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ASYMPTOTIC BEHAVIOR FOR A QUADRATIC NONLINEAR
SCHRODINGER EQUATION

NAKAO HAYASHI, PAVEL I. NAUMKIN

ABSTRACT. We study the initial-value problem for the quadratic nonlinear
Schrédinger equation

1
iut"'i“mx :axﬂg, zeR, t>1,
u(l,z) =ui(z), xR

For small initial data u; € H?2? we prove that there exists a unique global
solution u € C([1,00); H22) of this Cauchy problem. Moreover we show that
the large time asymptotic behavior of the solution is defined in the region

|z| < C+v/t by the self-similar solution %MS(%) such that the total mass

%/RMS(%)dxz/Rul(x)dm,

and in the far region |z| > v/¢ the asymptotic behavior of solutions has rapidly
oscillating structure similar to that of the cubic nonlinear Schrédinger equa-
tions.

1. INTRODUCTION

We consider the quadratic nonlinear Schrédinger equation

1
iut—l—ium =0,u%, zeR, t>1, (1.1)
u(l,z) =ui(x), zeR.

In general, the quadratic type nonlinearities in the one dimensional case are con-
sidered to be subcritical with respect to the large time asymptotic behavior of so-
lutions. Different types of the quadratic nonlinearities, including derivatives of the
unknown function were considered previously (see [6, [7} [12] 15, 20] and references
cited therein). We choose the initial time value ¢ = 1 for the convenience of the
forthcoming calculations (note that by the change ¢ = ¢ — 1 it can be transformed
to the usual case of the initial time value ¢’ = 0).
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If we replace the nonlinear term of (1.1) by d,u?, then we can represent the
solution u by the formula (see [I7])

1 (2s(t, 2)Y(t @) + 0x1(t, ) exp (2[5 st y)dy)
2 L+ (t,x)exp (2 [ s(t, y)dy)
through the Hope-Cole transformation, where

]. iz? 1
s(tyx) = —e2 . )

Vi C—2V2i [V 2 evdy

C is a constant determined by

62 1
/ul(z)dx B /s(t’m)dx B /e o 2\/272']‘0&‘/% e—y"’dydf

and ¢ is the solution of the linear Schrodinger equation iv; + %wzm = 0 with the
initial data

u(t,z) = s(t,x) —

x

o(t2) = (xp (=2 [ (o) = sLudy) =) exp (=2 [ sC1.))

See Appendix [§] for details. However the Hope-Cole transformation can not be
applied to our problem. Recently in [6] we considered the nonlinear Schrodinger
equation

. 1 _

Ty + o Uae = Mg )? + pu2,
with A\, € C. We applied a method similar to the normal forms of Shatah [IS],
making a transformation of the original equation with quadratic nonlinearity to a
nonlinear Schrédinger equation with critical cubic nonlinearity

L(u— gqﬁ —\G(@, W) = —pu(Lu) + 22G(Cu, 7)
— \u(T,)? — M + 2APG(,u2) + 276 (7, 72),

where £ = i0; + 2 92, G is a symmetric bilinear operator. Then for small initial
data uy € H*! we obtained the large time asymptotic behavior of small solutions
which has an additional logarithmic oscillation. We note that if [u(t,z)dz =0 in
, then by introducing a new variable v = ffoo udz, we have for v,

1
v + §UM = (m)2.

Therefore in the case of [u;(z)dz = 0, asymptotic behavior of solutions has been
shown in [6].

In [7] we studied the one dimensional quadratic nonlinear Schr édinger equation
tug + %um = t7%u,|* with @ € (0,1). Heuristically the solution should have
a quasilinear character if o € (%, 1). However we showed that the asymptotic
behavior of solutions does not have a quasilinear character for all range o € (0,1)
due to the special structure of the nonlinear term. For the case o € [%, 1) we
proved that if the initial data uy € H3? N H?*? are small then the solution has a
slow time-decay as 2. And the derivative u, of the solution has a quasilinear
behavior t71/2 as t — co. When « € (0, %), if we assume that the initial data wug
are analytic and small, then the same result as for the case a € [%, 1) holds.
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The aim of the present paper is to prove existence of global solutions and large
time behavior of solutions to the Cauchy problem ([1.1). Here we use the method
similar to the normal forms of Shatah and the transformation in [1I]. Also we use
the following factorization formulas for the free Schrodinger evolution group

UR)F = M@#)DV(t),
FU(~t) = iV(-t)E(t)D1y:.

Here we denote )

M(t) =ex® | BE(t)=e%¢,
the dilation operator (D,¢)(z) = \/%gb(%) and V(t) = FM(t)F 1. Note that
D,y M(t) = E(t)D1 ;. So we represent the solution

u(t) = UR)F1w(t) = DiE(t)(t),
where w = V(—t)v(t). The direct Fourier transform ¢(£) of the function ¢(z) is

defined by
Fomim L [ i

then the inverse Fourier transformatlon is given by

Flo= o= [ e*taeae

Denote the usual Lebesgue space LP? = {¢ € S';||¢|lL» < oo}, where the norm

Illr = (fg l6(2)[Pdz)' /P if 1 < p < 0o and [|¢]|L= = ess.sup,ep |¢(2)] if p = oo

The weighted Lebesgue norm is ||¢||Lr.e = ||{-)?@|lLr. Weighted Sobolev space is
H™ ={¢peS :|olama = |[{(i0)"¢|L2. <0},

where m,a € R, (x) = v/1+ 22. The usual Sobolev space is H™ = H™", so the
index 0 we usually omit if it does not cause a confusion. Different positive constants
we denote by the same letter C.

Denote Y = {¢ € L™, ¢/ € HY}.

Theorem 1.1. Let the initial data M(1)u; = €2’ uy € Y with a norm |ur]y <
e, where € > 0 is sufficiently small. Then there exists a unique solution u €

C([1,00);Y) of the Cauchy problem (1.1)).
We denote by \}M U( \[) a self-similar solution of the quadratic nonlinear
Schrodinger equation ( ) such that the total mass

/ My = / i () da.

The following theorem states that the large time asymptotic behavior of solution
of is defined by this self-similar solution in the region |z| < Cv/t and in the
far region |z| > v/t it has rapidly oscillating structure similar to that of the cubic
Schrédinger equations.

Theorem 1.2. Let the initial data M(1)uy = e2”’uy € Y with a norm Il ||y
< e, where € > 0 is sufficiently small. Then there exist unique functions H; and
B; € L*>® (B; are real-valued), j = 1,2, such that the following asymptotic formula
1s valid

u(t,x) = —=M(t)¥(

)

</~
<
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1 x X 1 + t
+%M(t);HJ(?)eXp (sz(?)logl fg)
+O0@t 27%)

for t — oo uniformly with respect to x € R, where » > 0.

We organize the rest of our paper as follows. In Sections 2Hf] we prove some
preliminary estimates. Section [7]is devoted to the proof of Theorem We prove
Theorem in Section [§] . Section [I0] is devoted to the proof of existence of the
self-similar solution.

2. TRANSFORMATION OF EQUATION

We represent the solution u(t) = U(t)F ~Lw(t), where the free Schrédinger evo-
lution group U(t) = F “le3 F, Applying the Fourier transformation to equation
(T.1), changing the dependent variable w(t, &) = e2 5 a(t, £), we get

fi etSw —Sw(t, —
wi(t.€) = <= [ Sultn =gl —mn 2.)

where S = 3(¢2 4 (£ — n)? + n?). Using the identity

S _ i( 2+itS itS) S —1 oitS
dt \ (1 +itS)? (1+4tS)3

in view of the symmetry n < & — n we rewrite equation (2.1)) as
Ou(u(t.6) — [ Sttt Adr)
=t / eSw(t,n — w(t, —n)Ady (2.2)
R

" \/E/Rz e"Qu(t,n = uw(t,n — Qw(t, () Andnd,

Q= 3@ +E—n~ (-~ ),
o et@its) i€ 1o
= \/5(14_#5)2 = m(l-f—tat)(. +S)
< Es -1 i€
A sy~ m(zﬂat)tat( +9)t

Now we return to the function u = U(t)F~1w(t) to get, from (2.2)),

where

(ih + %82)@ — Q@) = 13w, 7) + O, pu?), (2.3)

where

Q) = U(t) F~ / it — Eyw(t, —) Adn

0T / W Qa1+ 1) + 5) ",
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Q@@ m) =UM)F [ e Sw(t,n— Ew(t, —n)Adny
R

_ fﬁa [ gac e F10)0( + 5) "y

In the next lemma we give an z—representation of the operator
T(0.0) = 7" [ dle=ndln(g + ) in
Denote the convolution with a kernel g
(0l = [ ot 2l =)ol = 2)dydz.
Lemma 2.1. The representation Z($,1) = (¢ * ¢)q is true, where

g(t,y,2) = %K (\/34t(y —yz+z ))

and Ky is the Macdonalds function.

Proof. We substitute the Fourier transformation

T(6,) = \/% [ anis =) [ ase =G + mG + 16 )

3203 /dn/dye Wi (z — )/dzeiznd)(x_z)

-1

4 49
/dscos EE g+ 5 - 507
By [2] we find
*° cos(z€) T
0 &2 +a2d£ = 2°
for Rea > 0. Hence
T(6.0) = <= [ dudz(o =)ol —2)

></ cosl(z — y)n) )efﬁwﬂw’ﬁ’%dn.
0 n2 — %
We compute by [2] for Rea > 0, Re3 > 0

> cos((z —y)me VT Ay 5 5
L — Kolav/F + (= ). (2.4)
0 VNt a
Then taking a = ﬁ7 0= %\y + z| we find the representation of the lemma. The
proof is complete. U

By Lemma we can rewrite the operators Q and Q in equation | as
Q(¢, ) = (¢ * ¢)q and Q((Wb) (1 x ¢)g with

q= _\/TTT(I +10,)(9y + 92)9(t, v, 2),

1
G=———(2+t0)t0:(0, + 0,)g(t,y, 2).
q \/ﬁ( + 10;)t0:(0y )g(t,y, 2)
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In the same way as in paper [L1] we change the variables u(t, z) = t=1/2¢ 5 v(t, £)
and £ = ¥ in equation (2.3) to obtain

L(v— E(Ev* Ev),) =Py — P, (2.5)

where

. 1 R e s =
L=1i0; + 2728?,731 =t"'E(Ev* Ev);, Py =t 'E(Ev x 0c(E*v*))p,
and by changing = = &t, y = nt, z = (t. Denote the operators
—a-+b a
Gap(6,0) = B (B¢ x EY)n

- Em/ h(t,n, e MED" g€ — n)er &= y (e — ¢)dndc,
R2

éa,b((yba T/’) = F“+b(Ea¢ * Ebi/))ﬁ

—a-+b

- /R (e, Qe E (¢ —m)ed (¢ — ()dnd,

Hap(d,00) = BT (B % 0c(E™))n

— B[ h(t,n, Qe HET® g(¢ — n)ded EO (e — ¢)dndC
R2

with

h(t,n,¢) = _W\fg(l +9,) (0, + 3<)Ko(\/4t(772 —n¢+ 42)),

31
7:\//%(2 + 10t (9, + 8¢ ) Ko (\/;h;(n2 = n¢+ CQ))-

E(t’ m, C) ==

3. PRELIMINARY ESTIMATES

Define the weighted Lebesgue norm ||¢||Lr.e = ||{-)*®||L» and define the linear
operator

Ko = [ K(&m)(os = - o)

Lemma 3.1. Suppose that

K(&n) = O(e” " {gn) ™)
for all ¢ € R, n € R\{0}, where o > 1. Then the estimates are true

[Ko[lLso < CllOg||r2

ifa>%—|—ll), where&:%—k%—k/\,)\ZO,p:Z,oo, and

[K¢llrza+x < Cl|@llza,
if a > 1, where A > 0.

Proof. Since

n 1 1
16— 1) — 8()lLer = || /O 0-0(- — 2)dz|| L r < CIn2T% ()M 0c B2,
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for p = 2, 0o, we find
_ oy g igl
[Kg|lrro < C||0s¢||Lw||/R€ WA Em) 2t rdl|peo-s < CllOed L2

ifo>2+ 1%. We now prove the second estimate. For |{] < 1 we have

1/2
Kol < Cllolea [ e an) " < Clofoe

For |¢] > 1 we write

1€ K| < ClePo(©)ll¢] / (Eny e dy
R
C g — ) —n)|d
el /|n|>|§<£n> (€ — (e — n)ldn

+Cl¢ (Eny= (€ =M€ —n)ldn.

<5t

By the Cauchy-Schwarz inequality we find for the second summand

€] e te=n lole —nldn < lllen ( / en~2dn)"”

In|> 15t
3_
< Clel2 1@l

and for the third summand we change n = ‘%,

H (En)= (€ = M Mp(€ — n)ldn

Inl<€l/2

e /zl<£2/2< £) (€~ (e — g

Then taking the L2 - norm we have

€KLz (ie1>1) < ClldllLea + Cllolluea ]z 2|,

+ IIK%@U)*“( |£|> |¢(€ — ||)\dx||L2<|g|21)

and

I, et g

/£>1 /gc<£2 - @> o€ ~ m)\dﬂﬁ

/y< ()= = (e~ )y

:/Rdx<x>_ /Rdy<y>_ /|f|>1,|f|zz|x|,5zz|y< |5|> i |€|)|
LM o(e — Lyjde

T (€ - %Ndfﬂnizqum

x (€ -

g €
< Cllolian( [ (0)7"de)" < Clolan
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since changing z = £ — {g in the domain €] > 1, €] > 2|z| we have
d 1
L= 1<
dz 1+ 5%

Therefore,

x x
/ (6 - P - e <2 [ ()P (:)dz =l
>t le>20z Ll iy R
The proof is complete. O

We now estimate the bilinear operator

Aap(,9) = / e @O A(n, Q) (6(& — n) — B(€))(Y(€ — ¢) — ¥(€))dndC.

RQ
Lemma 3.2. Suppose that

OROEA(n, Q) < C(In| + [¢[)~ e CIm=Cldl
foralln,C eR, k,1 =0,1, where s > 1. Then the estimates are valid

[Aas(, ¥)l|Leo < CllOed|Lzn |0tz
ifs<3,a,b#0, where ) =2+ X+06—¢€, p=2,00, \,§d €R, and

[Aap(@, )Lz < Cll@llL2a |0t (|2
if s < %, b#0, wherec =14+ A+ —¢€, A\, €R, € >0 is small.

Proof. We integrate by parts with respect to n and ¢ via identities e~%¢" =
PO, (e~ and e~ = Q0 (Ce~™5¢), where

P=(1—iasn)~ ", Q= (1—ib&)™",
to get
Ao(6.0) = [ dndGe S (5 PQABL0( ~ m)ocu (€ ~ )
+ ¢y (PQA)(B(E — 1) — 6(€)Icth(€ — C)
+nCO(PQA) (€ — C) — 1(€))Dnd(€ — 1)
(6§ = 1) = HENW(E = ©) = V()N CO(PQA) ).
Using the estimates
[Pl < Clgn)~1,1Q < Cleg) ™,
|6(& — ) — B(E)] < CE) Ml ()]0 gll2.,
(& = ¢) — (&) < CO°I¢I2 (PN Oetp2s

and by the condition of the lemma
[PQA] + [0, (PQA)| + |0 (PQA)| + [10,(0c (PQA)]
< C(EQ) ™ Em) ™ (Inl + [¢]) ~sem =il

we obtain

| Aap (0, 9)]
=¢ /11&2 dnd¢ (&)~ ()™ (Inl + [¢]) s I =Cldl
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x (€110 8(& = MIOH(E = Q)1 + (&) 1Dedlluan In/2IClDctb(€ — €l

(&) 9ewllasnlic210,6(¢ = )] + () InC |/ |ed I |Gevlpas )-
Hence by the Cauchy-Schwarz inequality
[Aab(¢, )] < CE€)°|0ellLz [0 lz.s

([ metgn2eeman) ([ 162t 2eolac)
+ [ 1% (et CMan( [ (P ee) 2 e lac)

22 (ep)y—Le—Clnl ey le—Clel
+ [ 1'% (et CMay [ 1015 66y e O lac)

< CE) |9 |2 | 0|25
with§ =2+ X+ —¢, s <3, € >0. For the case p =2 we use the inequality

l6(- = 1) = 6()lLzr < Clnl )M [0z
to get

HAa,b(¢7¢)HL2,9
< sup /}Rz dnd¢ (€n)~HEC) T (In| + |¢|) e~ Clnl=Cldl

£ER

x (19e@llean (€ CNOC(€ = Q1 + 196 lleas (€)7 InClDné (€ — )]
+ 06l 10ewlleas (€)= nlic[H2).

Hence
[Aap(d,¥)|[L20 < Cll0c@ L2 [|0gt) |2 §u§<€>9”‘5
€

([ 1% ten ey [ 16P=¥ (e 2e<lac)
s [1er% e e eac [ ¥ e ohay)

+ /R nl' =% (gny~" e ldn /R ¢35 (eq) e lag)

< O[O ll2 |02

with 0 =24+ X4+ —¢€, s <3, e > 0. To prove the second estimate of the lemma as
above we integrate by parts with respect to ¢

Aop(@.0) = [ dndce < (cQA(0(€ = 1) = (DO (E ~ )
+(6(6 = 1) = HENW(E — O) — V()¢ (QA))

Using the estimates
(€ = Q) = D(E)] < CLEMEIHOM 06w an

and

1€ (QA)| + |QA| < () (|n| + [¢])~se~CImI=Clel,
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we obtain

[Aap(0:9)] < /R  dndC|(@(& = n) = HO)(EQ) ™ (Inf + |¢) e~ M=K
x ([¢l1Dc(E = Ol + 196wl (€)°ICIM?).

Hence
06, 0) ez < Cllollan 060l supe) " [ =My
£ER R
2 -2 —as_—clc| 1\ 2
< ([ 1P tecy >l + 16y Clac)
R
+ 16720 il + e eI )

< C|ollLza |0t |nz.s

ifa:1+)\+6—e,s<%,e>0. The proof is complete. O

We next estimate the operator

A, 0) = / eI A () b(E — (€ — C)dnd,

R2
where a,b € R\{0}. Denote

MO = [ e S A, C)dndg,
]RZ
Lemma 3.3. Suppose that

+ b1C
ool (A, ¢) — T 15
| n C( (7, €) n% —(n+ (2
foralln,C €R, k,1=0,1,2,3, where a;,b; € R. Then

[A(), %) — Agh|Lre

< Cl|ollLre|[0cllLzs + Clldllues |0 dllLzs + CllOedlLex |0t (|20,

e—(n)—(())| < O(n| + [¢)~Fle=m=©  (3.1)

with
.31 3 1
f=min(;+=-+a+d,s+-+F+XN2+A+d—-¢), p=2,00
2 p 2 p

and

[A(¢, ¥)llLze < CllBllLza([¥llLos + [|0c¥[|rz2.5)
witho =min(l1+ A+ 6,1+ A+ —¢€),a,8,1,0 €R € >0 is small.

Proof. We represent
Ao, ¥) = Ay + PK1 ¢ + YKo + Aa b (0, 9),

where the kernels of the operators K; and Ky are
Ki(6.0) = [ e e am Oy, Kaleon) = [ 0040, e,
R R
For |£¢] < 1, ¢ # 0 changing n — 5 = z we get

_ Ciatn—(m—S&y a1m +b1¢
Ki(6.0) = e <c>/e iagn—(n—$) dn
1&0) R n? —n+¢?
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_ _ _ (n—5& _
+0( [ (Il +16) e = e8] 4 e )ay)

i - d -
— e~ 5a5C—(¢) /Re_(2>(Clzz sin(aéz) + CQCCOS(G&Z))@ +0(e™ ()
= O(e*@).

For |£¢| > 1 integrating three times by parts we obtain
K01 = 106)™ [ e 530, )i

_aq _ d
< Clel e <Q/R<|n|+n|<|>4

< Cleg| e,
Hence the estimates are true for all £ € R, ¢,n € R\{0}
K1 (&, Q) < Ce™ e ™, [Ka(&m)] < Cem T {gn) >,
Then by Lemma [3.1] we find
10Ky 5414000 < CllYllLes 10z,
19K g+ 3 105 < CllllLral|Oet)||L2s.
Applying Lemma [3.2| with s = 1 we have
[Map (0, ) lLo2trrs—c < Cll0¢@llrz |0t |20

with € > 0, p = 2,00. Hence the first estimate of the lemma follows. To prove the
second estimate of the lemma we note that by (3.1)),

MO = [ e sent i A, Qg

_ / die~iasn=m / emibec_ANTUC et 6062y
R R

0% —n¢ + ¢2
-7 / (C1 + Chsignn)e = (+)&n=F mllvel =) gy 1 O((£)~2)
R
=0((&)™ ).

Hence
[A@Y |23+ < Cll @z [[¢[les.
By virtue of estimates in Lemma [3.1} we get

16K 0l e g nrs < Cllan 0t lles,
[VK2¢|[L2103+5 < Cllo[|resl|th]nec.s-
Then applying the second estimate of Lemma [3.2] with s = 1, we have

[Aap(@, ) [lL214a+5-c < Cll@|lL2r [0tz
with € > 0. The proof is complete. ([

Next we consider the L2-estimates of the operator

H(0.0) = [ A et o€ — e (e84 vl = ).
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Lemma 3.4. Suppose that condition (3.1)) is fulfilled. Then the estimates

IE (6, %)l < Cllgllez (19 llue + [PetbllLen + 02 |L2),
[H(; )Lz < CllYllez([@llue + [[0e¢llL2)

are true provided that the right-hand sides are finite, A > 0.
Proof. To prove the first estimate of the lemma we write

H(¢, ) = €2 @I (€A1 (6, 9) + Ax(9, 1) + As(o, 0edp))

where the kernels are

Ai(n, ¢) = —ibe3 @) Ay, ©),

Wb i 2y
As(n,¢) = 562( T CAn, ),

A3, ¢) = =2 D A, )
respectively. Then by the second estimate of Lemma we obtain

[H(d; )l < €A1(0, ¥) Iz + [1A2(¢, P) [z + [[As(), Oct)) I
< Clllle (I¥llue + 10ellen + 10ellLee + 102 ]L2).

Thus the first estimate of the lemma is true. To prove the second estimate we
i 2 ~
denote ez 1) (€) = (&) and represent

3 (s — 1) = B(€)e3 " 4 B (g6 — ) - 6(9)).
Then we integrate by parts with respect to (,

(. 0) = — [ "%, 00l — n)(T(E - ©) — F(E))andc

R
= —d)Kl’(z; — G%agzja70(¢7 J)’

where the kernels are respectively

Ki(€.0) = /R e49€=1” 9. A(n, ¢)dn,

~ g2
A(n,¢) = ez 9 A(n, €).
As above we have the estimate

1K1 (&,0)] < Ce)e O (ee) 2.
Thus by Lemma we find

[oK19|[L> < Cl|dllLes |92
Finally by the second estimate of Lemma [3:2] with s = 2, A = 0 we estimate

2% Aao(g, 9)llee < Clldere o]z

Thus the second estimate of the lemma is true. The lemma is proved. (I

As a consequence of Lemmas we obtain the estimates of the operators

Gus(d,0) = B 5 h(t,m, )e3ETD" g(t, & — )3 €O y(t, & — C)dndC
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and
" 2 h(t,m, C)e2 ™ ED g1, € — )
X c(e3™ME=O (8, € — ))dndC.

Denote By = (£v/t)* and

Quat,€) = / e~ HE@HO (1 . ¢)dndC.

R2

Hap(p, ) =t /°E

Lemma 3.5. Suppose that

\/1?(0,17]"‘[)1() _ _ g _ _
OFAL(h(t,m, ) — YT TS~ (Vi =(ViO))| < ¢ k=l —C{(\/En)—C(V/IC)
10,0 (h(t,n,¢) R < Clnl+1¢))" e .

forallt>1,1n,( €R, k,1=0,1,2,3. Then the following estimates are true for all
t>1:
[Bo(Ga,b (0, %) — Qapo¥)||Lr
< Ot 1| Bad||ue | BsOe ||z + Ct 1| Batp||ue | Brded|r2
+ Ct 12| Br0¢ |12 || Bs O Y|z

where

1 1

and

1B5Gan(d, )2 < ClIBrG |2 (I By lluee + ¢ 7| Bsdetl|v2)

foro=min(l1+ A+ 06, 1+X+d6—¢),a,0,\,0 € R, € >0 is small. Also for all
t>1,

[Hap (6, 9) |12 < Clldllee ([¢llue + t 7| BrOet Lo + 7|02
and

[Hap(d, )|z < Clllee (gl + % 9edllr2),
where A > 0.

Proof. We make a change /¢ = &', /tn =n' and V¢ = (',

Gun(0,0) =B / A, O)eFE gt ¢ — p)estE=O (¢, & — O)dnd¢

R
= /}R2 e—iE’(an/-i-bC')g(n/7 C'){l;(t,f’ _ ﬂ/)a(tfl —ydy'dd
where

~ . N2 b 1\2 / C/
Al ¢') =t B o, T ),

WV
Y AN i/ i A i/
¢(t,§)—¢(t7 \/E)7 1/’(’5;5)—1/}@7 \/2?)7

Also we denote

Q) = [ O A i
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Now application of Lemma [3.3] yields the first two estimates of the lemma. As
above we make a change Vt€ = ¢, Vtn =1/ and V¢ = (/

Hap(6, 1) = 3@+ / Ay, ¢)ed €= g1, — )
R2
x e (e3P E€ =< (e, & — /' ))dn'dC,

then applying Lemma[3.4 we find the estimates of the lemma. The proof is complete.
O

4. INVERSE TRANSFORMATION
We consider the transformation
I(w)=v—E G_1_1(7,7),
where E(t) = e2€ and

Gaa(dyv) =B / Bty m, Qe (1, & —m)ed O (¢, € — Q)dndc.
R?2
We first give estimates of the operator G, in the norm

16llxar = sup (1Badh(t)llue + 15[ Brdeh(®) rz + 1 [020(0) r2)-
1<t<T

Lemma 4.1. Let condition (3.2)) be fulfilled. Then the estimate
1B (6,1) — Quidt) e < Clléllyan [l s

18 true, whereé’:min(%+a+5,%+ﬁ—|—)\,2+)\—|—6—e), a,B,\0 R, e>0is
small,

3
a<mm@+m2+@2+x2+&1+a+&1+ﬂ+&§+A+®
with an additional condition in the case of ¢ # 0 that o, B, \, 6 are such that

1
0<mmm+&ﬂ+A§+A+®,

1
mmm+&ﬁ+x§+A+®>L
Proof. By the first estimate of Lemma [3.5] with p = co we have
1B6(Gap(9,¢) = Qapd¥)llLee < ClldlI o 19l x5

We now estimate the derivative

Ot (EYGap(0,0) — Qapd)))
= EYGap(0:0,7) — Qup00:®) + ENGap(9, 0ctp) — Qu,pd0ct))

+VIE(Gap(6,0) — Qupdt) + ita€ B4 (Ga (1) — Qupdt)),

where é;,/b and @a’b are defined by the kernel ?L(t,n, ¢) = —ivt(an + bC)h(t,n,C).
Then by the first estimate of Lemma [3.5| with p = 2 we find the estimate
||Ba'a§(Eq(ga,b(¢a T/’) - Qa,b(ym/})) HL2
S C||Ba(ga,b(8§¢a ¢) - Qa,bql)(%(b)”m
+ C||Bs(Gab (9, 0cv) — Qup90:) |2



EJDE-2008/15 ASYMPTOTIC BEHAVIOR 15

+ CVHIB_y_ |12 |1 Byt 1 c(Gat (6 %) — Qup) |
+CoVHIB_; _ [l 1By 5 4e(Gap (0, %) = Qupd)) =
< CtYY|llxcan 10l 0

with the additional condition
1
U<min(2—|—a,2+ﬂ,2—|—/\,2+5,a—|—5,ﬂ+/\,§+)\+5)

for the case of ¢ # 0. Finally we estimate the second derivative
052 (Eq(ga,b(¢a T;Z}) - Qa,b@/’))
= EYGa (070, 0) — Qapt0; P)
+ 2Eq(ga,b(a’5¢7 85’1/}) - Qa,58§¢8§1/}) + Eq(ga,b(¢v 3521/1) - Qa,b¢3§¢)
+ VEE!(Ga (066, %) — QupOcttd) + VEE (Gap (¢, 0cv)) — QD))

B Gy (6010) — Qb)) + iqt(L + itE2) B Gy (6,0) — Qupbil)
€ B (G (Db ) — QustDed) + g€ EY(Gu (6, Oet) — QupdOet)

+2iqt 2 EE(Gap (6. 0) — Qapdt)),

where Cj;;, and @a’b are defined by the kernel

h(t,n,C) = —iv/E(an + bOh(t,, C).
Then by Lemma, @ we find the estimates
Hagz(Eq(ga,b((ba 1/)) - Qa7b¢1l/})) HL2
S C|‘ga,b(8§¢7 w) - Qa,bwa§¢||L2
+ C)|Ga (96, Oeth) — QupedVe |2 + Cl|Gap (¢, O20) — Qu 20|12
+ CV|Gap(9edy ) — Qa st bl + CVE|Ga () 0eth) — Qupdded||L2
+ Ct|B_y_ |2 By 4 (Gap(9, %) — Qup @) [os
+ CQ\/i”Bl (ga,b(af(ba 1[)) - Qa,b¢85¢)||L2
+ CqVt|| B1(Gap (¢, 0ct)) — Qupd0et)) |12

)_
+Cqt|| B_y_ [tz By 1. e(Gap(0,¥)) — Qupth) 1
(Gap (6, ) — Qa0 |Lx

X
+Cat| By el B o(Gas (¢,
< Ol xanlllixs.s

with the additional condition
1
min(a+5,ﬁ+A,§+A+5) >1
for the case of ¢ # 0. Lemma is proved. ([l

Now let us find the inverse transformation Z-!. We consider the equation

6 =1(v). (4.1)
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We look for the solution of 1) in the form v = ¢ + 1 + Eswg and substitute it
into (4.1]), then we find

P1 +E31/)2 = Egg—L—l(%—i—E, G+U1)+2G_12(p+ 11, 12) + E*Go o (1o, ). (4.2)

Comparing in 1) the terms with the same oscillating exponents like E’ we find
a system of equations

1 =G 12(¢+ 1, P2) + E>Ga o (2, 12),
Yo =G 1 1(+ 91,0+ ¢1).
In the next lemma we solve this system in the space
Z. = {($1,92) € (C([LT]; C*(R)))* : [(¥1,42) ||z < Ce?}

with the norm

(4.3)

61,00l = ol oo + Dol e
where v € (0, 3).
Lemma 4.2. Suppose that ¢ € C([1,T]; C3(R)) and the estimate is true

l6lxo <e.

where € > 0 1is sufficiently small. Then there exists unique solutions 1,y €

C([1,T); C3(R)) of a system such that ||(1,v2)||z < Ce2.

Proof. We solve equations (4.3)) by the contraction mapping principle in the set Z..
Define the transformation M (1, 12) = (M1, Maz), where

My =G 12(¢+P1,2) + E*Gaa(tha, 1ha),
My=G_ 1 _1(¢+ 91,0+ 1)

for (¢¥1,v2) € Z.. Applying Lemma in view of the fact that ||¢||X0T,w < ¢ and
|| (11, %2)|lz < Ce?, we obtain, by (4.4),

IMill 2aeg < 1G-1,2(6 + 1, ¢2) — Q—172(5+E)%||X2,1+%
1B (Goa (02, B2) = Quatha )l gonsg
+ ||Q—1,—1($+%)%HX?1+% + HE3Q2,2%2”X’2F,1+%

< Clivall vy (10llxon + 1nllxoq + 2]l 1ag) < CE
T T

(4.4)

In the same manner we have
||M2|| 1,143 < ||Q—1,—1($+E,5+m) —Q—17—1(5+a)2\| 1,1+3%
X X

+ ‘|Q—1,—1($ + E)ZHXIJJr%

T

< O(l8llxan + 1]l xo)? < C<2

Thus the mapping M (¢, 12) transforms the set Z. into itself. In the same manner
we find

M1, 02) ~ MG Bl < 3l Ws2) — (@1, 92)
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Therefore (Mj, Ms) is a contraction mapping in Z.. Hence there exist a unique
solution (¢1, 1) € Z. of a system of integral equations (4.3). The proof is complete.

O
5. ESTIMATES FOR DERIVATIVES
We now make a change ¢ = Z(v) in equation (2.5))
Lo=1t""P,
¢ (5.1)

¢(1,€) = do(8),

where £ = 10; + 2%852, E = e%tﬁz’

73,-\./

P=FK g—l,—l(av 6) - H—1,2(57 U2)
with v = Z7!(¢) and the operator
T hltn, Qe (g )
R2

X O (e31E=O 4 (t, &€ — ¢))dnd.

Has(d,0) =t /°E

Define the norms

[9llve = sup [|[Bad(t)|lLe,

1<t<T
_1 _3
Iéllwy = sup (7% Byo(t)llL> + 1% [[0gh(t)[|L2)-

1<t<T
First we state the local existence result for equation (5.1). Denote Y = {¢ €
Loo’qsl c Hl’l}.

Theorem 5.1. Assume that the initial data ¢g € Y. Then for some time T > 1
there exists a unique solution ¢ € C([1,T];Y) of the Cauchy problem (5.1)).

In the next lemma we give a representation for the derivatives of the operator

Ha b
Lemma 5.2. Let condition (3.2)) be fulfilled. Then the estimate is true
-
|06 (B M (6, ) — igbt? €2 E"Qustllws, < Clldllgan 6l
where
1
p:min(a+6,/6’+>\,1+a,1+ﬂ,§+a+ﬁ—e,)\+5—e,1+6—e,1+A—e)

a,B,\,0 € R, e >0 is small. Also in the case of ¢ # 0 we assume that o, B € R,
A, 0 > 0 are such that p > 1.

Proof. We note that
Ha,b(¢7 ¢) = ib\/%ggmb(d)v 1/)) + t_l/an7b(¢7 851/)) + g((ilz ((b) QP),

where gg}g and Q) are defined by the kernel (V) (¢,n,¢) = VtbCh(t,n,¢). Then
we obtain by Lemma |3.5

| Boet B4 (Ha,n(6,1) — ibVEEQap0) |12
< V| Bp1 (Hap (9, 1) — ibVEEQapdt)) |12
S C\/£||BQ+p(ga,b(¢7 w) - Qa,b(bz/})HL?
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+ C1Bp119a(6,0c0) L2 + OV Byi1 G0 (6,) e
< Gl 16 g
We now estimate by Lemma the derivative,
| Bp0e (Ha,n($,1) — ibVEEQapdt)) | 12
< OV Bp0(Gap (6, %) — Qapd¥) L2
+ Ct2|| B, 0eGa (6, 0cth) 12 + Cl|Bo0eGL) (6, 9) |12
< O 6 | o bl
Hence
10e£tEY(Ha n(0, ) — ibVIEQa b)) || L2
< Ctl[Ha (¢, 0) — ibVEEQa 0|2
+ Cqt|| Ba(Ha,b(¢,9) — i0VIEQap00) |12
+ OVt B10s(Ha (¢, ¥) — ibVIEQa p6) |2
< Ot dllxg ¥l
if p > 1 for the case ¢ # 0. Also by Lemma [3.5] we have
1By E0cHa b (6, 9)|12
< C||Bp0(Han(9, 1) — ibVEEQapdt) L2 + CVH| B0 (€Qap0) L2
< O 6 | o 16l

and
10 E90c Ha b(6,1)) L2
< (02 Ha (6 9)lIe + Cavi| BuE O Ha b(6, ) e
< CE 6 | Il
if p > 1 in the case of ¢ # 0. The lemma is proved. (]

. . . 3 .
We now substitute the inverse transformation v = Z71(¢) = ¢; + E ¢y with
¢1 = ¢ + 11 into the operator P to get

P = F Hoo(tha,82) + 2EH 1, _1(61, brtba) + EOH_1 _a(1,43)
+ F3§_17_1(E, &1) +H_12(d1,97) + 25_1,2(% 2)
+ E3§272(%7 o) + 2Ha,—1 (2, p192) + E*Ha, 4 (b2, 13).

Denote ¢ = ||¢||X(%,7. Since ¥2 = G_1,-1(¢ + 1,6 + 1) then by Lemma we
have o

[t(¥2 = Q1,210 )i < C€?
Then by virtue of Lemma [5.2] with p = 1 we have

10" Ha o (¥, 67) + 6it352E3Q2,2Q—1,—1¢4||W1T
-3 —_ ., 3 93 —_
< 106 (E"Ha 2 (Y2, 67)) + 6it 2 €2 E” Q2 29207 w1,
+ CtEEPE Qa2020% — 12E°E Q22Q 116" | w
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< C\|1/)2||X1T,1+g 167l 50 < Ce®.
In the same manner
|0 B*H 1 —1(61, driba) + 3it 2 EQ2, 166 |lwy < C2,
10 My —a(Br,03) + 24itTEEQ% | Q148 |lwy, < CE2.

All the other terms in the derivative 9¢P can be estimated in the norm WL, the
worst term is H_1,2(¢1, ¢) which yields the restriction v < § — e. Therefore we
can represent d¢P in the form

3
0P =23 BN, + R, (5.2)
j=1

where Nl = ¢4, NZ = ¢$37 N3 = $Sa wy = —3, w2 =3, w3 =6,

O = —6it*Q_1,1Q2,2, Mo = —3ite?Q*, |, Q3= —24it’Q%, 1Q_1,4
with the estimate of the remainder HRHW} < Ce? and

t= 5+ ok0l0; (1, €) < Clev) Ik

forallt >1,£€eR,j=1,2,3,k1=0,1,2.

Lemma 5.3. Let the initial data ¢o € Y and |||y < €, where e > 0 is sufficiently
small. Assume that representation is valid with the estimate of the remainder

IR|lwy < Ce2.
Suppose that
[Bllve, < e. (5.3)
Then the solutions ¢ € C([1,T];Y) of (5.1)) satisfy the estimate
Hag(bnw; < 10e. (5.4)

Proof. We prove estimate (5.4)) by contradiction. By the continuity of ¢ we can
find a maximal time T € (1, 7] such that

0cdlws, < 10 (55)
Thus we have ||¢[/xo0.~ < 10e. By a direct calculation we have
T
W

L(E ) = 171 (G i€ +1£X;) (5:6)
J

with A; = (14 (1 +w;)it¢?)~ 1. This identity is useful in the case of w # —1. Then

we get, from (5.1) and (5.2),

3
L(de+D_ ;)
Jj=1
: Wi 3
=¢1 ZEWJ (tl/QQjA[j + ﬁxj) + 1 Zij (ijgang + t,CX]) I tilR,
j=1 j =

(5.7)
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To eliminate the first summand in the right-hand side of (5.7) we choose x; =
21 t1/2Q A;N; and denote ® = ¢¢ + Z 1 E*7x;. By the identities

L(uww) =vLu + t%UE’Ug + ulv,
_ . 1-
£<z> = L+ 0,

_ 1 .
LNj = NjpLd —NgLd+ 55 | Niso® + 2Njy5l0c® + Nigg(6e)®) + 5 Njgoec,

in view of -, we obtain
9
tLx; = wi/\/jt/:(tl/mjAj) Y20, (Q,A)0eN;
j

2t2

'L’ B P
+ ;t 1/2QjAj(./\/j¢¢¢5 + 2N, ¢¢|¢5‘2 j%(qsi)g)
J

2 _
itl/QQjAj(A/j¢7’ —~N3P)
J
2i _ S
+ ;jt—l/2QjAj/vj$(q>£ +2it? Y — (B JQJ-AJ-N]-))

J

j=1
Therefore, from ,
LD = 20t~ 5/22 —E¥Q AN 5 + 17 'Ry, (5.8)
=1
where in view of we have
Ri=R-— 223:E“7 (£0¢(QANG) — f/\/ GLL(Y2Q;A)))
j=1

3
+ Z E”ft_l/Zag(QjAj)é?g/\/}

j—l

” _ —2
+ZE J t 1/2Q A ( j¢¢¢5+2./\/‘¢¢|¢5‘2 j%(bg )

+ Z wa tl/zQ A N (./V-Jd)'P — /\/jgf)

7ZEWJ

7,1=1

QAN S0c(E“ U AN)).

Since
| A;| + [€0: (R Aj)| + [LL(Q,A;)| < CB_a,t/2|0:(Q,4;)| < CB_s,

it follows that R satisfies
[R1llw~ < Ce>.
T

We multiply (5.8) by (M + t£2)7/2 and use the commutator
LM +te2)2®) = (M +t£2)7/2 LD + LM +t£2)7/2 4 2yt~ 16(M +1£2)2 715,
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then we get L((M + t£2)1/2®) = Ry, where
Ry =®L(M + t£2>”/2 + 29t E(M + 1€7)2 T

+ 2t~ 3/22 E“’JB QAN 5P+t (M +16°) Ry
=Y
Since
LM 1)) < 2 (14 ) (M + 16277,
by choosing M sufficiently large we have
IRalliz < LM + 16220z + CeTe i,
Then we apply the energy method to estimate the L?-norm of B,®,
LI 41820z < LM + 162720l + CeFeE.
Hence integration with respect to time yields
(M + €220z < €+ Cedt!/4

for all t € [1,T]if 0 < ~ < l. Therefore, || By¢e|lr> < e+ Ceit!/4 for all t € [1,T).
We now differentiate with respect to & to get

LD = 2it3/? Z E“IQ;AjN 5Pee + Ra, (5.9)

Jlj

where
= 2§t~ 3/22 @585 (B“IQ5 AN )+t 0 Ry

By (5.5) we see that ||R3||L2 S Ce2t~%. Then to estimate the L2-norm of ¢ we
apply the energy method to

||<I>§||Lz < Ct‘WZ /Q AGEIN 5 Pee Bede| + Ce3th.
Hence integrating by parts with reSEect to & we avoid the derivative loss and obtain
|®¢|lL> < e+ Ce2td for all ¢ € [1,T]. Therefore
102¢|r2 < €+ CeFtd

for all t € [1,T]. Thus we have [0¢llwy < 10e. The contradiction proves estimate

Lemma [5.3|is proved. O
G.9). P

6. ESTIMATES IN THE UNIFORM NORM
We now estimate ¢ in the norm [|¢[|vo = sup;<;<r [[¢(t)||Le--

Lemma 6.1. Let the initial data ¢ € Y and ||do||y < €, where e > 0 is sufficiently
small. Suppose that
|0¢¢|lwry < 10e. (6.1)

Then the solutions ¢ € C([1,T];Y) of (5.1)) satisfy the estimate
16llvy, < 10¢. (6.2)
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Proof. We prove estimate (6.2)) by the contradiction. By the continuity of ¢ we can
find a maximal time T" € (1,T] such that

1¢llvo, < 10e. (6.3)
Now (6.3) along with (6.1) imply that
16]1xo < Ce. (6.4)

Denote w(t) = V(—t)p(t), where
V(-t)=FMF ' = ﬂ/ dne= 3 E)*
R
Applying operator V(—t) to equation (5.1)), we have
’l"U}t = t71V(_t)P,
w(l) = V(=1)¢o,

where P = E3§_17_1(6,6) — H_12(7,v?), and E = '€’ Note that P has the
form

(6.5)

P = Ed¢(Go(v,7) + G1(T,v?)),
where

Go(0,7) = / (£, Qe #HE p(g — e 2O T(E — ()and(

Gi(0,0%) = / (8, Qe FHET (€ — )€ W3 (g — ()nd

with kernels

b (1, ¢) = {[(2 + tat)tatKo(\/;f(nQ —n¢+¢2)),

i
™3

hl (ta , C)

Then by the identities
V(=t)E0s = FMF 1 (0¢ + ité)E
= FM(—iz +19,)F 'E
=tFO,MF'E = it¢V(t)E,

1+ tat)agKo(\/;g(UZ —n¢+¢?)).

we find
V(=t)P = ittV(—t)E(Go(7,7) + G (T, v?)).
Integration by parts yields

[(ByV(—t) — V(*t)Bw)qﬁl

Vi / VY = (V1)) é(n)dn|
= 172 / Fe-m?( 77)‘971((51@;(_5 Tﬁveb(n))dnl

< Cllol +Ct- 1/4||65¢HL2
< Cllélxo-
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Hence
[1By(w = @)l < [[(ByV(=t) = V(=1)By) ¢~ + [(V(=t) — 1) Bydllr=
< Cldllxo +Ct™ 410yl < Clldlxo-
Thus by the estimates of Section (4] we see that
v=¢+0(B_1) =w+ O(e¢B_,).
Then by Lemma we get the representation for the operator P,

V()P = i€V (—t)E(Go(,7) + G4 (v,v?))
= —it " V2eQw|*w + Ot~ 12%¢B_,_.),

where
Q= [ ™02, (t,n,¢)dnd¢
RQ
Vi it€(n—2¢) (—3 —(nVt) -
=— ‘ ———2 ¢ dnd¢ + O({&V/t) 72
7r\/§ IR2.9 772_77C+<2 nd¢ (<f > )
24
A o).
e HOUEn™)
Thus we can write in the form
w; = i0w[*w + O(EQt_%fB,l,W). (6.6)
where
28
O, =———"——.
:¢) V3t(1 + £/3t)

The first term in the right-hand side of (6.5)) is divergent, so we eliminate it by the
change w(t, &) = p(t,£)Eyw, where

t
Ew = exp (z/ o(r, &) |w(r, f)|2d7>-
1
Then we get from
o1 =02t V%¢B_,_,). (6.7)
Integrating in time

t
2 |f|d7
ol < et Ce / N (e

<s+052/|§|ﬂdz<g+052
- g A+ '

Hence ||¢||yo < 10e. This contradiction proves 1] and completes the proof. O
T
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7. PROOF OF THEOREM [L.1]

By Lemma we see that the a priori estimate of ||¢HV0T implies the a priori
estimate of [|O¢o[[wy . Vice versa by Lemma [6.1) the a priori estimate of [|0¢¢||wy
yields the a priori estimate of [|@|[vo. Therefore the global existence of solution
v=T"1(¢) € C([1,0);Y) of the Cauchy problem satisfying a priori estimate

[¢llxo < Ce
follows by a standard continuation argument from Lemma[5.3] Lemmal[6.1] and the
local existence Theorem [5.1] This yields the solution of the Cauchy problem ([1.1)).
Theorem [T.1] is proved.
8. PROOF OF THEOREM

Existence of a self-similar solution of 1) of the form %M S (%) follows from
Appendix [10] since

u(t) = U FLw(t) = DeE(t)v(t), w(t) = V(—t)v(t)

and w(t) has the form w(t,&) = MS(£v/t). We now prove the stability of solutions
in the neighborhood of a self-similar solution of the equation . We consider the
difference r(t,&) = ¢1(t, &) — ¢=2(t, €) and may assume that V(—t)(¢1(t) — p2(t)) =0
at £ = 0. Define the norm

3 _1 _3
Irllwye = sup 1% (1B (@)l +1 410 (0)ne ).
1<t<T

Lemma 8.1. Let the initial data ¢; € Y and ||¢;|lv < e, wheree > 0 is sufficiently
small. Suppose that V(—t)(¢1(t) — d2(t)) = 0 at £ = 0. Assume that representation
is valid. Suppose that

65k <e

Then the solutions ¢; € C([1,T];Y) of satisfy the estimate
10661 — é2) s < Ce
for0<p <~ and%—’ygu<%—u.
Proof. Denote r(t) = ¢1(t) — ¢2(t), then by we have
Lr =t (P(¢1) — P(42))- (8.1)

We prove the estimate of the lemma by contradiction. By the continuity of r(t) we
can find a maximal time T € (1, 7] such that

10¢(¢1 — da)llwer < Ce (8.2)

Since V(—t)r(t) = wi(t, &) —wa(t,§) vanishes at £ = 0 for all ¢t > 1, we can estimate
the norm

13
V(-t)r(t)| = ]/0 B_,,B,,85V(—t)r(t)d§|
< CVIE[B- | BLOeV(—t)r(t)|| e
< |€ (VieyE VTR E|| B, der(t) |
< Celg| (Vig) s m.
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Also we have )
(1= V(=t)r(t)] < t77[|0er(t)||L> < Cet™#/2.
Hence
Ir(O)] < |1 =V(=t)r@)| + [V(=t)r(t)]|

1

< Cet™/2 4 Cele|H(Vie)z 7V H.
Then we get from (8.1)) in view of (5.6)),
3 3 .
wj -1 wj (41/2 Wy
Lire+Y E*x;)=t"'Y B (t/QijJrQTijj)

= =t (8.3)

3
Ht71Y B (iw;€0ex; + LX)+t (R1 — Ra),
j=1
where we denote M; = N(¢1) — Nj(¢2). To eliminate the first summand in the
right-hand side of |D we choose y; = %tl/QQjAj./\/lj and denote ® = r¢ +

Z?Zl E%¥ix;. Therefore, from 1} we obtain

3
1 N
L& = 2it—3/? E 7ijQjAijT(b£ + t_le,
ny

j=1"
where in view of (8.1)), we have
3 )
— w; [ 1200, A,
Ry =Ri—Ra =2 B (EDe(YAM;) — — MtL(H/2Q;47))
=1 /

3
+ Y EBUt20:(Q;A5)0eM;

Jj=1
3 i
+>_ B ;jt_l/QQjAj(MjrrTf + 2M el + MirrTe?)
j=1
2 % I
+) B thl/2QjAij(Mjr(Pl — P2) = Myjz(P1 — P2))
j=1
2 4 .
D QA Mz (B U AM).
ji=1 ijl

Since
|5 4;] + [€0 (9, A5)| + [tL(QA;)| < OB 2, t71/%|06(2;4;)| < CB_s,
then R3 can be estimated as
HRZ’»”W%”’ < Ce?

if v > % —v. Then as in the proof of Lemmawe multiply 1) by (M —|—t§2)”/2
and use the commutator

L((M +1€2)20) = (M +162)"2L® + DL(M +1€2)"/? 4 20t~ L(M +1€2) 5719, @

then we get
L((M +t€)"/2®) = Ry,
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where
R =BL(M + 1)/ + 217 (M +1€%) 51
3
1 _
2SS L0, AT 4 (0 4R,
j=1%3
Since

v 1
|L(M +t£2)l//2‘ < 27t(1 + M)(_]\4_|_t£2)u/27
by (5.5) choosing M sufficiently large we have
Y g ¥ g
v b
[Rallre < §H(M+t§2)w2q>”m Lottt

Then we apply the energy method to estimate the L? - norm of B, ®
d v L
I + 462 @ljra < (M +16%)E e + CeFet 2,
Hence the integration with respect to time yields
1_ s

(M +t£2)"/2®||p2 < e+ Ceiti=t
for all t € [1,7] if 0 < v < & — . Therefore |B,relle < e+ Ceiti—% for all

2
tell,T).
We now differentiate (8.3 with respect to & to get

3
1 N
LD =2it™27> " — B0 A M0 + Rs,
j=1"7
where s
1 —
Ry =2it™3/2) " — D0 (B12; A M) + t71O:Rs.
j=1
1

By (8.2) we see that ||Rs||: < Ce?~%~%. Then to estimate the L? - norm of &
we apply the energy method to ([5.9)

3
d S .
aucbgniz <ct?y j|/QjAjEwMﬁq>§§q>£dg| + Cedtz7v,
=1 7R

Hence integrating by parts with respect to £ we avoid the derivative loss and obtain
[Pl < e+ Ce3ti~% for all t € [1,T]. Therefore

v

|02r|g2 < e+ CeBti=s

for all t € [1,T]. Thus we have |O¢r|[wav < Ce. This contradiction proves estimate
of the lemma. Lemma [8.1]is proved. (I

To study the asymptotic behavior we make a change as in the proof of Lemma

w =V¢ =&, and s = VS = g€, where

¢
& =ew (i [ O ols(roPdr).

1

Then from (6.5)) we get for the difference f = ¢ —g

ife = Et7'VP(¢) — iOlpl*p — £t VP(S) +i6lgl’g
= (&, = &)(ETVP(Vs) —iO|s|*s) + 7 E,(V — 1)(P(¢) — P(S))
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— 08, (V- 1)8)(Ve)* — (V- 1)S)(VS)*

+o(V-1)0)(V+1)p—S(V-1)S)(V + 1)5)
+ &, (t7'P(¢) — 0|92 — t1P(S) 4 i0]S|%S)
O 2

=025
Then we get
t
£ - f0)] < 0 [ o8 tar < ey,
t1
Also by (6.7),
t 62
p(t) —p(t)] < 052/ V26TV VA <
e h v (Evt)

for all £ > t; > 1. Therefore the limits exist
F(§) = lim f(1€), B(€) = Jim p(£.€) and G(E) = Jim g(+.€)
with the estimates |F(€)| + |®(£)| + |G(§)| < Ce. Then using the estimates

[f(t,€) = FE)] < 2712, |p(t,€) — 2(¢)] <

<§\/>
900~ GO < o 1= 7] < O ey,
we obtain
o=8+E(f+ (1= EE)g)+(1=V)r
=S+ ELF+(1-E,E,)G)+ 04 %),
Note that

p(t, ) = [2(E)]* + O(* (V) ™).

‘We now denote

(1) = i / (lo(r ) — lo(t.6))Oudr,

() = —i / (g &) — [o(r. O — 19t &) + [o(t.£)?)Odr.
We then get
Uy (1)~ Wy (1) = —i / (Io(r, ) — [t €)2)dr+i(p(t, )2 — | o(t1. ) / Odr

and

Us(t) = Ua(ty) = *i/t (Ig(r, &)1 = lo(r, )1* = lg(t. ) * + l(t, §)*)Odr

ty
+i(lg(t, O = ot O — [g(t1, O + @(t1,€)*) | Odr

1
for all 1 < t; < 7 < t. Using these estimates we get

W;(t) — Wy(th)] < Ce* V)T, j=1,2.
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Therefore, there exist unique functions ®;4o € L, such that

;.5 = lim W(1)

and
[i®jy2 — W (t)] < Ce*(evVt)y™,j=1,2.
Then we find
t
_i/ |p(r)[?Odr = i|®[* log(¢V?) + iP5 + O(*t/?)
1
and

—i/1 (Ig(r)[* = le(n)")Odr = i(|G|* — |@[*) log(£VE) +i®a + O(*tH/?)

with some functions ®3, &, € L. Hence

e THIEVE )
Ep = exp ( — i|®[? log(H_||£|) — i3+ O(e% “/2))
and
= . L+ Ve _
Es€, = exp ( —i(|G|? - |®]?) 1og(1+|£|€|) —i®y + O3t M/z))_
Thus
6= § + eI losC Y - (F 1+ G(1— emilIcr 12l 10g(%)7i¢4)>
+O0(*77)
2 » el Vi
=8+ HePilosCi ) o2/,
j=1

The asymptotic formula follows now from the inverse transformation [L1] of u(t, z) =
t=1/25€ (¢, €) and € = z/t,

lz]

iB. v
iB; log( E) )

2
u(t,z) =t Bu(t) =172 ES +17V2E>  Hye Lo 35,

j=1

Theorem [I.2]is proved.

9. APPENDIX 1, HOPE-COLE TRANSFORMATION

We consider the quadratic nonlinear Schrédinger equation

1
1ug + guxa: = ax(uz), reR,teER,

u(0,2) = up(x), xR

(9.1)

There exists a self-similar solution of the form s(¢,z) = %cp(é‘), with § = =
Indeed if we substitute %cp(g) into l) we get the ordinary differential equation
for the function ¢(§),

[ / 1 " __ 2\/
*5(5@ +§Sﬁ = (¢),
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hence integrating with respect to £ and choosing the integration constant as zero,
we obtain the Bernoulli equation ¢’ = i€y + 202, which has a solution

p(6) = o4 (€~ Vamieri(ey 1))

with the error function erf(z) = % Iy e=¥’dy. We suppose that the constant C

have a sufficiently large absolute value. Now we represent a solution wu(t, :r) =
s(t,x) + w(t,z) and choose a constant C such that [s(t,z)dx = [@(§)dE =

J u(t, z)dz, then
/w(zﬁx)dw =0,

so we can consider w as a full derivative: w = v,. Thus we have

1
1y + o Var = 250, + (V)2

Now by the Hopf-Cole anzatz v = —3 log(l + ¢) we linearize the above equation

We can eliminate the right-hand side of the above equation by virtue of the change
of the dependent variable ¢(t,z) = exp 2]0 t,y)dy) ¥(t, ),

Zwt+§ww$207 mGR,tER,
P(0,z) = Yo(x), z€R,

where g (z) = (exp(—2 [5 (uo(y) — s(0,y))dy) — 1) exp(—2 [ s(0,y)dy). Thus the
solution of ( . ) have a form

u(t,z) = s(t,x) — 5(% log(1 + ¢ (¢, z) exp(2 /OI s(t, y)dy)).

10. APPENDIX 2, EXISTENCE OF A SELF-SIMILAR SOLUTION

Here we study a self-similar solution of the form v(t,&) = w(&v/t)

orlt,€) = € / TS P r—

where
= %(&2 + (€= +7%)
and the solution u(t, z) of can be obtained from v(t, ) through the formula
u(t) = U F1o(t).
For w(£v/t) we get
w(©) =2 [ ¢Suly = gulndn
We use the identity e = (9¢& + 0,n)(Ke') + Fe'S, where

2+1iS 1S

K=_—-""_ - W
21+ iS)2’ (1+iS)3
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Then we get

£ w(©) +2 [ sKeSulr= el
= 2/ Fe'Sw(n — &)w(—n)dn — / Kne™ —(w(n — §w(—n))dn.
Denote
06) = w(©) +2 [ €K (&n)e'uly = Gul-ndn, (10.1)
then in view of the symmetry 1 — ¢ < ¢ we have

% - 2/RFeiSWM—4/RdneiSKnm/Re’iQw(n—y)w(y)dy

(10.2)
with

Q= (n +(n-y)?+y°).
We will see later that the rlght—hand side of (|10.2)) has the asymptotic

1j“>w¢< 6)[26(€) + 0((E)?).

To exclude the first divergent term we make a change ¢ = pF, where
16 [ de¢
o (i [ 1O 75)
3 Jo 9]

167
3(¢)

L / dne'S Kol — &) / e Qu(n — y)w(y)dy.

R

then we get from (|10.2)),
dy - i
% 2B [ Feulr— el -
€ R

()P ()
(10.3)

Integrating the above expression, we obtain
£ _ —
PO =ol0)+ [ 2F [ Pesuly = gu-mdnds
0 R

¢ /16in
_ 2 0.4
/0(3<§>|<P(€)| #(6) (104)

AT [ dne Kol =) [ e @wln - y)ul)dy ) ds.

We solve integral equation (10.4) by the contraction mapping principle. Define the
transformation

A() / I [ PeSuln = ul-minde

_ 16 9 )
/0 (3 le@Pre (10.5)

+ 4@/]R dne’ Knw(n — € /R e "Cw(n— y)w(y)dy) de.
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We now find the inverse transformation to (10.1). Changing the variable of inte-
gration n =1’ + g we rewrite 1' as (the prime we will omit)

w©) = 9(6) ~ e [ TR Emuln - Hut-n—Han  (106)
where ¢ £ 4i8) 5
_ Sy to1 _ 942 2
We substitute the representation
w(€) = B(&) + 1(€) — e () (10.7)
into (10.6). In view of the symmetry n — —n, changing in the second integral
n=3¢—n we find
Sig? _ e [ g g
01(6) = H () = = [ T K€ min(n - Sua(—n— S)an

+2 /R X Ko (€,1) b3 (€ — n)iba (1 — 2€)dn

e / e HT Ky (€ mia(n — S)a(—n — S)dn,

where 13(£) = ¢(&) + ¥1(£) and Ka(&,m) = Ki(&, 3¢ —n). Thus we obtain the
system of integral equations for the functions v (§) and ¥9(&)

P1(8) =2 /R e Ko (€, 1) (1 — 26)5(€ — m)dn

w8 [ AR = Sialon—Han (108)
in? 3 £
— [ K ~ (= — 2)dn.
() = [ e Ka(Emualn— Sunl—n - S
Denote the norm
[l = sup(() 7 [()] + (€)' 7> [¢' (€)])-
§€ER
Lemma 10.1. Let ¢ € CY(R) satisfy the estimate
ilelg(\cb@ﬂ +EOT' @) <e, (10.9)

where € > 0 is sufficiently small and v € (0,1). Then there exist unique solutions
1,19 € CL(R) of a system of integral equations such that

[¥1llz + llvallz < Ce. (10.10)
Proof. We solve equations ([10.8]) by the contraction mapping principle in the set
Z. = {(¢1,¢2) € (C'(R))* : [[1lz + [|v2llz < C<*}.

Define the transformation

My (1, 42)(€) = 2 / e Ky (€, 1)l — 2)0 (€ — m)d

i

e 3 /Re‘%i"QKl(&n)%(n - §>w2<—n — g)dn
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£

Ma(r,02)(6) = [ € Ka(€mbatn = $)a(-n— S)dn

R
for (¢1,12) € Z.. Via ([10.9) and by the fact that ||1)1]|z + ||¢2]lz < Ce? we obtain
the estimate

| M (Y1, 12)(€)]
3 §

<0 [rlel+ D™ (=207 + (= 57 o+ 517y

< CePg)

Integrating by parts with respect to n via the identity e’ = A@n(ne”’z) with
A= (1+2in?)"! we get

M1)€ = | [ €= §)in(—n = $ndy(AK )

Sys(n — Syl

+2/Rein277AK1¢3(77—
<cet [ (©7 7=+ 0 lel+ )2
(L[] D)~ ) 20+ €2 ) dn

< CeXe)

We now estimate the derivatives

d
ae M) ()

= 2/ X o (1 — 2€) 13 (€ — 1) Kadn
R

+o /R A (0~ 2EVILE — 1) — 20507 — 2E)0a(E — 1) Kady

~ $)a(on = Sy

—e_%’fz/e_%”FKﬂ/Jé(n
R

3,¢2 1in? 3
e 8% /Re*5”7 Ya(n — g)¢2(—ﬁ - g)(ale - iiﬁKl)dn'

and

d s
EMa1, 02O = [ Kawin— Sun(on — S

- / € a3 (1 — §)1/J3(—77 - §)3£K1d77-
R 2 2
Then we find the estimates

L M) (€)] < O /R (7= 26)271 4 (€ — 1) (1 + || + Inl)dy

T
+0st [ =Sy tn+ §1 < P!
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and

|d%/\/l2(¢1,¢2)(§)\ < Ce? /R(l 1€+ InD) "M — g>2vfldn

Lee / (L4 1€] + In)~2dn < C2(E).
R

Thus the mapping (Mj, Ms) transforms the set Z into itself. In the same manner
we find

My (4, 2) ~ My B, Bz < 5l — il + 5l — Dol

Therefore, (Mj, M) is a contraction mapping in Z. Hence there exist unique
solutions 11,19 € Z of a system of integral equations ((10.8)), which satisfy estimate

(10.10). Lemma is proved. O

We now evaluate the asymptotic form of the integral

I= / X U=1” A(€, )y (n — €)@,
R
where
b = / 66iy2¢2(a177 — b1y)¢3(azn — bay)dy,
R
with «, 8, i, a1, az,b1,ba € R\{0}. Also we assume that a1bs — asb; # 0.
Lemma 10.2. Suppose that

851l = sup(l6;(§)] + (€)'~ ¢5(E)]) < C,
£ER

A, )| < COA+[El+ )7,
0, A(E,m)] < C(L+[¢] + |nl) >

Then the asymptotic form is true

T- %A@, 1E) b1 (1 — 1)€)ba(arp€)ds (azpu) + O((€)72). (10.11)

. . .. . 2 02
Proof. We first integrate by parts with respect to y via identity e®®" = B, (ye")
with B = (1 + 2iBy?)~! we get ® = &1 + &y + 3, where

o= 2/ PV oy (a1 — bry)ds(azn — bay) B(B — 1)dy,
R
@y =0y / €Biy2¢/2(a177 — b1y)3(azn — bay)yB dy,
R

s =02 / 7" g (arn — bry)dy(azn — bay)yB dy,
R
Now in the integral
1= [ e A€ m)on(n — a(mdn
R

we integrate by parts with respect to n via identity

ei(n—pg)* _ Hoy((n — () ein—ne)*)
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with H = (1 + 2ia(n — u€)?)~! to obtain I = I + - - - + I, where
B = 201((n = DB A€ ) [ 01 H (T = 1y
I = /R €118 61 (1 — €)1 (n) (n — p€) HO, Ady
b= [ 0 (610 = 91 (A€ )
— 61((n = D1 (HEA(E, 1€) ) H(H — 1)dn
Iy = /Re““"‘“g)zqﬁl(n — )P\ () A(n — p&)Hdn

I = /Reo‘“”‘”é’zcbi(n — &) ®1(n)A(n — p&) Hdn
We prove that the integral I is the main term. Since

.2 \/i?T
Bi — = —
Q/Re Y"B(B —1)dy ik

and (y)|¢;(aipg — biy) — ¢;(aipé)| < C{€)7~H{y) ™7, we have

1 (&) = 2¢2(arpf) 3 (azpul) /]R eﬁinB(B —1)dy
+ 2/ eﬁi’yQ (QSQ(alMg — bly)¢3(agﬂf — bgy)
R

~ Gal1p) 63 (a211€) ) B(B — 1)dy

= L batanontaane) + 0((€7 " [ )~ ay).

By a direct calculation,

2/eai("_“5)2H(H—1)d77: i/emzdn: £
R Va Jr a

3

Therefore,

I = \/%A(a 1E)61 (1 — 1))z (a111€) b (a2pi€) + O(()772).

‘We have

|P1(n)| < C/<a177 — bry) " (agn — bay) T2 (y) 2dy < Cn) T2,
R
|7 (n)] < C’/R<am — biy) " Hagn — bay) 72 (y) 2dy

+ C/R<a177 — byy) " {azn — bay)? " y) Pdy < C{n)7 !
Hence
Bl < 02 [ =)™ ) < Ol

Since

(n = n€) o) — ¢(pé)| < €€ n) ™
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and

(n— u&)HA(E,m) — A(&, uE)| < CLET ()7
we find

1) < Oy / ()~ 0 — ) "Ly < CLEY2.

‘We also have
Ll + |15 < Cle) ! / )+ (= €7 1) (g — )Ly < CLEY.

In the integral &5 we change a;n — b1y = ' (the prime we will omit) then with

- 1 ~ b
az = —(agb1 —aibs) #0, by = =
bl bl
~ 20 . _
Bi= (4 Dilan ), =y
1 1

we have
b2 = C/ eI = 61 ()65 (@ — bay) (arn — y) By,
R
Then with Q = B1(a1n — y)? + a(n — ué)?. we define
fo=C [ dyo(v) [ Al n)r(n— e (@ — bay)(ern - ) Bay.
R R
Then we integrate by parts with respect to 7 via identity ¢’© = H 377(17610) with
H = (1+inQ,)"*, where

a1 s ap
a+ Bra¥’ a+ Bra?’

if o+ B1a? # 0 and 77 = 7 if a + B1a} = 0 we get

f=n—by—at, b=

Is = C/Rdycb’z(y) /R R0, HA(E,m)¢1(n — €)¢3(@n — bay) (a1 — y) Bdn

since (Q,) 1 < C(M)~2 if a + fra? # 0 and
(1Qy)~" < Ol Harfry + apg ™!

if a + B1a? = 0 we obtain

L) < () /R dy(yy /R =2y =By — )
< /R dyly) ™ (asy — @) < C(e)*2
if a + B1a? # 0, since ay, a, ag = 1;—?15 # 0, and

|Ig| < 0<€>”’1Ady<y>”’1|a1ﬁ1y+au§|”’l/R<a177—y>’1<l77l”’1

+ (=& 4+ (a@an — bay) L+ (i — y)‘l)dn <C©»?

if @ 4+ f1a? = 0. In the same manner we estimate the integral with ®3. Thus we

have the asymptotic form (10.11]). Lemma is proved. O
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Now we substitute (10.7) w(&) = ¥3(£) — 1% 1h5(€) into the second summand in

the right-hand side of (10.2]) as above changing the variables of integration y = y'+
or y = 2n — 1 we find

/ReiiQw(ﬁ —yw(y)dy = e i / eﬁy‘z%(g - y)ﬂ’s(g +y)dy

R
.2
2 / A oy — )b (2n — y)dy
R
et [ edr (o v + )y
R
So we have

/R dne' Kjw( —©) / e Qu(n — y)uw(y)dy

_ /R e 129" Ko — €) W1 (n)dy
+2e%i52/Rei(n‘%ﬁzl(nm%(n)dn
Sl R T
4 odi? /R e~ 31030 Koo (i — €)W (n)dn
—|—2/Re%i(n+§)2KTlm‘I/2(7l)dﬁ

o . 2 () d
+ e—izg / B él(n -2€) Kf,n[}g(r,] — f)\I/3(77) n
where

)
i) = [ e ua(d — vl + v,
R
)
W) = [ ¢4 (y = n)va(20 — )y
1,2
Wa(n) = [ eEva(] — 9)ia] + v)d,
R
Applying Lemma we obtain the asymptotic form
/Rdne"SKW(n ) /Re’“’?w(n —y)w(y)dy

— [ O kGl =) [ e va(} - wyun(] + iy + O(E) )
R R

dim ——

__an -2
=3 Y3(§) s (EYs(§) + O((§)" ™)
_ 74%7’” 2 y—2
= 3<§>|¢>(§)\ P(&) +O((&)" ™).
Thus we can estimate the right-hand side of

1

9 Ap)(€) = 2F / Fe'Sw(— Oyw(—n)dnd — %wn%(s)

A
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— ZLE/]R dneiSan(n —&) /RefiQw(U —y)w(y)dy

= 0(e*(€)"™).

We solve equation (|10.4) by the contraction mapping principle in the set

X. ={p e C'(R) : [lplx < Ce*}

where the norm

lellx = Sup (&) + (&)1 (©)])-

When ¢ € X., then [|¢|ly = supecr(|¢(§)]+ (§)'[¢'(€)]) < Ce and by Lemma
0T

[1llz + 2z + [[¥sllz < Ce.

Then by Lemma [10.2

d%Aw)(sﬂ < Cele)r 2.

And integrating we have

13
|A(e)(€)| < Ce /O (EVP2dE + |(0)] < Ce.

In the same manner we can estimate the difference

|A(p1) — A(p2)| < Celler — p2flx-

Therefore, A is a contraction mapping in X. Hence there exists a unique solution
€ X of integral equation (10.4]).

(1]
2]
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(12]
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