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UNIQUE SOLVABILITY OF INITIAL BOUNDARY-VALUE
PROBLEMS FOR HYPERBOLIC SYSTEMS IN CYLINDERS
WHOSE BASE IS A CUSP DOMAIN

NGUYEN MANH HUNG, VU TRONG LUONG

ABSTRACT. We study initial boundary-value problems for hyperbolic systems
of divergence form of arbitrary order in cylinders whose base is a cusp domain.
Our main results are to prove the existence, uniqueness and the smoothness
with respect to time variable of generalized solutions of these problems by
using the method which we will denote as “approximating boundary method”.

1. INTRODUCTION

The boundary problems for hyperbolic systems in smooth cylinders have been
well studied. Fichera [6] established the existence and the uniqueness of generalized
solution, and he had proved that if the right-hand parts, the coefficients and the
boundary are infinitely differentiable, so is the solution. In the case, when the non-
smooth cylinders, the indicated methods can not be applied since it is impossible
to straighten the boundary by a smooth transform.

In this paper, We consider the initial boundary-value problems for hyperbolic
systems in cylinders Qr = Q x (0,7),0 < T < 400, with base {2 is a cusp domain.
In section 2, it is shown that the existence of a sequence of smooth domains {Q°}
such that Q¢ C Q and lim._,o Q° = Q; moreover, if  has a cusp point on boundary
09, then I' = 9Q2°N 0N is a smooth (n—1)-dimensional manifold of the class C*°. In
section 3 we set up notation and state the initial boundary-value problems. Section
4 establishes the existence, uniqueness and the smoothness with respect to time
variable of generalized solutions of these problems by the approximating boundary
method and results in Fichera [6].

The main idea is to apply Theorem [2.I] from Section 2 to establish the unique
solvability of the mentioned problem in V™1(Q7), where V™1(Qr) is a closed
subspace of H™!(Qr), and Garding’s inequality holds in V"™1(Qr).

2. APPROXIMATING BOUNDARY THEOREM

Theorem 2.1. Let 2 be a bounded domain in R™. Then there exists a sequence of
smooth domains {Q°} such that QF C Q and lim._o Q2° = Q.
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Proof. For € > 0 arbitrary, set S¢ = {z € Q : dist(z,0Q) < ¢},Q° = Q\ S° and
09 is the boundary of Q°. Denote by J(x) the characteristic function of Q¢ and
by Jp(z) the mollification of J(x), i.e,

Jn(x) = - On(x — y)J (y)dy,

where 0}, is a mollifier. If A < §, then Jj,(z) has following properties:
(1) Jn(z) =0 if 2 ¢ Q=/2;
(2) 0 < Jp(z) <15
(3) Jn(x) =1 in Q%;
(4) Jp € C=(R").
We now fix a constant ¢ € (0,1), and set Q5 = {x € Q: Jp(x) > ¢}. Tt is obvious
that Q°/2 5 Q D Q2. Therefore, Q5 C Q and lim. Q5 = Q, 995 = {z € Q :
Jn(x) = c}.

Assume that K is a critical set of J,. By Sard’s theorem u(J(K)) = 0, it
implies that there exists a constant ¢y € (0,1) such that {z € Q : Jy(x) = co} is
not a critical set of Jj,.

Denote Q= {z € Q: Ju(2) > ¢o} and F(z) = Ju(2) — co. If 20 € 9Q5,, then
F(2°) = Ju(2°) —co = 0 and gradJy, (z°) # 0. This implies there exists a g‘i’: (20) #
0, without loss generality we can suppose that g%‘b(xo) # 0. Using the implicit

function theorem, there exists a neighbourhood W of (9,...,2% ;) in R*"~1 a

neighbourhood V of 20 in R and an infinitely differentiable function z : W — R
such that z € U,oNIQY, , (where Uyo = WxV) ifand only if v = (21,...,7,) € Uy,
Xy = 2(21,...,2n—1). Hence, Q, is smooth and lim. o 2%, = . The theorem is
proved. [l

Suppose domain {2 is not smooth at one isolated point. The definition is a formal
description of domains with a cusp point.

Definition 2.2. We call a bounded domain 2 C R™ a exterior cusp domain if
(1) O € 99,00\ {O} is a smooth (n — 1)-dimensional manifold of the class
Cce.
(2) Denote =’ = (x1,22,...,2n_1), then
{reQ:0<z,<1}={z=(2',z,) eR": |2/| <2k}, k>1
Definition 2.3. We call a bounded domain Q C R™ a interior cusp domain if
(1) O € 99,09\ {O} is a smooth (n — 1)-dimensional manifold of the class
Cce.

(2) Denote ©' = (x1,22,...,2n_1), then
{reQ:0<z,<1}={z=(2,2,) ER": |2/| > 2}, k>1
Let . € C°(R4), 0 < & < 1/4, satisfying 0 < ¢. < 1 and
we(t) =1, YVt <e, @(t) =0, Vt> 2e.
When 2 is a exterior cusp domain, we set
.= {z eR": 2k = (1 —p.(|2'])|2']| + 2c-(]2']), 0 < z,, < 1}.
When ) is a interior cusp domain, we set

e ={z €R" 1w = (L + pe(|2']))]2’V* — (26)*pe(la']) wn < 1}
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Denote 9p2 = {x € 90 : 2k = |2/|,0 < 2, < 1}. If |2/| > 2¢ then ['. C 912 else
I'. C Q. We will denote by Q¢ C Q a domain with boundary 0Q2° = I'. U (92 \ 0p€2)
then {Q¢} is a smooth domain sequence, and lim._,o Q° = Q.

3. STATEMENT OF THE PROBLEM

Set Qr = Q@ x (0,7), Q5 = Q° x (0,T7), 0 < T < +o0, Q; = Q x {t = 7}.
For each multi index o = (ay,...,ap) € N set |a| = a1 + -+ + a, and D* =
dlel oz ... 9x%n. Let us consider the partial differential operator of order 2m

L(z,t)= Y D" (aap(x,t)D?), (3.1)

lexl,181=0
where a,3 are s x s matrices whose entries are complex valued functions, and
Qg = (71)‘0"*‘@(1*043. a*op denotes the transposed conjugate matrix of ang, and
aqp are infinity differentiable in Q7. We assume that there exist a constant co > 0
such that
S aap(@, HEER T > coleP™ Inl?, (3.2)
lee|=|8|=m
for all ¢ € R*\{0},n € C*\{0} and all (z,t) € Q.
In this paper, we use the usual functional spaces:

C (Qr),C™(Qr), L2(Qr), L2(), H™ (), H™ (L)
(see [3 [l 6l [7] for the precise definitions). We introduce some functional spaces
which will be used in this paper.

H™(Qr) is the space consisting of all functions u = (u1,...,us) from La(Q7)
which have generalized derivatives up to order m by x and up to order 1 by ¢ and
belonging to La(Q7). The norm in this space is defined as follows:

- 1/2
lullma = (3 / (1Dl + furf?) o ar) "
lal=0"@T

where |D%u|? = 37 | [ DYy, |?, Jue* = Y5, |6ui/8t|2.

o m,l

H (Qr) is the closure in H™!(Qr) of the set consisting of all functions in
C*(Qr), vanish near Sp = 9Q x (0,T).

V™1l(Qr) is a closed subspace of H™!(Qr) having the following properties:

om,l

) VvmiQr) > H  (Qr);
(ii) Denote by

m

Br(u,v) = Z (—1)lel / op(x, t)DPuDv dx dt
lal,|B8]=0 T
and for ¢ € [0,7),
B(u,v)(t) = Z (—1)'“‘ / aag(x,t)DﬁuDavdw, Yu,v € V™H(Qr),
jal,181=0 ¢

then for all u € V™1 (Q7) satisfy
(=) B(u,u)(t) > 70||u(.,t)H%Im(Q),'yo >0, Vtin[0,T). (3.3)
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(iii) Assume that xg € 9Q,U is a neighbourhood of zy in R™ and denote by
I=(QnU)x(0,T). Let £ € 8’00(1) and v € V™1(Qr), then &v € V™1i(T).
In the case, V™1 (Qr) = ;Im, (Qr) or V™1 (Qr) = H™(Q7r), condi-
tion (iii) is obvious.
Suppose that {Q°} is a sequence of smooth domains as above, we set
0

VOmyl(Q%) = {’IL € Vm’l(Q%) . w L = 07] = 0717"'7m_ ]‘}

where Tl = {z € T, : |2/| < 2¢}. Then V™' (Q%) is closed subspace of V™1(Q5).
By zero extension of u € Vg™ (Q5) out of Q5, we regard that u € V™ (Qr);
therefore, from (3.3 we get the inequality

(=)™ B(u,u)(t) = Yollu.,t)l[Fm(qey, 70 > 0, for all t € [0,T),  (3.4)

holds for all u € V;™'(Q%).
We have the following results obtained in [6].

Theorem 3.1 ([6]). If f € C~(Q7) and % o= 0, for k=0,1,..., then there
is the unique function u € Cm(@;) such that
(D)™ 'Lz, t)yu —uy = f(x,t)  in Q5 (3.5)

satisfies initial conditions u(x,0) = u.(x,0) = 0; moreover, u € Vg™ (Q%) and
boundary conditions

(L(z,t)u,v) 1, = B(u,v)(t) (3.6)

holds for all v € Vom’l(Q%) and all t € [0,T), where the scalar product is

(U, v) L, (05) = / uvdzx.
In the cylinder @7, we consider systems
(=)™ Lz, t)u — uge = f(x,t), (3.7)
where f € La(Qr).

Definition 3.2. A function u € Vm’l(QT) is a generalized solution of initial
boundary-value problems for systems (3.7)) if it satisfies following equalities:

(_1)m71BT(u7 77) + <ut, nt>L2(QT) = <fa 77>Lz(QT) (38)
for all test function n € V™!(Qr),n(xz,T) = 0, and initial conditions holds

u(x,0) = u(x,0) = 0. (3.9)

o m,l
In particular, V"™1(Qr) = H (Qr) or V™1 (Qr) = H™(Qr), then we have
definition of generalized solutions of the fist initial boundary-value problem or sec-
ond initial boundary-value problems for system (3.7)).
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4. THE UNIQUENESS AND EXISTENCE THEOREMS

In this section, we investigate the unique solvability of initial boundary-value
problems for the systems (3.7)). We start with studying the uniqueness theorem.

Theorem 4.1. Assume that for a positive constant p,

Sup{| | laas] : (@,t) € Qr,0 < o], |8 < m} < .

Then the initial boundary-value problems (@, (@) for systems (W has no more
than one generalized solution in V'™ (Qr).

Proof. Suppose that problems (3.8, (3.9) has two solutions uy,us in V™1(Qr).
Put u = uy — ug, (3.8) implies

(=1)" " Br(u, 1) + (us,76) Ly (@) = 0 (4.1)
for all n € V™Y(Qr),n(x, T) = 0. For b € (0,T), we set

_ ift e (b,T)]
nie.t) = {fb u(z,7)dr ift€]0,b].

It is easy to check that n(z,t) € V™1 (Qr), ni(z,t) = u(z,t),n(x,T) = 0. Put
n(z,t) in (4.1]), we have

b
(‘Umfl/ B(ne,m)(t)dt +/ NNy d dt = 0.
0 b
Adding this equality with its complex conjugate, we obtain

b
zRe(_1)m—1/ Bl O+ | O 2 ddt = 0. (4.2)
0

Qb
We have

2 Re/o (=1)™ ' B, ) (t)dt

:/(_1)m 8t( (m,m)(t )dt+Re Z / ‘aHmaaaﬁD%D“ndﬂcdt
0

lal,[8]=0
= (=)™ [B(n,1)(b) — B(n,n)(0)]
" da S
_1\lal+m %8 Hp «
+ Re Z /Q,,( 1) 5 DPnDendz dt.
lal,|B8]=0
Since B(n,n)(b) = 0, it implies

b
2Re [ (=1 Bl )0

0

e (4.3)

= (=1)"B(n,1)(0) + Re Z / 1)leltm aﬁDﬁnDandacdt.

lae],|81=0

and since n;(z,0) = u(z,0) = 0,

// —|n¢|Pdtda —/ ¢ (,b)|2da. (4.4)
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Put (4.3) and(d.4) in (4.2)), we obtain

(1" B0+ [ (ot
(4.5)
Z / 1)leltm= 18;“5D577D“ndxdt
Ia\ |8]=0
Set
0
vo‘(x,t):/ D%u(x,7)dr, t€]0,b]
t
then

0 0
v¥(z, b) :/ Dau(x,T)dT:/ D%y (x, 7)dT = D%n(x,0).
b b
Using (3.3]) we have
("B 20 [ 3 D 0fdr =m0 [ 3 W oPar (10
|a[=0 |la[=0
From equality m, we use (4.6) and Cauchy inequality, we will obtain
'yO/Zh) zb2dz+/|vxb|2dx<K1 Z|v (z,t)|? dz dt
|a]=0 @ |a|=0

set K = K1/~ is a constant independent of b, then
/ Z|v z,b) 2dgc<K/ Z|v (z,t)|?zdt
lo]=0 @ Jal=0
By setting

/Z|v (z,b)*dz

|a]=0

<K/

The Gronwall-Bellmann inequality implies y(b) = u(z,b) = 0, for all b € (0,T") and
all x € ©; hence, u =0 in Q. [

we have

Now, we establish the existence of generalized solutions of mentioned problems
by the approzimating boundary method. Firstly, we will prove some following needed
propositions.

Proposition 4.2. If f € C®(Qy), & =0, fork=0,1,... and

7k
Btt

sup{f ||aag| (z,t) € Qr,0 < al,|8] <m} < p,

then the generalized solutions u® € Vom’l(QET) of problem @, , in smooth
cylinders Q% satisfies the estimate

lul7s < CllAILL 05

where C' is a constant independent of .
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Proof. By Theorem we have uf € C®(Qr) N Vo™ (QF), satisfying systems
(3-5), boundary conditions and initial conditions u®(z,0) = uf(z,0) = 0, it is
clear that u® is the generalized solution of problem 7 in Q7.

After multiplying by uf, integrating on QZ, (7 < T'), we obtain

(—1)m—1/ / Lukigdmdt—/ / ugtfgdxdtz/ fug da dt.
0 e 0 JQk Qs

From that, and using equality (3.6)), we get
(—1)7”/ B(uiuf)(t)dt—i—/ / ubuf do dt = — fug dx dt
0 0o Jas Qs
Adding this equality with its complex conjugate we obtain

(fl)mQRe/ B(us,uf)(t)dtJr/ / g|u§|2dtdm:72Re/ fus dzdt. (4.7)
0 < Jo ot Q= ’
We now change the left terms of (4.7)
2(—1)mRe/ B(u®,uf)(t)dt
0
— (~1)™ Re / g(B(uE uf)(0) )t
o Ot ’

m
_Re / > (it e oy D da
Q% ,8=0

(—l)laHm%DﬁueDo‘us dz dt.

— (—1)™ Re B, uf) () — Re/

Qs a,3=0

Using the initial conditions, we get

T
/ / aWﬂthdm:/ g P = [Jug (2, t)|| Ly (o)
= Jo Qs

Therefore, basing on what has been discussed above, equality (4.7) can be rewritten
as the form

(=D B, u) (1) + [lue(2, )] Ly 02)

" Oa - (4.8)
:Re/ (-p)lettm N 2B DOy DeuE dedt — 2Re | fufdedt.
o oitai-o & o

From (4.8)), by using inequality (3.4), and Cauchy inequality, we obtain
70\\us(3?7t)||§1m(95) + [Jug (2, 1) || Ly (02)
<a( Y /Q (1D 4 [uf?) da it + 1 £, 05, )

|a]=0

Therefore,

1 (@, ) Fm e + g (2. 8) [ Loz

<o / (1" C BBy + 15 G Dl o) ) e+ 1710
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where Cy = Cy /min{vp;1}. Denote
Z(7) = |lu* (2, 1) [[Fpm (e + lluf (@, )| 2 02)
We get B
2tr) < o [ 200t + 111 a5 )
The Gronwall - Bellmann inequality implies
Z(r) < C2eC2T||f||i2(QET)7 vr € (0,7)
By integrating with respect to 7 from 0 to T this inequality, we obtain
w5 < ClfIZ, 005y € = Cale®T = 1),
where C' is a absolute constant. O

In the next proposition, we prove result of proposition without conditions

ok f - —
Wt:O—O,fork—OJ,....

Proposition 4.3. If f € C*°(Qy) and
Ot
sup {| =527, |aas| : (x,t) € Qr,0 < |al,|8] < m} < p,

then generalized solution u® € Vom’l(Qi}) of problem @, in smooth cylinders
Q% satisfies the following estimates

w17 < CllFIL 0z
where C' is a constant independent of €.

Proof. Denote
0 ()G
In(z,t) =< f(z,t) if (z,t) € Q5,t>h
0, if (x,t) € Q5,t < h
for all h > 0. We will denote by gn the mollification of fy; i.e.,

gu(x,t) = / 0
2 Rn+1

where 6}, is a mollifier. Then g € Cw(@),g% =0,t< % and gn — fin La(Q%).
Applying proposition 1) to replace f by g n, We get uj, as a generalized solution
of the problem (3.8), (3.9) in Q5 and the following estimate holds

i1 < Cllgs

(x —y,t —7)fuly, 7)dydr,

(MBS

2
L2(Q%)
where C is a absolute constant. As gr — fin Ly (Q%), {u5} is a Cauchy sequence

in V"' (Q%). Therefore, us, — u®, (h — 0). Tt is easy to see that u is a generalized
solution of the problem and satisfies the following estimate

w71 < ClFIZ,0z)-
O

We now prove tge existence of a generalized solution to problem (3.8]), (3.9) in
Qr when f € C®(Qr).
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Proposition 4.4. Assume that f € C*®(Qr) and

sup{! "! laag| = (z,1) € Qr,0 < |al,|8] <m} < u.

Then problem (@, (.) in cylinder Qr has the generalized solution u € V™ (Qr)
and

lullom.1 < ClFILL @) (4.9)
where C' is a constant independent of u and f.

Proof. By proposition the generalized solution u® € Vom’l(Q%) of problem 1 ,
(3-9) in the smooth cylinder Q% satisfies the following inequality

w71 < ClIFIL, 5 (4.10)

where C' is a constant independent of .
Since ||f||L2 Q) = ||f||L2(QT), we have

lellZ 1 < ClFIZ0m)-

~ ) uf(a,t) if (2,1) € Q%
e (@, ) = {0 if (2,t) € Qr \ Q5

Set

then
el = a5 < ClAL - (4.11)
This means that the set {iu.}.~o is uniform bounded in the space V"™ (Qr).

So we can take a subsequence, denote also by u. for convenience, which converges
weakly to a function up € V™! (Qr). We will show that ug is a generalized solution

of problem , in cylinder Q7. In fact, for all n € V™Y Qr),n(z,T) =
0 there exists 75 € C°°(Qr) such that 75 = 0 in Qr \ Q5,ns(z,T) = 0, and
Ins — 1llm,1 — 0 when 6 — 0. Since u® is a generalized solution of problem ,
in smooth cylinder %, we have

(=)™ " Br(u®, m5) + (U, M5t) L2(05) = (> 16) La(03)

Rewrite this equality in the form

(=)™ ' By (e, 15) + (Uet, Nt) Lo(@r) = (F>75) L2(Q5)

Passing to the limit when € — 0,0 — 0 for the weakly convergent sequence, we get

(=)™ ' Br(to,n) + (Gots 1) 12(Qz) = (1) La2(Qr)
Since V™1(Qr) is embedded continuously into Ly(£2), the trace sequence {u.(z,0)}
of {u.(x,t)} converges weakly to the trace @g(x,0) of Ugp(z,t) in La(€2). On the other
hand, . (z,0) = 0, so that ug(x,0) = 0. Hence, @p(x,t) is a generalized solution of

problem (3.8)), (3.9). Moreover, from (4.11]) we have

[oll7, 1 < lim [T ]|7, 1 < CIFIZ, @n)-

e—0

O

Proposition states the existence of generalized solutions of problem (3.8]),
(3.9) in V™(Qr) when f € C>®(Qs). Using this proposition and properties of
mollification of f € Lo(Qr), we obtain the following theorem.
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Theorem 4.5. If f € Ly(Qr), and

Oae
sup {| 22 [as | : (2,) € Q.0 < |al, 18] < m} < p,

then problem (@, in the cylinder Qr has generalized solutions u € V™1 (Qr)
and

ullon1 < CIFIL Q)
where C' is a constant independent of u and f.

The following theorem shows that the generalized solution u € V™1(Q7) of
problem (3.8)), (3.9) is smooth with respect to time variable ¢, if the right-hand side
f and coefficients of the operator (3.1]) are smooth enough with respect to ¢.
Theorem 4.6. Let

. k
() G5t € Lo(Qr). k< b
() 2L =0,z2€eQ, k<h—1;
=0

otk
ka
(iii) sup {| %2 |k < h: (2,t) € Qr,0 < |al,|8] <m} < p.
Then the generalized solution u € V™1 (Qr) of problem (3.8)), (3.9) has generalized

derivatives with respect to t up to order h in V™ (Qr) and

M2 h OFf 2
[l C;} [l P

where C' is a constant independent of u and f.

This theorem is proved by arguments analogous to those in the proof of propo-
sitions [£:2] [4:3] [£-4) and by induction on h.
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