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SHARP ASYMPTOTIC ESTIMATES FOR VORTICITY
SOLUTIONS OF THE 2D NAVIER-STOKES EQUATION

YUNCHENG YOU

ABSTRACT. The asymptotic dynamics of high-order temporal-spatial deriva-
tives of the two-dimensional vorticity and velocity of an incompressible, viscous
fluid flow in R? are studied, which is equivalent to the 2D Navier-Stokes equa-
tion. It is known that for any integrable initial vorticity, the 2D vorticity
solution converges to the Oseen vortex. In this paper, sharp exterior decay
estimates of the temporal-spatial derivatives of the vorticity solution are es-
tablished. These estimates are then used and combined with similarity and
LP compactness to show the asymptotical attraction rates of temporal-spatial
derivatives of generic 2D vorticity and velocity solutions by the Oseen vor-
tices and velocity solutions respectively. The asymptotic estimates and the
asymptotic attraction rates of all the derivatives obtained in this paper are
independent of low or high Reynolds numbers.

1. INTRODUCTION

Vorticity is a vector field defined by w = V x v for a flow with velocity v. For
any two-dimensional flow, if we orient the z-axis of a Cartesian coordinate system
normal to the velocity field, then the one-dimensional vorticity is expressed by

Ovy  Ovy
Ww=w, = — — —.
= Oz oy
For an incompressible, viscous fluid motion in the domain of R2, the velocity field
of the fluid is governed by the 2D Navier-Stokes equation:

@—VAU—F(’U,'V)U—FV]):O,

ot (1.1)
V-u=0,

for t > 0, x € R?, where u = u(t,r) is a two-dimensional vector field of the fluid
velocity, p(t, z) is the pressure, and we assume that the external force on the fluid is
zero. The kinematic viscosity coefficient v is a positive constant. The initial value
condition for u(t,z) is

u(0,2) = ug(z), for x € R2.

2000 Mathematics Subject Classification. 35B40, 35B65, 35K15, 35Q30, 76D05, 76D17.
Key words and phrases. Navier-Stokes equation; vorticity; regularity; asymptotic dynamics;
Biot-Savart law; similarity solution; Oseen vortex.

(©2008 Texas State University - San Marcos.

Submitted November 5, 2008. Published December 18, 2008.

1



2 Y. YOU EJDE-2008/163

Taking the curl of the equation (|1.1]), we can consider the equation for the vorticity
w(t,z) as well,

Ow 9
azyAw—@rV)w, t>0, zeR* (1.2)
By the Biot-Savart law, cf. [15] 28] 29], the velocity u(t, ) can be reconstructed in

terms of the vorticity w(t, x),

u(t,x) = / Gz —yw(t,y)dy, t>0, zecR? (1.3)
R2

where N ( )
x —T2,T1
G(z) = G(xy,22) = e p—TcE (1.4)
The system of equations (1.2)) and is equivalent to the Navier-Stokes equation
. We shall call 1) the two-dimensional vorticity equation, which is the
vorticity formulation of the Navier-Stokes equation.
In [31], it was found that there is a special type of solutions to 7,
. K |=[?

w(t,x) = pyyn exp ( 4yt)’ (1.5)
where  is a constant called the strength of the vortex. These special solutions are
called the Oseen vortices, whose initial data are w*(0,z) = kd(x) in the distribu-
tional sense, where d(x) is the Dirac function.

It has been proved in [I8] that for any initial vorticity wp € L'(R?) with small
Renolds numbers [y, |wo(z)|dz /v, the vorticity equation (L.2)—(L.3) has a unique

solution

w € C([0,00), L*(R?)) N C((0, 00), L>=(R?)),
u € C([0,00), L' (R?) x L' (R?)) N C((0,00), L (R?) x L*>(R?)),

with the asymptotic convergence properties at specific decaying rates:

lim ' w(t, ) — w*(t, )], =0, for1<p< oo, (1.6)
lim 270 |ju(t, ) — u*(t, )|l =0, for2< g < oo, (1.7)

where w*(t, x) is the Oseen vortex (|1.5)) with the coefficient of strength
k= k(wy) = /R2 wo(w)dr, wo € L'(R?), (1.8)
and the corresponding Oseen velocity u* (¢, z) is given by
u*(t,x) = /]R2 Gz —y)w*(t,y) dy. (1.9)

This asymptotical convergence result and was then extended in [IT] [16].

As indicated in [4} 5] [7, 111, [14] (18, 22} 23] [30], it is relatively easier to understand
the asymptotics of the velocity solutions of the Navier-Stokes equation and
the associated Euler equation by studying the long-time dynamics of the vorticity
solutions of the vorticity equation, especially for two-dimensional flows due to the
scalar vorticity. Once the vorticity field on R? is known or approximately known,
one can always reconstruct the velocity field precisely or approximately by the sin-
gular integral with the Riesz potential specified in the Biot-Savart law. Therefore,
the study of the regularity and asymptotical dynamics of the 2D and 3D vorticity
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equations is important in the mathematical theory of fluid mechanics. Some of the
established results, related topics, and numerical simulations in recent years can be
found in [2] 3] 4, [5] [7, 1T], 13}, 14} 16} 18] 22] 23] 24, [25] 27 [32, [33] [36].

In this work we shall prove certain sharp estimates on the temporal-spatial de-
caying dynamics of all the derivatives of the vorticity solution w(t,z) and velocity
solution u(t, z) to the vorticity equation (L.2))~(1.3) and then indicate the applica-
tions to the global attraction regularity of the Oseen vortex and velocity solutions.
We emphasize that the asymptotic estimates and the asymptotic attraction rates
of all the temporal-spatial derivatives obtained in this paper are independent of low
or high Reynolds numbers.

This application of the estimates shows that the set of all the Oseen vortices,

U ={w"(t,z) : k € R},

is a global attractor for the 2D vorticity semiflow in the full regularity sense with
respect to LP topology. Moreover, it also shows that the attraction rates of ¥ for
the temporal-spatial derivatives are getting faster and faster in the specific and
uniform order of O(t~(@*181/2)) "which depends on the time derivative order a and
the spatial derivative order B. Therefore, it reveals that regularity asymptotics of
the 2D vorticity solutions on R? is determined by the unique Oseen vortex pattern
completely.

Below we shall use the notation 9% = (9/0t) for a € Z+, 8% = 9l8l /(92 925?)
for 8= (B1,32) € ZT x ZT, where Z* stands for the set of all nonnegative integers.
As notational remarks, we have

!
1Bl = B1+ B2, Bl = PlBal, (ﬁ> LSQW for v < .

v MG =)
By convention, if p = oo, then 1/p = 0. We use | - | to denote either an absolute
value or a vector norm. The norm of LP(R?) will be denoted by | - ||,,1 < p < oco.
For simplicity, we shall always use || - || for the norm of L!(R?) instead of using

-1
For any function g defined on R?, we shall use g" and g, to denote the functions
9" (@) =,(z)g(z) and gr(z)=(1-Vr(2))g(2),
respectively, where ¥, is the characteristic function of the set R* N {|z| > r}.
The following convolution property [8, Théoréme IV.15] will be used: for any
fe€LY(R") and g € LP(R™),1 < p < o0, one has f x g € LP(R") and
If * glle@ny < I fllr@e)llgllze @n)- (1.10)
One of the basic LP estimates for convolutions is the Hardy-Littlewood-Sobolev
inequality [21, Theorem 4.5.3]: Let integer n > 1 and
®(z) = |z| ™™, zeR™
Ifl<a<oo,l<p<qg<oo,and 1/p+1/a =1+1/gq, then there exists a uniform
constant Sy, , 4 > 0, such that
[®*9gllqg < Snpallgllp, for g € LP(R™). (1.11)

In Section 2, we prove the exterior decay estimates of the LP norms for vorticity
and velocity. In Section 3, based on the mild solution formula and semigroup
expressions of the derivatives of vorticity solutions, the exterior decay rates are
established for the linear terms and the nonlinear integrands by decomposition
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methods. Then in Section 4, these nested estimates are utilized to prove the global
decay rates of temporal-spatial derivatives of vorticity solutions in Theorem
and Theorem via the bootstrap approach. Finally in Section 5, an application
result on the regularity of asymptotical attraction of the Oseen vortex and velocity
solutions is shown.

2. EXTERIOR DECAY ESTIMATES OF VORTICITY AND VELOCITY

By the optimal smoothing inequalities [9, Theorems 1 and 2] and the ultracon-
tractivity (or called L' to L*° regularity) of the parabolic semigroups shown in
[20, 12| [34] for unbounded domains, a solution (w(t,z),u(t,z)) of the 2D vortic-
ity equations f with integrable initial data wg(z) satisfies the following
estimates:

1 1
) lso < —— [lwoll, )l < . t>0. 2.1
lott, Moo = T llwoll, llul, )l m\\woll (2.1)

Based on these estimates, it has been shown in [9, Theorem 3] that for the 2D
Navier-Stokes vorticity, the following pointwise decay holds,

lw(t,z)| < / H(t,z,y)|wo(y)| dy, t>0, z€R? (2.2)
R2
where, for any given 0 < b < 1,
Cy blz —yl
H(taxay) S Texp(f Aut )a (23)

with the constant C} given by
1 bl|ewol|*
Cr=1—exp (5 2 ).
57 T P 272p(1 — b)
First we prove an estimate of the L? norm of vorticity in the exterior of a bounded
ball.

Lemma 2.1. Let w(t,x) be a vorticity solution of (1.2)—(1.3) with initial data
wo € LY(R?). Then for any p € [1,00] and any given R > 1, the following estimate
is satisfied by w,

1 12 —(1-1y, R/2
w2l < Lot ol (¢~ 3 Pllwoll + O lug”l), (24)
where Lo(p, ||wo||) is a constant depending only on p and ||wo]|.

Proof. By (2.2)—(2.3) where b € (0,1) is arbitrarily fixed, for any given R > 1 and
for |z| > R, we have

Cy blz — y|?
w(t,z)] < / S exp (= 220 o (9) dy
Rzﬂﬂy\SR/?} t ( 4Vt )

C blz — y|?
+ b eep (= 22 )y
R

nflyl>r/2y b vt
and we shall denote the two integrals in (2.5) by Ji(t,x) and Ja(t,z), |x| > R,
respectively. Note that for the function

1 2
o(t) = WGXP(_ %),

(2.5)
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where ( is a constant, one can check that

1
_ 2\ _ —1/2
max p(t) = (2¢%) vzt (2.6)
By (2.6)), the first integral in ([2.5) satisfies the estimate
1 b(lz] — ly])*
T ) O ) LI
{lyl<r/2} t ( vt )
171 b(|x]/2)?
< N _AlRl/e) d
= /{Iy|<R/2} t1/2 [tl/2 P ( dut )] lwo(y)l dy

1 blz|>\r 1 b2
B t1/2 N iz - d
“ /{IyISR/Q} 7172 P ( 321/t) [t1/2 xp ( 32,/15)} |wo(y)| dy

1 bz |?
< Gub) 172[z] P ( - 32ut)””0‘|’

due to that |z| > R > R/2 > |y|, where

. 4\/;Cb671/2

C1(b)

Hence it follows that, for p > 1,

C1(b) 1 pb|x|? 1/p
I, < 222 = _
1729l < =72 (/{II>R} [P eXp( 32vt )dx> (ol

C1(b) pblz|® /p
_ d 2.7
= tl/QR(/{wbR} eXp( 320t ) x) leoll @7

< CQ (bv p)
- R

Ca(b,p) = cl(b)(/w exp ( p§|T§V|2) dg)l/p.

According to the convolution property (1.10]), the second integral Jo(t, x), |z| > R,
in (2.5) is estimated as follows,

C blz —y|? 1/p
el < L[ e (= PR ag) )
{ly|>R/2}

A

=) |lwo ),

where

— ot 4ut

Cy pbly[? p R (2.8)
< _ 27g
<G [ oo (P )

(11 R
< Cs(b,p)t™ =) g,
where

b|¢|? 1/
Catb) = o [ e (- 55y ag) "

Finally, let Lo(p, ||wo|]) = max{C2(b,p),C5(b,p)}. Then the estimate (2.4) follows
from (2.7) and (2.8)). The lemma is proved. O

Next we shall estimate the exterior decay of the velocity solution u(t, x) in (|1.3).
The key to this estimation is the Riesz potential corresponding to the kernel G(z—y)
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in (1.4). For any given 6 € (0,n), define a Riesz potential I’y to be

To(f)(x) = / ﬁf@)dy, fELN®R)NI®®Y.  (29)

Re |7 —

Lemma 2.2. Let 1 < p< g < oo and 0 = n(% — %) Then there exist positive

constants M (n,0,q) and Ma(n,0,q) such that for any given R > 1, it holds that
Aﬁ, n 0o n
ITo(/)FC)lg < - 9_7||f||+M2||fR/2||p, fe L R")NL®R").  (2.10)

Proof. By the similar decomposition as in the proof of Lemma we have

1 1
r _ d _ d
L@ [ @l [ il

where the two integrals are denoted by I (z) and Iy(x) respectively. First we can

get
2n—9

Since 6 = n(% - %) implies n — 0 — 2 =n(1 - 7) > 0, it follows that
_ 1 a  My(n,0,q)
IR, < om0 / 4 s ALAAL T 2.12
ol <2 ([ ) = SR 2

where

e Q, 1/a
Mi(n,0,q) =2 O(W) ;

in which ,, is the surface area of the unit sphere in R™.
By the Hardy-Littlewood-Sobolev inequality (|1.11)), we readily have

12 ()llg < Ma(n, 6, )1 f 72, (2.13)
with Ms(n,0,q) = Sy pq in (1.11)). Combining (2.12)) and (2.13)), we obtain (2.10).
]

Lemma 2.3. For any given 6 € (0,n), there exist positive constants M oo(n,0)
and My o (n,0) such that for any given R > 1, it holds that

o 177
AN+ Mool £/ % 1R/ o0

Do ()R () lloo < Meo f e LYR™) A L= (R™).

_Rn 0
(2.14)
Proof. Using the same notation as in the proof of Lemma by (2.11) we can get
M,y
1Ol < 22151,
with My o = 2"%. For I(x),|z| > R, we get
1
)= [ ISy
{lvl>R/2) [z = yI"*
1
=/ ﬁ“(y”dy
{lyl>R/240{le—y[>W) [ \

+ 1)l dy
{yl>R/2)n{|—y|<W} \5“ [ —y|=?
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1 1
L / || fP
Wn=0 (zl<wy l2["70 =

1 Q
— g R W o

In the above inequality we choose constant

U722 yin
17772

v

to obtain
o 1-2
15 (Moo < Moo |[f217 1£7% |0 ™,
where My oo =1+ Q,,/6. Thus the estimate (2.14]) is proved. O

By the Biot-Savart law (1.3)), Lemma and Lemma directly lead to the ex-
terior decay estimates of the velocity field u(¢, x), as stated in the following lemma.

Lemma 2.4. Let 1 < p < q < 0o satisfy 3 = % - %, Let w(t,z) and u(t,z) be the
vorticity and velocity solution of the vorticity equation (1.2)—(1.3) with wy € L'(R?).
Then there exist positive constants L1(p), L2(p), L1,00, and Lo o such that for any

giwen R > 1, the following estimates hold,
Li(p)
o0,y < Pt )]+ Lap) 22, (215)
q

and

Ly,
(8, )loo < == (s ) + Looo w2, I w2 (2, ) 132 (2.16)

Proof. Simply let n = 2,6 = 1 in Lemmal[2.2]and Lemma[2:3]and add the coefficient
1/(27) to the Riesz potential (2.9). Then the conclusion follows. O
3. EXTERIOR DECAY ESTIMATES OF SPATIAL DERIVATIVES

The vorticity equation is a semilinear evolutionary equation. By the semi-
group theory, the vorticity solution w(¢,z) satisfies the variation-of-constant for-
mula for all mild solutions [34], Chapter 3], which is the following nonlinear integral
equation

w(t,”) = eMtwy — /t e (u(s,-) - V)w(s,-)ds, t >0, (3.1)
0

where et > 0, is the Cp-semigroup on the Banach space Y = Cp(R?), generated
by the closed linear operator A = vA : D(A) = C%(R?) — Cp(R?) and given by

@) = o [ew (- g 12096y, @32

T 4qut 4vt

Here C%(R?) stands for the Banach space of functions whose derivatives up to the
k-th order are all continuous and bounded, with C%(R?) denoted by Cp(R?).

In this section we shall study the spatial derivatives of the linear term and the
nonlinear integrand in . We have

o)) = o [ 0o (— )ty (33)

" 4qut 4pt
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The following two regularity estimates for vorticity and velocity solutions w(t, z)
and u(t, z) of (1.2)—(1.3) have been shown in [19] 24],

o 18l 1
105w (t, )y < N, |81, p)t~ =178 |lwg|,  for p € [1, 00], (3-4)

18] 1
16702 u(t, g < NulaelBl, @t T2 27 wy||, for g € (2,00], (3.5)
where N, (a,|8|,p) and N, (a,|8|,p) are positive constants depending on «, ||, p,
and |lwo||. Now we prove a key lemma, which shows the exterior decay estimates

of these spatial derivatives in (3.3).

Lemma 3.1. For p € [1,00] and any index 8 = (31, F2) with |5 = k > 0, there
exist positive constants Ls(k,p) and L4(k) such that for any given R > 1,

102 (2 g) R, < La(k, p)R™ =2t~ 3E =D g 4 La(k)t=2 g™/, (3.6)
for any g € L*(R?) N L>=(R?).

Proof. Similar to (2.6)), for any given £ > 0 and a constant ¢ > 0, the function

1 2
Ut = mesp ()
has the maximum
-1
max (1) = wxﬁz%i (3.7)

By (3.3) and direct differentiation, we have

- 47TVt Z /IR2

k .
_ 1 |z =y’ |z —y|?
= T > Cyk) /RQ — exp( v )Ig(y)ldy

:[k+1

|z

05 (et g) P (x 92195 P1 exp ( —~ i) ’Ig(y)l dy
@ w1 O It

k

| —y[* o —y?
47T1/t Z CJ / ti exXp ( - At )|g(y)| dy7

kl
.7[2

(3.8)

in which we have 0 < ¢ < jand j+ (j —¢) = k so that 0 < ¢ = 25 — k, and
C;(k) is a positive constant depending on j and k = |5|. For each term I;(t,z),j =
[%}, -+ k, in (3.8), a decomposition yields

Ci(k z —yl|Pk x—yl?
Bt = 20 [ EZIE g (< D) g g)lay = 1a ) + Do),
(3.9)
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The first integral in (3.9) satisfies the estimate
C;(k) |z — y|Z—* |z — y|?
Lia(t,o) = =2~ T — - d
st ) dmvt /{|y|§R/2} ti exp ( 4ut )lg(w)ldy

. _ 27—k 2
C](k) / |'T y| . exp (_ |$4 y| )|g(y)|dy
{lyl<R/2} vt

= T2 e
Cj(k)e ! |z — y|2~*(4v)3+i-5
- W/ 23 4+j—k) lg(y)|dy
dmvt {ly|<R/2} |z —y|22ti=3
C(5.k) /
S TRz l9(y)|dy
P02 Jy<ry2y
_CUR
= JaPt-0/2 gl

for |z| > R,

where we used and the fact that |z| > R > R/2 > |y|, and the constant C (7, k)
is given by

C(j, k) = 8C; (k) (me) ™ (4v) 2070+,
Then it follows that

C(j. k) / Lo\
I; —d
It < s ( o T z) gl

. 2 \1/p 5 (3—2),— L (k— 3.10
= 0GR (5, ) "R g 310

= My (3, k,p) R0 D] g]
where Ms(j,k,p) = C(j, k)(27/(3p — 2))'/?. The second integral in (3.9) is given
by
C;(k) |z —y[¥* o —yP?
R j
. = } - d R'
La(te) = /{|y|>R/2} s exp (= P )g)| dy, Jx] >

By the convolution property (1.10) we can assert that

Ci(k)(4v)z (25 —F) My(j,
(k) (ao)? / e az) g2, = MRz

R
HI_] 2(t)lp < ti—3(2i—k) th/2
(3.11)
where, as we remarked after (3.8)), the exponents 2j — k > 0 for j = [%], ek,

and the constant My(j, k) is given by
MG, k) :cj(k)w—l(z;y)j—%(/ o2 *eloFaz).
R2
Substituting (3.10) and ( into ( and . we obtain
167 (e 9) "l < Z (M5 ) + IS ))

':[ﬂ1

—(3—-2y),_ 1l(p_ . _k
< Z (Ms (G, k) R =236 gl 4 2y (G e 1™ )

i=1"$]

= Ly(k,p) Rt~ 3 0D g|| + Ly(k)t~ % g7/,
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with Ly (k,p) = 327 ee2) Ms(j, k. p) and La(k) = X)) Ma(j k). Thus (B6) is
proved for p € [1,00). The proof of (3.6)) for p = oo is similar and even easier. O

Next is another key lemma showing the regularity estimates of the spatial deriva-
tives of the nonlinear integrand function in (3.1]), which involves the nonlinear term
v(t,x) in the vorticity equation (1.2). Here

v(t,z) = (u(t,z) - V)w(t, x). (3.12)

Lemma 3.2. Let w(t,x) and u(t,x) be a solution of the vorticity equations (1.2])—
(1.3)) with initial data wy € L*(R?). Letp € [1,00]. Then for any index 3 € Z+* x Z*
and any given R > 1, the following estimate is satisfied,

920 u(s, ),
: I i B

+
Rr(t—s)3WB-D2~5  R(t—s)'Fs3 7 (t—s) T s

SL5(

where 0 < s < t, and Ls = Ls(|0|, p, |lwol]) is a positive constant.
Proof. Let |8] = k > 0. By Lemma [3.1} for ¢ > 0, we have

102 (A= (s, )R,
= |82 (A (u(s, ) - V)w (s, ) E, (3.14)
< Ly(k,p)R™C™2) (¢ — 8) 725 lu(s, )| + La(k)(t — 8) "5 [[0™2(5, )],

where by and we have
ot = [ lu(s.2) - Das, )] da

< lua (s, oo 192, w(s, )l + l[ua(s, )llcol| O, w (s, )l

(3.15)
< (Mul0,0,00)5 o) (2N0(0, 1, 1)~ 75w )
= v,ls_(z_%)a
in which N, 1 = 2N,(0,0,00)N,(0,1,1)|jwo|?, and
l™2(s, )l
1/p
= (/ (uls, @) - V(s @) da)
tle|>R/2} (3.16)

< 0725, Yoo (10s0™/2 (5, )l + 192,25, )
< 2N, (0,1,p)s™E %) flwo |2 (5, )l = N*s™E 75 02 (5, ) | oo,
in which N* = 2N,,(0,1, p)|wol|. Note that by Lemma [2.4] and (2.16)), one has

Ly,
[uf(s, )l < 1T&IIM(&’)H + Laoo w2 (s, ) IV 202 (s, ) 1L2 (3.17)
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Substituting (3.17) with R replaced by R/2 into (3.16)), by Lemma [2.1] and (3.4)),

we obtain
102 (s,
w —(3-1y[2L1
< N*s H{T\\w(s,-)u+L2,oo\|wR/4(s,-)Ill/QIIwR/“(s«)IIéf}
: 201 o 4L 1/2
<N 5 N (0,0, 1) Jeoll + Lz.oc | ;z( ) s/ woll + g

4Lo(0) 172 1 R8s Y2
< [ Jwoll + s~ g "®1]

N* w
< 51924 Oon(o,o,l)H ol + Lo oo (4Lo (1) wo | + 1)/
s2°»p
1/2 1/2
x (4Lo(00) ol + D2 (R7sM2 4 wg®) (R824 57 g l)) |
R/8
Noz (1 [l
S 3 1
s2 b R 32

(3.18)
where N, o is a constant given by
Ny2 = N*[2L1 66N, (0,0,1)|Jwo |
+ Lo 00(4L0(1)Hw0|| + 1)1/2(4L0(OO)||w0|| + 1)
Finally we substitute and - into ) to obtain
||[3f(€A(t’s)(U(87 ) V)w(s, NIElp
Ls(k, p)Nu,1 n Ly k)Nz,z 1 ( ||WR/8
27 p

1

N RBi%(t —5)2k-D) 25

1
S2

< 1 L N 1 o )
TR (t— )3 s?s R(t—s)3st Ty (t—s)3st R/

s
where the constant L5 = Ls(k, p, ||wol|]) = max{Ls(k,p)Ny1,La(k)Ny2} and k =
|8]. Therefore, is proved. O

4. EXTERIOR DECAY ESTIMATES OF TEMPORAL-SPATIAL DERIVATIVES

In this section we establish the exterior decay estimates of the temporal-spatial
derivatives of the vorticity solution w(t,z) of (L.2)-(L.3). These estimates of L-
norms of the derivatives are dominated by the combination of the spatial decay
rates 1/R and [|wi/'®| and by the temporal decay rate t~(@+3(8=1) a5 described
in the following two theorems. First we deal with the spatial derivatives.

Theorem 4.1. Let p € [1,00]. For any given R > 1 and any 8 € ZT x Z*, the
spatial derivative of the vorticity solution w(t, x) of (1.2)—(1.3) with any initial data
wo € LY(R?) has the following decay property,

B(|8],p, |lwoll) 1 1w
ﬁ " ’ < Tl (7 : ) ’

where B(|8],p, ||wol|) is a positive constant depending on |B|, p, and ||wo||.
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Proof. We have shown in Lemma [2.1] that (4.1)) holds for |3| = 0. Now we prove
that (4.1) is valid for spatial derivatives of w(t,z) of any order § by induction.
The variation-of-constant formula (3.1]) implies that

ABu(t, ) = P (eAt/2w(t/2,-)) —/t o7 (eA@*S)(u(s,-)-V)w(s,-)) ds, t> 0.

t)2
(4.2)
Step 1. Let |f] = k£ > 1. By Lemma and (3.6, the linear part in (4.2))

satisfies

105 (e /2w (t/2, ) I,
< Ly(k,p) R0 50D lw(t/2, )| + La(k)t ™3 |w(t/2, ) */2]p, for p € [1,00].
(4.3)

Then using Lemma and the estimates (3.4) and (3.5, we get from (4.3) that
105 (e 2w (t/2, ),
< 2Ls(k, p)N.(0,0, )R~ =) DAl
1
+ 275 La ()t Lo(p, o) (553 P ool + 0Pl /1) (4

R/2
g

< Lotk nl) (o]

- zk-1) +

11 3_1 )v
Rt ¥ 27w
where we used R=2(1=1/P) <1 due to R > 1, and the constant Lg is given by
1
Lo(k, p, [[woll) = 2(La(k, p)Ney (0,0, 1) + 277 La(k) Lo(p, [[wol]))-

Note that the estimate for the linear part is valid for all 3 € ZT x Z+.

The next two steps are devoted to the nonlinear integral term in .

Step 2. Since the nonlinear term in (L.2), which is denoted by v(t,z) in (3.12),
involves Vw(t, x), first we have to show that is valid for the gradient Vw(t, x)
with |8] = 1 in this step. Indeed we show that

R/8

1 w
19l < Bt ol (5 + L), (15)

p

where By(p, ||wo|) is a constant. According to (4.2)), Vw(t, x) consists of the linear
term and the nonlinear integral term.

For the linear term, we apply the estimate (4.4} established in Step 1 with k =1
to get

R/2
W W,
IV t/2.)", < Lo ool (a2 ) gy

e I

For the nonlinear term in (4.2)) for the gradient Vw(¢,z), by the Jensen inequality
and the convexity of the LP norm, we can apply Lemma[3.2]to assert that for k = 1,
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I V(e (s, ) - V)w(s, ) ds]l,

t/2
S%@MMD&JWQQ;+MF;%3;mggiﬂgw )
< Li(p, HWOH)<R7511*% n "ff”)’
where

1
L7(p, HWOH) = 23 pL5(17p7 Hwoll)

Collecting (4.6) and (4.7), due to that |\w§/2|| < ||w(1)%/8\|, we obtain (4.5)) with the

constant By given by

Bo(p, [lwoll) = Le (1, p, [lwol) lwoll + L7 (p, [lwoll)-

Therefore, is valid for || = 1, i.e. for the gradient Vw(t, z).

Step 3. Now we prove that is valid for spatial derivatives of w(¢,z) of
any order by induction. Assuming that holds for all the spatial derivatives of
w(t, z) up to the order k, and let 3 € Z+ x ZT has |3| = k. We want to show that
remains valid for VoZw(t, r).

By and variable changes in the integral part, we can write

t
V(W (t,-) = VIOF (M Pw(t/2,) ] = | V[0 (u(s, ) - V)w(s, )" ds,
t/2
(4.8)
where ¢t > 0. By (4.4) shown in Step 1, for the linear term in (4.8) we have readily

Lo(h,p ol (ol +1) (1 g’
Iviog(e ute/2. ), < Bl 2 (L Ry s

Below we focus on estimating the nonlinear integral term in (4.8]).
Using the notation (3.12]) and applying Lemma the LP norm of the integrand
function in (4.8)) admits the estimate,

IV[eA=207 (us, <) - V)w(s, )],
= IV (07 u(s, )™l

xr
Ls(k,
< 3275)
R »

(4.10)
Ly(k)

&} . _ A\
0200 )+ 5 5 m

107072 (s, )|
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By Leibniz formula in product differentiation and using (3.4) with p = 1 and (3.5))
with ¢ = 0o, we have

188u(s, ) = | 3 (f) Fu(s, ) - 95 (Veo(s, )|

Y<B
<223 107 u(s, ) [loo |0 Ve(s, )|
=r (4.11)
< 2|B| 0 |’7|7 ”wOH Nw(oa |ﬂ - ’7|7 1)”‘”0”
Z \WI+1 : M-ﬁ-l
~<8 S 2 ST 2 2
_ Ls(18] llwol])
sigter
where
Ls(181, llwoll) = 21! lwo 1 Y~ Nu(0, 7], 00) Ny (0, 18 = 71, 1).
v<B
Next we have
1050772 (s, )l
13 (D) orut s, - 02 (95 )l
v<B
<> ( )|aSZUR/Q(S")lloollaf‘”VwR/Q(s,-)llp (4.12)
7<B

= [[u2 (s, Moo 07 Vw2 (5, )l + 10262 (5, ) | V¥ (s, )

oy (5) 102 u(s, Vo027 Veo(s, Yl = Pis) + Pals) + Ps(s),

o<|yI<igl
where we use P z = 1 2,3, to denote the three parts in the entire sum of -
By using and ., we have
Pi(s) = IIuR/Q(S, Moo 105V 2(5,) |l
N, (0, 18]+ 1, p)||wol|

= JREINE T (4.13)
Ly
x (F222 s, )+ Lo ™/ s, )2 "5, ) 1£2)

where by Lemma
™ (s, 2 |4 (s, 1322

281 R/8
< (Lo(1, ol (Z5—lwoll + llwig”* ) Zo(os, lwoll
251/2 —1,| R/8
< (B ol + 57 1))

_ R/8
< Lo(llwol) (g +572wg”1).

in which

Lo(|lwoll) = (2Lo(1, wol)llwoll + 1)*/2(2Lg (o0, [[wol|)l|wo + 1)*/2.
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From (4.13) it follows that

Pu(s) < Bi(|8],p; l|lwoll) (l n 8—1/2Hw§/8”)’ (4.14)

Bly3_1
sz t27% R

where
Bi (|8, p: llwoll) = No (0, [B] + 1, p)[lwo [l {L1,00Ne (0,0, 1)[|wo || + L2,0o Lo([lwol) } -

Next by (3.5) and (4.5)) for Vw(t, z) proved in Step 2, we have

Pa(s) = 10262 (s, ) |oo | V™2 (5, ) I
N.(0, 18], 00) [woll 1 g™
= sH0AD O(p’”“")”)(RSl—%J’ 35 ) (4.15)
Ba(18], p, [lwoll) 7 1 -1/2y, ,R/16
< AP WP
<R (g ),

where the constant Ba(|8], p, |lwol|) is given by

By (18], ;s [lwoll) = Nu(0, 5], 00) [[wol| Bo(p; [[woll)-

Moreover, by the assumption of induction in this step that (4.1]) holds for all the
spatial derivatives of w(¢,x) up to the order k, and here |3| = k, we have

P = 5 (D)lezuts a0z w05,

0<I<I8]
< 3 () Nel0hhoo)loll BB —1.p lwol)
- z(v+D) 3(18—vI+1-1)
Y 52 52

0<|y[<|Bl (4.16)
‘(% +||wff”6|>

R Rs'=» §37%

R/16

< BolPhpllnl) (1, 1 Ml Iy
= 5308+ R Ry g3 /]

where the constant Bs(|8], p, [|wol|) is given by

By((8lp, Jwol) = 3 (ﬁ)mo, i1, 00) ol B(1B = 71, s woll)-

0<|v[<|Bl

Now substituting (4.14). (4.15) and (4.16) into (4.12)), we get

1070%2 (s, )l < Pr(s) + Pa(s) + Ps(s)

BBt By (1 ™, Bs (4.17)
R 53 Rs3(81+1)’

Bly3_1
sz T2 %



16 Y. YOU EJDE-2008/163

Finally we substitute (4.11)) and (4.17)) into (4.10) and then we can estimate the
nonlinear integral term in (4.8) as follows, noting that |5 =k > 0 and R > 1,

| o V[ 0] (u(s, ) - V)w(s, )] ds]l,

S/HWJWWWM&%WM&MWMS
t/2

" (Ls(Bl.p) La(8))
< /t/2 <3}%3§||5fv(5, M+ @jw||3£UR/2(s’.)||p) ds
</¢hmm>mwwww@

t2 R>% i3

t R/16
+/ L4(18)) [Bl+B2+BS(l+||Wo II>Jr By

2 (t—s)t/2L i R sk Rss(AIT)
Ls (18], lwllo) 2B;(t/2)"/?
— 5 T LB~ e

R(t/2)= R(t/2)2081+1)
%&+m+&mmwyl+wﬁﬂ>

(t/2)5 83 R (t/2)%
Bu(181+1,p, IIwoll)(l 1 lwo II)

An-1 \R T g% T 33

(4.18)

}ds

1
P

< Ls(|A],p)

+ La(18])

where
181 181
By(IB] + 1,p, |lwoll) = max {27 L3 (18], p)Ls (18], [wllo) + 2= ' La(|B])Bs,
1Bl o1
22 275 Ly(|8])(B1 + B2 + Bs) }.

We assemble (I8), ([9) (noting that || = k and [|wl/?| < lwt*®||) and {@EIS) to

obtain

B(IB] + 1,p, |lwol]) / 1 1w
IVow(t, )|, < | I H (E = tg_l H), (4.19)
2 P P

where

B(|8] +1,p, lwoll) = max{Le(|B], p, [[wol ) (lwoll + 1), Ba(|8] + 1, p, [lwoll)}-

The inequality (4.19) shows that (4.1) is valid for |3| = k£ + 1. Thus by induction
we have proved that (4.1)) is valid for all order 8 € Z+ x ZT. O

Based on Theorem we now prove the following result on the exterior decay
estimates of all the temporal-spatial derivatives of the vorticity.

Theorem 4.2. For any given R > 1, a € ZT and 8 € ZT x ZT, the temporal-
spatial derivative of the vorticity solution w(t,x) of (1.2)—(1.3) with initial data
wo € LY (R?) has the following decay property,

R/16
Kol lool) (1,1 n%/w
tot308-1)  \R ' pi-3 | 43— )

107070 (2, )l < (4.20)

where K (a, |8, p, ||wol|) is a positive constant depending on ||, p, and |lwol|-
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Proof. We shall prove by induction with respect to the order a of temporal
derivatives of d%w(t,r). In Theorem we have shown that is valid for
a=0and any 8 € ZT x ZT. Now assuming that is valid for an o > 0 and
any 3 € ZT x Z+, we prove that holds for @+ 1 and any S.

By the C°° regularity of the vorticity and velocity in 7, one has

00T 0Pw = 0208 Aw — 9202 (u - V)w) (4.21)
and, for any given R > 1,
107 A0wr (¢, )llp < 110705 Aw(t, )l + 10805 (W - V) (t,))p.  (4.22)

By the assumption of induction, for the first term on the right-hand side of (4.22))
we have

R/16

||a?a£AwR(t’ )”p < K(O‘, ‘ﬁl + 2ap, ||w0||) (l + 1 + ”w(] ”) (423)

= qers(BHD R gt s

For the second term on the righr-hand side of (4.22)), from (3.5)) and the assumption
of induction we get

10298 ((u™(t,) - D) (2, D,
o\ (B o B

< ( )( )na?a;uR(t,-)noonat 195V, ),

n<ay<pB 7Y
3 (a) (ﬁ) Nul 11, 00)lwoll K (e = 1,18 = 71 + L, Jwoll)
_TI<Q’YS,3 UVAN 33 te—n+zl6-7l (4.24)

1 1 e
x (R + Rt'"% * 5% )

< LlO(av ‘?LpanOH) (l_’_ 1
ot 3B+

where

Llo(ay |ﬂ|7p? HWOH)

=% (0)(7) vt b ool = 18 =21+ L .

(07
n<ar<p N

Substituting (4.23)) and (4.24) into (4.22)), we get the following estimate,

Kla+1 1 1 £/16
‘|8?+185wR(t,')||p < (a+ ,|ﬂ|,p, ||(“-)0||) (7 + + HwO ”), (425)

ST eriebis-y \R T gor T il

with
K(a+1,[8],p, woll) = K (o, |B] +2,p, [lwoll) + Lio(e, 8], p, [lwoll).  (4.26)

It follows from (4.25) and (4.26]) that the estimate (4.20]) is valid for « + 1 and any
B € ZT x Z*. Thus by induction this theorem is proved. O
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5. ATTRACTION OF OSEEN VORTEX AND VELOCITY SOLUTIONS

As an application of the obtained derivative estimates of the 2D vorticity and
velocity solutions, we shall sketch the proof of the following theorem, which shows
that the temporal-spatial derivatives of the 2D vorticity and velocity solutions on
R? behave as the derivatives of the same order of the corresponding Oseen solutions
asymptotically in the sense of LP(p > 1) and L%(q > 2) convergence, respectively.

Theorem 5.1. Let w(t,x) be the vorticity solution of (L.2)—(1.3)) with initial vor-

ticity wo € L*(R?). Let w*(t,z) be the Oseen vortex (L.5)) with k = K(wo) given in
(1.8). Then for any o € Z* and any B € ZT x Z*, it hold that

Jim =N R oot ) — 0 ()], 0. pellodl ()
and
Jim ¢ 0p0u(t ) — 0p 00 (1) =0, g€ (2.0),  (5.2)

where u(t,x) and u*(t,x) are the velocity solutions given by (1.3|) corresponding to
w(t,z) and the Oseen vortex w*(t,x), respectively.

The proof of theorem [5.1] uses the shown estimates and takes the approach of
the parabolic similarity [I0} [16] [9] B8] and the compactness processing in LP spaces.
Let (w,u) be a vorticity-velocity solution of (1.2)—(1.3]) with any initial vorticity
wo € LY(R?). For any scalar constant A > 0, we define
walt, ) = N2w(\t, \x),
ux(t, x) = Mu(N\*t, \z), (5.3)
wo () = Nwo(Az) (= wa(0,2) ).
For any A > 0,t > 0,z € R?, it is easy to check that (wy,uy) satisfies the vorticity
equation (1.2)—(1.3)) and that
lworll = llwoll,  K(wo,x) = K(wo),
. , X . (5.4)
wi(t,x) =w*(t,x), ux(t,z)=u"(t, ).

Since
9% w(t, ) — 0% w* (t, ) = N2H2eHIBA2 0P w( N2, Ax) — B OPw* (N2t M),
we find that
05 0Fwa(1, ) = 07w (1, )ll, = A5 9 02un (W2, ) — 97 02w (A2, ) -
(5.5)
Taking t = A2, we have the equivalence that ([5.1)) holds for p € [1, oc] if and only if

Jim 1020%wx(1,-) — 028%w*(1,-)|l, =0, forp € [1,00]. (5.6)

Without confusion 980%w(1, x) means (980%w(t, x))|¢=1, for w = wy,w*, uy, or u*.

Below we prove , which is equivalent to . The proof involves the follow-
ing lemma, which crucially relies on the exterior decay estimates of temporal-spatial
derivatives of the vorticity solutions shown in Theorem [£.2] and the Riesz criterion
[1, Theorem 2.21] of compactness of subsets in LP(R™).

Lemma 5.2. The set of functions {wx(1,z)}x>1 defined in (5.3) is a precompact
set in the Sobolev space WIPIP(R?), for any p € [1,00] and any integer |3| > 0.
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Proof. First let p € [1,00). Let wg € L'(R?) be arbitrarily given. In order to prove
this lemma, it suffices to show that for any given integer |5| = k,

{é)'yw,\ (1, })\>1IS precompact in LP(R?), for all 0 <~ < f3. (5.7)

By the Riesz criterion of compactness, we just check the following three conditions.
Let v < 5.
(a) {8Jwx(1,z)}x>1 is a bounded subset in LP(R?). In fact, (3.4) and (5.4) yield

19203 (1)lp < Neo (0, [7] P)llwo all = Noo (0, |31, p)llwo | < max{ Ny (0, 7], p) Hlwoll,

for all A > 1, which confirms this assertion.

(b) The uniform convergence to zero at infinity for {0Jwx (1, z)}r>1 is attested
by applying Theorem [4.1]and (4.1 to w(¢,-) with ¢ = 1 and choosing R > 1 to be
sufficiently large such that

Bl lwol) (5 + 1) <. (5.8)

(c) The equicontinuity of {9Jwx(1,z)}r>1 in LP(R?) is shown below. By the
formula (4.2) on the time interval [£,1] for the vorticity solutions wy(¢,z) and
wi(t,x — y), where y is a parameter, we need to estimate

[02A (L, = y) = Ffwa(lL, ), < [|07e A(m)( A1/2, =) —wa(1/2,))lp

+ / N0 o =) = Dl s
(5.9)

where, as in (B12), va(t,2) = (ux(t, ) - V)wa(t,2) and vx(t,2 — y) = (un(t,x —y)-
V)wx(t,x —y). We shall estimate the two terms in (5.9) respectively.
(i) First we estimate the linear term on the right-hand side of (5.9). Let

Elz) = Blayas) = —— exp(~ 21
B L P 2v
According to (3.3)) and by variable changes, we have
18720/ D (wx(1/2,- = y) = wa(1/2,-))llp
|z =&
- v ) —
=gy [, o2exm (= TS a2~ ) —wr1/2.0) ],

(by the variable change ( = £ — )

= [|— / exp (- ICI S0 @A(1/2,C+a—y) —en(1/2.C +a))dc],  (5:10)
(by the variable changes n=_(+x—yand n =+ x, respectively)

1 —y—=nl2 2
g [ oo (= B2 e (- By ayzmpanl,

), =€R2

2my

2wy 2v
= [[(E(z —y) — E(x)) * (OFwx(1/2,2))]|p.
By the convolution property (1.10), (3.4), and (5.4)), it follows that
[(E(z —y) — E(z)) * (0Fwa(1/2,2))ll,
< | E(x —y) — E@)[INo(0, 7], p)2""2||wol.
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Let € be arbitrarily given. By the continuity of integrable functions with respect to
the L'-norm [37, Chapter VIII, Proposition 1.4], here for the function E(z) there
exists a uniform d;(¢) > 0 independent of A > 1, such that if |y| < d;, then

1074072 (wA(1/2, = ) = wa(1/2,))ly
/2 € (5.11)
< 1B ) — BN, 1] 2)27 o] < &
(ii) Now we estimate the nonlinear integral term in (5.9)). Let

|/

F(x,s):mexp(—m), 0<s<1.

By variable changes similar to what we did in deriving ([5.10)), we have

1
[ 1040 s (s, = 9) = oa(s. s
1/2
< [ UG39+ 1P ) 170r (5. s (5.12)
1—-d

1-d
# ) IPC 0 = PG 075l s
where 0 < d < 1/2. By (3.4), (3.5), (5.4), and since s > 1/2 in (5.12)), we get

1020 (s, )l

< (Z) 105 ua(s, 2))07 " (Vwa(s, 2))

n<y
Y _(M_i_;) _ly—=pl+1
< Nu(0, |pl,00)s7 02 T2 Jwo A [N (0, [y = el + L,p)s™ 2 [lwoall
w<y
LAWNET]
<> < >2 FHUN (0, 2], 00) N (0, [y — il + 1, p) o
<y W
= D(|7], p, |woll),

where D(|v],p, [lwol|) is a uniform constant independent of A > 1. For the ar-
bitrarily given € > 0 mentioned in (i), there exists a d(¢) € (0,1/2) such that
d(€)D(|vl],p, lwoll) < &/8, which yields

/kd(IIF(-—y,S)II +IEC ) DI oa(s, )llp ds < 2d(e) D(|y], p; lwoll) < 7, (5.13)

= M

due to ||F(- —y,s)|| = ||F(-,s)|| = 1. Moreover, we have
[1F(z —y,s) = F(z,s)]|

:/]Rzm eXp<_|$_y|S))_eXP(_|$_y|>‘dx

4w(1 Av(1 - s)
1 . - ~ ~
= [ Zlexp(-[ - 3%) - exp(-[3?)| .
R2 T

where
- x ~
T=——— and yJ=-—F——=.
dv(l —s) dv(l —s)
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By the continuity of the integrable function exp(—|Z|?) with respect to the L!-
norm, for the arbitrarily given £ > 0 there exists a uniform do(e) > 0 independent
of A > 1, such that if

B = |y| < b2(e), for any s € [1/2,1—d(e)], (5.14)
4v(l —s)
then c
Flx—vy,s) — F(z,s)|| < =—=—/———=,
1E( =9,9) = F@ O < 5507, Twol)
so that
1-d c
/1/2 1E( =5, 8) = FC ) 1050a(s, ) lp ds < - (5.15)

Note that (5.14)) holds if |y| < \/4vd(e)da(g). (From (5.12)), (5.13), and (5.15)), we

have shown that if |y| < /4vd(e)d2(e), then

9 3 3

1
l/ua&“ﬂ@Wv—w—w@»m<Z+1=§. (5.16)
1/2

In turn by (5.9), (5.11) and (5.16)), there exists a uniform constant

0 = 0(g) = min{dy(g), \/4vd(e)da(e

which is independent of A > 1, such that if |y| < J, then

103wr(1,- = y) = Bun(1, )y < 5 + 5 = <. (5.17)
Therefore, the equicontinuity of {9Jwy(1,z)}r>1 in LP(R?) is proved.

By the Riesz criterion, we have proved the statement and consequently
{wr(1,2)}r>1 is a precompact set in the space WIIP(R?) for all 3 € Z+ x Z+ and
for p € [1,00). For p = oo, by using Ascoli-Arzela Theorem, we can also prove that
{wr(1,2)}r>1 is a precompact set in the space W1Ph>(R?) forall 3 € Z+ x ZT. O

Proof of Theorem[5.1. By the result shown in Lemma 5 for p € [1,00], and for
any € ZT x Z* {wx(1,z)}r>1 is precompact in W'ﬁ . Thus there exist a
sequence {wy, (1, :10)}521 of {wa(1,2) }a>1, where Ay < )\Hl — 00 as { — 0o, and a
function h(z) € W8l:P(R?) such that

hmmA)_M)mWWﬂM) (5.18)
It has been shown (as mentioned in Section 1) that
Jim #175 fuo(t, ) —w* ()l = O,
which implies
Jim [, (1,5) — w7 (1, )], =0 (5.19)
due to the equivalence of and here for o = 0, |3| = 0. By the uniqueness
of limit in LP(R?), and imply that
h(z) = w*(1,2) in LP(R?) and also in WI°IP(R?). (5.20)
From and it follows that
Jim (9, (1,) — 95 (1), = 0. (5.21)

X
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Since any sequence itself of {wx(1,-)}x>1 contains a subsequence convergent to the
same limit w* (1, -) in W181:7(R?), we have proved that (5.6) holds for e = 0, namely,

)\lim [0%wa(1,-) —8%w*(1,-)||, =0 forany B € ZT x ZT, p€[l,00].  (5.22)

Note that is stronger than the sequence limit (5.21).

Now we take the bootstrap approach to prove (5.6) and equivalently for
any « > 1, based on the result . Suppose that ([5.6]) is valid for an o > 0 with
any 8 € Z* x ZT and p € [1,00]. From we have

0P wy = 020° Awy — 0208 (uy - V)wy,
PP L = 0P8 Aw* — 9L OP (u* - V)w™.
Consequently,

107+ 07 wa (1, ) = F T 0w (1, )l

5.23
< (10707 (Awa(L, ) = Aw*(1,))llp + 10507 (va (L, ) = v* (1, )l %)

where vy (t,z) = (ur(t,x) - V)wa(t,z) and v*(t,z) = (u*(t,x) - V)w*(t,z). By the
assumption of induction, we readily have

Jim (9707 (Awa(1,) = Aw*(1,))]|p = 0. (5.24)

Moreover,
10802 (un(1,) — v (1, 1y
<35 (5) () totaznt.) - w it plalior 0t Vr @l 529
)

0<a~v<pg

+ 110707 u* (1, ) oo 1077077V (wa(L, ) = w(1,)))-

Since [|0707u*(1,-)||o is a constant and by the assumption of induction we obtain
Jim 9708V (Aws(L,) — A (L)), = 0.

It follows that

a3 (5) (0 1etarer . ollalior 0029 er(t, ) -1l =0.

9<u7<ﬁ
(5.26)
For another part in ([5.25)), note that (3.4)) and (5.4)) yield
1070077 V(L )llp < Noo(a = 6,18 = 5] + 1, p) lwoll (5.27)

The rest issue is the convergence of [|0707 (ux(1,-) — u*(1,-))||eo- By the Sobolev
imbedding theorem, there is a uniform constant Cy > 0 such that ||¢|ec < Collel a2,
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where H? stands for the Sobolev space H?(R?). By the Biot-Savart law, we get
16707 (ux(1,-) = u*(1,-))lloo
< Coll07 07 (un(1,-) — w*(1, )| =

< Co Y 119707 (ua(1,) = u*(1,))]]2

\p\<2
OGS ?%(1 )~ (1) o],
<2
(by a v‘:rlable changes as in (5.10)) (5.28)
Z<:2H/Rz |9C—y)|2 oY (wa(1,y) — w*(1,y)) dyl|,

< S [ oty en i)~ )],

\ \<2
o S gy 10807 P (wr(1,2) — w* (1,2)) | — 0, as A — oo,
s

[p|<2

by the assumption of induction and the Hardy-Littlewood-Sobolev inequality (|1.11))
here with n = 2,a = 2,p = 1,q = 2. Thus we can combine (5.27) and (5.28)) to get

a5 (5) () 10tz - wr i lor o2 Vet )l o

0<avy<p
(5.29)
Finally, substituting (5.26]) and ( into , we obtain
;ggo ||3?35(w( )= (1) =0. (5.30)

Then (5.23)), (5.24) and ([5.30]) altogether imply that (5.6) holds for o + 1; i.e.,
Jim (9700 (@a(L,) =W (1, )], =0, B€ZF xZ*, pel,od

and equivalently holds for o + 1 and any 3 € ZT x Z*, p € [1,00]. This
bootstrap induction shows that the convergence statement is valid.

By the Biot-Savart law and utilizing the corresponding equivalence of and
the following statement,

)\lim 10208 (ux(1,-) —u*(1, Ny =0, a>0, €2t x2Z%, qe (2,00,
we can also prove that (5.2)) is valid. The detail is omitted. (I

Remark. For the three-dimensional Navier-Stokes equation [34, Chapter 6],
the global existence and regularity of strong solutions is an extremely challenging
open problem, that is defined by the Clay Mathematics Institute as one of the
century problems in mathematics for the new millennium. Nevertheless, the study
of 3D vorticity plays an important role. In this regard, one of the major differences
between 2D and 3D vorticity behavior arises from the fact that the 3D vorticity is
governed by a different evolutionary equation:

({;—L::VAw—(u~V)w+(w'V)u, t>0, r€R3, (5.31)
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where the additional nonlinear term (w - V)u known as the vorticity stretching
amplifies the vorticity strength by the interaction with the gradient of velocity
field. Therefore, the dynamics, regularity, and asymptotics of the three-dimensional
vorticity evolution are much more complicated than the two-dimensional case.

The extension of Oseen vortices in the three-dimensional case is Burgers vortices.
A Burgers vortex is an exact solution of the 3D Navier-Stokes equation that is a
superposition of a background irrotational strain field/flow and a 2D vortex, just
like the Oseen vortex, in the plane perpendicular to the strain axis. In recent years
some results from the ongoing researches are emerging in regard to the local stability
and asymptotic structures of the 3D Burgers vortices. In [I7] it has been shown that
the whole family of axisymmetric and non-axisymmetric Burgers vortex solutions
parametrized by the total circulation numbers of the 3D Navier-Stokes equation is
locally stable for small Reynolds numbers. Based on several numerical simulation
results of turbulent fluid flows shown in [35] and others, very recently in [26] the
existence of Burgers vortices as the swirling, tube-like structures in 3D turbulence
is rigorously proved for high Reynolds numbers with asymmetric parameters less
than one half. However, the stability of the 3D Burgers vortices for high Reynolds
numbers is still not known even though some numerical studies indicate some kind
of tendency of persistence possibly toward stability.
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