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MULTIPLE POSITIVE SOLUTIONS FOR SINGULAR m-POINT
BOUNDARY-VALUE PROBLEMS WITH NONLINEARITIES
DEPENDING ON THE DERIVATIVE

YA MA, BAOQIANG YAN

ABSTRACT. Using the fixed point theorem in cones, this paper shows the ex-
istence of multiple positive solutions for the singular m-point boundary-value
problem

2 () + (O f (L a(D),a' () =0, 0<t<1,

m—2

(0)=0, z(1)= Y ax(&),

i=1
where 0 < &1 < €2 < -+ < &m_2<1,a; €10,1),5=1,2,...,m — 2, with
0< 211712 a; < 1 and f maybe singular at x = 0 and 2’ = 0.

1. INTRODUCTION

The study of multi-point boundary-value problems (BVP) for linear second-order
ordinary differential equations was initiated by II’in and Moiseev [5l [6]. Since then,
many authors have studied general nonlinear multi-point BVP; see for examples
[, 7], and references therein. Gupta, Ntouyas and Tsamatos [4] considered the
existence of a solution in C[0, 1] for the m-point boundary-value problem

() = f(ta(t), 2 () +e(t), 0<t<L,

m—2 1.1
0 =0, 2(1) = Y w6, (L)

where & € (0,1), i =1,2,....m—2,0 < & < & < - < &pa <1, a; € R,
1=1,2,...,m—2, have the same sign, 27;2 a; #1,ee€ L'0,1], f: [0,1]xR? = R
is a function satisfying Caratheodory conditions and a growth condition of the form
|f(t,u,v)| < p1()|ul + qi(t)|v| + r1(t), where p1, g1, r1 € L'[0,1]. Recently, using
Leray-Schauder continuation theorem, Ma and O’Regan proved the existence of
positive solutions of C'*[0, 1) solutions for the above BVP, where f : [0,1] x R? — R
satisfies the Carathéodory conditions (see [I7]). Khan and Webb [I0] obtained
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a interesting result which presents the multiplicity of existence of at least three
solutions of a second-order three-point boundary-value problem. However, up to
now, there are a fewer results on the existence of multiple solutions to . In
view of the importance of the research on the multiplicity of positive solutions for
differential equations [T}, [2, [5, @] 10, 111 [12] 14], 5], the goal of this paper is to fill
this gap in the literature.

There are main four sections in this paper. In section 2, we give a special cone
and its properties. In section 3, using the theory of fixed point index on a cone, we
present the existence of multiple positive solutions to with f may be singular
at 2’ = 0 but not at x = 0. In section 4, under the condition f is singular at
7' = 0 and x = 0, we present the existence of multiple positive solutions to .
In section 5, under the condition f is singular at z = 0 but not at ' = 0, we present
the existence of multiple positive solutions to .

2. PRELIMINARIES

Let C'[0,1] = {x : [0,1] — R such that z(¢) be continuous on [0, 1] and z'(¢)
continuous on [0, 1] } with norm ||z| = max{y||x||1,vd|/z|l2}, where

ol = max O, llella = s 4/,
m—2 m—2
v = zlzl__lz?,:_(llz;z)» o= ; ai(1—&).
Let
P ={zeC0,1] : a(t) = 7llzll1, ¥t € [0, 1], 2(0) = &]|z|2}.
Obviously, C'[0,1] is a Banach space and P is a cone in C*[0, 1].

Lemma 2.1. Let Q be a bounded open set in real Banach space E, 0 € ), P be a
cone in E and A: QN P — P be continuous and completely continuous. Suppose

Mazx £z, YeredQNP e (0,1]. (2.1)
Then i(A,QN P, P) = 1.

Lemma 2.2. Let Q be a bounded open set in real Banach space E, 0 € Q, P be a
cone in E and A: QN P — P be continuous and completely continuous. Suppose

Az Lz, YredQNnP. (2.2)
Then i(A,Q2N P, P) = 0.

Let Ry = (0,+0), R_ = (—00,0), R = (—00,400). The following conditions
will be used in this article.

a(t) € C(0,1)NLY0,1], a(t) >0, t € (0,1); (2.3)
feC(0,1] x Ry x R_,[0,400));

(
There exists g € C([0,+00) X (=00, 0], [0, +00)) such that
[t y) < g(a,y),V(t,z,y) € [0,1] xRy xR_. (2.5)
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For x € P and t € [0, 1], define operator

(Ax)(t) = - / (t — $)a(s) (5, 2(s)'(5))ds
1

+ 772

1= a

m—2 &i
=X [ 6 a5 ) s

1
([ a=9aseat.aeas o

Lemma 2.3 ([I7]). Assume [2.1). Then for y € C[0,1] the problem

2" +y(t)=0,t € (0,1)

m—2 m—2 27
2'(0) = Z bir'(&), (1) = Z a;iz (&) &7

has a unique solution
t
z(t) = — / (t —s)y(s)ds + Mt + N, (2.8)
0

where,

S [ als)y(s)ds
S b — 1
1

N = 1_z:m_?(/ol(l — s)a(s)y(s)ds — Tgai /5 (& — s)a(s)y(s)ds

i=1 @i 0

M =

)

b o als)y(s)ds RS
_ 2217102 bl - 1 (1 — ; a1§1)>

Further, if y > 0, for all t € [0,1], x satisfies

inf x(t) > 2.9
teu[%’ux()_'ﬂ\xllla (2.9)

where v = (Z?;IQ a;(1— fz))/(l — 2?1_12 aifi).

Lemma 2.4. Suppose (2.3)—(2.5)hold. Then A: P — P is a completely continuous
operator.
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Proof. For z € P, from (2.6)), one has
1
(Az)(t) > —/O (1 —s)a(s)f(s,x(s),2(s))ds
7(/0 (1= s)a(s) f(s, 2(s), &' (s))ds

(2.10)

B ]. — ZZEQ a;

1
< — 5 a(s)ds max c,c) < +o0, te]0,1],
Y /o () ol <o 209 ) 0.1]
(2.11)

(Az) (1)) = | - / a(8) (s, 2(s)a’ ())ds|

:/ a(s)f(s,z(s)2’(s))ds
0 (2.12)

§/0 a(s)f(s,x(s)z'(s))ds

1

/

< a(s)ds max g(c, ) < 400,
0 0<c< |||, —||z]|<e’<0

which implies that A is well defined.
1

(Az)(0) = TS

1
( / (1 - s)a(s) f (s, 2(s), ' (s))ds
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m—2 &
- Z / (& — s)a(s)f(s, 2(s), 2’ (5))ds)
1 1 /
> Ty Z / (1~ s)als)f (s, 2(s), 2'()ds

—Z /  — 5)a(3) £ (5, 2(5), &' ())ds)

m— 1
= Y wll=6) [ alf(sal)a (9)ds

=1

On the other hand,

Al = o [(42) 1)
= max | = [ a(o)(s.a(e)a/ ()

[ o).ty s)as.
0

Then
(A2)(0) > 8]| Az (2.13)

By Lemma we have (Az)(t) > v||Az|1. As a result Az € P, which implies
AP C P. By a standard argument, we know that A : P — P is continuous and
completely continuous. O

3. SINGULARITIES AT 2’ =0 BUT NOT AT 2 =0

In this section the nonlinearity f may be singular at 2’ = 0 but not at x = 0.
We will assume that the following conditions hold.

(H1) a(t) € C(0,1) N LY0,1], a(t) > 0, t € (0,1)

(H2) f(t,u,2) < h(w)[g(z) + r(2)], where f € C([0,1] x Ry x R_,R}), g(2) > 0
continuous and nondecreasing on R_, h(u) > 0 continuous and nondecreas-
ing on Ry, r(z) > 0 continuous and non-increasing on (—oo, 0J;

(H3)

c
sup

cER4 —%I’l(h(c) fol a(s)ds)
i=1 @i

> 1,

where I(z) = f: Wj_‘r(u), zeR_;

(H4) There exists a function g1 € C([0,400) X (—00,0],[0,+00)), such that
fltu,2) > g1(u,2),¥(t,u,2) € [0,1] x Ry x R_, and lim,—, 4 W =
~+00, uniformly for z € R_.

(H5) There exists a function ¥y € C([0,1],Ry) and a constant 0 < ¢ < 1 such

that f(t,u,z) > Wy (t)ud, for all (t,u,z) € [0,1] x [0, H] x R_.
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For n € {1,2,...} and x € P, define operator

(4a2)(0) = = [ (€= 9as)fs.2(6). 12/ (5)] ~ Ly
1

1 / .
* 1_27“"_—1%(/0 (1= s)a(s)f(s,2(s), |2/ ()] — ~)ds 65.1)

m—2 i , 1
_ ; ai/o (& — s)a(s)f(s,2(s), —[2'(s)| — ﬁ)d'S)’ telo,1].

Theorem 3.1. Suppose (H1)—(H5) hold. Then (1.1)) has at least two positive so-
lutions 0,1, w02 € C10,1] N C%(0,1) with zo1(t),z02(t) >0, t € [0,1].

Proof. Choose Ry > 0 such that

R
SrTee ! - > 1. (3.2)
S5, T (AR fy als)ds)
From the continuity of I=! and h, we can choose € > 0 and ¢ < R; with
R
S g1 : 1 > 1, (3.3)
—71fi:1_12'ai I—l(h(Rl)fO a(s)ds + I(—¢))

no € {1,2,...} with nio < min{e, §/2} and let Ny = {ng,no+1,...}.
Lemma guarantees that for n € Ny, A,, : P — P is a completely continuous
operator. Let

O ={zecC'0,1]:||z|| < Ry}
We show that
x # pApz, Ve PNoQy, pe (0,1, n € Np. (3.4)

In fact, if there exists an xg € PN 0Q; and po € (0,1] such that zg = poA,xo,
t
1
rolt) = 1o [ (0= s)ale) (s, 205, ~lah(s)] - )
0

S 1 / 1
: 1—2”1(/ (1= s)a(s) (s, 70(s), ~lap(s)] — ~)ds

m—2 i
=Y o [ (6 = el mn(e). ~fap(s)] — )ds). € 0.1

Then
oh(t) = =0 [ a()f(s.an(e)~lei(s) - D)ds, VeIl (35)

Obviously, z;(t) <0, t € (0,1), and since zq(1) > 0, zo(t) > 0,t € [0, 1]. Differen-
tiating (3.5)), we have
1

wo(t) + poal(t) f(t, zo(t) 2o(t) = =) =0, 0<t <1,

m—2 (36)
25(0) =0, (1) = Z a;z0(&)-
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Then

—x((t) = poalt) f(t, xo(t), zq(t) —

—ap ()
g (t) = 3) +r(zp(t) = 3)
Integrating from 0 to ¢, we have

/ 1 1 t .
I(zo(t) — g) - I(_ﬁ) < /0 a(s)h(zo(s))ds < h(Rl)/o a(s)ds,
and t
I(xo(t) — %) < h(Rl)/O a(s)ds + I(—e)
Then t
() > 1 1(h(R1)/O a(s)ds + T(—o)
that is,
—xp(t) < —]—1(h(R1)/O (s)ds + I(—¢)), t€(0,1)
Then
I 1_x/ss_ 11a1f7
e I-En e /0 o1 1- Z£12 a;
1 Lo .
= 1_232"_12%/0 -1 (h(Rl)/O a(T)dT+I(—5))ds
ZZZIQ a; & 1 s B
e E [Ty [t 1
1 1 o 1a o ) s
- 1—2’”/ ! (h<R1>/O (r)dr + 1(~¢))d
I T e . ! o
1-2;’;—12 ai/O 1 (h(Rl)/o a(r)dr + I(—¢))d
L4+ 30 i . 1
:TZL}%(_I (h(Rl)/O a(s)ds + 1(~2)) ).
Since x(0) > xo(t) > v||zoll1 > v20(0) > ¥d||z0ll2, 20(0) > [lz0] = R1,
Ry .
%I h(R1) fo (s)ds + I(—¢))

which is a contradiction to (3.3). Then (3.4) holds.
From Lemma 2.1} for n € NO7

(A, QNP P)=1.
Now we show that there exists a set {25 such that

Apx Lz, Vr e ddaNP.

(3.7)



8 Y. MA, B. YAN EJDE-2008/147

Choose a* with 0 < a* < 1. Let
N = ( ! )_1 +1.
ya Wfo a(s)ds
From (H4), there exists Ry > Ry such that
91 (z, y) > N'z, Vx> Ry, yeR_. (3.11)

Let Q9 = {x € C[0,1] :

A:vﬁx, Yz € 0Qy N P.

In fact, if there exists xg € 022 N P with zg > A,xo. By the definition of the cone
and Lemma [2.3] one has

R
2o(t) 2 7|0}y = 42(0) > ybzoll2,  wo(t) > —F > Ray VEE[0,1],

from (3.11)),

Yxo(t) > yAnzo(t)

s zlm—% </01(1 — s)a(s)f (s, wo(s), ~lzh(s)| — )ds
i=1 7
Wfaz /051(6, —s)a(s)f(s,zo(s), —|zo(s)| — )ds)>

1 1
# gy () 0 a0l i) - s
m-2 g
X | (6= sates(a.mute). ~lap(o)] = L)ds))
Yita [t 1t () — Svds
> (gm0 o), 1wt )a
£ 36 9l ol o) = iy
1=
’Yzz 1 al( — &) ! R~ _l s
T /0 a(3)F (s, 20(s), ~Ih(s)| — )
> ”Zl’_lzii(lz;f” [ aslanteots). o)~ s
'YE az( _gz) ! *
> 1_122?12% /0 a(s)dsN*xo(s)

. 1
Z *’YZZ 1 al( 57«)/ a(s)dsN*%>&
0

m—2 *
1- szl a; a
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Then ||zo|| > v||zoll1 > %, which is a contradiction to zg € 9Qs N P. Then (3.10)
holds. From Lemma

(A, QNP P)=0. (3.12)

which with guarantee that
i(An, (2 — Q)N P, P)=—1. (3.13)
From this equality and , A, has two fixed points with =, 1 € Q1 N Pz, 2 €

(Qz — Ql) nP.
For each n € Ny, there exists x,, 1 € 1 N P such that z, 1 = A, 2, 1; that is,
¢
1
) = = [ (¢ = 9)als) (5. 01(5), a1 5)] — )i
0
1

+7
1-3" %

(] 0= s)aef(oumnn(o).~latals)l = s (a1

As in the proof of (3.5), we have z;, ;(t) <0, ¢ € (0,1) and

t
Thall) = = [ a(6)f(s,000(9).000(5) = T)ds, e Now € 0.1

Now we consider {zy,1(t)}nen, and {2}, (t)}nen,. Since ||z, 1| < Ry, it follows
that

{Zn1(t)} is uniformly bounded on [0, 1], (3.15)
{7, 1(t)} is uniformly bounded on [0, 1]. (3.16)

Then
{zn,1(t)} is equicontinuous on [0, 1]. (3.17)

As in the proof as (3.6]),
1
x4 (t) + alt) f(t, xp (), 2, 1 (1) — E) =0, 0<t<1,

m—2 (318)
‘Tfn,l(o) = 07xn71(1) = Z aixn,l(gi)-
i=1
Now we show that for all 1,5 € [0, 1],
1 1 t2
(@ (t2) = =) = (@1 () = S < h(Ba)| | a(t)di]. (3.19)
t1

From (3.18)),

1 (1) = a(0) (0 (0) 7 ()~

< a(t)h(@n,1 (1)) [g (2,1 () —

)

~—

)+ ()~ 1)), Vie ©,1),

S|

and

2 (6) = —a0) (2 (1), 2 (1) —

> —a(t)h(wn1 (1) [g(xh1 (t) —

~—

) () — %)], vt e (0,1),

S|
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SO
_37;;,1@)
9B D)+ r(@a 0 = L) < a(t)h(zna(t)), Yt € (0,1), (3.20)
and
xz’l(t) > —a(t)h(zs,1(t)), Vte(0,1). (3.21)

g(x), 1 (t) = ) +r(a), (1) = )
Then, for all ¢1, ty in [0,1] and ¢ < to,

to 1 , 1 to
| /t1 9(37;1,1(3) — %) T2 1<5> — %)d(l‘n’l(s) - ﬁ)| < h(Rl)/tl a(t)dt

n7

Inequality (3.19) holds.
Since I~! is uniformly continuous on [0, I(—R; — ¢€)], for all € > 0, there exists

¢’ > 0 such that
I (s1) — I (s2)| < & V|s1—sa| <€, 51,80 €[0,I(—Ry — €)]. (3.22)
And (3.19) guarantees that for ¢ > 0, there exists ¢’ > 0 such that

1 1
1@ a(t2) = ) = Iy (0) = )| < €,V [t —tal < &, 1,02 € 0,1]. (3.23)

From this inequality and (3.22)),
1 1
@ 1(t2) = @0 1 (02)] = [ 1 (82) = - = (s, @ﬂ*?l
_ 1 1 .24
= [ (I 4 (t2) — =) — da ) -y B2
n n

“HU(w
<& V|t —ta] <&, t1,te €10,1];
that is,
{a7,1(t)} is equicontinuous on [0, 1]. (3.25)
From (3.15)-(.17), (3-25) and the Arzela-Ascoli Theorem, {z,1(t)} and {x], ;(¢)}

are relatively compact on C[0, 1], which implies there exists a subsequence {z, 1}
of {xy 1} and function z¢ 1 (t) € C|0, 1] such that

li t) — =0 li Pt —ap ()] =0.
i e [ 1 (1) = 201 (] =0, dim | max far,, 1 (1) — 20, (¢)]

Since 7, 1(0) = 0, @,;1(1) = S i, 1 (&), @ zy, 1 () <0, xn1(t) > 0,1 €
0,1), 5 €{1,2,...},

3?671(0) Zo, 1 Z a;To,1 gl x{),l(t) < Ov 1‘071(1‘:) > Ov te (07 1)
(3.26)
For (t,an;,1(t), 27, 1 (t) — 1) €[0,1] x [0, Ry + €] x (—00,0), from (H5) there exists

a function ¥r, € C([0,1],R4) such that

Pt (1), 4 (8) — Vs > Wi, (0, 1), 0 <5<
J
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Then, for n € Ny,

Ty, (t) = 7/0 (t — s)a(s)f(s,:cn_wl(s),:c;] 1(s) — Tij)ds
1 ! ) 1
+1Eﬁj%<AG_WWV@%ﬂ@@mﬂ)—WWS
me2 g
=Y [ (6 s)als) f(svmn, a(s), 4 (s) — )ds)
=1 J
> —/0 (1= 8)a(s) £ (5, Tn, 1 (), 2, 1 (5) — nlj)ds
# s (0 9000 06020, (6) = s
=1 g J
m—2 i , 1
=X [ 6 a0 0600, 5) )
Srte [ A
> 1_22_12%/0 (1= £)a(s) (5, 0,1 3), 7,4 ) = )
_ %/{) (& — s)a(s) f(s,n,,1(8), 77, 1 (5) — é)ds
= S it [ a6 o0 (5), ) —

m—2 . 1
= W/O a(s) Vg, (5)(wn, 1(5)) ds
m—2 . _ . 1
S M/ a(s)\I’Rl(S)’Yédstnj’lH(ls’
0

T oY

which implies

and
Yt ai(l-¢) /1 5, \ T
Tn;1(t) 2 (=== [ a(s)¥g,(s)7°ds =agp > 0.
10 (1_Zﬁﬁ% [ alo)wn,(s)7'ds) 0
Thus
K 1
Phyat) = = [ al5) (5.0, (0). 0, 0 (5) = )i
J

< - /Ot a(s)\IJRl(s)(xnjﬁl(s))éds

¢
< —/ a(s)Wg, (s)dsal, te€0,1],n € No.
0

11
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Consequently,
. o 1
il (91> 0 1€ [0
1
inf mi - >0, te(0,=].
Ipf min, 20,1 (5)] ©, 3]
Since
1 ¢ 1
Py (0=l () = = [ al5)(5,0,0(5): 0,1 (9) = ), t€ (0,1),
7 2 1/2 v mj
and
! 1 ! 1 A 1
Pz, 1 (), 2, 1 () = —) < Pl@a,; 1 (O)[g(an, 1 (1) = —) +7(2, 1 () = —)]
J J J
R ¢ R
<h( (- [ als)un, (s)dsa) + (-2 - ),
v 0 Y

letting j — 400, the Lebesgue Dominated Convergence Theorem guarantees that

t

S0 = w1(5) == [ a0 ma(s)ahuo)ds, te 01, (320)

1/2
Differentiating, we have
201 (t) +a(t) f(t zo(t), 20, (£) =0, 0<t<1,

and from x0,1(t) is a positive solution of with zg 1 € C10,1]NC?%(0,1).

For the set {zn2}tnen, € (Q2 — Qy) N P, the proof is as that for the set
{Zn,1}tnen,. We can obtain a convergent subsequence {Z,, 2}tnen, 0of {Zn2}nen,
with lim; 4 oo Tn, 2 = T02 € C1[0,1]NC?(0,1). Moreover, xg 2 is a positive solution

to . O

Example 3.1 In (1), let f(t,u,2) = p[l + (—2)"%[1 + ub + u?] and a(t) = 1
with0<a<1,0>1,0<d<1and pu>0.If

I(—c0=Ti )
ED S

< su
Foen,  Trd+d

(3.28)

Then ((L.1)) has at least two positive solutions zg 1,702 € C'[0,1] N CZ%(0,1).
We apply Theorem with g(z) = (—=2)"%7r(2) = Lh(u) = p(l + ub +
u?), U(t) = p, g1(u, 2) = pu’. (H1), (H2), (H4), (H5) hold. Also

c
sup

" aigitl o 1
cER —%I Y(h(c) fo a(s)ds)

C

= Sup Em_Q et
i — a;&q —
ceERy —WI 1(#(1 + Cb + Cd))

and (3.28) guarantees that (H3) holds.

)
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4. SINGULARITIES AT 2’ =0 AND z =0

In this section the nonlinearity f may be singular at 2’ = 0 and z = 0. We

assume that the following conditions hold.

(P1) a(t) € C[0,1], a(t) >0, t € (0,1);

(P2) f(t,u,2) < [h(u) + w(u)]lg(z) +r(2)], where f € C([0,1] x Ry x R_,Ry),
g(z) > 0 continuous and non-increasing on (—o0,0], w(u) > 0 continuous
and non-increasing on [0, +00), h(u) > 0 continuous and nondecreasing on
Ry, r(z) > 0 continuous and nondecreasing on R_;

(P3)

C
> 1,

Sup S a6 41 c

oot~ EELAE (11 max,cio g aft) eh(e) + g w(s)ds)
0 udu a

where I(z) = [ Wir(u), zeR_, [j w(s)ds < +o0;

(P4) There exists a function g1 € C([0,+00) x (—00,0],[0,4+00)), such that
fltu,2) > g1(u,2),¥(t,u,2) € [0,1] x Ry x R_, and lim,—, 4 w =
~+00, uniformly for z € R_.

(P5) There exists a function ¥y € C([0,1],Ry) with f(¢,u,2z) > Ug(t), for all
(t,u,2) €[0,1] x [0, H] x [-H,0).

For n € {1,2,...}, z € P, t € [0, 1], define operator

(An)(0) = = [ (= a1 (s,5(5) + 1, ~l(5)] - 2)ds
1

+ -
L=y,

Theorem 4.1. Suppose (P1)—(P5) hold. Then (1.1)) has at least two positive solu-
tions £ 1,202 € C10,1] N C?(0,1) and xo1(t),x02(t) >0, t € [0,1].
Proof. Choose R; > 0 such that

Ry

ST Ry >l (42)
_%([*1[_ maxX;co,1] a(t)(R1h(R1) + fo W(S)d‘s)])

From the continuity of I~ and h, we can choose € > 0 and € < R; such that
Ry
m 2 aig _ Ri+e
~ZE L (11 1 (—e) — maxico a(t)(Ri + Oh(Ry +€) + [ w(s)ds))

(4.3)
is greater than 1, ng € {1,2,...} with 7710 < min{e, 6/2} and let Ny = {ng,no +
1,...}. Then Lemma [2.4] guarantees that for n € Ny, A, : P — P is a completely
continuous operator. Let

O ={zecC0,1]:||z|| < Ry}

We show that
x # pApx, Yx e PNoQ, pe(0,1], n € Np. (4.4)
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In fact, if there exists an g € P N 9OQ; and pg € (0,1] with 2o = poAnxo

xo(t) = —Mo/o (t—s)a(s)f(s,xo(s) + %, — |z} (s)| — %)ds

Ho ! 1 ) 1
" 1—2?112%(/0 (1= s)a(s) f(s,m0(s) + ' —|zo(s)] — =)d
m—2 &
_ Z ai/o (& — s)a(s)f(s,x0(s) + =, —|zh(s)| — =)ds) € [0,1].
Then
o (t) =

¢
1 1
o [ a()f(s.0(s) + -l - Dds, Ve (05)
0
Obviously, z((t) <0, t € (0,1), and since (1) > 0, zo(t) > 0,t € [0,1]. Differen
tiating (4.5)), we have

g (1) + poa(t) f(t, wo(t) +

—xo(t) %) 0<t<l,
xy(0) = Z a;zo(€
Then, for ¢t € (0,1),
~(t) = moalt) f(t,o(t) + - 7h(1) — )
< a(t) (o) + ) +w(wo(t) + )] [o(wh(t) — =) +r(zh(t) ~ 1),
and
o) i e L
=D =Ty S OB ) el + ), e 0.1
and
() (wh(t) ~ 2)
o(y(0) — 1)+ r(wy(t) — 1)
> a(®)lh(eo(t) + 3) +wlwo(®) + )Nab(®) - ) wn
> a(t)[(Ry + ) + wlo(t) + - (1 §)](zh(t) — )
= al)[A(Ry + €)(h() — =) + wlao(t) + (1~ D)(zh(6) ~ )]
Integrating from 0 to ¢, we have
I@h(t) = ) = (=)

n

t t
1
> th(R ! ds — —d
> max a(t)h( 1+e>(/0xo<s> s / s

2s) + [ wlanle) + 01— )ideos)
+ %(1 —3))
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R1+e
> — max a(t)(h(R1 +€)(R1 +¢€) +/0 w(s)ds),

te[0,1]

Ri+e€
zo(t) > It (I(—e) — max {a(t)} (h(Ry + €)(Ry +¢) +/0 w(s)ds));

t€[0,1]
that is,

Ri+e
—zg(t) < -1~ (I(fe)ftren[g’)i] a(t)(h(Ry+e¢)(Ry +e)+/0 w(s)ds)), te (O,l)).
(4.8

1 a; S gt (s)ds
(EO(O) _ Ho / —$6(S)d8 Mo Zzll an 5 O( )
0 T 2ui=1 %

1 o
S /0 17 (1) — max {a(®)} (h(Rs + (B + )

t€(0,1]

+/0R1+6w( )ds))ds+ Zgia"az /5 ~1(1(=¢)

Ryi+e
— max a(t)(h(Ry + €)(Ry + €) + /0 w(s)ds))ds

te[0,1]

1+Zz 1 azfz( 171<
I—Z:ilzaz

Ri+e
—I—/O w(s)ds)).

Since 2o(0) > 2o(t) > 7||zolly > v20(0) > ~d|zoll2, 20(0) > [|xo] = Ri. So
Ry
—%U “UI(—¢) — max{a(t)}(R1 + Oh(Ry +¢) + [y T w(s)ds)])

1 @i

(=€) = mas a(t)(h(Ry + (s + 9

(4.9)
which is a contradiction to (4.3)). Then (4.4) holds.
From Lemma 2.1} for n € Ny,

(A, NP P)=1. (4.10)
Now we show that there exists a set {25 such that
Apz Lz, Ve dQsnP. (4.11)
Choose a*, N* as in section 3. Let
R
2 = {z € C0,1] : [l2l| < —2}.

Then
Apx Lz, Vr e ddaNP.
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In fact, if there exists xg € 0Qs N P with x¢ > A, xq. By the definition of the cone
and Lemma one has

zo(t) > vllzollr = v2(0) > vdllxo|l2,
and so xo(t) > % > Ry, for all t € [0,1], zo(t) + L > Ry, from (3.11),
yao(t) > yAnwo(t)

:7<_/0 (t_S)a(S)f(S’xO(S)+%’_|$6(S)|—%)ds

1
) 121’"(/0 (1= 9)a()f(5:20(5) + 11 ~la(5)] = 3 )ds
Z al/o | s)a(s)f(s, zo(s) + %v —lzg(s)] = %)dé’))

sy () (- a6 20(0) + 1o - s
i=1 @i
m—2 13
- Z ai/o (& — s)a(s) f(s,zo(s) + % —|zp(s)] — %)ds))
= 7(1 zz_:ln C?a /0 (t — s)a(s)f(s,x0(s) + —, —|zh(s)| — —)ds

B Z’,”*Qa-fol (& — s)a(s f(s zo(s) + %a*|x6(5)| - %)d‘s)
- i 12 a;

/1 (8) - L, el (s)] — 1)
= a(s)f(s,x —, —|zg(s)] — —)ds
1aZ 0 0 n 0 n

1
'YZ 10'1 / 1 / 1
> a zo(s) + —, —|zo(s)| — —)ds
1_“% [ (aals) + 5 ~labo)] = )
1
2721 el /a YdsN*xzq(s)
1_ zlal 0
i ) *R R
>a A izt C:n(z )/ a(s)dsN —*2>—f
1=>2ai  Jo a a

Then [|zo| > v|lzoll1 >
holds.
From Lemma@

which is a contradiction to g € 9929 N P. Then

a*7

i(Ap, Q2N P, P) = 0. (4.12)
This equality and (4.10) guarantee,
i(An, (2 — Q)N P,P) = —1. (4.13)

From this equality and (4.10), A, has two fixed points with z,,1 € Q4 N P,z 2 €
(Q9 — Q1) N P. For each n € Ny, there exists Tn1 € Q1 NP with z,1 = Apzy 1;
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that is,
Tna(t) == /Ot(t —s)a(s)f(s,xn1(s) + % |, 1(s)] — %)ds
+ 1_21?12%(/01(1 — 5)a(s)f(s,xn,1(s) + % —Ja 1 (s)] — %)ds
_ "’Zjal /Ew (& = $)a(s) (521 (5) + -l )] - %)ds).

(4.14)
As in the same proof of (3.5), z/,(t) <0, t € (0,1) and

¢ 1 1
x4 (t) = —/ a(s)f(s,zn1(s) + E,x;J(S) - E)d& n € No, t € (0,1).
0

Now we consider {xn 1(t)}nen, and {z;, 1(t)}nen,, since [z,1]] < Ry, it follows
that

{xn1(t)} is uniformly bounded on [0, 1], (4.15)
{7, 1(t)} is uniformly bounded on [0, 1]. (4.16)

Then
{zn1(t)} is equicontinuous on [0, 1]. (4.17)

As in the same proof of ((3.6)),

1 1
x4 (t) + alt) f(t, 21 (t) + - 4 (t) — g) =0, 0<t<l,
(4.18)

m—2
2,1(0) =0, (1) = Z ai%n,1(&:)-
i=1
Now we show for all ¢, t5 in [0, 1],

1 1
I(z!, 1 (te) — =) = I(z), 1 (t1) — =
| (‘rn,l( 2) Tl) (xn,l( 1) n)'
< max, a(t) [h(Ry + €)(|zn,1(t2) — @p1(t1)] + [t2 — t])
T (t2)+ 5 (1—t2)

v ol
Tn,1(t1)+2(1—t1)

From (4.18)), it follows that for ¢ € (0,1),

(4.19)

L1 (6) = D) (1) 1 ()~ )
< a(t)(n (1) + =) + w(ns (1) + ),

Matatya ()= ) + (e =

3
3=

| =

)

+

1 (0) = ~a(t) (6 21 (6) 4 2 (1)~

—_
- 3

> —a()[h(zn,1 () + =) +w(@n1(t) + —)llg(ar, () - %) +r(ana(t) — =),

3
3=
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and so for ¢ € (0,1),

> al) (e (6)+ ) + @l at) + )] ()~ -)

> a(®)I1(Bs + (1 (1) — 1)+ (w1 (1) + (1~ D) (wnalt) + = (1 - 1)),

(4.20)
7 (1) — 2)

9@ (6) — 1) + 1l 1) — 1)

< —aO(na (1) + ) + wl@nal) + )] (1)~ 1)

< ~al)A(Ry + €)@ (1) — =) + wlana(8) + + (1= 0)(Enat) + (1~ H)].
(4.21)

Then, for all ¢1, ty € [0,1] and ¢, < ta,
I3 (02) = ) — (a1 (0) = )
to ) 1 T, (t2)+ £ (1—t2)
> tren[aaﬁ a(t)[h(R1 + 6)(/)51 5, 4 (s)dt — ﬁ(tg —t)+ /:cﬂ,,l(t1)+,{(1t1) w(s)dt]
2 — max a(t) [h(Ry + €)(|zp,1(t2) — 21 (t1)| + [t2 — t])
Tn,1(t2)+ 2 (1—t2)
+ w(s)dt”,

xn,l(tl)-‘r%(l—tl)

1wy (0) = ) = (2! 1(62) )

g a(t) [h(Ry + €)(|zp,1(t2) — 2p1(t1)| + [t2 — t])

Tn,1(t2)+2 (1—t2)
+ | w(s)dt|].
Tn,1(t1)+2(1—t1)

Therefore, (4.19) holds. Since I~! is uniformly continuous on [0, I(—R; — ¢)], for
all € > 0, there exists € > 0 such that

[I7(s1) — I H(s2)| < &V |51 — 82| < €, 51,82 € [0, [(—Ry — €)]. (4.22)
Then (4.19) guarantees that for ¢ > 0, there exists ¢’ > 0 such that
1 1
I a(t2) = 1) = H@hs () = ) <€, Vi =l <00 €0,1] (4.23)
From this inequality and (4.22)),
1
|21 (t2) = 0 1 (t1)] = [l 1 (P2) = — = (27,1 (82) — )|
n
_ 1 _ 1 4.24
= 1 (0@ (1) = ) = T (U (0) = ) (42
< €, V|t1—t2‘<5l7t17t2€[071];

S|

—~
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that is,

{7, 1(t)} is equicontinuous on [0, 1]. (4.25)
From (4.15)-(4.17), (4.25) and the Arzela-Ascoli Theorem, {x, 1(t)} and {w;, ;()}
are relatively compact on C[0, 1], which implies, there exists a subsequence {z,, 1}
of {x, 1} and function ¢ 1(¢) € C[0, 1] such that

li ny,1(t) — t) =0, 1 t) —z (1) =0.
jiglmtrgax |2n, 1(t) — z0,1(t)] jiffmtfagﬁ]\x 1) — 20,1 (1)

Since 7, 1(0) = 0, zn;,1(1) = 2507 aiwp;1(&), 25, 1(8) < 0, 2ny1(t) > 0,1 €
0,1), 7€{1,2,...},

m—2
1'6,1(0) =0, T, 1 = Z a; o, 1(52‘),.’176’1(25) < 0,56’0,1(0 >0, te (0, 1). (426)
i=1

For (t, 2y, 1(t) + nl s Ty (8) — ni) € [0,1] x [0, Ry + €] X (—00,0), from (P5) there
exists a function \IlRl € C([0,1],R4) such that

1 1
f(tvxnj,l(t) + ;vxln_,»,l(t) - 7)d3 > \IIRl (t)

J n;
Then, for n € Ny,
t 1 / 1
T (t) = —/0 (t = s)a(s)f(s,zn;1(5) + Fj’xnj71(5) B Fj)ds
1
T Elm—za (/0 (1= 8)a(s) (s, @n;0(8) + —, 2y 1(s) é)ds
i=1 "
mo2 &
_;;%A<@—wwﬁ@%ﬂ@+.ﬁ%ﬂﬁ_émg
1
: _/o (1= s)als) f(s, 2, 1(5) + nlj,m;, 1(5) = nlj)ds
1
" —*Efil %a (/ﬁ (1= $)a(s) (5,0, (5) + oy 1 5) = —)ds
i=1 “ ; ]
m—2 E»L 1
-y az/ (6 = $)a(5) (5,0, 1(5) + 20, 1 (5) = —)ds)
=1 j
> 1 ?S;l?al /o (1= s)a(s) f(s,n,1(s) + i, ) nlj)ds
2 1 . 1
1 2122111&2 o /0 (& — s)a(s)f(s,xn, 1(s) + : 1 (5) n*j)ds

mPa(l-&) (1 .
B le__lz(zé_f‘:)/o a(s)f (s, @n1(s) + ;j,xnj,l(s) - nfj)ds

and

a0 == [ al6)1 (50,000 + 1l 4 (5) = )

0 J nj
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¢
< —/ a(s)¥pr,4e(s)ds, te0,1], n € No.
0
Thus,

inf min{ min x,, :(s), min |2/ (s)[} >0, t¢c[=,1),
i i i 2,1(6) i, 12,60 e

inf min{ min z,.1(s), min |z, ,(s)|]} >0, ¢t € (0,
infmin( min 7,15, i [, (5)) (

From (P2), we have

F (b, 1 (1) + jj,x;j,l(t) - ,,fj)
< [y 1 (1) + nl]) (1 () + é)ﬂgu;j,l(t) - ,jjq (4 (1) - ,jjn
< [h(% + )+ wlao)r(~ / a($)U g, o()ds) + g@% g

and since

1 ¢ 1 1
T (0) =l 1(5) = = / LA @, (8) 4 w1 (5) = s, tE(0.1),
J J

letting j — 400, the Lebesgue Dominated Convergence Theorem guarantees that

a0 = ha() == [ alf(o.m0a(9)hads € O (421

Differentiating, we have
201 (t) +a(t)f(t,zo1(t), 25,(t) =0, 0<t <1,

and from , x0,1(t) is a positive solution of with zo1 € C'[0,1]NC?(0,1).

For the set {z,2}nen, C (22 — Q1) N P, as in proof for the set {1} nen,, we
obtain a convergent subsequence {Zy, 2 }nen, Of {Zn2}nen, With lim; 4o @y, 2 =
T2 € C'0,1] N C?(0,1). Moreover, xg 2 is a positive solution to . O

Example 4.1 In (L1)), let f(t,u,2) = p[1+ (—2)"%[1+u’+u" 9] and a(t) = 1
with0<a<1l,b>1,0<d<1and pu>0.If

m—2
I(ic(l;gizl a,-))
[ < sup 2iss e RREITTY (4.28)
ceRy maxefo,1) a(t)(c + =4+ )

Then equation (1.1)) has at least two positive solutions x¢ 1,202 € C1[0,1]NC?(0, 1).
We apply Theorem with g(z) = 1, 7(2) = (=2)7% h(u) = pu™?, w(u) =
p(1+ub), U(t) = p, g1(u, 2) = pub. Note that (P1), (P2), (P4) and (P5) hold, and
that

SUp c :
cERy 7%14[maxte[o,ﬂ a(t)(ch(c) + fo w(s)ds)]

c

ceR, _ Xi’ aifitly_y
A 1- "2 g,
i=1 T

Then (4.28) guarantees that (P3) holds.

[ maxieqo, 1) a(t)(c + =4 + €3]
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5. SINGULARITIES AT z = 0 BUT NOT 2’ =0

In this section the nonlinearity f may be singular at = 0, but not at 2’ = 0.
We assume that the following conditions hold.
(S1) a(t) € C[0,1], a(t) >0, t € (0,1);
(S2) f(t,u,z) < [h(u)+w(u)]r(z), where f € C([0,1] x Ry x R_,R4), w(u) >0
continuous and non-increasing on [0, +00), h(u) > 0 continuous and non-
decreasing on R, r(z) > 0 continuous and nondecreasing on R_;

(S3)

Cc

sup > 1,

m—2 a;&; _
SR SIS (171 = maxiego,y a(t) (eh(e) + [y w(s)ds)))

where I(z) = fzo :f(‘f:;, zeR_, [Jw(s)ds < 400, a € Ry;

(S4) There exists a function g1 € C([0,+00) x (—00,0],[0,4+00)), such that
flt,u, 2) > g1(u, 2),¥(t,u,z) € [0,1] x Ry x R_, and lim, 40 W =
+00, uniformly for z € R_.

(S5) There exists a function Uy € C([0,1],R;) and a constant 0 < § such that

f(t,u, 2) > Uy (t)(—=2)%, for all (t,u, z) € [0,1] x [0, H] x [~ H,0).
For n € {1,2,...}, x € P, define operator

(Ap)(t) = — / (t — s)a(s) f(s,2(s) + %, —[a'(s)[)ds
IS S
11—

m=2 &i
=Y o [ (6= el als) + e ()ds). te 1]

1
. (] 0=9a@rat)+ 1 - @hds )

Theorem 5.1. Suppose (S1)—(S5) hold. Then (L.1) has at least two positive solu-
tions o1, To2 in C[0,1] N C%(0,1) with zo1(t),z02(t) >0, t € [0,1].
Proof. Choose R; > 0 such that

Ry

— B (11 [ maxicpp,y a(t) (Ruh(By) + [ w(s)ds))

> 1. (5.2)

From the continuity of I~' and h, we can choose € > 0 and € < R; such that
Ry
m—2
,M(I*l[— maxeo,1] a(t)(th(Rl + 6) + fORlJrE w(s)ds)})

- e
Let ng € {1,2,...} with nio < min{e, 6/2} and let Ng = {ng,no +1,...}. Then
Lemma guarantees that for n € Ny, A, : P — P is a completely continuous
operator. Let

>1. (5.3)

O ={zecC0,1]:||z|| < Ry}
We show that
x # pApx, Yr e PNoQ, pe(0,1], n € Np. (5.4)
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In fact, if there exists an xg € P N 9Q; and po € (0,1] with xg = poAnxo,
t
1
zo(t) = *uo/ (t = s)a(s)f(s,z0(s) + —, —lap(s)])ds
0

([ = el ss0(s) 4l

1= a
m—2 I3
=Y o [ (6 = el mle) + 1 ~lap(5))ds).
Then ,
2h(t) = —po / a(s)f(5,0(s) + - ~leh(s)Dds, VeI (55)

Obviously, z;(t) <0, t € (0,1), and since zq(1) > 0, 2o(t) > 0,t € [0, 1]. Differen-
tiating (|b.5)), we have

1
#(1) + poa(t) (b mo(t) + =, wh(t) =0, 0<t <1,

m—2 (5.6)
2(0) =0, wo(1) = a;zo(&).
i=1
and
(1) = poat)F(t,o(t) + (1))
< a(t)[(wo(t) + %) +w(zo(t) + %)]r(x()(t)x vt € (0,1).
Then 0
—xy(t
T(I&t)) < a(t)[h(zo(t) + =) + w(wo(t) + =)], Vt e (0,1)
and
—af(t)ah(t) 1 1.,
T(()%(tf) > a(t)[h(ao(t) + —) + w(zo(t) + —)]wo(?)

> a(t)[h(Ry + €) + w(zo(t) + %)]xg(t).

Integrating from 0 to t, we have
() > [ als)h(R -+ Oab() +wlao(e) + )z (s)lds

K ! ]‘ !
> ma al) / 1Ry + )t (s)wlmols) + ) ()]ds

¢ 1 1
> —tren[éaﬁ] a(t)(h(R1 + €)Ry +/(J w(wo(s) + E)d(mo(s) + ﬁ))

zo(t)+ 5%
— — max a(t)(h(B1 + )Ry + / w(s)ds)
te(0,1] zo(0)+2

Ri+e
> — max a(t)(h(Ry + €)Ry +/ w(s)ds)
te[0,1] 0
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and -
1(zh(t) > — max a()(h(Ry + )Ry + / w(s)ds).

te[0,1] 0

Then

Ri+e
z6(t) > I (— max a(t)(h(Ry + ¢)Ry —|—/ w(s)ds));

te(0,1] 0

that is,

Ri+e
—xp(t) < —I7'(— max a(t)(h(Ry + €)Ry +/0 w(s)ds)), t € (0,1).  (5.7)

t€[0,1]
Since
JL‘()(O)
m—2 A
- % /1 —x((s)ds — oD iy G &_;zé(s)ds
P XE ek Y
1 ! 1 Ri+e
ST —m e t)(h(R R ds)\d
- 1—21’1‘12%/0 ( tren[gi{]a( )(h(Ry + €) 1+/0 w(s) 5)) s
S a /5i o /R1+e
_Zui=1 i (- (R . ; ]
+1—§;;’;;2ai 0 ( ( tﬁ%ﬁ]a(ﬂ (R1 +€)(R1) + i w(s) s))) s
1+ e, /R1+e
1— Z:’;Q a; ( ( tgl[gfﬁa( )(R(R1 +€)R1 + ; w(s) .9)),
(5.8)
20(0) > xo(t) = v|lzoll1 = v20(0) > Yo ||x0||2, 0(0) > ||20]| = R1. So
- <1, (5.9)

~ R (I - maxge o, a(t) (Ruh(R+€) + 7 w(s)ds)]))

which is a contradiction to (5.3). Then (5.4 holds. From Lemma for n € Ny,

i(A,, QNP P)=1. (5.10)
Now we show that there exists a set {25 such that
Apzr Lz, VaredQnP. (5.11)

Choose a*, N* as in section 3. Let
R
Qy = {z € C0,1] : ||z] < ?f}.
Then

Apx Lx, Vre NP

In fact, if there exists xg € 022 N P with g > A,xo, by the definition of the cone
and Lemma [2.3] one has

zo(t) > Yllwoll1 = yx(0) > v6zol|2;
zo(t) > 2 > R, for all t € [0,1]. Then zo(t) + £ > Ry. From (3.11)),

yxo(t) > yAnwo(t)

=(= [ (= el (s.mule) + 1 i)

n
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1 1 .
ey (/o (1= s)a(s)f(s,zo(s) + =, x{(s))ds
m=2 &i ) /

_ > ai | (& — s)a(s)f(s,zo(s) + —,mo(s))ds))

1- 221;2
m—2 _ . 1
_ 72121'_—12(2(112 ai&) A a(s)f(s, 1’0(8) + %7 mé)(s))ds

1S a1 - 6) [ L s
e | oot + 1 ap)d

_f. 1
721 1 07“77;(2 gl)/ a(S)dSN*.’L'()(S)
1_22 1 Qi 0
*72 =1 (Z(Z 51)/ a(s)dsN*&> &7
1_21_1 a; 0 CL* *
Ry

that is, [|zol > ~v[lxoll1 > ¢2, which is a contradiction to zp € Q2 N P. Then
(5.11)) holds. From Lemma

i(Ap, Qe NP, P) =0. (5.12)

v

v

This equality and (5.10) guarantee
i(Ap, (2 — QNP P)=—1. (5.13)

From this equality and (5.10), A, has two fixed points with x, 1 € Q1 NP, xz, 2 €
(QQ — Q1) NnP.

For each n € Ny, there exists x,,,1 € 1 N P such that z, 1 = A, x,,1; that is, for
t €10,1],

Puat) = = [ (€= 90l 01(5) + 7 a1 () s

1
-y a

m—2

i
= Y o [ (6 = el mun(s) + el (9)ds).

n (/0 (1—s)a(s)f(s,2n,1(s) + %,—I%,l(S)l)dé‘ (5.14)
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As in the proof of (3.5)), =/,(t) <0, ¢t € (0,1) and

x4 (t) = —/0 a(s)f(s,xna(s) + %,x;hl(s))ds, n € No, t € (0,1).

Now we consider {z, 1(t)}nen, and {z;lvl(t)}neNo, since ||zn1|| < Ry,

{xn1(t)} is uniformly bounded on [0, 1], (5.15)
{7, 1(t)} is uniformly bounded on [0, 1]. (5.16)

Then
{zn,1(t)} is equicontinuous on [0, 1]. (5.17)

As in the proof of (3.6]),

1
w1 (t) +at) f(t, zn(t) + 5,3:;71(15)) =0,0<t<1,

m—2 (518)
2,1(0) = 0,201 (1) = D aiwn1 (&),
=1

Now we show that for all ¢,t5 € [0, 1],

[T(ap,1(t2)) = I(x7, 1 (1))

< Jnax, a(t) [M(Ry + €)(|xn 1 (t2) — Tn1(t1)] + b2 — t1])

(5.19)
Tn,1(t2)+2 (1—t2)

+ w(s)dt]].
Tn,1(t1)+ 2 (1—t1)

From (5.18),

L4 (6) = al0)F b (1) + 2, (9)

< a() a1 (1) + )+ wlzn () + )lr(@h, (1), VEe (0,1)

3

2 (6) = ~a(t)f (7 a () + 1 (1)

—_

> —a(®)(na (1) + ) +wlenalt) + Dl (B), VEe (0,1),

a1 () (5.20)

) 4 (t) (5.21)

(1 =t)a;, 1 (B)], Ve (0,1).
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Since the right-hand sides of (5.20]) and (5.21)) are positive, for all 1, t5 € [0, 1] and
t1 < ta,

I, 5(t2)) = (2, 1 (t1))

to to 1
> t)[h(R , dt n =)z, d
e o+ ([t [ @)+ D)t
:cn,l(tz)Jr:lL(l*tz)
> s alt) (R + [2n1(t2) — 701 (0)]) + | ()],
t€[0,1] Tn,1 (1) + 2 (1—t1)

I(z, 1 (t1)) = I(27, 1 (t2))
Tn,1(t2)+2 (1—t2)
< max a(t)[h(Ry + €)(|zn,1(t2) — zp1(t1)]) + | w(s)dt],
t€[0,1] Tn,1 (1) + 2 (1—t1)
holds.
Since 17! is uniformly continuous on [0, I(—R; — ¢€)], for all € > 0, there exists
€ > 0 such that

‘171(81) — 171(82)‘ < €, V|81 — 52| < 6’, 81,82 € [O,I(—Rl — 6)] (522)
Also (5.19) guarantees that for ¢’ > 0, there exists ' > 0 such that
[(z, 1 (t2)) = I(x), 1 (t1))| < €, VY |t1 —ta] <&, t1,t2 € [0,1]. (5.23)

From this inequality and ([5.22)),
a1 (t2) — @y, 1 (t0)] = [T (I (], 1 (82))) = T (L, 1 (02))] <€, (5.24)
Y]ty — ta| < &', t1,t2 € [0,1]; '

that is,

{x3,1(t)} is equi-continuous on [0, 1]. (5.25)
From (5.15)~(5.17), (5.25) and the Arzela-Ascoli Theorem, {z,1(t)} and {x], ;(¢)}
are relatively compact on C'[0, 1]. This implies, there exists a subsequence {zn, 1}
of {x,, 1} and function z¢ 1 (t) € C*[0, 1] such that

. . / /
;i Jnax, [#n; 1 (1) — 202 ()] =0, lim | Jnax, |, 1 () — 20,1 ()] = 0.
Since 7, 1(0) = 0, zpn;,1(1) = er;—lz ai%Tn; (&) T, 1 (8) <0, 2n;1(t) > 0,1 €

(0,1),5 € {1,2,...},
m—2
201(0) =0,201(1) = > aiwo1(&), 2, (1) < 0,201 () >0, t € (0,1).  (5.26)
=1

For (t,2n,1(t) + =, @, () € [0,1] X [0, Ry + €] x (=00, 0), from (S5) there exists

7‘Lj7 Mg,

a function ¥r, € C([0,1], R4 ) such that

1
Pty (6) =t (D)ds > Wa (6~ 4 (1), 06 <1,
J
Then, for n € Ny,

t
Ty, (t) = —/ a(s) f(s,@n;1(s) + %,x;j’l(s))ds
0 J

t
<~ [ als)niss) (sl (5)ds, ¢ (0.1), n € No
0
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which implies

Pyt < =1 =) [ 0l W1 (5)ds) 7,

and

1 1 )
1_ Z;v;—lz . (/0 (1 —=s)al(s)f(s,n;1(8) + —, 2y, 1(s))ds
m—2 13 1 /
X | (&= 906 ss0,0 + Lt o
1 1 )
> [ 0= a0, 0(5) + (5
+ 11— Zlmz o (/0 (1= s)a(s)f(s,zn;1(s) + nlj’m;” 1(8))ds
m—2 &i
Yo [ 6= 90 50,006+ a0
2?1:712 Q; ! B i o Nds
= 1_271—12%/0 (1= s)a(s)f(s;Tn;1(5) + . ho1(8)d
Zzi_lzai 1 i —s)a(s)f(s,x s ix’ s))ds
T 6 a5 6) + a6
= m 1a s)f(s,x s i x! s))ds
= S [ a0 (0) el )
@712 a; 1-— i 1 ,
> B [ O
S a(1-&) [ B sa i
2 S o= (| e
=F, telo,1].
Since
1 !
(40,0 (0) 4 ()
< B, a1 + )+ (e, (8) + Tjj)]r( L)
< h(EE 4 &) + w(F)]r((6 — 1)(/0 oW ()5) ),
and
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letting j — 400, the Lebesgue Dominated Convergence Theorem guarantees that

oha() = abal) = - | 0 (o) (s)ds, 1€ 01, (520

Differentiating, we have
2o, (t) + a(t)f(t,zo(t), 0, (1) =0, 0<t<1.

From this equality and from 7 x0,1(t) is a positive solution of with
To,1 € 01[0, 1] n 02(0, 1).

For the set {2, 2 }nen, C (22 —Q1)NP, as in the proof for the set {Zn1}tnen,y, we
obtain a convergent subsequence {Zn, 2 }nen, Of {Zn.2}nen, With lm; 4o Ty, 2 =
zo,2 € C[0,1] N C?(0,1). Moreover, zg, is a positive solution to (L.I]). O

Example 5.1 In (L.1)), let f(t,u,2) = p[l + (—2)%][1 + u® + v %] and a(t) = 1
with0<a<1,b>1,0<d<1and p>0.If
(-3 % ai)
Ierrae)

1 < sup [NR)
ceRy maxyepo,y) a(t)(c+ ¢l =4 + &7

Then ((L.1)) has at least two positive solutions zg 1,702 € C*[0,1] N C?%(0,1).

(5.28)
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