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UNIQUE SOLVABILITY OF INITIAL BOUNDARY-VALUE
PROBLEMS FOR HYPERBOLIC SYSTEMS IN CYLINDERS

WHOSE BASE IS A CUSP DOMAIN

NGUYEN MANH HUNG, VU TRONG LUONG

Abstract. We study initial boundary-value problems for hyperbolic systems
of divergence form of arbitrary order in cylinders whose base is a cusp domain.

Our main results are to prove the existence, uniqueness and the smoothness

with respect to time variable of generalized solutions of these problems by
using the method which we will denote as “approximating boundary method”.

1. Introduction

The boundary problems for hyperbolic systems in smooth cylinders have been
well studied. Fichera [6] established the existence and the uniqueness of generalized
solution, and he had proved that if the right-hand parts, the coefficients and the
boundary are infinitely differentiable, so is the solution. In the case, when the non-
smooth cylinders, the indicated methods can not be applied since it is impossible
to straighten the boundary by a smooth transform.

In this paper, We consider the initial boundary-value problems for hyperbolic
systems in cylinders QT = Ω× (0, T ), 0 < T < +∞, with base Ω is a cusp domain.
In section 2, it is shown that the existence of a sequence of smooth domains {Ωε}
such that Ωε ⊂ Ω and limε→0 Ωε = Ω; moreover, if Ω has a cusp point on boundary
∂Ω, then Γ = ∂Ωε∩∂Ω is a smooth (n−1)-dimensional manifold of the class C∞. In
section 3 we set up notation and state the initial boundary-value problems. Section
4 establishes the existence, uniqueness and the smoothness with respect to time
variable of generalized solutions of these problems by the approximating boundary
method and results in Fichera [6].

The main idea is to apply Theorem 2.1 from Section 2 to establish the unique
solvability of the mentioned problem in V m,1(QT ), where V m,1(QT ) is a closed
subspace of Hm,1(QT ), and G̊arding’s inequality holds in V m,1(QT ).

2. Approximating boundary theorem

Theorem 2.1. Let Ω be a bounded domain in Rn. Then there exists a sequence of
smooth domains {Ωε} such that Ωε ⊂ Ω and limε→0 Ωε = Ω.
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Proof. For ε > 0 arbitrary, set Sε = {x ∈ Ω : dist(x, ∂Ω) ≤ ε},Ωε = Ω \ Sε and
∂Ωε is the boundary of Ωε. Denote by J(x) the characteristic function of Ωε and
by Jh(x) the mollification of J(x), i.e,

Jh(x) =
∫

Rn

θh(x− y)J(y)dy,

where θh is a mollifier. If h < ε
2 , then Jh(x) has following properties:

(1) Jh(x) = 0 if x /∈ Ωε/2;
(2) 0 ≤ Jh(x) ≤ 1;
(3) Jh(x) = 1 in Ω2ε;
(4) Jh ∈ C∞(Rn).

We now fix a constant c ∈ (0, 1), and set Ωε
c = {x ∈ Ω : Jh(x) > c}. It is obvious

that Ωε/2 ⊃ Ωε
c ⊃ Ω2ε. Therefore, Ωε

c ⊂ Ω and limε→0 Ωε
c = Ω, ∂Ωε

c = {x ∈ Ω :
Jh(x) = c}.

Assume that K is a critical set of Jh. By Sard’s theorem µ(Jh(K)) = 0, it
implies that there exists a constant c0 ∈ (0, 1) such that {x ∈ Ω : Jh(x) = c0} is
not a critical set of Jh.

Denote Ωε
c0

= {x ∈ Ω : Jh(x) > c0} and F (x) = Jh(x) − c0. If x0 ∈ ∂Ωε
c0

, then
F (x0) = Jh(x0)−c0 = 0 and gradJh(x0) 6= 0. This implies there exists a ∂Jh

∂xi
(x0) 6=

0, without loss generality we can suppose that ∂Jh

∂xn
(x0) 6= 0. Using the implicit

function theorem, there exists a neighbourhood W of (x0
1, . . . , x

0
n−1) in Rn−1 a

neighbourhood V of x0
n in R and an infinitely differentiable function z : W −→ R

such that x ∈ Ux0∩∂Ωε
c0

, (where Ux0 = W×V ) if and only if x = (x1, . . . , xn) ∈ Ux0 ,
xn = z(x1, . . . , xn−1). Hence, Ωε

c0
is smooth and limε→0 Ωε

c0
= Ω. The theorem is

proved. �

Suppose domain Ω is not smooth at one isolated point. The definition is a formal
description of domains with a cusp point.

Definition 2.2. We call a bounded domain Ω ⊂ Rn a exterior cusp domain if
(1) O ∈ ∂Ω, ∂Ω \ {O} is a smooth (n − 1)-dimensional manifold of the class

C∞.
(2) Denote x′ = (x1, x2, . . . , xn−1), then

{x ∈ Ω : 0 < xn < 1} ≡ {x = (x′, xn) ∈ Rn : |x′| < xk
n}, k ≥ 1.

Definition 2.3. We call a bounded domain Ω ⊂ Rn a interior cusp domain if
(1) O ∈ ∂Ω, ∂Ω \ {O} is a smooth (n − 1)-dimensional manifold of the class

C∞.
(2) Denote x′ = (x1, x2, . . . , xn−1), then

{x ∈ Ω : 0 < xn < 1} ≡ {x = (x′, xn) ∈ Rn : |x′| > xk
n}, k ≥ 1.

Let ϕε ∈ C∞(R+), 0 < ε < 1/4, satisfying 0 ≤ ϕε ≤ 1 and

ϕε(t) = 1, ∀t < ε, ϕε(t) = 0, ∀t ≥ 2ε.

When Ω is a exterior cusp domain, we set

Γε = {x ∈ Rn : xk
n = (1− ϕε(|x′|))|x′|+ 2εϕε(|x′|), 0 < xn < 1}.

When Ω is a interior cusp domain, we set

Γε = {x ∈ Rn : xn = (1 + ϕε(|x′|))|x′|1/k − (2ε)1/kϕε(|x′|), xn < 1}
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Denote ∂0Ω = {x ∈ ∂Ω : xk
n = |x′|, 0 < xn < 1}. If |x′| ≥ 2ε then Γε ⊂ ∂0Ω else

Γε ⊂ Ω. We will denote by Ωε ⊂ Ω a domain with boundary ∂Ωε = Γε∪ (∂Ω\∂0Ω)
then {Ωε} is a smooth domain sequence, and limε→0 Ωε = Ω.

3. Statement of the problem

Set QT = Ω × (0, T ), Qε
T = Ωε × (0, T ), 0 < T < +∞, Ωτ = Ω × {t = τ}.

For each multi index α = (α1, . . . , αn) ∈ Nn, set |α| = α1 + · · · + αn and Dα =
∂|α|/∂xα1

1 . . . ∂xαn
n . Let us consider the partial differential operator of order 2m

L(x, t) =
m∑

|α|,|β|=0

Dα
(
aαβ(x, t)Dβ

)
, (3.1)

where aαβ are s × s matrices whose entries are complex valued functions, and
aαβ = (−1)|α|+|β|a∗αβ . a∗αβ denotes the transposed conjugate matrix of aαβ , and
aαβ are infinity differentiable in QT . We assume that there exist a constant c0 > 0
such that ∑

|α|=|β|=m

aαβ(x, t)ξαξβηη ≥ c0|ξ|2m|η|2, (3.2)

for all ξ ∈ Rn\{0}, η ∈ Cs\{0} and all (x, t) ∈ QT .
In this paper, we use the usual functional spaces:

◦
C
∞

(QT ), C∞(QT ), L2(QT ), L2(Ω),Hm(Ω),
◦

Hm(Ω)

(see [3, 4, 6, 7] for the precise definitions). We introduce some functional spaces
which will be used in this paper.

Hm,1(QT ) is the space consisting of all functions u = (u1, . . . , us) from L2(QT )
which have generalized derivatives up to order m by x and up to order 1 by t and
belonging to L2(QT ). The norm in this space is defined as follows:

‖u‖m,1 =
( m∑
|α|=0

∫
QT

(
|Dαu|2 + |ut|2

)
dx dt

)1/2

,

where |Dαu|2 =
∑s

i=1 |Dαui|2, |ut|2 =
∑s

i=1

∣∣∂ui/∂t
∣∣2.

◦
H

m,1

(QT ) is the closure in Hm,1(QT ) of the set consisting of all functions in
C∞(QT ), vanish near ST = ∂Ω× (0, T ).

V m,1(QT ) is a closed subspace of Hm,1(QT ) having the following properties:

(i) V m,1(QT ) ⊃
◦
H

m,1

(QT );
(ii) Denote by

BT (u, v) =
m∑

|α|,|β|=0

(−1)|α|
∫

QT

aαβ(x, t)DβuDαv dx dt

and for t ∈ [0, T ),

B(u, v)(t) =
m∑

|α|,|β|=0

(−1)|α|
∫

Ω

aαβ(x, t)DβuDαvdx, ∀u, v ∈ V m,1(QT ),

then for all u ∈ V m,1(QT ) satisfy

(−1)mB(u, u)(t) ≥ γ0‖u(., t)‖2
Hm(Ω), γ0 > 0, ∀t in [0, T ). (3.3)
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(iii) Assume that x0 ∈ ∂Ω, U is a neighbourhood of x0 in Rn and denote by

I = (Ω∩U)×(0, T ). Let ξ ∈
◦
C
∞

(I) and v ∈ V m,1(QT ), then ξv ∈ V m,1(I).

In the case, V m,1(QT ) =
◦
H

m,1

(QT ) or V m,1(QT ) = Hm,1(QT ), condi-
tion (iii) is obvious.

Suppose that {Ωε} is a sequence of smooth domains as above, we set

V m,1
0 (Qε

T ) = {u ∈ V m,1(Qε
T ) :

∂ju

∂νj

∣∣∣
Γ1

ε

= 0, j = 0, 1, . . . ,m− 1}

where Γ1
ε = {x ∈ Γε : |x′| ≤ 2ε}. Then V m,1

0 (Qε
T ) is closed subspace of V m,1(Qε

T ).
By zero extension of u ∈ V m,1

0 (Qε
T ) out of Qε

T , we regard that u ∈ V m,1(QT );
therefore, from (3.3) we get the inequality

(−1)mB(u, u)(t) ≥ γ0‖u(., t)‖2
Hm(Ωε), γ0 > 0, for all t ∈ [0, T ), (3.4)

holds for all u ∈ V m,1
0 (Qε

T ).
We have the following results obtained in [6].

Theorem 3.1 ([6]). If f ∈ C∞(Q
ε

T ) and ∂kf
∂tk

∣∣∣
t=0

= 0, for k = 0, 1, . . . , then there

is the unique function u ∈ C∞(Q
ε

T ) such that

(−1)m−1L(x, t)u− utt = f(x, t) in Qε
T (3.5)

satisfies initial conditions u(x, 0) = ut(x, 0) = 0; moreover, u ∈ V m,1
0 (Qε

T ) and
boundary conditions

〈L(x, t)u, v〉L2(Ωε) = B(u, v)(t) (3.6)

holds for all v ∈ V m,1
0 (Qε

T ) and all t ∈ [0, T ], where the scalar product is

〈u, v〉L2(Ωε) =
∫

Ωε

uvdx.

In the cylinder QT , we consider systems

(−1)m−1L(x, t)u− utt = f(x, t), (3.7)

where f ∈ L2(QT ).

Definition 3.2. A function u ∈ V m,1(QT ) is a generalized solution of initial
boundary-value problems for systems (3.7) if it satisfies following equalities:

(−1)m−1BT (u, η) + 〈ut, ηt〉L2(QT ) = 〈f, η〉L2(QT ) (3.8)

for all test function η ∈ V m,1(QT ), η(x, T ) = 0, and initial conditions holds

u(x, 0) = ut(x, 0) = 0. (3.9)

In particular, V m,1(QT ) =
◦
H

m,1

(QT ) or V m,1(QT ) = Hm,1(QT ), then we have
definition of generalized solutions of the fist initial boundary-value problem or sec-
ond initial boundary-value problems for system (3.7).
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4. The uniqueness and existence theorems

In this section, we investigate the unique solvability of initial boundary-value
problems for the systems (3.7). We start with studying the uniqueness theorem.

Theorem 4.1. Assume that for a positive constant µ,

sup
{∣∣∂aαβ

∂t

∣∣, |aαβ | : (x, t) ∈ QT , 0 ≤ |α|, |β| ≤ m
}
≤ µ.

Then the initial boundary-value problems (3.8), (3.9) for systems (3.7) has no more
than one generalized solution in V m,1(QT ).

Proof. Suppose that problems (3.8), (3.9) has two solutions u1, u2 in V m,1(QT ).
Put u = u1 − u2, (3.8) implies

(−1)m−1BT (u, η) + 〈ut, ηt〉L2(QT ) = 0 (4.1)

for all η ∈ V m,1(QT ), η(x, T ) = 0. For b ∈ (0, T ), we set

η(x, t) =

{
0 if t ∈ (b, T ]∫ t

b
u(x, τ)dτ if t ∈ [0, b].

It is easy to check that η(x, t) ∈ V m,1(QT ), ηt(x, t) = u(x, t), η(x, T ) = 0. Put
η(x, t) in (4.1), we have

(−1)m−1

∫ b

0

B(ηt, η)(t)dt +
∫

Qb

ηttηt dx dt = 0.

Adding this equality with its complex conjugate, we obtain

2 Re(−1)m−1

∫ b

0

B(ηt, η)(t)dt +
∫

Qb

∂

∂t
|ηt|2 dx dt = 0. (4.2)

We have

2 Re
∫ b

0

(−1)m−1B(ηt, η)(t)dt

=
∫ τ

0

(−1)m−1 ∂

∂t

(
B(η, η)(t)

)
dt + Re

m∑
|α|,|β|=0

∫
Qb

(−1)|α|+m ∂aαβ

∂t
DβηDαη dx dt

= (−1)m−1
[
B(η, η)(b)−B(η, η)(0)

]
+ Re

m∑
|α|,|β|=0

∫
Qb

(−1)|α|+m ∂aαβ

∂t
DβηDαη dx dt.

Since B(η, η)(b) = 0, it implies

2 Re
∫ b

0

(−1)m−1B(ηt, η)(t)dt

= (−1)mB(η, η)(0) + Re
m∑

|α|,|β|=0

∫
Qb

(−1)|α|+m ∂aαβ

∂t
DβηDαη dx dt.

(4.3)

and since ηt(x, 0) = u(x, 0) = 0,∫
Ω

∫ b

0

∂

∂t
|ηt|2dtdx =

∫
Ω

|ηt(x, b)|2dx. (4.4)
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Put (4.3) and(4.4) in (4.2), we obtain

(−1)mB(η, η)(0) +
∫

Ω

|ηt(x, b)|2dx

= Re
m∑

|α|,|β|=0

∫
Qb

(−1)|α|+m−1 ∂aαβ

∂t
DβηDαη dx dt.

(4.5)

Set

vα(x, t) =
∫ 0

t

Dαu(x, τ)dτ, t ∈ [0, b]

then

vα(x, b) =
∫ 0

b

Dαu(x, τ)dτ =
∫ 0

b

Dαηt(x, τ)dτ = Dαη(x, 0).

Using (3.3) we have

(−1)mB(η, η)(0) ≥ γ0

∫
Ω

m∑
|α|=0

|Dαη(x, 0)|2dx = γ0

∫
Ω

m∑
|α|=0

|vα(x, b)|2dx. (4.6)

From equality (4.5), we use (4.6) and Cauchy inequality, we will obtain

γ0

∫
Ω

m∑
|α|=0

|vα(x, b)|2dx +
∫

Ω

|v(x, b)|2dx ≤ K1

∫
Qb

m∑
|α|=0

|vα(x, t)|2 dx dt

set K = K1/γ0 is a constant independent of b, then∫
Ω

m∑
|α|=0

|vα(x, b)|2dx ≤ K

∫
Qb

m∑
|α|=0

|vα(x, t)|2xdt

By setting

y(b) =
∫

Ω

m∑
|α|=0

|vα(x, b)|2dx

we have

y(b) ≤ K

∫ b

0

y(t)dt,

The Gronwall-Bellmann inequality implies y(b) = u(x, b) = 0, for all b ∈ (0, T ) and
all x ∈ Ω; hence, u ≡ 0 in QT . �

Now, we establish the existence of generalized solutions of mentioned problems
by the approximating boundary method. Firstly, we will prove some following needed
propositions.

Proposition 4.2. If f ∈ C∞(QT ), ∂kf
∂tk

∣∣∣
t=0

= 0, for k = 0, 1, . . . and

sup
{∣∣∂aαβ

∂t

∣∣, |aαβ | : (x, t) ∈ QT , 0 ≤ |α|, |β| ≤ m
}
≤ µ,

then the generalized solutions uε ∈ V m,1
0 (Qε

T ) of problem (3.8), (3.9), in smooth
cylinders Qε

T , satisfies the estimate

‖uε‖2
m,1 ≤ C‖f‖2

L2(Qε
T )

where C is a constant independent of ε.
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Proof. By Theorem 3.1, we have uε ∈ C∞(Q
ε

T ) ∩ V m,1
0 (Qε

T ), satisfying systems
(3.5), boundary conditions (3.6) and initial conditions uε(x, 0) = uε

t (x, 0) = 0, it is
clear that uε is the generalized solution of problem (3.8), (3.9) in Qε

T .
After multiplying (3.5) by uε

t , integrating on Qε
τ , (τ < T ), we obtain

(−1)m−1

∫ τ

0

∫
Ωε

Lukuε
t dx dt−

∫ τ

0

∫
Ωk

uε
ttu

ε
t dx dt =

∫
Qε

τ

fuε
t dx dt.

From that, and using equality (3.6), we get

(−1)m

∫ τ

0

B(uε, uε
t )(t)dt +

∫ τ

0

∫
Ωε

uk
ttu

ε
t dx dt = −

∫
Qε

τ

fuε
t dx dt

Adding this equality with its complex conjugate we obtain

(−1)m2 Re
∫ τ

0

B(uε, uε
t )(t)dt +

∫
Ωε

∫ τ

0

∂

∂t
|uε

t |2dtdx = −2 Re
∫

Qε
τ

fuε
t dx dt. (4.7)

We now change the left terms of (4.7)

2(−1)m Re
∫ τ

0

B(uε, uε
t )(t)dt

= (−1)m Re
∫ τ

0

∂

∂t

(
B(uε, uε)(t)

)
dt

− Re
∫

Qε
τ

m∑
α,β=0

(−1)|α|+m ∂aαβ

∂t
DβuεDαuε dx dt

= (−1)m Re B(uε, uε)(τ)− Re
∫

Qε
τ

m∑
α,β=0

(−1)|α|+m ∂aαβ

∂t
DβuεDαuε dx dt.

Using the initial conditions, we get∫
Ωε

∫ τ

0

∂

∂t
|uε

t |2dtdx =
∫

Ωε
τ

|uε
t |2dx = ‖uε

t (x, t)‖L2(Ωε
τ )

Therefore, basing on what has been discussed above, equality (4.7) can be rewritten
as the form

(−1)mB(uε, uε)(τ) + ‖ut(x, t)‖L2(Ωε
τ )

= Re
∫

Qε
τ

(−1)|α|+m
m∑

|α|,|β|=0

∂aαβ

∂t
DβuεDαuε dx dt− 2 Re

∫
Qε

τ

fuε
t dx dt.

(4.8)

From (4.8), by using inequality (3.4), and Cauchy inequality, we obtain

γ0‖uε(x, t)‖2
Hm(Ωε

τ ) + ‖uε
t (x, t)‖L2(Ωε

τ )

≤ C1

( m∑
|α|=0

∫
Qε

τ

(
|Dαuε|2 + |uε

t |2
)
dx dt + ‖f‖2

L2(Qε
T )

)
.

Therefore,

‖uε(x, t)‖2
Hm(Ωε

τ ) + ‖uε
t (x, t)‖L2(Ωε

τ )

≤ C2

( ∫ τ

0

(
‖uε(., t)‖2

Hm(Ωε
t ) + ‖uε

t (., t)‖L2(Ωε
t )

)
dt + ‖f‖2

L2(Qε
T )

)
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where C2 = C1/min{γ0; 1}. Denote

Z(τ) = ‖uε(x, t)‖2
Hm(Ωε

τ ) + ‖uε
t (x, t)‖L2(Ωε

τ )

We get

Z(τ) ≤ C2

( ∫ τ

0

Z(t)dt + ‖f‖2
L2(Qε

T )

)
.

The Gronwall - Bellmann inequality implies

Z(τ) ≤ C2e
C2τ‖f‖2

L2(Qε
T ), ∀τ ∈ (0, T )

By integrating with respect to τ from 0 to T this inequality, we obtain

‖uε‖2
m,1 ≤ C‖f‖2

L2(Qε
T ), C = C2(eC2T − 1),

where C is a absolute constant. �

In the next proposition, we prove result of proposition 4.2 without conditions
∂kf
∂tk

∣∣∣
t=0

= 0, for k = 0, 1, . . . .

Proposition 4.3. If f ∈ C∞(QT ) and

sup
{∣∣∂aαβ

∂t

∣∣, |aαβ | : (x, t) ∈ QT , 0 ≤ |α|, |β| ≤ m
}
≤ µ,

then generalized solution uε ∈ V m,1
0 (Qε

T ) of problem (3.8), (3.9) in smooth cylinders
Qε

T satisfies the following estimates

‖uε‖2
m,1 ≤ C‖f‖2

L2(Qε
T )

where C is a constant independent of ε.

Proof. Denote

fh(x, t) =


0 if (x, t) 6= Qε

T

f(x, t) if (x, t) ∈ Qε
T , t > h

0, if (x, t) ∈ Qε
T , t ≤ h

for all h > 0. We will denote by gh
2

the mollification of fh; i.e.,

gh
2
(x, t) =

∫
Rn+1

θh
2
(x− y, t− τ)fh(y, τ)dydτ,

where θh is a mollifier. Then gh
2
∈ C∞(Qε

T ), gh
2
≡ 0, t < h

2 and gh
2
→ f in L2(Qε

T ).
Applying proposition (4.2) to replace f by gh

2
, we get uε

h as a generalized solution
of the problem (3.8), (3.9) in Qε

T and the following estimate holds

‖uε
h‖2

m,1 ≤ C‖gh
2
‖2

L2(Qε
T )

where C is a absolute constant. As gh
2
→ f in L2(Qε

T ), {uε
h} is a Cauchy sequence

in V m,1
0 (Qε

T ). Therefore, uε
h → uε, (h → 0). It is easy to see that uε is a generalized

solution of the problem and satisfies the following estimate

‖uε‖2
m,1 ≤ C‖f‖2

L2(Qε
T ).

�

We now prove the existence of a generalized solution to problem (3.8), (3.9) in
QT when f ∈ C∞(QT ).



EJDE-2008/138 INITIAL BOUNDARY-VALUE PROBLEMS 9

Proposition 4.4. Assume that f ∈ C∞(QT ) and

sup
{∣∣∂aαβ

∂t

∣∣, |aαβ | : (x, t) ∈ QT , 0 ≤ |α|, |β| ≤ m
}
≤ µ.

Then problem (3.8), (3.9) in cylinder QT has the generalized solution u ∈ V m,1(QT )
and

‖u‖2
m,1 ≤ C‖f‖2

L2(QT ) (4.9)

where C is a constant independent of u and f .

Proof. By proposition 4.3, the generalized solution uε ∈ V m,1
0 (Qε

T ) of problem (3.8),
(3.9) in the smooth cylinder Qε

T satisfies the following inequality

‖uε‖2
m,1 ≤ C‖f‖2

L2(Qε
T ) (4.10)

where C is a constant independent of ε.
Since ‖f‖2

L2(Qε
T ) ≤ ‖f‖2

L2(QT ), we have

‖uε‖2
m,1 ≤ C‖f‖2

L2(QT ).

Set

ũε(x, t) =

{
uε(x, t) if (x, t) ∈ Qε

T

0 if (x, t) ∈ QT \Qε
T

then
‖ũε‖2

m,1 = ‖uε‖2
m,1 ≤ C‖f‖2

L2(QT ). (4.11)

This means that the set {ũε}ε>0 is uniform bounded in the space V m,1(QT ).
So we can take a subsequence, denote also by ũε for convenience, which converges
weakly to a function ũ0 ∈ V m,1(QT ). We will show that ũ0 is a generalized solution
of problem (3.8), (3.9) in cylinder QT . In fact, for all η ∈ V m,1(QT ), η(x, T ) =
0 there exists ηδ ∈ C∞(QT ) such that ηδ ≡ 0 in QT \ Qε

T , ηδ(x, T ) = 0, and
‖ηδ − η‖m,1 −→ 0 when δ → 0. Since uε is a generalized solution of problem (3.8),
(3.9) in smooth cylinder Qε

T , we have

(−1)m−1BT (uε, ηδ) + 〈uε
t , ηδt〉L2(Qε

T ) = 〈f, ηδ〉L2(Qε
T )

Rewrite this equality in the form

(−1)m−1BT (ũε, ηδ) + 〈ũεt, ηδt〉L2(QT ) = 〈f, ηδ〉L2(Qε
T )

Passing to the limit when ε → 0, δ → 0 for the weakly convergent sequence, we get

(−1)m−1BT (ũ0, η) + 〈ũ0t, ηt〉L2(QT ) = 〈f, η〉L2(QT )

Since V m,1(QT ) is embedded continuously into L2(Ω), the trace sequence {ũε(x, 0)}
of {ũε(x, t)} converges weakly to the trace ũ0(x, 0) of ũ0(x, t) in L2(Ω). On the other
hand, ũε(x, 0) = 0, so that ũ0(x, 0) = 0. Hence, ũ0(x, t) is a generalized solution of
problem (3.8), (3.9). Moreover, from (4.11) we have

‖ũ0‖2
m,1 ≤ lim

ε→0
‖ũε‖2

m,1 ≤ C‖f‖2
L2(QT ).

�

Proposition 4.4 states the existence of generalized solutions of problem (3.8),
(3.9) in V m,1(QT ) when f ∈ C∞(QT ). Using this proposition and properties of
mollification of f ∈ L2(QT ), we obtain the following theorem.
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Theorem 4.5. If f ∈ L2(QT ), and

sup
{∣∣∂aαβ

∂t

∣∣, |aαβ | : (x, t) ∈ QT , 0 ≤ |α|, |β| ≤ m
}
≤ µ,

then problem (3.8), (3.9) in the cylinder QT has generalized solutions u ∈ V m,1(QT )
and

‖u‖2
m,1 ≤ C‖f‖2

L2(QT ),

where C is a constant independent of u and f .

The following theorem shows that the generalized solution u ∈ V m,1(QT ) of
problem (3.8), (3.9) is smooth with respect to time variable t, if the right-hand side
f and coefficients of the operator (3.1) are smooth enough with respect to t.

Theorem 4.6. Let
(i) ∂kf

∂tk ∈ L2(QT ), k ≤ h;

(ii) ∂kf
∂tk

∣∣∣
t=0

= 0, x ∈ Ω, k ≤ h− 1;

(iii) sup
{∣∣∂kaαβ

∂tk

∣∣, k < h : (x, t) ∈ QT , 0 ≤ |α|, |β| ≤ m
}
≤ µ.

Then the generalized solution u ∈ V m,1(QT ) of problem (3.8), (3.9) has generalized
derivatives with respect to t up to order h in V m,1(QT ) and∥∥∂hu

∂th
∥∥2

m,1
≤ C

h∑
k=0

∥∥∂kf

∂tk
∥∥2

L2(QT )

where C is a constant independent of u and f .

This theorem is proved by arguments analogous to those in the proof of propo-
sitions 4.2, 4.3, 4.4 and by induction on h.
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