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INTEGRAL REPRESENTATION OF SOLUTIONS TO
BOUNDARY-VALUE PROBLEMS ON THE HALF-LINE FOR
LINEAR ODES WITH SINGULARITY OF THE FIRST KIND

YULIA HORISHNA, IGOR PARASYUK, LYUDMYLA PROTSAK

ABSTRACT. We study the existence of solutions to a non-homogeneous system
of linear ODEs which has the pole of first order at x = 0; these solutions should
vanish at infinity and be continuously differentiable on [0, 00). The resonant
case where the corresponding homogeneous problem has nontrivial solutions
is of great interest to us. Under the conditions that the homogeneous system
is exponentially dichotomic on [1,00) and the residue of system’s operator at
x = 0 does not have eigenvalues with real part 1, we construct the so-called
generalized Green function. We also establish conditions under which the
main non-homogeneous problem can be reduced to the Noetherian problem
with nonzero index.

1. INTRODUCTION

In the space R™ endowed with a scalar product (-, ) and the corresponding norm
I - ||, we consider the linear singular system

Y = (§+B(x))y+%+f(:c). (1.1)

Here A is a linear operator in Hom(R"), a is a constant in R™, B(-) : [0,00) —
Hom(R"™) and f(-) : [0,00) — R™ are continuous bounded mappings for which there
exists a constant M > 0 such that ||B(x)|| < M and || f(z)|| < M for all z € [0, 00).
(The norm of a linear operator in R™ is considered to be concordant with the norm
in R™.)

We seek a solution y(z) of the system which satisfies the following two
conditions:

y() € C1([0,00) = R"),  y(+00) =0. (1.2)

The stated problem belongs to the class of singular problems on account of both
having a singularity at the point z = 0 and unboundedness of the interval where
the independent variable is defined. The problems of such a kind often arise when
constructing and investigating solutions of various equations of mathematical phy-
sics. Majority of papers devoted to study of such problems deal with second and
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higher order equations (see e.g. [Il 2l 3 4 [8, 9} 10 T3] 14 [16] 18], 7, 19]). Despite
the fact that corresponding bibliography amounts to several hundreds of titles,
we failed to find a ready-made procedure for establishing existence conditions and
integral representation of solutions to the problem 7. The necessity of
such representation naturally arises when solving the problem about perturbations
of solutions to singular non-linear boundary value problems on the semi-axis [21} 22].

While considering the above problem, we did not exclude the so-called resonance
case when the corresponding homogeneous problem has non-trivial solutions. In this
connection results of papers [5], [6] [7, 111 20} 23] 25| 24] should be mentioned, which
are devoted to the problem of existence of solutions to linear non-homogeneous sys-
tems bounded on the entire axis, in particular, extension of Fredholm and Noether
theory over such systems. It should be noted that in the papers [2 4, [I3] the au-
thors find quite general sufficient conditions for boundary value problems on finite
interval with nonintegrable singularities to have the Fredholm property with index
Zero.

The present paper is organized as follows. The section[2] contains an auxiliary re-
sult about the structure of a fundamental operator of a linear homogeneous system
with continuous (however non-analytic) coefficients on the interval (0, z¢) and sin-
gular point of the first kind at = 0. In section|3] we describe additional conditions
imposed on the linear homogeneous system, and classify its solutions in accordance
with their asymptotical behavior when z — +0 and * — +oc. In section [4] the
existence criterion for the solution to a boundary value problem with homogeneous
boundary conditions is established and the Green function for this problem is con-
structed. Finally, in section [5) the main result is stated — the theorem about
existence and integral representation of solutions to the problem 7.

2. STRUCTURE OF THE FUNDAMENTAL OPERATOR OF LINEAR SYSTEMS NEAR A
SINGULAR POINT OF THE FIRST KIND

Consider the linear homogeneous system associated with (L.1)):

v = (2 +B@). (2.1)

In the analytical theory of differential equations, the structure of the fundamental
operator of the system is completely investigated under the assumption that
the mapping B(+) is holomorphic in the neighborhood of the singular point = 0
(see e.g. [I5]). In the case where B(-) is continuous only, the following proposition
which is a simple modification of the result stated in [7, p. 275] holds.

Proposition 2.1. There exist numbers xo € (0,00), K > 0 and r > 0 such that
the fundamental operator of the system admits the representation in the form

Y(z)=(E+U(z)z?, ze (0,0, (2.2)
where E € Hom(R™) is a unit operator, and the mapping U(-) € C*((0,00) —
Hom(R™)) satisfies the estimate

|U(z)|| < Kz|lnz|", x € (0,x].
Proof. The mapping Y (-) : (0,z9] — Hom(R") defined by (2.2) is a fundamental
operator of the system (2.1)) if U(z) satisfies the equation

- %(AU _UA)+ B@)(E+U), =€ (0,0,
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After the substitution x = e~* we obtain the following equation for the operator
V(t):=U(e™):

V=VA-AV —e¢'B(e)(E+V). (2.3)
Thus we are to find the solution to this equation which satisfies the inequality

V)| < Kt'e™,  to € [to, 0)
for certain value of tg > 0.
Equation (2.3) can be identified in R"* with the system of the form
v =Av+e "(H(t)v + h(t)), (2.4)

where A € Hom(R”Q) is a constant operator, and the mappings H(-) € C([to7 o0) —
Hom(]R”Q)) and h(-) € C([ty,00) — R"™) satisfy the inequalities IH(t)| < M,
()] < M for t € [tg, 00).

Now the required result can be obtained as an obvious consequence of two lemmas
stated below. (]

Lemma 2.2. Let A € Hom(RY)). Then there exists a mapping G 4(-) € C*(R —
Hom(R™)) such that for any function §(t) € C([to,00) — RYN) satisfying the esti-
mate
IF@)I < Mye™, ¢ € [to, 00),
with some constant M; > 0, the system
g =Ay+i(t) (2.5)

possesses a bounded on the semi-axis [tg, o) solution of the form

oo
y(t) = [ Galt —s)f(s)ds.
to
This solution satisfies the inequality
ly(®)]] < CaMie™ (1 + (¢t —to)") (2.6)

where C 4 is a positive constant depending on A only, and r is the maximum di-
mension of Jordan blocks corresponding to eigenvalues with the real part equal to
—1 in the normal form matrix of the operator A.

If, in addition, §(t) = o(e™t) as t — oo, then the solution y(t) has the property
y(t) = o(e™'") ast — oc.
Proof. We give the proof of the first part of the Proposition for the case where
r > 1. Note that there exist three projectors P; : RN — R¥ i = 1,3, such that
PiPr = 0,0 # k, P1 +P2+P3=FE, and for some constants K4 > 0, v; > —1,
v < —1 the following inequalities hold

|eA™Py|| < Kqe™™, 7<0,
e Py|| < K4 (1 + T’”_l) e 7, 7>0,
|eA™Ps|| < K4, 7>0.
Now we define the function
Ga(r)= {_j:hph T=0
e (P2 +Ps), T>0.
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The function

y(t) == [ Galt —s)f(s)ds
to
t t o]
E/ eA(t_s)ng(s)ds—l—/ eA(t_s)P;gf(s)ds—/ AP §(s)ds
to to t

is well defined and there exists a constant C'4 > 0 dependent on the operator A
only such that

ly(@®)| < KAMT(/ (1 T(t— S)r—l)e—(t—s)e—sds

to

t o]
+ / e2(t=8) o5 15 + / et (t—s)e—sds)
to t

t—to)" N 1 — e—(lr2l=1D)(t—to) N 1 )
2| =1 7+ 1

< KAMfe*t<(t —t) + (

< CaMie " (1+ (t—to)").
Therefore, for y(t) the inequality holds. Ome can easily make sure by the
direct check that this function is in fact the solution to the system .
Now let f(t) = o(e™") as t — oo. Then for an arbitrary € > 0 one can choose
T(e) > to in such a way that ||f(t)|| < ee™* for t > T'(¢). Represent the solution y(t)
in the form

oo

T(e)
v0) = [ Gatt= i) ds+ [ G- 9i)ds

to T (e)

In accordance with what has been proved above, the norm of the second addend
does not exceed Cyee (1 + (t —T(e))") for any t > T(e). For the first addend,
when ¢ > T'(¢) we have:

T (e) T(e) T(e)
/ Gt — 9)f(s)ds = / A=) Pyf(s)ds + / A=) Py5(s)ds.

to to to

If r =0, then Py = 0, and

T(e)
H /t G A(t — s)f(s) ds” =0(e"") =o(e™), t— 0.

If r > 0, then

T(e)
I /t Gat—s)f(s)ds| =0(e™") =o(e™"t"), t— .
]

Lemma 2.3. Assume that H(-) € C([ty,00) — Hom(RY)), h(-) € C([to,00) —
RY)), and that there exist constants M > 0, m > 0 such that |[H(t)|] < M,
|h(t)|| < m for any t > to. Let Ca and r be the numbers defined in Lemmal[2.3 If
the inequalities

to>7r, q:=204Mtye " <1, (2.7)
hold true, then the system has a solution v(t) such that
2
lo(®)] < fAmtTe’t, t > .

—q
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If, in addition, h(t) — 0 as t — oo, then v(t) = o(t"e™t) as t — oo.

Proof. In view of the Lemma we are going to find the solution to the system
(2.4) satisfying the integral equation

v(t) = h Ga(t —s)e *(H(s)v(s) + h(s))ds. (2.8)

to
Denote

Glo())(t) = /too Galt—s)e *(H(s)v(s) + h(s))ds

0
and define the space of functions

Myy.c = {v(t) € C([to,00) — RY) : |lu(t)|| < Ct"e ™, t > to}.

Let us show that if (2.7 holds, then it is possible to choose the constant C' > 0
in such a way that G : My, ¢ — My, ¢ and this mapping is a contraction in the
uniform metric.

Then Lemma [2.2] implies
ISR OIOI < Ca(M sup(Crre~) +m)e~ (1 + (1~ to))
t>to

<204y (MC'tSe_t0 + m)tre_t, to >,
for any function v(t) € My, ¢. Besides, when tg > r, for any v(¢), u(t) € My, .c we
obtain:
IG[v(-) = u()])] < CaMe™ (14 (t —to)") sup o) — u(t)]]

t>to
< 204 Mthe " sup |[v(t) — u(t)|| = gsup ||v(t) — u(t)].
t>to t>to
Since ¢ < 1, it is clear that G is a contraction mapping on My, ¢, once the following
inequality holds
2C4(MCtle™™ +m) < C.
Hence, by setting
2C
O = AT
l—gq
we guarantee the existence of a unique solution v(¢) € My, ¢ to the equation ({2.8)).
Now, suppose in addition that h(t) — 0 as ¢ — oo. Since the solution v(¢) can
be represented in the form

o) = [ T Galt - 9)i(s)ds

0
where §(t) = e *(H(t)v(t) + h(t)) = o(e™t), t — oo, then in accordance with the
Lemmawe obtain: v(t) = o(t"e™?) as t — oo. O

3. ADDITIONAL CONDITIONS FOR THE LINEAR HOMOGENEOUS SYSTEM

Hereafter we assume that for the linear homogeneous system ([2.1)) the conditions
(A), (B) described below hold. These conditions concern the local properties of the
system in neighborhoods of the points * = 0 and z = 4oc0.

(A) The characteristic polynomial of the operator A has no roots with real part
equal to 1;
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(B) the system is exponentially dichotomic on the semi-axis [z, 00) for

some (and therefore, for any) positive xg.

Let y(x,yo) be a solution to the system satisfying the initial condition
y(2o,Y0) = yo. For the sake of generality we assume that the characteristic poly-
nomial of the operator A has roots with real parts both less and greater than 1
and the system has both bounded and unbounded solutions on the half-line
[0, 00).

Under the conditions (A) and (B) there exist subspaces V, and U_ with the
following properties:

(1) There exists a > 0 such that for any subspace V_ which is a direct supplement
of V4 to R™ one can choose a constant ¢ > 0 in such a way that

T\ 1+« .
S ly(s;wo)ll, 0 <z <s<wxo, ifyo€ Vy; (3.1)

ly(z,yo)ll < co(=)
IT\l—« .
ly(z, o)l < Co(;) ly(s,p0)ll, 0<s<a <z, IifyoeV_. (3.2)

(This property results from the Proposition and the condition (A).)
(2) There exists a constant v > 0 such that for any subspace U which is a direct
supplement of U_ to R™ one can choose a constant ¢, > 0 in such a way that

ly(z, yo)|| < cxe™ " ly(s,90)|l, @0 <s<w, ifyyeU_ (3.3)
ly(z,y0)|| < e Iy(s,y0)|, o<z <s, ifyo € Uy (3.4)

(See [7, Remark 3.4 p. 235])

If the subspace ker A is non-trivial, then there exists a subspace V° isomorphic
to the subspace ker A and having the next property:

(3) For each y, € V® there exists a unique vector ¢ € ker A such that

y(x,ys) = (E + @(m))(, x — +0, (3.5)

where ©(-) € C1 ([0, z9] — Hom(R")) and O(z) = z(E—A)~"'B(0)+o(z), z — +0.
At the same time V° NV, = {0} and the subspace V, @& V% coincides with
the subspace of initial values (for x = z) of continuously differentiable on [0, c0)
solutions to the system . (See the corollary from the Proposition which is
stated in section [5} )
Now the space R” can be represented as the direct sum of six subspaces Ly, ..., Lg

defined in the following way:

(1) Ll =0U_ ﬂV+;

(2) Ly is a direct supplement of the subspace L; to U_ N (Vy @& V%), so that

LioL,=U_n(Vy® V%),
(3) Ls is a direct supplement of the subspace U_ N (V, & V%) to U_, so that
Li oLy ®Ls =U_;
(4) Ly is a direct supplement of the subspace L; = U_ NV, to V,, so that
V=L &Ly

(5) Ls is a direct supplement of the subspace (U_N(V, &V )L, to V, VY|
so that
Ly @LQ@L4@L5 :V_;_EBV(l,
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and taking into account the equalities (IL; @ L) N V? = {0} and dim L, +
dimLs = dim V° we choose L C VY :
(6) Lg is a direct supplement of the subspace Ly & ---@®Ls =U_ @& Ly d L5 to
R™.
If the two subspaces Uy and V_, which are direct supplements of the subspaces
U_ and V respectively, are defined by the equalities

U+;:L4@L5€BL6, V_ Z:]LQEB]L:;EBLE)@LGa

then above assumptions allow us to distinguish six types of solutions to .
Namely: if yo € L;, then the solution y(x,vo) satisfies the inequalities and
; the solution for which yy € Lo fulfills the inequality , and there exists
unique v, € VY such that

ly(x,90) — y(x,y:)|| = o(z), = —0;

the solution for which yy € L3 satisfies the inequalities and , besides, for
this solution the derivative y'(40;yo) does not exist; for the solution with yg € Ly
the inequalities and hold true; the solution having initial value from Ly
fulfills the inequality and there is a unique ¢ € ker A for which (3.5) is valid;
finally, if yo € Lg, then the solution y(z,yo) satisfies inequalities (3.2) and (3.4),
and for such a solution the derivative y'(40;yo) does not exist.

Let E = P, +---+ Ps be the decomposition of the unit operator into the sum of
mutually disjunctive projectors generated by the decomposition R” =1L & - - - B Lg.
Define the operators:

Qi =P +P, Q-:=P+P+PF+Ds,

P_ I:P1—|—P2—|—P3, P+ 5=P4—|—P5—|—P6.
It is clear that the projectors @4, (_ correspond to the decomposition R" =
Vi @V_, while P_, P, correspond to the decomposition R” = U_ @ U,, and there

exist constants Cy > 0 and C, > 0 such that for the normalized at the point zq
evolution operator Y (z;zq) of the system (2.1) the following estimates are valid:

|V (25 20)Q4 Y ~*(5520)]| < Co(g)l—m, 0<z<s<ag, (3.6)
_ T\l—«
Y (2520)Q_Y ! (s;20)| < Co(g) , 0<s <z <, (3.7
and
Y (23 20) P_Y " (s520) || < Coe 7@=9) o <s<u, (3.8)
T;20)PLY " (8520)|| S Cye” VY, mg < < s, .
Y Py~ ! Che777) 3.9

4. GENERALIZED GREEN FUNCTION FOR BOUNDARY-VALUE PROBLEMS WITH
HOMOGENEOUS BOUNDARY CONDITIONS

Consider the boundary-value problem
A
I —_
v = (S +B@)y+gl@), (4.1)
y(-) € C1([0,00) = R"), y(+0) =0, y(+o0) =0, (4.2)

in the case of function g(-) € C([0,00) — R™) vanishing at infinity: g(z) — 0 when
T — +00. Let m 1= sup ¢ o) llg()]|l-
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First, we prove that any element of ker A can be brought into correspondence
with at least one solution which is continuously differentiable over [0, c0).

Proposition 4.1. Under condition (A), for any ¢ € ker A there exists a solution

to the system (4.1)) of the form
ye(z) =C+ Gz +o(z), = — +0, (4.3)

where ¢, == (E—A)"*(B(0)(+g(0)). Conversely, every continuously differentiable
on [0,00) solution to the system (4.1]) can be represented in the form (4.3).

Proof. The change of dependent variable y = (+ {12+ 2z in (4.1]) leads to the system

P— (% + B(m))z + g(z)

where g(z) = (B(x) — B(0))¢ + g(x) — ¢g(0) + zB(x)(1 = o(1), x — +0. After the
substitution z = e~ we obtain the system

i=—(A+e'B(e"))z—e"g(e). (4.4)

The value tg > 0 can be chosen sufficiently large, so that the conditions of Lemma 2
hold true for this system. In accordance with this Lemma and taking into account
that the characteristic polynomial of the operator —A has no roots with the real
part equal to —1, there exists the solution Z(t) to the system satisfying the
equality

Z(t) = — /too G_a(t—s)e *(B(e*)z(s) + gle”®)) ds,

and, having the property Z(t) = o(e™") as t — oco. But in such a case the function
z(z) := Z(—Inz) = o(x) as ¢ — 0, generates the required solution y(x) = {+ Gz +
z(x) of the system (4.1). The second part of this proposition is obvious. O

Corollary 4.2. There exists a mapping ©(-) € C*([0,z9] — Hom(R™)) of the form
O(z) = z(E — A)71B(0) + o(x), x — +0, such that for any € ker A the function

ve(w) = (E+©(x))C
is a solution to the homogeneous system (2.1)) corresponding to the vector (.
Proposition 4.3. The family of functions defined as
o(x) =Y (2;20)0 +/ Y (z;20)Q_Y (s 20)9(s)ds
0

- (4.5)
+ / Y (25 20)Q4 Y~ (51 20)g(5) ds,

where v is an arbitrary vector in Vo @& VO | determines all solutions to the system
[@.1) of the class C*(]0,00) — R™). Each of such solutions satisfies the condition
Ju(+0) =0 if and only if vell; Ly =V,.
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Proof. In view of the estimates (3.6)), (3.7]), for any x € [0, x¢) the integrals in the
formula (4.5)) satisfy

H/mY%ax@ny-%axwmsmﬂ\gnm%ffa/°sw4ds:nw%f;
0 0 «

wOY T;To Y (s 20)g(s)ds|| < mCozt T " s
H ( ) )Q+ ( 9 )g( )

x1+a (l,foz _ xaa)

(07

<mCy

mCox

< .
e

By a direct check, one can easily verify that each function of the set is a
solution to the system . From the definition of V,, V®, properties of the
spaces LL1,ILo, Ly, L5 (see p. | it follows that for any v € V, @ V° there exists
a limit lim,_, 1o Y (2;20)v =: {(v) € ker A, and Y (z;29)v = ((v) + O(z), = — 0.
Therefore, 7, (v) = ((v) + O(x), * — 0, and the difference g,(z) — y¢(v)(z), where
Ye(v) () is the solution from the Proposition is a solution to the system (2.I)).
Moreover, ||7,(z) =y (@)l = O(z),  — 0. This implies that ||, () —ycw) ()| =
o(r), * — 0, and thus, 7,(70) — ycw)(zo) € Ly @ Ly. Taking into account the
Proposition we can conclude that ,(z) € C*([0, o] — R™).

Since each non-trivial solution to the system with the initial condition
yo € Lo @ L5 has a non-zero limit when  — 40, the equality 7,(+0) = 0 is
equivalent to v € Ly @ L. O

It is well known (see e.g. [7]) that all solutions to the system (4.1) which are
bounded on the semi-axis [z, 00) form a family

€T

mmzymmm+/swmmRY*@MM@@

—/ Y (z;20)PyY " (s520)g(s)ds,

where u is an arbitrary vector from U_.
It is also known that the following proposition holds.

Proposition 4.4. If g(z) — 0 as — oo, then §,(z) — 0 as © — co.

Proof. For the sake of completeness we sketch the proof. For an arbitrary e > 0 let
choose the value z(€) > ¢ in such a way that ||g(z)|| < € for any x > z(€). Then
for x > xz(e) we have

z(€)
Ou(z) =Y (25 20)u + / Y (z;20)P_Y "1 (s520)g(s) ds
o
[ V@) Py Nsaog(s) ds+ [ (@) Py (siao)g(s) ds
xz(e) T
The first addend in this expression tends to zero when x — oo, norm of each of the
last two addends does not exceed €K /v, and for the second addend it holds

z(e)
H / Y (25 20)P_Y " (s;20)9(s) dsH =0(e "), x— oo.
zo
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Now to find all solutions to (4.1)) which satisfy the conditions (4.2)) we bind
parameters v € Ly @ Ly and u € Ly @ Ly @ Lg by means of the equality g, (z¢) =
Ju (o), which can be rewritten in the form

Zo
P,u—QJrv:/ Q-Y " (s;w0)g( d5+/ PLY ™ (s;20)g(s) ds,
0

or, equivalently,

(P1+P2+P3)U—(P1+P4)U=/ (P> + P34 Ps + Pg)Y ' (s;m0)g(s) ds
0

+/OO(P4—|—P5—|—P6)Y (S l‘o)g( )dS

Zo

From this it follows that

zo
Pyu= P, Pu :/ PyY " 1(s;20)g(s) ds,
0

o o0
Pyu = / PsY " t(s;20)g(s)ds, Py = —/ PY (s;20)9(s) ds,
0 T

0

and the function g(x) must satisfy the additional condition

/OOO(P5 + PV~ (s:20)g(s) ds = 0. (4.6)

Therefore, if the condition (4.6]) holds, the solutions to the problem (4.1)—(4.2) can
be given by the formula

v =Y (azo)(Po+ / P (ssa0)g(s) ds

Zo
[e’¢)

+/0””(P2 + P3)Y (s;20)g(s) ds —/m (Py+ Ps 4+ Ps)Y *(s;20)9(s )ds(>4. )

This formula can also be rewritten as

y =Y (x;x0) Plv—/ PyY (s;20)9(s) ds

/ QLY (s;0)g(s)ds +/ Q_Y (s;10)g(s) ds).
0
Having defined the sets
D:={(z,s):0<z<s<zotU{(z,s): 29 <s<a},
Dy :={(z,s):0<s<z}, D_:={(z,9):0<z<s},

and the functions

_1(8;‘7:0)7 (.’E,S) € DﬂDJra
Gi(z,s) := Y L(s;20), (z,5) e DN D_,
o, (2,5) € (D UD_)\ D,
Y (x;520)(Pe + P3)Y ~1(s;10), (z,s) € Dy,
Gao(z,s) := .
Y (x;20)( P4 + Ps + Ps)Y " 1(s;20), (z,5) € D_,

= Gi(z, s) + Ga(z, 9),
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and taking into account (4.7)), we get the following result.

Proposition 4.5. There exists a solution to the boundary-value problem (4.1])—
4.2) if and only if the condition (4.6) holds, and in this case all solutions to the
problem are defined by the formula

y =Y (z;z0)v + / G(z,s)g(s)ds, Yvel,.
0

Now we are going to interpret the condition (4.6) in terms of solutions to the
adjoint (with respect to the scalar product (-,-)) homogeneous system

*

n = —(A? + B*(m))n. (4.8)

Let n(z,n9) denote the solution to this system satisfying the initial condition
1n(zo,m0) = no. In what follows, without loss of generality we assume that the
scalar product in R" is determined in such a way that P’ = P;, j =1,...,6.

Let L1([0,00) — R™) be the space of functions f(-) : [0,00) — R"™ for which
S 15 @)l de < oo.

Proposition 4.6. The solution n(x,n9) belongs to Ll([O7 o0) — R") if and only if
Mo € ]L5 D ]LG.

Proof. As is well known, [Yﬁl(x;xo)]* is a fundamental operator of the adjoint
system normalized at the point xq, and

(n(z,m0), y(z,90)) = (M0 Yo)-

Let yo := (P1 +--- 4+ P1)no # 0. If in addition we suppose that Q1 yo # 0, then in
view of ((3.6)

1Q-+yol1* < lly(z, Q+yo)llln(z, no)ll < cola/o) | Q+yollIn(z, no)
for all € (0, 0], and thus ||n(z,n0)| > [|Q+voll(x/x0) 17 /co when z € (0, z0].
This implies that n(z,n9) & L1([0,00) — R™).
If Q+yo =0 then yg = (P> + P3)yo = P_yo. Hence, in view of (3.8]),
1P-yol® < lly(z, P-yo)lllln(z, no)|| < exe™ == P_yo|l[In(z, o)

for all > xo. This also implies that n(z,n9) € L1([0,00) — R™).
On the other hand, if yo = 0, then 1y = (P5 + Ps)no. Now from the inequalities
(3.7) and (3.9) it follows that

— * Toyl—a
G, mo)ll < [I[Y = (2520)]" (P + Po)[[llmoll < Co(=)" "limoll,
when z € (0, z¢], and
Iz, mo) | < [V =" (25 20)]" (Ps + Po) |[Imoll < Cue™ @5 g
when z > 2. Hence, n(z,n0) belongs to L ([0,00) — R"). O

The above proposition leads to the following result.

Proposition 4.7. Condition (4.6) holds if and only if the function g(x) is orthog-
onal (in the sense of the scalar product (-,-)p, := [;°(-,-) dz) to each solution of
the adjoint system (4.8) belonging to the space L1([0,00) — R™).
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Now let us show that problem (4.1)—(4.2) has a generalized Green function
&(z, s) defined by the following properties:
1. For any s > 0 and x € [0,00) \ {s}, it holds
£&(z,8) = —F(2;20)IIY 1 (s; 20),
where £:= & — (2 + B(z)), Il := P5 + Ps, and F(-, ) € C([0,00) — Hom(R"))
is a bounded mapping with the ”biorthonormality” property with respect to the
space of solutions of the adjoint system which belong to L; ([0, 00) — R™):

/ oy Yz, xz¢)F(x,z0) do = TL.
0
For example, we may set

k188

F(“’»"TO) T F(l —i—ﬁ)e“x
where k is an arbitrary number greater than v, and 8 > 0 is an arbitrary number
with the property that all real parts of eigenvalues of the matrix A exceed —f.
Obviously, F(4+0;x¢) = F(+00;z0) = 0.

2. For any x > 0, the unit jump property is valid: &(z+0,z) — &(x—0,2) = E.

3. The condition of orthogonality to the space of solutions to the corresponding
homogeneous boundary value problem is fulfilled:

Y (x; 20)I,

/ PY*(x;20)®(x, s) der = 0.
0

4. For any s > 0, the boundary conditions &(+0,s) = &(+00,s) = 0 are
satisfied.

5. For any ¢(-) € C([0,00) — R™) satisfying (4.6)), the boundedness condition
holds:

sup / 18z, 5)g(s)|| ds < oo
0

z€[0,00)

Observe that the operator equation £Y = —F(x; () has a particular solution
Y = N(z;20) := 7/ G(z,t)F(t; zo) dt,
0

which can be represented in the form

x 1+848
N(z;20) = Y (w3 x0) (H - /O W dtn).

(Note that generally N(x;z) is unbounded on (0, zg), but it vanishes at infinity.)
It is easily seen that the conditions 1-4 hold for the operator

&(z,8) = G(x,5) + Y (2;20) PLM (s;20) + N (25 20)IIY (55 20), (4.9)

-1
)

X /00 PiY*(2;20) (G, 8) + N(z;20)IIY " (s;20)) da.
0

once we set

M(s;xg) := — [/ P Y*(z;20)Y (z;20) Py do
0
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To show that the condition 5 is fulfilled it remains only to verify that M(s;xg) is
absolutely integrable on [0, 00). This property can be easily obtained from the next
six estimates for the function

J(s,z;30) 1= HPlY*(x;xo)(G(x,s) + N(x;xo)HY_l(s;xo))H

which are based on inequalities (3.6)—(3.9).
(1) Let < s < xo. In this case G(x,s) = =Y (x;20)(P1 + Py + )Y ~1(s;20),
and therefore there exits a constant Cy(xg) > 0 such that

J(s;z,20) < ||V (25 20) Pul|(|[Y (z520) (P14 Pa)Y ! (s520) |
+ (k) HONY (5 20)TIY (5320 | )
< Ci(zo)x' T ((x/s)' T + 2s*™)
< Cy(mo)xt (1 + s%).

(2) Let s < o < 9. Now G(x,5) = Y (x;20)(Pa+ P3)Y ~1(s;x0), and there exists
a constant Ca(zg) > 0 such that

J(s;x;20)
<Y (@320) Pr|| (1Y (25 20)Q-Y " (s5.30) || + (kz) || Y (2 20)ITY ~* (53.20) ||)
< Co(x)x?s L.
(3) Let s < 29 < x. Now G(z,s) =Y (z;20) (P2 + P3)Y ~1(s;z0), hence,
J(s;;520)
<Y (;.20) Pu[| (1Y (5 0) (P2 + P3)Y ™" (s3:20) || + |V (; 20)ITY ~ (55 20)|])
< CyCre - mo)(‘?) “(Ce+ sup [IN(z529)]))

x€[xo,00)
< C3(x)e™ 178>t

for some constant Cs(zg) > 0.
(4) Let # < 9 < s. Since G(z,s8) = =Y (z;20)(Ps + )Y ~1(s;20), it follows
that there exists a constant Cy(z() > 0 such that

J(s525.0)
<Y (@5 20) P (I[Y (5. 20) PaY ~" (s320)[| + () P Y (a5 20)TTY (20|
< Cylmg)xttee s,

(5) Let 29 < x < s. In this case, we also have G(z,s) = =Y (x;20)(Py +
)Y ~1(s;20). Hence,

J(s;2320) < ||V (3 20) Pr (1Y (3 wo)P4Y H(ss o) [l + 1Y (3 20) 1Y~ (5520 1)
< 2Cfe’7(m’x°)e’7( ) = C5(x0)e "

where Cs(xg) := 20270,
(6) Finally, let 79 < s < 2. Now G(z,5) = Y (z;20)(P1 + P2 + P3)Y ~1(s;20)
and there exists a constant Cg(xg) > 0 such that

J(s;z;5x0)
< 1Y (@ 20) P (Y (25 20) (Pr + Po + Py)Y ™ (s320) || + ||V (a5 20) ITY ™ (5320 |])
< Cﬁ(:co)(e’“*(%*s) + e*’Y(«T*FS))'
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The above arguments prove the following theorem.

Theorem 4.8. There exists a solution to the boundary-value problem |i if
and only if the function g(x) is orthogonal (in terms of the scalar product (-, ), :=
IS () dz) to all solutions to the adjoint system which belong to L1([0,00) —
R™). If the orthogonality condition holds, then the problem — has the fam-
ily of the solutions which can be represented as the sum of two mutually orthogonal
components

y=Y(z;z0)v+ /000 B(z,s)g(s)ds

where v € 1Ly is an arbitrary vector and &(x, s) is the generalized Green function

defined by (4.9).
5. THE MAIN THEOREM

Let us turn back to the main problem of finding solutions to the system
which possess the properties . It is clear that a continuously differentiable on
[0, 00) solution y(z) to the system (I.I), provided that it exists, must satisfy the
equality Ay(+0) + a = 0. Thus we require the following condition to hold

(C) a €im A.

The orthogonal decomposition R™ = im A* @ ker A together with the condition (C)
imply the existence of a unique 7 € im A* for which An + a = 0.

Hence, it is natural to formulate the main boundary value problem in the follow-
ing way: Find all {( € ker A for which the boundary-value problem for the system
with the boundary conditions

y(+0) =n+¢, y(oo0) =0,

is solvable in the class C1 ([0, 00) — R"), and construct an integral represent-ation
of corresponding solutions. This problem is solved by the following theorem.

Theorem 5.1. Let the system (1.1)) satisfies the conditions (A)—(C) and f(x) — 0
as x — +00. Then the main boundary-value problem is solvable if and only if

/OOO PoY (w3 20) [f () + B(a)] dz = 0. (5.1)

Provided that holds, the main boundary-value problem has the family of solu-
tions defined by the formulae

y=Y(x;20)(v1 +v2) + 1+ /000 G(z,s) (f(s) + B(s)n) ds, (5.2)
¢ = (B + Ul) va + (B + O(a0)) (5.3)

where vy € Ly, vy € Ly are arbitrary vectors, and
wi=— /000 PsY Nz 20) [f(2) + B(z)n] da. (5.4)

There exist positive constants K1(a, 7y, o), Koo, 7y, z0) such that

/OOOHG(%S)(f(S)+B(8)77)||d8<Kl(a»%wo) sup |[f(s) + B(s)nll,

z€[0,00)

[w]| < Ka(a,7,w0) sup [[f(s) + B(s)n].

z€[0,00)
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Proof. We seek the solution to the problem (1.1)—(1.2)) in the form
y=n+ )+ Y(x;zo)v+e Y (2;20)w + yo(x) (5.5)

where k > 7 is an arbitrary number, v € L; & Lo is an arbitrary constant vector,
w € Ly is a constant vector which is to be determined, ¢(-) € C1([0,00) — R") is
an arbitrary function with the properties

©(0) =0, lim p(x)=-n, lim ¢'(z)=0,

r—00 Tr—00

and yo(z) is a solution to the problem (4.1)—(4.2)) with
g(x) == f(z) + B(x)n — Lp(z) + ke "*Y (x;29)w whenz > 0.

Observe that there exists lim, 4o g(z). In virtue of Theorem the existence
of the solution yo(z) is guaranteed by the orthogonality conditions, which can be
given in the form

/OOO<[Y1(5; x0)]* Psb, f(s) + B(s)n — Lp(s)) ds +w = 0,
/Ooo<[Y1(s;x0)]*P6b, f(s)+ B(s)n— Lo(s))yds=0 VbeR".

Since ([Y ~!(s;20)]*Pib, ()|, = 0, j = 5,6, and £*[Y ~!(s;z)]* = 0, these
conditions are equwalent to (5.4)), (5.1] - The orthogonality conditions also imply

= [ et sigts)as

/ G(z,9)g ds—i—Y(xmoPl/ M(s;20)g(s) ds.

The second addend is inessential owing to the presence of an arbitrary vector v €

L; ® Ly in the formula (5.5)).
Next, it is not hard to show that

/O " G, 9)Lp(s) ds = () — ¥ (, 70) Pup(an),

/ Gz, 8)ke ™Y (s;x0)wds = —e ™Y (x; x0)w
0

Taking into account these equalities, one can rewrite the formula in the form
(5.2). Finally, in view of , 7 and the equality yo(+0) = 0 we obtain
E3).

Now observe that from the definition of Ls it follows that the constant C7(xg) :=
max,eo,qz0] |Y (2;20) P5|| is well defined. Let g(s) := f(s) + B(s)n. Making use
of and of estimates similar to those which were obtained for the function
J(s,2,xp) in previous section, we have:
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(1) if 0 < z <z, then

/ |G (x. )g(s)|| ds

3sw|m|y/mme&+&W Y(ss o) ds
s€[0,00)

+/ 1V (23 20) (P + Py + Ps)Y (s 20)|| ds

+/°° Y (2 20) (Py + Ps)Y ~L(s: x0)||ds)

0

= ooy ”ms)"(C‘)/x(f/s)l_ads+CO/%((w/s)1+a+c7(mo)(x0/s)1—a) ds

s€[0,00) 0 x
+C, / (OO . (l‘/mo)lJ”" + 07(330))6*’7(57900) ds)
zo

< Ki(a,v,20) sup [g(s)|;
s€[0,00)

(2) if 0 <y < x, then

/HGws H@<gﬁ>muMAmW@mm&+&w (ss0)]| ds

x

||Y(x l‘o)(Pl + Py + P3)Y (S l‘o)” ds

Zo

+ /00 Y (25 20) (Py + Ps)Y " (s;20)]| ds)

< sup H?J(S)”(COC*/O (z0/s) ~ e @=0) gg

s€[0,00)

+ C, / e~ 1=8) g 4+ O, / e 1(5—2) ds)
Zxo x

< Ki(a,v,20) sup [g(s)].
s€[0,00)

Finally, the inequality for ||w]|| is easily obtained with the help of estimates from
the proof of Proposition O

Conclusions. The results obtained can be interpreted in terms of linear equations
in Banach spaces in a following way. Let Y be the Banach space of continuous
mappings y(-) : [0,00) — R™ such that lim, o y(z) = 0, and X C Y be the
Banach space of mappings satisfying y(0) = 0 (these spaces are endowed with
usual supremum norm). Consider the closed linear operator £ : X — Y defined
on the dense domain D(£) = {y(:) € X N C([0,00) — R") : lim,_, o ¥’ (z) = 0}
by Ly(z) := y'(z) — Ay(z)/x — B(x)y(x). From Proposition it follows that
the range R(L) is a closed subspace of Banach space Y. Hence, the operator L is
normally solvable, moreover, it is both n-normal with n(£) = dimker £ = dim L,
and d-normal with d(£) = codim R(£L) = dim(Ls + Lg). This means that we have
established conditions under which the operator £ is a Noetherian operator with
index n(L£) — d(L).
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