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CRITICAL NEUMANN PROBLEM FOR NONLINEAR ELLIPTIC
SYSTEMS IN EXTERIOR DOMAINS

SHENGBING DENG, JIANFU YANG

ABSTRACT. In this paper, we investigate the Neumann problem for a critical
elliptic system in exterior domains. Assuming that the coefficient Q(z) is a
positive smooth function and A, > 0 are parameters, we examine the common
effect of the mean curvature of the boundary 92 and the shape of the graph
of the coefficient Q(z) on the existence of the least energy solutions.

1. INTRODUCTION

In this paper, we are concerned with the following Neumann problem for elliptic
systems

“Aut u= O%‘ﬁ (@)[u*2ulol? in Q°,

—Av+ pv = aL—fﬁ (z)|ul*w]’~ v inQ°, (1.1)
ou Ov
5 = 5 =0 on GQ,

u,v >0 in Q°

where Q C RY is a smooth bounded domain and Q¢ = RV \ 2, we assume that Q¢
has no bounded components. A, u >0 are parameters, o, > 1 and o + § = 2%,
where 2* denotes the critical Sobolev exponent, that is, 2* = 13—]_\’2 for N > 3.
v is the unit inner normal at the boundary 0f2. The coefficient Q(x) is Holder
continuous on ¢ and Q(z) > 0 for all x € Q°.

In[4], critical semilinear elliptic problems for one equation with Dirichlet bound-
ary conditions was solved by variational methods. Although the (PS) does not
hold globally, it was found in [4] that the condition is valid locally. Critical point
theory then can be used locally to find critical points of associated functionals.
The critical Neumann problem was considered in [I6] using the same idea as [4].
Later on, the critical Neumann has been extensively studied. Various existence
results concerning the graph of coefficients, topology of domains etc., can be found
in [T, 2, 6} [7, @l 10, 13| 14} 16] and references therein. Particularly, the Neumann
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problem in exterior domains
—Au+u=Qx)|ul* 2u in QF
% o 09, (1.2)
ov
u>0 in QF

was considered in [7]. Existence results for (|1.2)) were obtained by showing
S(92°,Q,N) =inf { [ (|Vul* + ?)dw,u € H'(Q), [ Qx)[ul* dow =1},
Qe Qe

is achieved. The effect of the graph of @ and the geometry of the domain was taken
into account on the existence of solutions of .

For the system (L.1), it was considered in [3] the existence of solutions for sub-
critical nonlinearities. In the critical case, problem in bounded domains was
investigated in [§], where the effect of the shape of Q(x) was considered in the exis-
tence of least energy solutions. Inspired of [7] and [8], in this paper, we consider the
existence of solutions of problem in exterior domains. The problem is both
critical and setting on unbounded domains. The loss of compactness is caused by
noncompact groups of translations and dilations. In applying variational methods,
it is necessary to figure out energy levels so that the (P.S) condition holds. These
energy levels are not only affected by noncompact groups of translations and di-
lations but also the shape of the coefficient (). Solutions of problem will be
found as a minimizer of the variational problem

_ Joe (IVul? + [V]? + Xu? + po?) da
1
w,weHL(Q)\{0} (fg Q(x)|u|*|v|? dw)2/(a+ﬁ)

which is a weak solution of (1.1)) up to a multiple of a constant. It was proved in
[3] that every weak solution of problem (1.1)) is classical. As we will see, problem
(1.3) is closely related to the problem

S>\7M(QC7 Q) =

: (1.3)

(|Vul® + |Vv|?)d
Sop= inf fQL( uf +] U2|/()a+9;)'
umEDé’z(Qc)\{O} (ch |u|a|v‘ﬂ d.’L’)

(1.4)

We may verify as [3] that

« « a/(a
Sup = [(£)70 0 4 (g) /@401 g . A, 48,

B
where S is the best Sobolev constant defined by
Vu|*d
S = inf fQ| U| '12:/2* )
weDy* (N0} ([, [ul?* dz)

which is achieved if and only if Q = R by the function
N(N —2) (N=2)/2
Ux)=|————"— .

@ =y r =2+ o

The function U satisfies
~AU=U?"', iRV

/ |VU|2dx:/ U[¥ doe =S~
RN RN

and
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Denote

Q. = max Q(z), QM:II%Za;XQ(x), Qo = lim Q(x).

2Q || — 00

Suppose Q.,, @y and Q. are positive, we set

Sa.p Sa,8 Sap }

Seo = mln{ N-—2) N-27 N-2
22/NQmN QMN o

Our main result is as follows.
Theorem 1.1. If Sy ,(Q°, Q) < Soc for A, >0, then Sy ,(Q°, Q) is achieved.

In section2, we show a variant of second concentration lemma, and then prove
Theorem In the rest of the paper, we will verify the condition

Sxu(92°,Q) < Seo. (1.5)

In the case Qn < 9n"2 Q.n, we assume that

(Q1) There exists a point y € 9 such that Q,,, = Q(y) and H(y) < 0 and for x
near y,

Q(z) — Q)| = ol —yl) (1.6)

where H(y) denotes the mean curvature of 0Q at y € 9Q with respect to
the inner normal to 9N at y.

In the case Qp; > PRE Qm, We assume
(Q2) Qr = Q(y) for some y € Q° and for x near y, there holds

Q) — Q=) = oz — y|" 7). (1.7)
If there is z € Q€ such that Q(z) > Qoo, then

. Sa So
Soo = mln{ ’i,;z , N’i }
22/NQmN QMN

If Q(x) < Qs for all z € Q°, we suppose
(Q3) There exists some cone K C RY on which the convergence Q(z) — Quo
holds and there exist z € 9B1(0),0 > 0, C' > 0 such that for R — oo,

C N?
0< Qu — Q(RY) < —, — 1.8
<Qu- QY < v P> (1.9
for every g € 0B1(0) N Bs(Z).
Under conditions (Q1)-(Q3), Ss is well defined.
Theorem 1.2. The condition Sy ,(Q°, Q) < So holds if one of the following con-
ditions holds.

(1) Qum < 272Q and (Q1) holds;
(il) Qu > Z%Qm and (Q2) holds;
(iil) Qoo > 2¥WN=2Q,,, Q(z) < Qoo for all x € Q° and (Q3) holds.

The above theorem will be proved in sections 3, 4 and 5.
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2. PrROOF OF THEOREM [I.1]
Let
Iapu(u,v) = / (|Vul® + |Vo]? + Mu? + uo?) dz
Qc

be a functional defined on E := H(Q°¢) x H}(Q¢). Then
Sn (2, Q) = inf {Jnu(u,0) ¢ (u,0) € E/ Q@)uffof de =1} (2.1)
Qe

The following Brézis-Lieb type lemma is proved in [8].

Lemma 2.1. Let u, — u and v, — v in H*(Q°). Then
hm |un| v, | dx = hm / — u|*v, —v|? dx +/ lu“|v]? dz.  (2.2)
Qc

Denote by B;(0) the unit ball in RY. We have the following results, see [S].
Lemma 2.2. Let B = B1(0) N {zx > h(z')} and h(z’) be a C' function defined
on {&’ € RN 1 2’| < 1} with h, Vh vanishing at 0. For every u, v € H'(B1(0))
with supp u, suppv C B, we have

(A) If h=0, then

2/2*
/(|VU|2+|Vv\2)dx22*2/Nsa,ﬂ(/ fulol®) "
B B

(B) For every ¢ > 0 there exists a § > 0 depending only on € such that if
[Vh| <0, then

[avap s 1vepyar = (555 - ) ([ i)

To show the compactness of a (PS) sequence, we need a concentration - com-
pactness lemma. In [12], it gave a remarkably characterization of non—compactness
of the injection of W4(Q) into LY (Q) for 1 < ¢ < n and ¢* . The proof of

the following results are essentially in spirit of [12], see also [I ]

Lemma 2.3. Letu,, — u and v, — v in H'(Q°). Suppose that (|Vu,|*>+|Vv,|?) —
iy [un|®vn|? — v in the sense of measure, and denote

lim hmsup/ (|Vun|? + |V |*) dz = pioo,
Qen{|z|>R}

R—oo pnooco

hm hmsup/ |t |¥ 0 |P i = Voo
Qen{|z|>R}

R—oo nooo

Then there exist an at most countable index set J and sequences {z;} C Q°U
o, {u;},{v;} € (0,00),5 € J,such that

v=[ul*|” + > v;6e, + VacOoo, (2.3)
jeJ
w> |Vul? + [Vol? + Zﬂj(swj + Loo oo, (2.4)

jeJ
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and
SasV2”" < piso, (2.5)
Sasvi’® <py, ifw; €0, (2.6)
Sap 22 iy € 00, (2.7)

922/N 7Jj
where 6, denotes the Dirac-mass of mass 1 concentrated at x.

Proof. We consider first the case v = v = 0. Since p is a finite measure, the
set F:= {x € Q¢u({z}) > 0} is at most countable. We can therefore write
F={x;}jcs, pj == p(x;), j € J so that

= Zﬂjézj + Mooéoo
JEJ

If z; € Q°, for any £ € C§°(Q°) N L (), we have

/ € dv = lim / €2 | 0] da
Qe n—oo Joe

) o 2% /2
< tim 57372 ( [ 19w + V(o)

n—oo

(2.8)

Since u, — 0, v,, — 0 in L2 (Q°), we deduce

) . 2 /2
v ar<s e ( [ ) (2.9

By approximation, for any Borel set E € Q¢ we have
v(B) <85 u(E)” (2.10)
as well as particularly, (2.5) and (2.6) hold. Because (2.10) implies v < u, we have
for E € Q¢ being Borel set that
v(E) = / D,vdpu, (2.11)
E

where

. v(Br(z))
20 (B, (x))
this limit exists for p-a.e. € RY. From , we have

(2.12)

D,w=0, p—ae zcQ°\F (2.13)
Define v; = D,v(x;)p;, we see from (2.10)-(2.13) that (2.3) holds for the case

u=v=0.
If z; € 99¢, by Lemma 2.2}

/ (IVul? + |Vol2) de
QeNBc(z;)N{xn>h(z’)}

S, N 2/2*
> (g —) (] ul*[v1%)
QeNB (z;)N{xn>h(z’)}

implying similarly that

Sa,8_ 2/2°
22/N Y = Hy-
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Next, in the general case, let 4, = u, —u and 0, = v,, —v. We may apply above
results to 4, and v,. Moreover, in terms of Lemma

Vit [? + [Vn|* = o+ [Vul? + Vol
|Viin |*|Vn|® = v+ |Vu|®|Vol?
in the sense of measures. The proof is complete. ([l

Proof of Theorem[1.1l Let {uy,v,} be a minimizing sequence for Sy (2, Q); that

is,

/ (|Vun|® + |Vou|? + M2 + po2) de — Sy (2, Q), Q) [tn|*|vn|? d = 1.
c Qc

We may assume that u, — u, v, — v in H'(Q°¢). By Lemma
[V |” + [Vou > = 1 > [Vul? + [Vo” + ) 100, + procbse,
jed
Q) unlal® = v = QNI lol® + 3 11 Q(;), + voeQocbog
jeJ
and

1_/ Qlul ol d + 3" 1;Qe5) + Voo Qoc. (2.14)

jeJ

Therefore, using (2.5))-(2.7) we obtain
S)\,AL (967 Q)

/ (IVul® + |Vv]? + M? + po?) dz + Z,uj + fhoo
JEJ

2/(a+ .
N S
T;EQ°

> 5,(@Q)( [ Qo) da)

Sa,8 2/ (atB) 2/ a+p)
+ D i+ Sap
;€00

(N=2)/N
= 50,(2.Q) / Q) ol )

' Z Qz (N 2)/N (v; Q) N /N

T;E€Q°

Sa,p N-2)/N Sa,p N-2)/N
+ Z 22/NQ(x )(N—2)/N(VjQ($j))( o +W(VOOQOO)( 2
;€00 oo

> S)\,M(QC’Q)</QC Q(a:)|u|°‘\y|5 dx)(N

—2A/N Sap N-2)/N
+ ) W( v Q(x;)) N

x;€Q°

S, . Sa, )

(N-2)/N
e 22/NQ )/
(2.15)
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Since Sx (2% Q) < Soo, we deduce that v; = 0 for all j € J U {oco}. Indeed,
otherwise, we infer from ([2.14)) and (2.15)) that

S)\,M(QC7Q)
> 51,0 Q)( [ Q@ lol o+ 1,Q(a;) + Q) + Qe
= SA7M(QC7 Q)a

which is a contradiction. Hence, [,. Q(x)[u|*|v|’ dz =1, and then

)(N—Q)/N

/Q(|Vu|2 + [V)? 4+ A 4 po?) dz < Sy (926, Q).
The assertion follows. O

To verify condition (1.5, we need some preliminaries. Set

(Vul? + M2 d
S(Q°,\) = inf Jo( ul; @;)295
weH (Q\{0} ([ |u|?" da)?/

The following result was proved in [I14].

Lemma 2.4. Assume Q is a smooth bounded domain in RY such that Q¢ has no
bounded components. Then we have
(i) S(Q¢, ) is nondecreasing in \;
(ii) 0 < S(Q°N\) < (1/2)%/NS for all A > 0;
(iii) If the mean curvature of OS) is negative at some point, then for all X > 0,
S(Q°,0) < (1/2)#/Ns;
(iv) If A\ >0 and S(Q°, ) < (1/2)>/NS, then S(Q°, \) is achieved.

Let

Uey(z) = 5_¥U(m ; y)’

for y € RV, € > 0, and denote U, = U 0.

Corollary 2.5. Assume Q is a smooth bounded domain in RY such that Q¢ has
no bounded components. Then there hold
(1) Sx,n(Q°,1) is nondecreasing in A, p;
(i) 0 < Sy, (Q°,1) < (1/2)%/N S, 5 for all A\, > 0;
(iii) If the mean curvature of OS2 is negative at some point, then for all A\, > 0,
Sy u(Q0,1) < (1/2)?/N S, 5.

Proof. (i) is obvious. Now we show (ii) and (iii) only. Since Sy (€2°,1) = Sa.5 > 0,
Sy, (92¢,1) > 0 follows from (i). Now we show that Sy ,(Q¢, 1) < (1/2)*/NS,, 5 for
all \, u > 0. Let y be a point on 9€2. Let ® be the diffeomorphism from a small ball
Bs(0) centered at the origin to a neighborhood w of y so that ® : Bf (0) — @ N Q¢
and @ : B5(0) N {yy = 0} — ©NIN°. We denote ¥ := &~1. Take a radial cut-off
function 7 such that n(r) = 1 for r < %, n(r)=0for r > § and 0 < n < 1. Define

2o @) ifzewonQs
Ue(z) = {() if z € Q°\w.
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It has shown in [14] that
chEvag(sz ‘ )E*Adf}(i)zj dr _ 25N + AnH(y)B1(e) + O(B2(e)), (2.16)
(918 g

where Ay > 0 is a constant and H(y) denotes the mean curvature of 9 at y, when
viewed from inside, and

if N =3;
7 log %T) if N =3; 72 1 1
Bi(r) = - EN S 4 Ba(r) = ¢ 72 log(s) if N =4; (2.17)
- 72 if N > 5.
Choosing s and ¢ such that
20 (a=204=8 _ 1 anq P _gey=(8-2) 1, (2.18)
a+ a+ '
that is, :—j = g, we have
52 + 12
By (2.16),
S)\.,,LL(QC7 1) S J)\’,U‘(SUE(I.% tUﬁ(x))

(Jo 5T (@)t ()] du)*'

P42 o V0@ + max{h p}0(2)?] de
~ (s (Jope Uel)? )™ (2.20)
JoeIVT)P + (-4 )0 (2)?]
(Jope Uel)?)*
= Do 4 BN HW)OE) + O(B(),

where By > 0 is a constant. Let e — 0 in (2.20)), we obtain (ii). Equation (2.20)
also implies (iii) since we may assume H(y) < 0. O

< Aap

Lemma 2.6. For every A, u > 0 we have

Sl g 0,0) < Sae.

Qu
If Q(x) < Qoo for every x € Q°, Qar on the left side should be replaced by Qoo.

Proof. The first inequality is obvious. To show the second inequality, first, since
Qoo = lim;| o Q(z), for any & > 0 there exists R > 0 such that Q C Br(0), and
Q(7) > Qoo — € for x € RN \ Br(0). Hence,
: AVul? 4+ [Vu]? + du? 4 po?) d
S, Q) < —Jacl N -
(QOO - 5) N (fRN\BR(O) |u|0¢‘v|ﬁ dfﬂ)

for all u,v € HY(Q°). Taking infimum over u,v € H}(RYN \ Bg(0)) and noting
that S, g is independent of )¢, since € > 0 is arbitrary, we obtain from the above
inequality that

Sa
S)\,}L(QCJ Q) < N’—2 .

Qo'
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Next, if Q(y) = Qs for some y € Q°, using (sUe ,,tU.,) as test function in the

expression of Sy ,(Q°, @), where s and ¢ satisfy (2.16]), we obtain

Sa
S)MH(QCa Q) S QN’—B2 N
N
M
Finally, if y € 99 is such that Q.,,, = Q(y), we deduce as (2.20) that
Sa
Sau(06,Q) < —222 .
22/NQmT

The proof is complete.

3. CASE Qu < 22/(N-2)(,.
We will prove Theorem 1.2
Proposition 3.1. Assume Qy; < 2¥WN=2Q,, and (Q1). Then there holds

c S@ﬂ
Sxau(f,Q) < 2N QDN

Proof. If N > 5, let s, t > 0 be chosen as (2.18). Then
Tagn(5Uz y, tUe,y) < a JoellVUeyl® + A+ U2, | do
o 2/2x = “io T\ 2/2* :
(ch Q($)|SU5,y| |tU€,y|ﬁ dx) (ch Q(m)Ug,y)
By the assumption (Q1),

Q(x)UZ, dz = Qn, / U2, dx +o(e).
Qe Qe
Corollary (3.2) and (3.3)) yield

Sxu(€26,Q) < Pop(sUey tUe) 2/2°
( Joe Q@)[sUe y|*[tU- | dx)
SAa,g Soz,ﬁ

22/NQ7(£V—2)/N o 22/NQ7(111V—2)/N'

(3.1)

If N = 3,4, we replace U, by U.,¢r, where ¢ € CHRY), ¢r(z) = 1 for
xr € Br(0), ¢r(xz) = 0 for x € R¥N\Br,1(0), and 0 < ¢r(x) < 1 on RY. Then,

(3.1) can be proved in the same way.

4. CASE Qpr > 22/(N=2)Q,,
In this section, we show (ii) of Theorem

O

Proposition 4.1. Suppose Qn; > 22/ (N=2Q,, and (Q2), then there exists A > 0

such that

Sa
S)MH(QC’ Q) < N7—62 9

Qn

for all0 < A\, p < A.
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Proof. First we consider the case N > 5. For any § > 0, using we have
/Q Q@)|sUe y |10 | do = /Q SOQuUE, di + /Q s 19(Q(x) — Qu)UZ, da
Since
/C satBQMUg; dr=Qnm /]RN satBUi*y dr — Q /Q satﬁUf; dx

and

| @) ~ Quvz, ds

_ / 19(Q) — Qun)UZ, da + / S 19(Q(a) — Qu)UZ, do

QeNB;(y)

Qe\Bs(y)

_ / s°t%o(jz — y|N ") UZ, dx + o(eV),
Q°NB;(y) ’

we have

/ Q@) |sUey [*ItU.., ° d = s*tPQur K + 0(eN 2, (4.1)
QC

where Ky = fRN U? dx. Since y € Q°, there exists a constant C; > 0 such that
/ VU, > dz = / |VU. | dz — / |VU. > de < K; — Cy N2,
c N 9]

where Ky = [, |[VU|? dz, and W = S. Hence,

ch IV( SUE,y)|2 + |V(tUeyy)‘2 + )‘(SUs,y)2 + N(tUsyy)z] dx

(Jor s21°QUZ,)*"™
2 JollVUey|” + max{\, u}UZ,] da
- (Satﬁ)Q/Q* ch UQ* 2/2+
2+t Ky — C1eV 72 + Kymax{\, u}e?
(s2t9)?/%  (QuEKs + o(eN=2))2/>
= Ao (K1 — C1eV 7% + Kymax{\, u}e?) {(QMKQ)—(N—Q)/N

<

N 2 _
N (QMK) (2N+2)/N0(€N 2)}
a,ﬁS o Sa,ﬁ
(N-2)/N — A(N-2)/N
Q]\/I M

for € > 0, A and p > 0 sufficiently small, where K3 is a constant independent of ¢.
If N = 3,4, we replace U, y by U. y¢r, where ¢r is a C! function such that ¢p = 1
if x € Br(y), ¢r =0 if v € RY C Bryi(y) with R > 0 large, and we may proceed
in the same way. O

Sa,
5. CASE Soo == W

In this section, we show (iii) of Theorem
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Proposition 5.1. Suppose (L.8)) holds, then there exists A > 0 such that for 0 < A,
w < A there holds

c Sa,ﬂ
Sxyu(€26,Q) < W

Proof. Let R > 0 be such that Q C Bg/2(0) and Ks denote the cone K5 = {77;7 €
0B1(0) N Bs(z),7 > 0}, then for s and ¢ satisfying ([2.18) we have

Q(x)|sUs rz|*|tU- gz|® da
QC
—ed{ [ Qe | (Q(#) - Qu)UZ s da
Br/2(0)\Q RN\ Bg,2(0)
+ / Qo2 da}
R¥\ By 5(0)
=s{ [ Q) ~ Quo)UZ s da (1)
RN\(BRr/2(0)UK;)

+ / (Q@) — Quo)UZ s dr + / Quol% di
Ks\Br/2(0) RN

—/ QuoUZp: da |
Br/2(0)
= Satﬁ(Il —+ IQ + QOOKQ + Ig)

Since |z — Rz| > 0R if x € Bar(0) \ (Bgr/2(0)) U K;s), and |z — Rz| > |z|/2 if
.TERN\BQR(O),

L >-Q VoY dx
1 = Yoo —
RN\ (Bg,2(0)UKs) (N(N —2)e? + |z — Rz|?)N
e [PR PN Mo [ PN (5.2)
> —Qoc C / dr — Qo™ C / ~ dr :
N Jry2 (OR)*N N Jar (5)2N
N
€
= Cn
Next, by assumption (|1.8)),
. Ccop " CK.
I = / Q@) — Qo) U podr > ——— | UZpode=—="2. (5.3)
K5\Br/2(0) ’ RP Jgn  © RP

Finally, by the fact that |z — Rz| > & for 2 € Bp/»(0),

* R

* QOOO]2\[ 22N /5 N—1 OK2
Iy = U2, de > - S22 _NZ dr = ——2 5.4
’ /BR/2(O)QOO et = RN 0 ' ' RN (5:4)

Consequently,
N

o 8 oy _ ot _CKy

e Q(‘r)|SU€,RZ| |tUE,RZ| deS t (KZQOO CRP Rp ) (55)
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On the other hand,

/ \VU5735|2dx:/ |VU5,RE\2d:r,7/ \VU. rz|? da
Qe RN Q

<K, - C%(N — 2)5N72/ v — B[’ dz
=N o E2N(N —2) + |z — Rz]2)N
CEN_2
< K- v
(5.6)
Therefore,
I u(8Ue,rz, tUe Rz) Ky — C% + max{\, u}Ce?
, 7o¢ : 8 2/2* < Ao‘ﬁ eN CK>\(N—-2)/N "
(Joe Q(@)|8Us, rz|*[tUe Rz | dz) (K3Qoo — C o — GE2)(N-2)/
(5.7)

Hence, there exist constants A > 0, B > 0, C > 0 and D > 0 such that
J)\,}L(SUE,R57 tUE,RE)
(ch Q(x)|$Us,R2|a|tUs,R2|ﬁ dm)Q/z*

Ao AeN—2 N'D
S c + max{\, u}Be? + ce

= Qgév—z)/zv T R2N-2 RN Rr’
If A= pu =0, we choose ¢ = £(R) such that
AeN=2  CceN 1 20RN—2
SRV RN e 3T g
Then, we choose R > 0 so that
AeN—2 A A (N=2)/2 D
9R2N-2 = 2R2N-2 <20RN_2) > ﬁ;
that is,
AN/2 D

9N/2 RN2/2 > Rp’
which is possible if p > NTZ Hence for this choice of R we have
J/\,M<SUE,R27 tUaRE) < Sa,ﬁ
(Joe Q(@)|SUe rz|*[tUe,rz|? dzx)?/2 — QN —2)/N"

If A\, > 0. we can similarly choose R such that the above inequality holds. The
proof is complete. O
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