z,,t,). A similar definition holds for the closure of the subjet.

We next recall the relationship between these jets and the usual Euclidean jets,
given by the following Lemma.

Lemma 2.2 ([I, Lemma 3]). For smooth functions u we have
Xu(z) = A(z) - Vu(x),
and for all s € R™

<(.’{2u(x))* s,8) = (A(z) - D*u(z) - A¥(2) s, s) + Z(At(x) s,D (A (z) S)k>%(l’)
k=1

Here Vu is the usual Euclidean gradient of u, D?*u is the Euclidean second-order
derivative matrix of uw and D signifies Fuclidean differentiation.

We then use these jets to define subsolutions and supersolutions to Equation
&1).

Definition 2.3. Let (zg,tp) € Or be as above. The upper semicontinuous function
u is a wiscosity subsolution in O if for all (zg,t9) € Or we have (a,n,X) €
P2 % u(xg,t9) produces

a+ F(to, o, u(zo, to),n, X) < 0. (2.2)
A lower semicontinuous function u is a wiscosity supersolution in O if for all
(20,t0) € Or we have (b,v,Y) € P?~u(wo,to) produces

b+F(t0,:C0,u(sc0,t0),u, Y) > 0. (23)

A continuous function u is a wviscosity solution in O if it is both a viscosity subso-
lution and viscosity supersolution.

We observe that the continuity of the function F' allows Equations and
to hold when (a,n, X) € ?2’+u(a§0,to) and (b,1,Y) € PQ’_u(xo,to), respectively.

We also wish to define what [4] refers to as parabolic viscosity solutions. We
first need to consider the sets

A u(zg,tg) = {¢p € C*(Or) : u(z,t) — ¢p(x,t) < u(xo, to) — ¢(x0, to) for t < to}
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consisting of all functions that touch from above only when ¢ < ¢y and the set
B~ u(zo, to) = {¢p € C*(Or) : u(w,t) — d(z,t) > u(zo,to) — ¢(wo,to) for t < to}

consisting of all functions that touch from below only when ¢ < t3. Note that
A~ wu is larger than Au and B~ wu is larger than Bu. These larger sets correspond
physically to the past alone playing a role in determining the present.

We then have the following definition.

Definition 2.4. An upper semicontinuous function u on O is a parabolic viscosity
subsolution in Or if ¢ € A" u(xg,tg) produces

pi(zo, to) + F(to, o, u(wo, to), Xd(wo, to), (X*¢ (w0, t0))*) < 0.

A lower semicontinuous function u on Or is a parabolic viscosity supersolution in
Or if ¢ € B~ u(zg, tg) produces

(bt(x(]; tO) + F(t()) Zo, U(LL'(), t0)7 x(b(.’l?07 t0>7 (x2¢($07 tO))*) Z 0.

A continuous function is a parabolic viscosity solution if it is both a parabolic
viscosity supersolution and subsolution.

It is easy to see that parabolic viscosity sub (super-) solutions are viscosity sub
(super-) solutions. The reverse implication will be a consequence of the comparison
principle proved in the next section.

3. COMPARISON PRINCIPLE

In order to prove our comparison principle, we will need a parabolic maximum
principle in vector fields, analogous to the maximum principle for subelliptic equa-
tions in [I]. The theorem we will prove is based on [3, Thm. 8.2], which details the
Euclidean case. We will denote the Euclidean distance between the points x and y
by |z —yl.

Theorem 3.1. Let u be a viscosity subsolution to FEquation and v be a vis-
cosity supersolution to Equation in the bounded set Q x (0,T) where Q is a
bounded domain. Let T be a positive real parameter and let P(x,y) = |z — y|* for
a>2 and x,y € Q. Suppose the local maximum of

M (z,y,t) = u(z,t) — v(y, t) — 7¢(2,y)
occurs at the interior point (z,,yr,t,) of the set QxQx(0,T). Then, for each T > 0,
there are elements (a, Y1, X7) € f2’+u(xﬂt7) and (a,Y7,YV7) € P2’_v(y7,t7) 50
that if
lim 74(zr, yr) = 0

then o
TH -7 =o(1), (3.1)
XT =Y <o(1) 3.2
as T — 0.

Proof. We first need to check that [3, condition 8.5] is satisfied, namely that there
exists an 7 > 0 so that for each M, there exists a C so that a < C when (a,n, X) €
Pi;;u(x,t), |x — x| + |t — t-| < r, and |u(z,t)| + ||n|| + || X < M with a similar
statement holding for —v. If this condition is not met, then for each r > 0, we have
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an M so that for all ¢, @ > C when (a,n, X) € P2hu(z,t). By Lemma we
would have jet elements

(a,A(z) - n, X) € P>t u(x,t)
contradicting the fact that u is a subsolution. A similar conclusion is reached for

—v and so we conclude that this condition holds. The result follows by applying
Theorem 8.3 of [3] and proceeding as in the proof of the maximum principle [I]. O

Using this theorem, we now define a class of parabolic equations to which we
shall prove a comparison principle.
Definition 3.2. We say the continuous, proper function
F:0,T]xQxRxR"xS*"—R
is admissible if for each ¢ € [0, T, there is the same function w : [0,00] — [0, ]
with w(04) = 0 so that F satisfies
F(t,y,r,v,Y) = F(t,z,r,n, X) <w(lz —y| + lv — 0l + | Y = X])). (3.3)
We now formulate the comparison principle for the problem.
ug 4+ F(t,z,u, Xu, (X¥%u)*) =0 in (0,7) x Q (E)
u(z,t) = h(z,t) €9, te0,T) (BC) (3.4)
u(z,0) =p(x) z€Q (IC)
Here, ¢ € C(Q) and h € C(Q2 x [0,T)). We also adopt the convention in [3] that
a subsolution u(z,t) to Problem is a viscosity subsolution to (E), u(x,t) <

h(z,t) on 9Q with 0 < ¢t < T and u(z,0) < ¢(z) on Q. Supersolutions and solutions
are defined in an analogous matter.

Theorem 3.3. Let Q be a bounded domain in R™. Let F be admissible. If u is a
viscosity subsolution and v a wviscosity supersolution to Problem (3.4]) then u < v
on Q x [0,T).

Proof. Our proof follows [3, Theorem 8.2] and so we discuss only the main parts.
For € > 0, we substitute & = u — == for u and prove the theorem for

T—t
up + Ft, 2, u, Xu, (X20)*) < —% <0 (3.5)
}flTI%l u(z,t) = —oco uniformly on Q (3.6)

and take limits to obtain the desired result. Assume the maximum occurs at
(l‘o,to) €N x (O,T) with

’U,(l‘o, to) - ’U(.’L‘o,to) =4§>0.
Let
M; = w(zr,tr) —v(Yr, tr) — 79(2r, Yr)
with (2., yr,t,) the maximum point in Q x Q x [0,7T) of u(z,t) —v(y,t) — 7¢Y(z, y).
Using the same proof as in [T, Theorem 1] we conclude that
lim 7(zr, yr) = 0.
If t; =0, we have

0 <6 < M- < sup(p(x) —py) — 7¢(x,9))
QxQ
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leading to a contradiction for large 7. We therefore conclude ¢, > 0 for large 7.
Since u < v on 92 x [0, T) by Equation (BC) of Problem (3.4), we conclude that for
large 7, we have (x,,y,,t;) is an interior point. That is, (z,,y,,t,) € QxQx(0,T).
Using Lemma 3.1} we obtain

(a,YF,X7) € P" u(a,,t,)

(a,T7,97) € P u(yn, tr)

2,4+

satisfying the equations
€
a+ F(tr, xr,u(z,,t,), T, X7) < T2
a + F(tT7yT) v(y7'7t7')’ T;7y‘r) Z O

Using the fact that F' is proper, the fact that w(z,,t;) > v(yr,t;) (otherwise
M, < 0), we have

€ — T T
0< T2 < F(tr,yr,v(yr,t7), Y7, V7) — F(tﬁxT,u(wT,tT),Ti,X )
S w(lr =y [+ 107 =TT+ Y7 = X7])).
We arrive at a contradiction as 7 — oo by invoking Equations (3.1]) and (3.2). O

We then have the following corollary, showing the equivalence of parabolic vis-
cosity solutions and viscosity solutions.

Corollary 3.4. For admissible F', we have the parabolic viscosity solutions are
ezxactly the viscosity solutions.

Proof. We showed above that parabolic viscosity sub(super-)solutions are viscosity
sub(super-)solutions. To prove the converse, we will follow the proof of the sub-
solution case found in [4], highlighting the main details. Assume that u is not a
parabolic viscosity subsolution. Let ¢ € A~ u(x,ty) have the property that

dt(wo, to) + F(to, 2o, d(z0, to), Xp (20, t0), (X2p(20,0))*) > € >0

for a small parameter ¢. For r > 0 let S, = B, (r) X (to — 7,to) be the parabolic
ball and let 0S5, be its parabolic boundary. Here B,,(r) is the Euclidean ball of
radius r centered at zo. Then the function

qgr(x,t) = ¢(x,t) + |to — t|® —r° + |z — x0|®

is a classical supersolution for sufficiently small ». We then observe that u < qNST on
0S5y but u(zg,to) > (;B(xo,to). Thus, the comparison prinicple, Theorem does
not hold. Thus, u is not a viscosity subsolution. The supersolution case is identical
and omitted. O
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