Electronic Journal of Differential Equations, Vol. 2008(2008), No. 126, pp. 1-22.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu (login: ftp)

CONSTRUCTION OF ALMOST PERIODIC SEQUENCES WITH
GIVEN PROPERTIES

MICHAL VESELY

ABSTRACT. We define almost periodic sequences with values in a pseudometric
space X and we modify the Bochner definition of almost periodicity so that
it remains equivalent with the Bohr definition. Then, we present one (easily
modifiable) method for constructing almost periodic sequences in X'. Using this
method, we find almost periodic homogeneous linear difference systems that
do not have any non-trivial almost periodic solution. We treat this problem in
a general setting where we suppose that entries of matrices in linear systems
belong to a ring with a unit.

1. INTRODUCTION

First of all we mention the article [9) by Fan which considers almost periodic
sequences of elements of a metric space and the article [22] by Tornehave about
almost periodic functions of the real variable with values in a metric space. In these
papers, it is shown that many theorems that are valid for complex valued sequences
and functions are no longer true. For continuous functions, it was observed that the
important property is the local connection by arcs of the space of values and also
its completeness. However, we will not use their results or other theorems and we
will define the notion of the almost periodicity of sequences in pseudometric spaces
without any conditions, i.e., the definition is similar to the classical definition of
Bohr, the modulus being replaced by the distance. We also refer to [3I] (or [28]).
We add that the concept of almost periodic functions of several variables with
respect to Hausdorff metrics can be found in [19] which is an extension of [g].

In Banach spaces, a sequence {@ }rez is almost periodic if and only if any se-
quence of translates of {¢y, } has a subsequence which converges and its convergence
is uniform with respect to k in the sense of the norm. In 1933, the continuous case
of the previous result was proved by Bochner in [4], where the fundamental theo-
rems of the theory of almost periodic functions with values in a Banach space are
proved too — see, e.g., [2], [3, pp. 3-25] or [I5], where the theorems have been re-
demonstrated by the methods of the functional analysis. We add that the discrete
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version of this result can be proved similarly as in [4]. We also mention directly the
papers [26] and [I7].

In pseudometric spaces, the above result is not generally true. Nevertheless, by
a modification of the Bochner proof of this result, we will prove that a necessary
and sufficient condition for a sequence {pj}rez to be almost periodic is that any
sequence of translates of {¢} has a subsequence satisfying the Cauchy condition,
uniformly with respect to k.

The paper is organized as follows. The next section presents the definition of
almost periodic sequences in a pseudometric space, the above necessary and suffi-
cient condition for the almost periodicity of a sequence {¢f}rez, and some basic
properties of almost periodic sequences in pseudometric spaces (see also, e.g., [16]).

In Section 3, we show the way one can construct almost periodic sequences in
pseudometric spaces. We present it in the below given theorems. In Theorem (3.1
we consider almost periodic sequences for k£ € Ny; in Theorem and Corolla-
ry sequences for k € Z obtained from almost periodic sequences for k € Np;
and, in Theorems and sequences for k € Z. We remark that our process is
comprehensible and easily modifiable. We add that methods of generating almost
periodic sequences are mentioned also in [I6, Section 4].

Then, in Section 4, we use results from the second and the third section of this
paper to obtain a theorem which will play important role in the article [23], where it
is proved that the almost periodic homogeneous linear difference systems which do
not have any nonzero almost periodic solutions form a dense subset of the set of all
considered systems. Using our method, one can get generalizations of statements
from [21I] and [24], where unitary (and orthogonal) systems are studied (see also
[25]).

We will analyse systems of the form

Tpy1 = Ag -z, k€Z (orkeNy),

where {Ay} is almost periodic. We want to prove that there exists a system of the
above form which does not have an almost periodic solution other than the trivial
one. (See Theorem ) A closer examination of the methods used in constructions
reveals that the problem can be treated in possibly the most general setting:

(1) almost periodic sequences attain values in a pseudometric space;
(2) the entries of almost periodic matrices are elements of an infinite ring with
a unit.

We note that many theorems about the existence of almost periodic solutions
of almost periodic difference systems of general forms are published in [IT}, 12
18| 28] 29, BI] and several these existence theorems are proved there in terms of
discrete Lyapunov functions. Here, we can also refer to the monograph [27] and
[32, Theorems 3.6, 3.7, 3.8]. We add that the existence of an almost periodic
homogeneous linear differential system, which has nontrivial bounded solutions
and, at the same time, all the systems from some neighbourhood of it have no
nontrivial almost periodic solutions, is proved in [20].

As usual, R denotes the real line, R:{ the set of all nonnegative reals, C the
complex plane, Z denotes the set of integers, N the set of natural numbers, and Ny
the set of positive integers including the zero 0.

Let X # () be an arbitrary set and let d : X x X — RS‘ have these properties:

(i) d(z,xz) =0 for all x € X,
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(i) d(z,y) =d(y,x) for all x,y € X,

(iii) d(z,y) < d(z,z) + d(z,y) for all z,y,z € X.

We say that d is a pseudometric on X and (X,d) a pseudometric space.

For given € > 0, x € X, in the same way as in metric spaces, we define the
e-neighbourhood of x in X as the set {y € X; d(z,y) < €}. It will be denoted
by O.(x).

All sequences, which we will consider, will be subsets of X. The scalar (and
vector) valued sequences will be denoted by the lower-case letters, the matrix valued
sequences by the capital letters (X is a set of matrices in this case), and each one
of the scalar and matrix valued sequences by the symbols {¢x}, {¥x}, {xx}

2. ALMOST PERIODIC SEQUENCES IN PSEUDOMETRIC SPACES

Now we introduce a “natural” generalization of the almost periodicity. We re-
mark that our approach is very general and that the theory of almost periodic se-
quences presented here does not distinguish between z € X and y € X if d(z,y) = 0.

Definition 2.1. A sequence {¢y} is called almost periodic if, for any € > 0, there
exists a positive integer p(e) such that any set consisting of p(e) consecutive integers
(nonnegative integers if k € Ny) contains at least one integer [ with the property
that

d(g@k_;,_l,(pk) <e, kel (OrijNo).

In the above definition, [ is called an e-translation number of {¢y}.

Consider again ¢ > 0. Henceforward, the set of all e-translation numbers of
a sequence {py} will be denoted by T({yr},¢).

Remark 2.2. If X is a Banach space (d(z,y) is given by || z—y|), then a necessary
and sufficient condition for a sequence {yk}rez to be almost periodic is it to be
normal; i.e., {or} is almost periodic if and only if any sequence of translates of
{¢x} has a subsequence, uniformly convergent for k € Z in the sense of the norm.
This statement and the below given Theorem are not valid if {¢} is defined
for k € Ny and if we consider only translates to the right — see the example X = R,
wo =1, and ¢ = 0, k € N. But, if we consider translates to the left, then both of
results are valid for k € Ny too.

It is seen that the above result is no longer valid if the space of values fails to
be complete. Especially, in a pseudometric space (X,d), it is not generally true
that a sequence {¢g }rez is almost periodic if and only if it is normal. Nevertheless,
applying the methods from any one of the proofs of the results [0, Theorem 1.10,
p. 16], [I0, Theorem 1.14, pp. 9-10], and [3| Statement ({), pp. 8-9], one can
easily prove that every normal sequence {¢y }rez is almost periodic. Further, we
can prove the next theorem which we will need later. We add that its proof is
a modification of the proof of [0, Theorem 1.26, pp. 45-46].

Theorem 2.3. Let {¢r}trez be given. For an arbitrary sequence {h,}nen C Z,
there exists a subsequence {hp}nen C {hntnen with the Cauchy property with re-
spect to {¢r}, i.e., for any e > 0, there exists M € N for which the inequality

d(‘PkJriw‘PkJrﬁj) <€

holds for all i,j,k € Z, i,j > M, if and only if {pr ez is almost periodic.
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Proof. If any sequence of translates of {¢y } has a subsequence which has the Cauchy
property, then {¢x} is almost periodic. It can be proved similarly as [6l Theo-
rem 1.10, p. 16], where it is not used that X is complete. To prove the opposite
implication, we will assume that {p} is almost periodic, and we will use the known
method of the diagonal extraction.

Let {hn}nen € Z and ¥ > 0 be arbitrary. By Definition there exists a po-
sitive integer p such that, in any set {h, — p,h, — p+ 1,...,h,}, there exists
a ¥-translation number [,,. We know that 0 < h,, — [, < p for all n € N. We put
kp := hp —ly,, n € N. Clearly, k, = ¢ = const. (a constant value from {0,1,...,p})
for infinitely many values of n. Since

A(hthn s Prthn) = AP hthy 1)+ Phthn—1,) <V, k€L,
there exists a subsequence {hl} of {h,} and an integer ¢; such that
d(wk-i-h}ﬂ (pk+01) <Y, keZ,neN. (21)

Consider now a sequence of positive numbers 9, > ¥ > --- > ¥, > ... con-
verging to 0. We extract from the sequence {¢x+n, } a subsequence {1 } which
satisfies for ¥ = 9J;. From this sequence we extract a subsequence {2 } for
which an inequality analogous to is valid. Of course, ¢ will not be the same,
but will depend on the subsequence. We proceed further in the same way. Next,
we form the sequence {gokJrh% }nen. Assume that e > 0 is given and that we have
20, < € for m € N. As a result, for 7,5 > m, i,j € N, we obtain

d(@k—i—h?@k.}h?) < d(¢k+h;37§0k+cm) + d(@kJrCmv@]H.h-;) <e ke Zv
where ¢,, is the number corresponding to the sequence {(p;ﬁh;n bnen and 9y, O

Theorem 2.4. Let X1, Xy be arbitrary pseudometric spaces and ® : X1 — Xy be
a uniformly continuous map. If {or} is almost periodic, then the sequence {® oy}
is almost periodic too.

Proof. Taking € > 0 arbitrarily, let §(¢) > 0 be the number corresponding to &
from the definition of the uniform continuity of ®. Now, Theorem follows from
the fact that the set of all e-translation numbers of {® o ¢} contains the set of all
d(e)-translation numbers of {(y}, i.e., from the inclusion

T({#r},0(e)) € T{ P o pr}se).
]

We note that we can prove many theorems which are valid in the classical case
also for pseudometric spaces. For example, we mention the following result:
(a) For every sequence of almost periodic sequences {¢}},...,{p}},..., the
sequence of lim,, . ¢} is almost periodic if the convergence is uniform
with respect to k.
Taking n € N and using Theorem (and Remark n-times, one can easily
prove also:
(b) If (X1,d1),..., (X, dy) are pseudometric spaces and {¢}},..., {7} are
arbitrary almost periodic sequences with values in A7, ..., X, respectively,
then the sequence {t}, with values in X7 X - -+ x &, given by

U = (¢f, ..., ¢F) for all considered k,

is also almost periodic.
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(c) Let the sequences {¢i},...,{pr} (k € Z or k € Ny) be given. Then, the
sequence {1} which is defined by
Yy 1= goj“ for all considered k,

where k = jn+1i,j € Z (j € Ny), i € {0,...,n — 1}, is almost periodic if
and only if all sequences {¢}},..., {7} are almost periodic.
For the first result (in C), see [0, Theorem 6.4, p. 139]. We remark that one can

use the above theorems to obtain more general versions of Theorems [3.1] 3.5} [3:6]
3. CONSTRUCTION OF ALMOST PERIODIC SEQUENCES

Now we prove several theorems which facilitate to find almost periodic sequences
having certain specific properties:

Theorem 3.1. Let m € Ny, @q,...,0m € X, and j € N be arbitrarily given. Let
{rn}nen be an arbitrary sequence of nonnegative real numbers such that

> rp < +oo. (3.1)
n=1

Then, any sequence {@x tren, C X, where (n > 2,n € N)

ok € Or (Ch—(m41)), ke{m+1,....2m+1},
VYK € Orl (@k*?(m+1))7 k€ {2(m + 1), .. ,3(m + 1) — 1},

Pk € OTl (‘pkfj(erl))a ke {j(m + 1)’ RS (] + 1)(m + 1) - 1}a
Pr € OTz(@kf(j+1)(m+1))7 ke {(.7 + 1)(7’71 + 1)7 .. 32(3 =+ 1)(m + 1) - 1}a
Pk € Or2 ((pk_Q(j+1)(m+1))7 ke {2(] + 1)(m -+ 1), ey 3(] + 1)(m + 1) — 1},

0k € Ory (r—jianymany), k€ GG+ D(m+1),..., (G +1)*(m+1) -1},

ok € Or, (Oh—(+1yn—1(ms1))s k€ {(G+1)" " (m+1),
L2+ D) (m 4+ 1) — 1,
ek € Or, (Pr—2(i41m—1(ms1))s k€ {2 +1)" 1 (m+1),
LL3G+ D)  (m 4+ 1) — 1,

P € OTn (wk—j(j-ﬁ-l)"—l(m—i—l))v ke {](.7 + 1)n—1(m + 1)7
LD m+1) -1,

are arbitrary too, is almost periodic.

Proof. Consider an arbitrary € > 0. We need to prove that the set of all e-trans-
lation numbers of {yy} is relative dense in Ny. Using (3.1)), one can find n(e) for
which

Y o< % (3.2)
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We see that
Prt (4 1)@ -1(m+1) € Oryy (k)
Pr2(j+1)7@-1(m+1) € Or,, (1), (3.3)
Ph+5(G+1)mE=1(m+1) S Or"(e)(gok)

for

0<k<(j+1)"(m+1).
Next, from (iii) and (3.3) it follows (i € {(j + 1)",...,(j + 1)" ™' =1}, n € N)

Pt (j4+1) G+ 1)1 (m+1) € Orpioytrnerpr (9K
Prt((4+1)2=1)G+1)" O~ 1(m+1) € Orpytrnier 1 (PK),

Phti(j+1)m =1 (m+1) € Orn(s)+Tn(s>+1+'--+7“n(s)+n (k)

for k € {0,...,(j + 1)™®)~1(m + 1) — 1}. Therefore (consider (3.2))), we have
@k+l(j+1)n(s)—1(m+1) S O%(Qﬁk), 0 S k< (] + 1)"(‘5)71(m + ].), le No. (34)
We put
q(e) = G+ 1" m+1). (3.5)
Any p € Ny can be expressed uniquely in the form
p=k(p) +1(p)g(e) for some k(p) € {0,...,q(¢) — 1} and I(p) € No.
Applying (3.4), we obtain
d(#p: Ppia(e)) = APke)+1p)a(e): Pr)+HP)a(e)+a())
< (k) +ip)ate)s Pr)) T APke)s Prp)+aHGNaE)  (3.6)

<L
Sit_ .
2 2 ’

where p,l € Ny are arbitrary; i.e., lg(g) is an e-translation number of {4} for all
I € Ng. The fact that the set {lg(e);l € Ny} is relative dense in Ny proves the
theorem. ([

Remark 3.2. From the proof of Theorem [3.1] (see and (3.6)), for any £ > 0
and any sequence {¢y} considered there, we get the existence of n(e) € N such that
the set of all e-translation numbers of {¢,} contains {I(j + 1))~ (m +1);1 € N};
i.e., we have

T({px}n(e)) = {IG + 1"~ (m +1); L € N} € T({o}, ) (3.7)
for every € > 0.

Theorem 3.3. Let {pg ren, be an almost periodic sequence and let the sequences
{rn}nen C Rg and {l, }nen C N be such that

Tulp — 0 asn — oo. (3.8)
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If, for all n, there exists a set T'(ry,) of some r-translation numbers of {py} which

is relative dense in No and, for every nonzero | = l(ry) € T(r,), there exists
i=1(l) € {1,...,l, + 1} with the property that
Oi—)i+k € Orp1, (0i—x), k€{0,...,1}, (3.9)
then the sequence {1 }rez, given by the formula
Y = for k €Ny and Yy = p_y for k € Z\ Ny, (3.10)

is almost periodic.

If, for all n, there exists a set T(ry) of some ry-translation numbers of {ex}
which is relative dense in Ny and, for every nonzero m = m(ry,) € T(ry), there
exists 1 = i(m) € {1,...,l, + 1} with the property that

Oi—1)ymtk € Orpt, (Pim—t—1), k€{0,...,m—1}, (3.11)
then the sequence {xx }rez, given by the formula
Xk =@k for k€ Ng and xp = @_(p41) for k€ Z\ Ny, (3.12)

is almost periodic.

Proof. We will prove only the first part of Theorem The proof of the second
case (the almost periodicity of {x}) is analogical. Let € > 0 be arbitrarily small.
Consider n € N satisfying (see (3.8))
€
ol < 3 (3.13)
We will prove that the set T({t}, ) of all e-translation numbers of {¢;} contains
the numbers {+I;] € T(r,)}; i.e., we will get the inequality

d(Wr,Ypt1) <e, 1e€T(ry), ke (3.14)

which proves the theorem because {£l; [ € T'(r,,)} is relative dense in Z.

First of all we choose arbitrary I € T(ry,). From the theorem, we have i = i(l).
Without loss of the generality, we can consider only +I. (For —I, we can proceed
similarly.) Because of I, € N and [ € T(r,,), from and it follows

€
d(’(/Jk,’t/Jk+l) < 57 k¢ {—l,...,—].}, keZ. (315)
Let k € {—I,...,—1} be also arbitrarily chosen. Evidently, we have
E+(Q—-dle{=d,...,—(i—1l—-1}

and

AWk, Y1) < d(Pr, Yrpa—in) + A Prg(1—iyts Yrt1)
= d(p—k, P(i—1)1—k) T AP-1)1—k> Pitk)-

The number (i — 1)l is an $-translation number of {¢x}. Indeed, it follows from

(i), (3.13), and from i < I, + 1. Therefore, we have

(3.16)

13
(@&, P(i-1i-k) < 3- (3.17)
Using (3.9) and (3.13)), we get
3
d(Pii—1)i—k> Pit+k) < Tnln < 3

Thus, it holds
2e
d(Pii—1)i—k> P1k) < 5 (3.18)
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Indeed, (i —1)l is an §-translation number of {¢y} (consider again (iii), (3.13), and
the inequality 7 — 1 < l

Altogether, from (3.16] , -7 and -, we obtain

€ 2
A(Yr, Yry) < 3T =< (3.19)
Since the choice of k, | was arbitrary (see (3.15))), (3.19)) gives (3.14). O

Corollary 3.4. Let m € Ny, j € N, and the sequence {¢k}ren, be from Theo-
rem[3.1) and M > 0 be arbitrary. If, for alln > M, n € N, there exists at least one

1€{l,...,7} satisfying
Pi(G+1)" (m+1)+k = P(i+1)(G+1)" (m+1)—k> ke{0,...,G+1)"(m+1)}, (3.20)

then the sequence {Vy}rez given by (3.10) is almost periodic. If, for alln > M,
n € N, there exists at least one i € {1,...,j} satisfying

Pi(j 1) (m+ 1)tk = Pt DG+ (mi1)—k—1, Kk €{0,..., (+1)"(m+1)-1}, (3.21)
then the sequence {xi }trez given by (3.12)) is almost periodic.
Proof. We put

rai= =, =1, T(m)=T({pi},n(5) forallneN,

where T'({¢},n(¢)) is defined by (3.7). Because we can assume that n(3) > M —1
it suffices to consider Theorem and Remark (from (iii), using (3.20) an

(3.21)), we get (3.9) and (3.11]), respectively).

For k € Z, we can prove (analogously as Theorem the following two theo-
rems:

O A

Theorem 3.5. Let m € No, ¥g,...,¢¥m € X, j € N, and the sequences of non-

negative real numbers {r}}nen, ..., {r) Ynen be arbitrarily given so that
(o]
D ol < oo, i€{l,...,j} (3.22)
n=1

holds. Then, every sequence {Vx}rez, C X for which it is true
1/}16 Eori(qz[}k—(m-i-l)% ke{m+1,,2(m+1)f1},

1/)1«60 (ql}k: j(m-i-l)) ke{](m+1)77(.]+1)(m+1)_1}7
(S Or2 LUkt Ganymtn), K E{=(+D(m+1),...,-1}

Vi € O (Vrtj(G+1) (m+1)5

Ee{—jG+1)m+1),....—(G -G+ (m+1) -1}
Vi € Opt (Vr—(j+1)2(m+1))
ke{(G+1)m+1),...,0+Dm+1)+G+1)>23m+1) -1}
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Vr € O (Vr—j(i+1)2(m+1))>
Ee{+D)m+1)+G -G +1)*m+1),...,
G+ Dm+1)+5G+1)(m+1) =1}
Vi € Ot (Y (j+1)3(m+1))s
Ee{-(G+13m+1)—5G+D)(m+1),...,—j(G+1)(m+1) -1}

Uk € O, (Yrtj(G+1)3 (m+1))»
Ee{—ji+1)3m+1)—5G+D(m+1),...,
—G-DE+D>m+1) -G+ 1) (m+1) -1}

Uk € Opp (Yt (j+1)20-1(mt1))s
Ee{—(G+D> "+ +iG+1D>+4( +1)(m+1),
=G+ G+ )P G D))+ 1) — 1)

Uk € O Vit j(j+1)2=1 (m+1))5
ke {=@0U+D* "+ 450+ 17+ +1)(m+ 1),
=G =DE DT GG+ DG+ D) m 4 1) = 1)
Yk € Opy (V- (j+1)2n(m+1))s
Ee{G+Dm+1)+5G+1)*m+1)+-+75G+1)*"2(m+1),
DM+ D) G+ D)2 (m+ 1)+
DT TEm A D) + (G + 1) (m 4 1) — 1
i € O (r—jr1)2n(mtn))s
Ee{G+1D)m+1)+5G+1)*(m+ 1)+
DT+ ) + (- DG+ 1) (m A+ 1),
DM+ D)+G+DEm A -+ 5+ D (m 4 1) — 1)

is almost periodic.

Proof. We put r,, := maxj<i<; %, n € N. Then (3.22)) implies 0, 7, < +oo. Let
the number n(e) € N satisfy the condition (3.2)). We can show that, for arbitrarily
given € > 0, in any set Z C Z consisting of

(j 4 1))~ (m 4 1) consecutive integers,

there exists an e-translation number of {¢}. From it follows the theorem. O
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Theorem 3.6. Let ¢g,...,om € X be given, {ri}ien C Ry, {jitien C N, and
n € Ny be arbitrary such that m + n is even and

(oo}
iji < +00. (323)
i=1

For any ©m+1,- .- Pmin, if we set

m+n m+n
wkiz%ﬁ_w, ke{_ 9 [ 2 }a
M = m;—n, N:=m+n
and we choose arbitrarily
wkeorl(¢k+N+1), kE{—N—M—l,...7—M—1},
¢k S Orl(wk+N+1)7 ke {—le — M — ]., ey _(jl — ].)N — M — 1},

YV € Opy, (Yk-n-1), ke{M+1,...,N+ M+ 1},
Vr € O (Yh-n-1), ke{(ji—1)N+M+1,....,iN+M+1},
Ui € Or,(Vkap,)s kE€{=Di—Pic1— - —DP1s-- s —Dic1 — - — D1},

¢k € OT-L (war:Di)?
ke {—jipi —pi-1—-—p1,...,—(Gi = )pi = pic1 — -~ — 1},
Vi € Op,(Y—p,), ke€{piza+---+p1,...,0i +pic1+---+p1},

Vi € O, (Vr—p,), ke{(fi —Vpi +pic1+---+p1,.. ., Jipi +pic1 +--+p1},

where
pri=(IN+M+1)+1, py:=20N+M+1)+1,
p3 = (2j2 + U)pa, ..., pi = (2fi—1 + 1)pi—1,- -+,
then the resulting sequence {Vy }rez is almost periodic.

Proof. Consider arbitrary € > 0 and a positive integer n(e) > 2 for which (see
B-23)) >,y ridi < §- One can show that {lp,();l € Z} C T({¢x},e) which
completes the proof. O

4. AN APPLICATION

Let m € N be arbitrarily given. We will analyse almost periodic systems of m
homogeneous linear difference equations of the form

Tp41 = Ak -z, k€Z(orkeNy), (4.1)

where {Ay} is almost periodic. Let X denote the set of all systems (4.1). Our aim
is to study the existence of a system & € X which does not have any nontrivial
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almost periodic solutions. We are going to treat this problem in a very general
setting and this motivates our requirements on the set of values of matrices Ay.

We need the set of entries of A to be a subset of a set R with two operations
and unit elements such that R with them is a ring because the multiplication of
matrices Ay has to be associative (consider the natural expression of solutions of
(4.1)). We also need the set of all considered Ay to form a set X which has the
below given properties , and we need that there exists at least one of the below
mentioned functions Fy, Fy : [-1,1] — X — see , , respectively. The
conditions are common, natural, and simple. However, the main theorem of
this article (the existence of the above system Se X) is true for many subsets of
the set of all unitary or orthogonal matrices which contain of matrices that have
the eigenvalue A = 1. Thus, we will consider the existence of F5.

We remark that it is possible to obtain results about the nonexistence of non-
trivial almost periodic solutions using different methods than those presented in
our paper. For example, if the zero solution of a system & of the form
is asymptotically (or even exponentially) stable, then it is obviously that we can
choose & 1= &. See [14] and more general [7], [13], and [32], where the method of
Lyapunov function(al)s is used.

Let R = (R,®,®) be an infinite ring with a unit and a zero denoted as e; and
eo, respectively. The symbol M(R, m) will denote the set of all m x m matrices
with elements from R. If we consider the i-th column of U € M(R,m), then we
write U;; and R™ if we consider the set of all m x 1 vectors with entries attaining
values from R. As usual, we define the multiplication - of matrices from M (R, m)
(and U - v, U € M(R,m), v € R™) by @ and ©. Let d be a pseudometric on R
and suppose that

the operations @ and ® are continuous with respect to d. (4.2)

It gives the pseudometrics in R™ and M(R, m) because M(R,m) can be expressed
as R™*™: ie., d in R™ and M(R,m) is the sum of m and m? nonnegative numbers
given by d in R, respectively. For simplicity, we will also denote these pseudometrics
as d.

The vector v € R™ is called nonzero (or nontrivial) if d(v, (e, . .., €9)T) > 0. We
say that a nonzero vector (r1,...,7,)%, where 71,...,7,, € R, is an e;-eigenvector
of U € M(R,m) if

1 T1
d(U 3 R N ) =0,
T'm T'm
and that V € M(R,m) is regular for a nonzero vector (r1,...,r,)T € R™ if
T1 €0
d(V S I N I ) > 0. (4.3)
Tm €o
Next, we set
€1 € ... €
€p €1 ... €
Z:=1|. . .| e M(R,m).

€ € ... €1
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If, for given U € M(R,m) and X C M(R,m), there exists the unique matrix
Ve X (weput V=Wif d(V,W) =0) for which

U-v=V.U=1I,

then we define U1 := V and we say that V is the inverse matriz of U in X.
For any function H : [a,b] — X (a <0< b, a,b € R) and s € R, we extend its
domain of definition as follows

| H(o)- (H())" fors>0,
H(s) = {(H(a))l -H(o) fors<0ifa<0, (4.4)

where s = b+ o for Il € Ny, 0 € [0,b) or s = la+ o for | € Ny, 0 € (a,0].
Hereafter, we will restrict coefficients Ay in (4.1) to be elements of an infinite set
X C M(R,m) with the following properties:

ITeX; UVeX = U-VeX, U!existsin X; (4.5)
and either
there exists a continuous function Fy : [—1,1] — X satisfying
F(0)=T; Fi(t)=F'(~b), teo1]; (4.6)

and the matrix F;(1) has no ej-eigenvector
or

there exist continuous F : [—1,1] — X, t1,...,t; € (0,1], § > 0
such that

Fy(0) = T; F2(Zs,»)=HF2(si), S1ye.ysp € [—1,1]; (4.7)

i=1 i=1
and, for any v € R™, one can find j € {1,...,q} for which v is not
an ej-eigenvector of Fy(t), t € (max{0,t; — ¢}, min{t; +4,1}).
We mention that, for Uy,...,U, € X (p € N), we define

1
Up=Uy Uy Uy, [[Ui=0Up-Upr---Ur.

i=1 i=p
For the above function H, we also use the conventional notation
(H(s))°:=Z, H '(s):=(H(s))"" for all considered s € R.

We remark that, because of , the requirement for the existence of § > 0 (in
(4.7)) can be dropped. Now we comment our assumptions on R and X: We note
that R does not need to be commutative, and thus the set of all solutions of
is not generally a modulus over R with the scalar multiplication given by

1 1

Ty, O T

L=
m m
Ty rOx

where {(z},...,27)T} is a solution of [@.1), r € R, k € Z (k € Np).
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We need a sequence {ay}ren, of real numbers, which has special properties
(mentioned in the below given Lemmas 4.4]), to prove the main theorem of this
paper. We define the sequence {ay }ren, by the recurrent formula

1
273
For this sequence, we have the following results:

ag:=1, a1:=0, agnyp :=ap— k=0,...,2" -1, neN. (4.8)

Lemma 4.1. The sequence {ay} is almost periodic.

The above lemma follows from Theorem where we set ¢, = ay (k € N) and

X:Ra m:O, .7:17 @021, T’n:27nan€N'
Lemma 4.2. The following holds
Qon+2_1_45 = —Agn+ly, (49)

for anyn € Ng and i € {0,...,2" —1}; d.e., i € {0,...,2" "1 — 1},
Before proving this statement, observe that (4.9)) is equivalent to

2nt2_1—4
> ax=0, neNy,ie{0,...,2"—1};
k=2n+14
i.e., to
2ntl 144 2nt2 14
> av= Y ap neNyie{0,...,2"—1}
k=0 k=0
Proof of Lemma[/.3. Obviously, (4.9) is true for n € {0,1} because
1 3 1
a2:_a3:§a a4:_@7:1, a5=—a6:—1;
ie.,

1 3 7 4 6 7
Eakzgakzgakzl, Eakzgakzz.
k=0 k=0 k=0 k=0 k=0

Suppose that (4.9)) is true also for 2,...,n — 1. We choose i € {0,...,2" — 1}
arbitrarily. (We have 2"+2 — 1 — i > 27+t 4+ 27} From (4.8) and the induction
hypothesis it follows

Qgnt2_1_j + Qgnt1poni; = —2%, Qon+l g — Qontlyonyj = on-
Summing the above equalities, we get . O
Lemma 4.3. We have .

Y ap>1, neN. (4.10)
k=0

Proof. Evidently, ap = ap+ a1 = 1. It means that (4.10]) is true for n = 0 and
n=1=2' — 1. Let it be valid for arbitrarily given 2 — 1 and all n < 27 — 1, i.e.,
let

n
ap>1, n<2 -1, neN,.
k=0
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Considering the definition of {ay}, we obtain

2P4j—1 2P 1 2P 4j—1
Z ap = Zak—i— > ak>1+Zak—]—>1+1—1—1
k=2r
for any j € {1,...,2P}. Lemma now follows by the induction. O
Lemma 4.4. We have
2m—1
> ar=1, (4.11)
k=0
ontipon 1 1
Y a=2- 5 (4.12)
k=0

where n € Ny, i € N.

Proof. 1t is possible to prove this result by means of Lemma but we prove it
directly using (4.8) and the induction principle. We have

ap=1, a+a =1 ao+a+taxtaz=1.

If we assume that
on—l1

ST
k=0
then we get (see (4.8))

2" —1 21l
Z%Z Z ax + Z ak
k=0 k=2n—1
21l 21l
= Z ar + Z ( )
on—1_q

Therefore, (4 is proved. Analogously, applying (4.8) and ( -, one can com-
pute

gntigon_1 onti_q gntigon_q
Z ap = Z ar + Z ag
k=0 = k=2n+i
2" —1
=1+ Z (ak_ 2n+z)
1
=1+ (1- 5)
what gives (4.12]). Il

Applying the matrix valued functions Fy, F5, we obtain the next lemma.
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Lemma 4.5. For each j € {1,2}, anyn € Ny, and i € {0,...,2" — 1}, it holds

Fj(agn+a_1-;) = Fjﬂ(az"“ﬂ)

and, consequently,

ont2_14 ontly,
II B@= ]I Fa-=T
k=2n+14 k=2n+2—1—i
Proof. Clearly, this is a corollary of Lemma[d.2} Consider (4.6)), (4.7), and the fact
that the multiplication of matrices (in M(R,m)) is associative. O

Immediately, from Lemma [4.4] (see (4.7))), we have the following formulas for the
function Fj:

Lemma 4.6. The equalities

2n—1 ontigon_q 1

I Folar) = Ra(D), II Fla)=F(2- ?)
k=0 k=0

hold for all n € Ny and i € N.
Now we can prove the main statement of our paper.

Theorem 4.7. There exists a system of the form (4.1) that does not possess a non-
zero almost periodic solution.

Proof. First we suppose that the coefficients Ay belong to X such that there exists
a function Fj from . Using Theorem we get the almost periodicity of the
sequence {Fy o ai}ren,, where {a;} is given by (4.8). We want to show that all
nonzero solutions of the system &; € X determined by {Fj o ax} are not almost
periodic.

By contradiction, suppose that there exist cy,...,c, € R such that the vector
valued sequence

C1

(fi} == {Pk- : } k € No, (4.13)

Cm
where { Py }ren, is the principal fundamental matrix of &1, is nontrivial and almost
periodic; i.e., suppose that &1 has a nontrivial almost periodic solution {fx}. Since

{fx} is almost periodic, (c1,...,¢n,)T is nonzero, and, because of ag = 1, it is valid
C1

fi=U-Fi(1)-] for any 7+ € N and some U; € X, (4.14)
Cm

we know that (see (4.3))
F1(1) is regular for ¢ := (c1,...,cm)”. (4.15)
Considering (4.8)), the uniform continuity of F; and the continuity of the multi-
plication of matrices (see (4.2)), (iii), Lemma and (4.13)), from the first part of

Theorem (see the proof of Corollary and again Lemma , one can obtain
that the sequence {gj }rez, where

gk = frx, ke€No, gr:=f_r, keZ\Ny, (4.16)
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is almost periodic too. Now we use Theorem for {vr} = {gx} and {h,}neny =
{2"},en (we can also consider directly {¢r} = {fi} and use Remark [2.2)). This
theorem implies that, for any € > 0, there exists an infinite set N(¢) C N such that
the inequality
d(Grt2m1, Grqon2) <€, k€L (4.17)
holds for all ny,ns € N(e).
Using (twice), we get d(c, F1(1)-¢) > 0, and consequently (consider (4.15))

Y :=d(F1(1) - e, F1(1)- Fi(1)-¢) > 0. (4.18)
From Lemma [4.5 (for i = 0), (4.13), and (see also ([£.14)), we have
go=c¢, qn=Fi()-¢c, ..., gm=F() ¢ (4.19)
where n € N is arbitrary, and hence, considering (4.8]), it holds
d(goiyon, F1(1) - F1(1)-¢c) -0 asn— oo (4.20)

and for every i € N because Fj is uniformly continuous and the multiplication of
matrices is continuous. We also have

)
d(ganatom, F1(1) - ¢) < 3 (4.21)

for all ny,ny € N(g). Indeed, put & = 2”2 in (4.17) and consider (4.19)) for
n = ny + 1. If we choose ny € N(g) and put ¢ = np in (4.20), then there exists
ng € N such that, for any n > ng, it holds

d(gzn1+2n,F1(l) . Fl(].) . C) <

Thus, for arbitrarily given ny > ng, no € N (g), we get

d(ggﬂr2+2n1,F1(1) . Fl(l) . C) < g (4.22)

Finally, applying (4.18)), (iii), (4.21)), and (4.22), we have
U < d(Fi(1) - ¢, ganayons ) + d(gonzyan, F1(1) - F1(1) - ¢) < 9.
This contradiction gives the proof when we consiger for k € Ng.
Let k € Z. Then, we can consider the system &; determined by the sequence
By, := Fi(ar), ke€Ng, Bp:=F(—a_k_1), keZ\N,. (4.23)

Since the sequence {|ax |}ren, is almost periodic (see Theorem [2.4) and has the
form of {¢g }ren, from Theorem [3.1] and since it is valid (see (4.9)

|a2"+2—1—i| = |a2n+1+i|, n €Ny, i € {07...,2n—1},
the fact that { By} is almost periodic follows from the second part of Corollary

from (c) (mentioned in Section 2), and Theorem Next, the process is the same
as for k € Ny. Let { Py }rcz be the principal fundamental matrix of él and g = fx,
k € Z. Also now we have , and consequently we get the same contradiction.

Let the coefficients Ay belong to X such that there exists a function F5 from
([@.7). Consider the numbers ty,...,t; € (0,1] and § > 0 from ([4.7). Without loss
of the generality, we can assume

d<ty <+ <ty and t;<1—04. (4.24)
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Indeed, if t; = 1, then we can put ¢; :=1 — % and redefine §. We repeat that any
vector v € R™ determines some j € {1,...,q} (see again ) such that v is not
an ej-eigenvector of Fy(t) for t € (t; —6,¢; +6).

From Theorem it follows that the sequence {F; o ay }ren, is almost periodic.
Thus, it determines the system of the form . We will denote it as S5. Suppose
that G2 has a nontrivial almost periodic solution {zy}ren,. For the principal
fundamental matrix { Py} of the system G2, we have

Ik:Pk~£C0, kENo,

where the vector x( is nonzero. Using this fact and taking into account Lemma |4.3

and , we obtain

T, = Fy(t) - Fi(1)-2¢ for somei €N, ¢t €[0,1), (4.25)
and for arbitrary n € N. From Lemma [4.6] we also get
Zon = Fy(1)-z¢ for all n € Ny (4.26)
and )

?) - Fy(1) - a9 forall n € Ny, i € N. (4.27)
Analogously as for {f;}, one can extend {zj}ren, by the formula
Tk ‘= T_f, /{ZEZ\NO

for all k € Z so that the sequence {xj}rez is almost periodic too. Now we apply
Theorem for the sequences {zj}rez and {2"},en. For any € > 0, there exists
an infinite set M (¢) C N such that, for any ni,ny € M(g), we have

d(xk+2"1,£€k+2n2) <eg, keZ. (428)

Since F5 is uniformly continuous and the multiplication of matrices is continuous,

for arbitrary ¢ € Ny and € > 0, we have from (4.8) and (4.26) that
d(x9ion, Fo(1) - F5(1) - x9) < e for sufficiently large n € N. (4.29)

Because of the almost periodicity of {z}} and , the matrix F»(1) has to be
regular for zg. Let € > 0 be arbitrarily small and ny € M (¢) arbitrarily large. From
(4.28) and , where we choose k = 2177 and i =ny — j for j € {0,...,ny}, it
follows that, for given nj, there exists sufficiently large no € M (e) for which

d(@gm —i yon1, F2(1) - Fo(1) - 20)
< d(@gni—jyoni, Tam—jyona) + d(Tgni—ipgns, F2(1) - Fo(1) - o) < 2e.
Since € (in (4.30)) is arbitrarily small and, choosing j = 0, we have
d(xgni+1, Fo(1) - Fo(1) - zp) < 2e,
we know (see (4.26])) that F5(1) - z¢ is an ej-eigenvector of Fy(1), i.e., we get
d(Fa(1) - g, Fo(1) - F2(1) - 29) = 0. (4.31)
If we choose j = 1, then we obtain (consider (4.27))

Ton+iyon = F2 (1 —

(4.30)

1
d(FQ(i) . Fg(l) X, Fg(l) . Fg(l) . .Z‘Q) =0.
Analogously, for any j (the number n; is arbitrarily large), we get
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Thus,

1 .
Hence, we have

1 1 .

d(F2(2 = 55) -0, Fy (2 - F) -20) =0, jeEN. (4.33)
Because of
1 1 1 1 1
F2(27 27) :FQ(§+2* 2]‘—1) :FQ(g) 'F2(27 2j—1)
and (see (4.31) and (4.32))
1
d(F2(2 — 57) w0, Fa(1) -x()) —0,

from (4.33) it follows

d(FQ(Q%) “Fo(1) o, Fa(1) '930> =0 forall j €N,

i.e., F»(1) - mg is an ej-eigenvector of F(277) for all j € N.
Since any number ¢t € [0, 1] can be expressed in the form

oo

a

Z 2—;, where a; € {0,1},
i=1

for considered 6 > 0, there exists n € N such that, for every ¢ € [0, 1], there exist

ay,...,an € {0,1} satisfying

n

]t—Z%R&

i=1
Thus, F5(1) - xo is an ej-eigenvector of Fy(t; + s;) for some s; € (—4,9) and any
j €{1,...,q} which cannot be true. This contradiction shows that {zy }ren, is not

almost periodic.

If one considers the system ég obtained from &4 as in (after replacing &1
by G2), then, analogously as for F; and k € Ny, one can prove that ég € X and
that any its nontrivial solution {zy}rez is not almost periodic. O

Remark 4.8. Let a nonzero Fi(1)-v € R™ not be an e;-eigenvector of the matrix
Fi(1) from ; i.e., the condition (4.6) be weakened in this way. Then, from
the first part of the proof of Theorem |4.7} we obtain that the sequence {fx}, given
by , is not almost periodic for (ci,...,¢n,)T = v. It means that there exists
a system &' € X with the principal fundamental matrix {P,i} such that the se-
quence { P} -v}gen, or { P} v}rez is not almost periodic. Analogously, it is seen: If
one requires in only that, for a nonzero vector v € R™, there exists ¢t € (0, 1]
for which F»(1) - v is not an ej-eigenvector of Fy(t), then there exists a system
G&? € X satisfying that the sequence {P? - v}rez (or {P? - v}ren,), where {P?}iez
(or {P?}ken,) is the principal fundamental matrix of &2, is not almost periodic.

The condition

F2(Zsz) :HFQ(S,‘), S1,--.,8p € [—1,1], p€eN (434)

i=1 i=1
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in is “strong”. For example, from it follows that the multiplication of matrices
from the set {Fy(t); t € R} is commutative. At the same time, we say that, for
many subsets of unitary or orthogonal matrices, it is not a limitation and that the
method in the proof of Theorem [4.7] can be simplified in many cases. We will show
it in two important special cases.

Example 4.9. If, for any nontrivial vector v € R™, there exists (v) > 0 with the
property that

Fy(t)-v ¢ Ocy(v)  forallt > 1 (see (4.4)),
then the fact, that the systems &5 and S, from the proof of Theoremdo not have

nontrivial almost periodic solutions, follows directly from Lemma and (4.34]).
Indeed, the set T({zx},e(xo)) \ {0} is empty for any nonzero solution {zy}.

Example 4.10. Let the function F3, in addition to (4.7)), satisfy

for some positive irrational number s, (4.24]) hold, and p € N be arbitrary. Then,
the system & determined by the sequence

{Ar} = {F2(k/p)},

where k € Ny or k € Z, has no nontrivial almost periodic solutions.

The function Fy(t/p), t € R is continuous and periodic with a period ps (see
(4:34), (4.35)). Using the compactness of the interval [0,ps], ([.34), and Theo-
rem we get that {Fy(k/p)}rez is almost periodic. The almost periodicity of
{F2(k/p) }ren, is now obvious.

Suppose, by contradiction, that {z} = {Py - o} is a nontrivial almost periodic
solution of G. We mention that there exists § > 0 satisfying that, for any nonzero
v € R™, one can find j € N such that there exists a positive number ¥(v) for which

I(v) < d(FQ(% +1)-v,v), te(=6,0), (4.36)

because
{F2(k/p); k € N} is dense in {Fy(t);t € R} (4.37)

which is proved (for a continuous periodic function Fy satisfying (4.34) with the
smallest period s > 0 that is an irrational number) in detail, e.g., in [25] pp. 44-46].

Evidently, (4.37)) gives that
{Fa2(k/p); k € N} is dense in {F5(¢);t € R} (4.38)
for any set IV what is relative dense in N.

Because the multiplication of matrices is continuous, there exists ¢ > 0 which
satisfies that every vector u with the property d(u,xo) < & determines the same j

in (4.36) as x¢ and one can find

9(u) > 19(50). (4.39)
From (4.34), we see that
ol
zk :FQ(ZE) ‘29, keEN. (4.40)

=0
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Let [ be an arbitrary positive 19(;‘])—translation number of {z}, thus, let
Y
d(xpt1, ) < @ for all k € N, (4.41)

and let NV be the set of all positive e-translation numbers of {x}. Since

k+1-1 .

k—1 .
kKl l(l-1
) LU Gt RS )
i P =P P 2p

for all k € N, we have (see again (4.34)))

d(Tpyr, ) = d(Fg(% + 1(12;1)> . Fg(kzl :;) ~x0,F2(kZl %) owo). (4.42)
i=0 0

From (4.38)), if we replace % by é, we get the choice of k € N such that
| j okl 11-1)

p P 2p

for j in (4.36) determined by xo. From (4.36)), (4.39)) (consider the definition of ¢),
(4.40)), (4.42), and (4.43)), we have

| <6 (mods) (4.43)

¥(xo)
2

for at least one k € N. But, at the same time, we have (4.41)). This contradiction
gives that {xx} cannot be almost periodic. See also the proof of the first part of
[21l Proposition 2, p. 593], where almost periodic unitary systems are studied.

d(z4r, ) >

At the end, we remark that the last considered system & (in Example [£.10) has
no physical interpretations in any technical applications if we consider directly the
sequence {k/p}; in contrast to &2 and &2 (the sequence {ar}). In applications,
the following can be utilized: Let {uy ez (or {ux}ren,) be a sequence of arbitrary
values and let the below considered function ¢ be defined on the set {ux; k € Z} or
{ug; k € No}. If we extend the definition of the discrete almost periodicity so that ¢
is almost periodic if, for every e > 0, one can find p(e) € Ny with the property that
any set, in the form {ko,..., ko + p(e)}, ko € Z (or ko € Np), contains a number [
satisfying the inequality

d(p(uptr), p(ur)) < e

for all k € Z (or k € Nyp), then all results (mentioned in this article) about almost
periodic sequences are still valid.

REFERENCES

[1] Agarwal, R. P.: Difference Equations and Inequalities: Theory, Methods, and Applications.
Marcel Dekker, Inc., New York, 2000.

[2] Amerio, L.: Abstract almost-periodic functions and functional equations. Boll. U.M.L., 21
(1966), 287-334.

[3] Amerio, L.; Prouse, G.: Almost-Periodic Functions and Functional Equations. Van Nostrand
Reinhold Company, New York, 1971.

[4] Bochner, S.: Abstrakte fastperiodische Funktionen. Acta Mathematica, 61 (1933), 149-184.

[5] Corduneanu, C.: Almost periodic discrete processes. Libertas Mathematica, 2 (1982), 159—
169.

[6] Corduneanu, C.: Almost Periodic Functions. John Wiley and Sons, New York, 1968.



EJDE-2008/126 CONSTRUCTION OF ALMOST PERIODIC SEQUENCES 21

(7]

8

9

(10]
(11]
(12]

(13]

(14]

(15]
(16]
(17]
(18]

(19]

[20]

21]
(22]
23]

[24]

[25]

[26]
27)
(28]

29]

Dobrovol’skii, S. M.; Rogozin, A. V.: The direct Lyapunov method for an almost periodic
difference system on a compactum. (Russian. Russian summary.) Sibirsk. Mat. Zh. 46 (2005),
no. 1, 98-105; translation in: Siberian Math. J. 46 (2005), no. 1, 77-82.

Dzafarov, A. S.; Gasanov, G. M.: Almost periodic functions with respect to the Hausdorff
metric, and their properties. (Russian. Azerbaijani, English summaries.) Izv. Akad. Nauk
Azerbaidzan. SSR Ser. Fiz.-Tehn. Mat. Nauk 1977, no. 1, 57-62.

Fan, K.: Les fonctions asymptotiquement presque-périodiques d’une variable entiere et leur
application a U’étude de litération des transformations continues. Math. Z., 48 (1942/43),
685—711.

Fink, A. M.: Almost Periodic Differential Equations. Lecture Notes in Mathematics, volume
377. Springer, Berlin, 1974.

Gopalsamy, K.; Liu, P.; Zhang, S.: Almost periodic solutions of nonautonomous linear dif-
ference equations. Appl. Anal. 81 (2002), no. 2, 281-301.

Hamaya, Y.: Ezistence of an almost periodic solution in a difference equation by Lyapunov
Sfunctions. Nonlinear Stud. 8 (2001), no. 3, 373-379.

Ignat’ev, A. O.: On the stability of the zero solution of an almost periodic system of dif-
ference equations. (Russian. Russian summary.) Differ. Uravn. 40 (2004), no. 1, 98-103, 143;
translation in: Differ. Equ. 40 (2004), no. 1, 105-110.

Kirichenova, O. V.; Kotyurgina, A. S.; Romanovskii, R. K.: The method of Lyapunov func-
tions for systems of linear difference equations with almost periodic coefficients. (Russian.
Russian summary.) Sibirsk. Mat. Zh. 37 (1996), no. 1, 170-174, iii; translation in: Siberian
Math. J. 37 (1996), no. 1, 147-150.

Kopeé, J.: On vector-valued almost periodic functions. Ann. Soc. Pol. Math., 25 (1952),
100-105.

Muchnik, A.; Semenov, A.; Ushakov, M.: Almost periodic sequences. Theoret. Comput. Sci.
304 (2003), no. 1-3, 1-33.

Seynsche, 1.: Zur Theorie der fastperiodischen Zahlfolgen. Rend. Circ. Mat. Palermo, 55
(1931), 395-421.

Song, Y.: Periodic and almost periodic solutions of functional difference equations with finite
delay. Adv. Difference Equ. 2007, Art. ID 68023.

Suleimanov, S. P.: Almost periodic functions of several variables with respect to Hausdorff
metrics and some of their properties. (Russian. English, Azerbaijani summaries.) Akad. Nauk
Azerbaidzan. SSR Dokl. 36 (1980), no. 9, 8-11.

Tkachenko, V. I.: On linear homogeneous almost periodic systems that satisfy the Favard
condition. (Ukrainian. English, Ukrainian summaries.) Ukrains’kyi Matematychnyi Zhurnal
50 (1998), no. 3, 409-413; translation in: Ukrainian Math. J. 50 (1998), no. 3, 464-469.
Tkachenko, V. I.: On unitary almost periodic difference systems. In: Advances in difference
equations (Veszprém, 1995), 589-596. Gordon and Breach, Amsterdam, 1997.

Tornehave, H.: On almost periodic movements. Danske Vid. Selsk. Mat.-Fysiske Medd., 28,
13 (1954), 1-42.

Vesely, M.: Almost periodic solutions of almost periodic homogeneous linear difference sys-
tems. In preparation.

Vesely, M.: On Orthogonal and Unitary Almost Periodic Homogeneous Linear Difference
Systems. In: Proceedings of Colloquium on Differential and Difference Equations (Brno,
2006), 179-184. Folia Fac. Sci. Natur. Univ. Masaryk. Brun. Math., vol. 16, Masaryk Univer-
sity, Brno, 2007.

Vesely, M.: Skoroperiodickd teSeni skoroperiodickiych homogennich linedrnich diferencnich
systému. (In English: Almost Periodic Solutions of Almost Periodic Homogeneous Linear
Difference Systems.) Diploma work. Masaryk University, Brno, 2007.

Walther, A.: Fastperiodische Folgen und Potenzrethen mit fastperiodischen Koeffizienten.
Abh. Math. Sem. Hamburg Universitat, VI (1928), 217-234.

Yoshizawa, T.: Stability Theory and The Ezxistence of Periodic Solutions and Almost Periodic
Solutions. Springer-Verlag, New York, 1975.

Zhang, S.: Almost periodicity in difference systems. In: New trends in difference equations
(Temuco, 2000), 291-306. Taylor & Francis, London, 2002.

Zhang, S.: Almost periodic solutions for difference systems and Lyapunov functions. In:
Differential equations and computational simulations (Chengdu, 1999), 476-481. World Sci.
Publ., River Edge, NJ, 2000.



22 M. VESELY EJDE-2008/126

[30] Zhang, S.: Almost periodic solutions of difference systems. Chinese Sci. Bull. 43 (1998),
no. 24, 2041-2046.

[31] Zhang, S.: Existence of almost periodic solutions for difference systems. Ann. Differential
Equations 16 (2000), no. 2, 184-206.

[32] Zhang, S.; Zheng, G.: Almost periodic solutions of delay difference systems. Appl. Math.
Comput. 131 (2002), no. 2-3, 497-516.

[33] Zhang, S.; Zheng, G.: Euzistence of almost periodic solutions of neutral delay difference
systems. Dyn. Contin. Discrete Impuls. Syst. Ser. A Math. Anal. 9 (2002), no. 4, 523-540.

MICHAL VESELY
DEPARTMENT OF MATHEMATICS AND STATISTICS, MASARYK UNIVERSITY, JANACKOVO NAM. 2A,
CZ-602 00 BrRNO, CZECH REPUBLIC

E-mail address: michal.vesely@mail.muni.cz



	1. Introduction
	2. Almost periodic sequences in pseudometric spaces
	3. Construction of almost periodic sequences
	4. An application
	References

