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NON-HOMOGENEOUS BOUNDARY-VALUE PROBLEMS OF
HIGHER ORDER DIFFERENTIAL EQUATIONS WITH
p-LAPLACIAN

YUJI LIU

ABSTRACT. We establish sufficient conditions for the existence of positive so-
lutions to five multi-point boundary value problems. These problems have a
common equation (in different function domains) and different boundary con-
ditions. It is interesting note that the methods for solving all these problems
and most of the reference are based on the Mawhin’s coincidence degree the-
ory. First, we present a survey of multi-point boundary-value problems and
the motivation of this paper. Then we present the main results which gen-
eralize and improve results in the references. We conclude this article with
examples of problems that can not solved by methods known so far.

1. INTRODUCTION

Multi-point boundary-value problems (BVPs) for differential equations were ini-
tialed by Il'in and Moiseev [20] and have received a wide attention because of their
potential applications. There are many exciting results concerned with the exis-
tence of positive solutions of boundary-value problems of second or higher order
differential equations with or without p-Laplacian subjected to the special homo-
geneous multi-point boundary conditions (BCs); we refer the readers to [I]-[I1],
O-24] [27-[47], [49]-[52], [55)-[79). The methods used for finding positive solu-
tions of these problems at non-resonance cases, or solutions at resonance cases, are
critical point theory, fixed point theorems in cones in Banach spaces, fixed point
index theory, alternative of Leray-Schauder, upper and lower solution methods with
iterative techniques, and so on. There are also several results concerned with the
existence of positive solutions of multi-point boundary-value problems for differen-
tial equations with non-homogeneous BCs; see for example [12], [13] 25 [26], 48|, 53]
and the early paper [79]. For the reader’s information and to compare our results
with the known ones, we now give a simple survey.
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Multi-point boundary-value problems with homogeneous BCs consist of the sec-
ond order differential equation and the multi-point homogeneous boundary condi-
tions. The second order differential equation is either

(o' ()] + f(t,x(t),2'(t)) =0, t€(0,1),
or one of the following cases
2(t) + f(t,2(t),2'(t) =
[o('0)])" + F(t,2(t)) =0, te(0,1),
2" (t) + f(t,xz(t)) =0, te(0,1).

The multi-point homogeneous boundary conditions are either

#(0) - ilaw(fi) — (1) - iﬂix<ni> “0,

#(0) - i_ilwl(&) — 2() - lemm-) “0,
#(0) - iaix@-) (1) - iﬁm’(m) ~0,
#(0) - Zm;aix'@» (1) - f;ﬁiz%m) —o,
2(0) - zm;aix'(f» — (1) - iﬁix%m) “o,
#(0) - iaixm) — o) - i@-xm) “o,

2(0) = Y au! (&) = 2'(1) = Y B () = 0,
i=1 i=1

or their special cases, where 0 < & < - <& <land 0 < < -+ < 1my < 1,
a;, B € R are constants. These problems were studied extensively in papers [1]-[75]
and the references therein.

1. For the second order differential equations, Gupta [16] studied the following
multi-point boundary-value problem

2(t) = f(tx(t), 2" (1)) + (1), te€(0,1),

z(0) — Z ;i (&) = o(1) — Zﬁm(m) =0, (1.1)

and
a”(t) = f(t,z(t),2’(t)) + r(t), t€(0,1),
U - 1.2
2(0) = Y (&) = 2'(1) = Y B! (m) =0, (12)
i=1 i=1
where 0 < § < - < &, < 1,0 < m < - <1 <1, o,0 € R with

(ot i) (1 =300, Bi) # (1= 3700, aa) (325, By — 1) for and with (1 —
St a)(1 =30 Bi) # 0 for . Some existence results for solutions of
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and (1.2) were established in [I4]. Liu [36] established the existence results of
solutions of (1.1 for the case

Yai=1=Y ai=1-) Bi=1-> Bi&=0.
i=1 i=1 i=1 i=1

Liu and Yu [33] [34] B5], B7] studied the existence of solutions of ([1.1)) and (1.2)) at
some special cases.
Zhang and Wang [78] studied the multi-point boundary-value problem

a(t) = f(t, (1), te(0,1),

x(0) — Z a;z(&) = x(1) — Zﬁix(m) =0, (1.3)
i=1 i=1
where 0 < & < -+ < &n < 1, a;,0; € [0,400) with 0 < 22110%' < 1 and
> Bi < 1. Under certain conditions on f, they established some existence results
for positive solutions of .
Liuin [32], and Liu and Ge in [43] studied the four-point boundary-value problem

a"(t) + f(t,2(t) =0, te(0,1),
2(0) — ax(§) = (1) — fx(n) =0,
where 0 < &n < 1, a,0 > 0, f is a nonnegative continuous function. Using
the Green’s function of its corresponding linear problem, Liu established existence
results for at least one or two positive solutions of .
Ma in [49], and Zhang and Sun in [77] studied the following multi-point boundary-
value problem

(1.4)

" (t) +a(t) f(z(t)) =0, t€(0,1),

#(0) = 2(1) — " ar(€) =0, 9

i=1
where 0 < & <1, a; > 0 with " ;& < 1, a and f are nonnegative continuous
functions, there is tg € [, 1] so that a(tg) > 0. Let

lim M =1, lim @ = L.
x—0 X r—+00 I
It was proved that if | =0, L = +o0 or | = +00, L = 0, then (1.5) has at least one

positive solution.
Ma and Castaneda [51] studied the problem

2() + alt) f(a(t) =0, e (0,1),

i - (1.6)
'(0) — Zaixl(fi) =z(1) - Zﬂix(fi) =0,

i=1 i=1
where 0 < & <  <&n<1l,;,6, >0with0< > oy <land 0< D", 6 <1
and a and f are nonnegative continuous functions, there is ty € [£,,1] so that
a(tg) > 0. Ma and Castaneda established existence results for positive solutions of
(1.6) under the assumptions

lim M =0, lim M

x—0 X r—+oo X

= 400 or limM:+oo7 lim —— =0.
x—0 X r—+oo I
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2. For second order differential equations with p-Laplacian, Drabek and Take [8]
studied the existence of solutions of the problem

—(¢(a' (1)) = Ap(x) = f(t), te(0,T),

z(0) =z(T) =0, (L7)

In a recent paper [28], the author established multiplicity results for positive
solutions of the problems

[0p(@’ (E)]" + f(t.2() =0, te(0,1),

o0) = | “e()dh(s), 6 / bp(@/(5))dg(s),

[6p(2' ()] + f(t,z(t) =0, te(0,1),

:/0 dp(a'(s))dh(s), x(1)=/0 x(s)dg(s).

Gupta [I7] studied the existence of solutions of the problem

[6(2' (1)) + f(t,2(t), &' (1)) + e(t) =0, t€(0,1),
m m (1.8)

z(0) — Z a;z(&) = x(1) — Zﬁﬂf(ﬁi) =0

by using topological degree and some a priori estimates.
Bai and Fang [6] investigated the following multi-point boundary-value problem

and

(o' ()] +alt)f(t,=(t) =0, te(0,1),

m (1.9)
- Bi(&) =0,
i=1
where 0 < & < -++ < &, < 1, B > 0 with >.", 8;§& < 1, a is continuous

and nonnegative and there is tg € [£,,, 1] so that a(tg) > 0, f is a continuous
nonnegative function. The purpose of [6] is to generalize the results in [49]. Wang
and Ge [63], Ji, Feng and Ge [21], Feng, Ge and Jiang [9], Rynne [58] studied the
existence of multiple positive solutions of the following more general problem

[o(2' ()] + a(t) f(t,z(t) =0, te(0,1),

m

_ Zaix(fi) =z(1) — Zﬁzx(fz) =0

by using fixed point theorems for operators in cones. Sun, Qu and Ge [62] using
the monotone iterative technique established existence results of positive solutions
of the problem

(o)) + a(t)f(t,x(t),2'(£) =0, te(0,1),

m

- Zaix(fi) = (1) - Zﬁzx(fz) = 0.
i=1

i=1
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Bai and Fang [5] studied the problem
[o(a'(#)] + f(t.2(t) =0, t€(0,1),

m m (1.10)
2(0) =Y (&) =2(1) = > Biw(&) =0,
i=1 i=1
where 0 < & < -+ < &, < 1, o > 0,6; > 0 with 0 < 21‘11%‘ < 1 and

0 < 221 B; < 1, f is continuous and nonnegative. The purpose of [f] is to
generalize and improve the results in [5I]. In paper Ma, Du and Ge [54] studied
by using the monotone iterative methods. The existence of monotone positive
solutions of were obtained. Based upon the fixed point theorem due to Avery
and Peterson [4], Wang and Ge [64], Sun, Ge and Zhao [61] established existence
results of multiple positive solutions of the following problems

[6(=' (1)) + a(t)f(t, 2(t),2' (1) =0, te(0,1),
2'(0) — Zaim’(&) =z(1) - Zﬂzx(&) =0
and

(o)) + alt) f(t,z(t),2'(£) =0, te(0,1),
z(0) — Z (&) =2’ (1) — Z Bix' (&) = 0.

In [28] [37], the authors studied the existence of solutions of the following BVPs
at resonance cases

2"(t) = f(ta(t).a () + et), Ot € (0,T),

l"(o) = Oz;c’(é'), I'(l) — Zﬂzx/(&) (1.11)

In a recent paper [11], the authors investigated the existence of solutions of the
following problem for p-Laplacian differential equation

(@('(t)) = f(t,x(t),2' (1), te€(0,T),

#(0) =0, 0(z'(1)) = Zaﬂ(m’(fi)), (1.12)

where 6 and ¢ are two odd increasing homeomorphisms from R to R with ¢(0) =
6(0) = 0.

In the recent papers [19] [24] 25] 29| [36, 56] [60} 61, 63 64, [65, 66 [7T), [76], the
authors studied the existence of multiple positive solutions of (L.8)), (L.9), or
other more general multi-point boundary-value problems, respectively, by using of
multiple fixed point theorems in cones in Banach spaces such as the five functionals
fixed point theorem [19], the fixed-point index theory [59], the fixed point theorem
due to Avery and Peterson, a two-fixed-point theorem [19] [61] [63], [64], Krasnosel-
skii’s fixed point theorem and the contraction mapping principle [22} 29, 56, 60, [71],
the Leggett-Williams fixed-point theorem [23], [36], the generalization of polar coor-
dinates [65], using the solution of an implicit functional equation [22] [23].
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3. For higher order differential equations, there have been many papers discussed
the existence of solutions of multi-point boundary-value problems for third order
differential equations [I5, [47, [55]. Ma [47] studied the solvability of the problem

" (t) + E°2'(t) + g(x(t),2'(t)) = p(t), te(0,7), (1.13)

where k € N, g is continuous and bounded, p is continuous. In [I5] [55], the authors
investigated the solvability of the problem

a(t) + K22/ (t) + g(t, 2(t), 2/ (1), 2" (1)) = p(2),

2'(0)=2'(1) =0, z(0)=0, (114)

where ¢g and p are continuous, k € R. It was supposed in [55] that g is bounded
and in [I5] g satisfies g(t,u,v,w)v > 0 for t € [0,1], (u,v,w) € R3,

g(t,U,U7U)) 2

lim < 37% uniformly in ¢, u, w.

|[v]—o00 v

The upper and lower solution methods with monotone iterative technique are
used to solve multi-point boundary-value problems for third or fourth order differ-
ential equations in papers [76] and [66].

In [40], the authors studied the problem

s (@) + Af(x(H) =0, e (0,1),
+@0)=0, i=0,...,n—3, (1.15)
22(0) — az" D (n) = 2D (1) — G2 () = 0,
the existence results for positive solutions of (1.15)) were established in [40] in the

case that the nonlinearity f changes sign.
The existence of positive solutions of the following two problems:

2 () + o) f(t2(t)), .., 22 (1) =0, te(0,1),

) 1.16)
tD0)=0, i=0,...,n—2, z™V0)=0, (

and
M) + o) f(t,z(t)),...,2" D) =0, te(0,1),

) 1.17
@0)=0, i=0,....,n—2, 2"2(0)=0, (L17)

were studied in [2] [73].
4. For Sturm-Liouville type multi-point boundary conditions, Grossinho [12]
studied the problem

a”(t) + f(t,x(t), 2'(t), 2" (1)) = 0, t€(0,1),

ZL’(O) = 07 ax’(o) _ bx"(O) _ A, Cil'/(]_) + dl’”(l) - B (118)

By using theory of Leray-Schauder degree, it was proved that ([1.18)) has solutions
under the assumptions that there exist super and lower solutions of the correspond-
ing problem.
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Agarwal and Wong [3], Qi [57] investigated the solvability of the following prob-
lem with Sturm-Liouville type boundary conditions

M () = f(t,a(t),...,2"2(1), te(0,1),
+@0)=0, i=0,...,n—3, (1.19)
az"=2(0) — Bz (0) = vz (1) + 72V (1) =0,

The authors in [24] studied the existence and nonexistence of solutions of a situation
more general than .

Lian and Wong [31] studied the existence of positive solutions of the follow-
ing BVPs consisting of the p-Laplacian differential equation and Sturm-Liouville
boundary conditions

[ D @] + f(t (), a" D (@) =0, te(0,1),
+@0)=0, i=0,...,n—3, (1.20)
az™=2(0) — Bz V(0) = 42D (1) + 72V (1) = 0,

In all above mentioned papers, all of the boundary conditions concerned are
homogeneous cases. However, in many applications, BVPs are nonhomogeneous
BVPec, for example,

1 .
y”=X(1+y2)5, t € (a,b),
y(a) = aa, y(b)=p
and

RS0
ORI

y(a) = aa, y(b) =3

are very well known BVPs, which were proposed in 1690 and 1696, respectively.
In 1964, The BVPs studied by Zhidkov and Shirikov in [USSR Computational
Mathematics and Mathematical Physics, 4(1964)18-35] and by Lee in [Chemical
Engineering Science, 21(1966)183-194] are nonhomogeneous BVPs too.

There are also several papers concerning with the existence of positive solutions
of BVPs for differential equations with non-homogeneous BCs. Ma [48] studied
existence of positive solutions of the following BVP consisting of second order dif-
ferential equations and three-point BC

2"(t) +a(t)f(z(t)) =0, te(0,1),

In a recent paper [25, 26], using lower and upper solutions methods, Kong and
Kong established results for solutions and positive solutions of the following two
problems

a(t)) + f(t,x(t),2' () =0, t€(0,1),

m

z'(0) — Zaix’(fi) =X\, =z(1)-— Zﬁzm(fz) — o, (1.22)
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and
() + F(te(t), 2 (1) =0, te (0,1),

m

2(0) = > aiw(&) =, (1) — Zﬁlx(fl) = A,

=1

(1.23)

respectively. We note that the boundary conditions in (1.17)), (1.20), (1.21]) and
are two-parameter non-homogeneous BCs.

The purpose of this paper is to investigate the more generalized BVPs for higher
order differential equation with p-Laplacian subjected to non-homogeneous BCs, in
which the nonlinearity f contains ¢, z,...,z("~1 i.e. the problems

[ VW) + ft2), ... eV @) =0, te(0,1),

2"7H(0) - 3™ (&) = A,
i=1

- (1.24)
2" (1) — Zﬂil’("*z)(&) = A,
=1
zD(0)=0, i=0,...,n—3;
(oD @0)] + f(t,2(t),.... 2"V () =0, te(0,1),
2D(0) = Y™V (E) = A,
o (1.25)
2" (1) = B (&) = g,
=1
+@0)=0, i=0,....,n—3;
(D)) + ft,2(t),..., 2" V()) =0, te(0,1),
z"=2(0) — i ax ™D (g) = A,
-l (1.26)
D) =Y BT (G) = N,
=1
@0)=0, i=0,....,n—3;
[z D] + ft,2(t),..., 2" D(t)) =0, te(0,1),
2"=2(0) — iaiﬂﬁ(”_l)(fi) = A,
=l (1.27)

22(1) + ) B (E) = N,
i=1

P0)=0, i=0,...,n—3;
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and
(6D @)] + F(t.2(t),....2" (@) =0, e (0,1),

$("~1(0)) - Zaiﬁb(x(nil)(fi)) = A1,

i=1

- (1.28)
0" D)+ 30 A0V (€)= e,

+@0)=0, i=0,....,n—3;

where n > 2,0 <& < --- <& <1, a;,0; € R, A, Ao € R, f is continuous, ¢ is
called p-Laplacian, ¢(x) = |z|P~22 for x # 0 and ¢(0) = 0 with p > 1, its inverse
function is denoted by ¢~!(x) with ¢~1(x) = |z|972x for z # 0 and ¢~ 1(0) = 0,
where 1/p + 1/q = 1, 8 is an odd increasing homeomorphisms from R to R with
0(0) = 0.

We establish sufficient conditions for the existence of at least one positive solution
of (T.24), (L.25), (1.26), (1.27), and at least one solution of (1.28), respectively.

The first motivation of this paper is that it is of significance to investigate the
existence of positive solutions of and since the operators defined in
[Bl [6l, [48, [49] are can not be used; furthermore, it is more interesting to establish
existence results for positive solutions of higher order BVPs with non-homogeneous
BCs.

The second motivation to study (T.24)), (T.25)), (1.26), (1.27) and comes
from the facts that

6 20 contuins (1. (03, (D, (O3, @ €3 €. €13, €13

1.15)), (1.17) and (1.23) as special cases;

) (1.25) contains 1.6), (]1._1?‘M1Dd (1.22) as special cases;
) (1.26) contains (1.2) and (1.16)) as special cases;

v) (L1.27) contains (1.18) and (1.19) as special cases;

) (1.28) contains (1.11)) and (1.12)) as special cases.

Furthermore, in most of the known papers, the nonlinearity f only depends on
a part of lower derivatives, the problem is that under what conditions problems
have solutions when f depends on all lower derivatives, such as in BVPs above, f
depends on z,a’,...,z("~ 1,

The third motivation is that there exist several papers discussing the solvability
of Sturm-Liouville type boundary-value problems for p-Laplacian differential equa-
tions, whereas there is few paper concerned with the solvability of Sturm-Liouville
type multi-point boundary-value problems for p-Laplacian differential equations,
such as .

The fourth motivation comes from the challenge to find simple conditions on the
function f, for the existence of a solution of , as the nonlinear homeomor-
phisms ¢ and 6 generating, respectively, the differential operator and the boundary
conditions are different. The techniques for studying the existence of positive solu-
tions of multi-point boundary-value problems consisting of the higher-order differ-
ential equation with p-Laplacian and non-homogeneous BCs are few.

Additional motivation is that the coincidence degree theory by Mawhin is re-
ported to be an effective approach to the study the existence of periodic solutions
of differential equations with or without delays, the existence of solutions of multi-
point boundary-value problems at resonance case for differential equations; see
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for example [33] 35, 37, B9, 45] and the references therein, but there is few pa-
per concerning the existence of positive solutions of non-homogeneous multi-point
boundary-value problems for higher order differential equations with p-Laplacian
by using the coincidence degree theory.

The following of this paper is organized as follows: the main results and remarks
are presented in Section 2, and some examples are given in Section 3. The methods
used and the results obtained in this paper are different from those in known papers.
Our theorems generalize and improve the known ones.

2. MAIN RESULTS

In this section, we present the main results in this paper, whose proofs will be
done by using the following fixed point theorem due to Mawhin.

Let X and Y be real Banach spaces, L : D(L) C X — Y be a Fredholm operator
of index zero, P: X — X, @ : Y — Y be projectors such that

ImP=KerL, KerQ=ImL, X=KerL®&KerP, Y=ImL®ImQ.
It follows that
L|D(L)ﬂKerP : D(L) NKerP —ImL

is invertible, we denote the inverse of that map by K,.

If 2 is an open bounded subset of X, D(L)NQ # 0, the map N : X — Y will be
called L-compact on Q if QN (Q) is bounded and K,(I — Q)N : Q — X is compact.

Lemma 2.1 ([I0]). Let L be a Fredholm operator of index zero and let N be L-
compact on 2. Assume that the following conditions are satisfied:
(i) Lz # ANz for every (z,A) € [(D(L) \ Ker L) N 99Q] x (0,1);
(ii) Nz ¢ Im L for every x € Ker L N 0§);
(iii) deg(/\QN‘KerL, QNKerL,0) # 0, where A : Y/ImL — KerL is an
isomorphism.

Then the equation Lx = Nz has at least one solution in D(L) N Q.
In this paper, we choose X = C"~2[0, 1] x C°[0,1] with the norm
(2,9l = max{]|zfloo, - 2" |, [ylloo
and Y = C?[0,1] x C°[0,1] x R? with the norm
(@, y, a,b)|| = max{[|z[|oc, [|ylloc, [al, []},
then X and Y are real Banach spaces. Let
D(L) = {(z1,2) € C"1[0,1] x C*[0,1] : 2 (0) =0, i = 0,...,n — 3}.

Now we prove an important lemma. Then we will establish existence results for
positive solutions of (1.24)), (1.25]), (1.26)), (1.27)) and (1.28]) in sub-section 2.1, 2.2,
2.3, 2.4 and 2.5, respectively.

Lemma 2.2. > 7" af < K Y (X", a;)° for all a; > 0 and o > 0, where K, is

(3

defined by K, =1 for o > 1 and K, =2 for o € (0,1).

Proof. Case 1. m = 2. Without loss of generality, suppose a; > as. Let g(z) =
K,(1+ ) —(14+2%),z € [1,400), then
29 -2 >0, o>1,

1) = K,2° —2 =
9(1) {20+1220, o€ (0,1)



EJDE-2008/20 NON-HOMOGENEOUS BOUNDARY-VALUE PROBLEMS 11

and for x € [1,00), we get

0, o>1,
ox" 1 2(141/1)°"1 1] =0, o€ (0,1).
We get that g(x) > g(1) for all x > 1 and so 14+2° < K,(1+z) for all z € [1, +00).

Hence af + a§ = a[1 + (a1/a2)?] < Kya3[l + a1/as)’ = Ky(a1 + a2)°.
Case 2. m > 2. It is easy to see that

g'(x) = 02" K, (1+1/x)7"" = 1] > {

m m

(e ag g ag
E :a’z =0 + as + E a;
i=1 =3

=4

< K, (K,(a1 + a2 +a3)? + Za?)

=4

(

< Ko ((a1+a2) +a5 + > af)
(
(

m
< K2( (a1 + ag +a3)° +Zaf)

The proof is complete. O

Remark 2.3. It is easy to see that

dodla) S KJTe0 a), Y ¢ M a) S KT a).
=1 i=1 =1

i=1
2.1. Positive solutions of Problem (1.24]). Let
f*(tam()a e axn—l) = f(t,%, e 7m7 xn—l)a (t,.’I}Q, sy l‘n_l) S [07 1] X Rn7
where T = max{0,z}. The following assumptions, which will be used in the proofs
of all lemmas in this sub-section, are supposed.
(H1) f:[0,1] x [0,4+00)" ! x R — [0, +00) is continuous with f(¢,0,...,0) # 0
on each sub-interval of [0,1];
(H2) AM,A2 >0, >0, 3 >0satisfy 0 <> ja; <1, 0<Y", 8 <1and
)\1/( Zz:l 0[1) - )\2/( Z’L:l 62)

(H3) there exist continuous nonnegative functions a, b; and ¢ so that

|f(t, 20, o T2, 2n—1)] < alt +Zb o(|zi]) + c(t)d(|zn-1]),

for (t,zg,...,2pn—1) € [0,1] x R™;



12 Y. LIU EJDE-2008/20

(H4) The following inequality holds

K$31¢(1+1Z_:Z 1%& )["Z“”’¢ (n—2—1) )/lbi(s)ds

- /01 bnfg(s)ds} + /01 c(s)ds < 1.

We consider the problem

(6D + £ (8 2(t), ..., 2D (1) =0, te(0,1),
+@0)=0, i=0,...,n—3,

2"2)(0) — Zaix("_z) (&) = A1, (2.1)

n2) Z/an2) __)\2

Lemma 2.4. If (H1)-(H2) hold and = is a solution of (2.1)), then x(t) > 0 for all
€ (0,1), and x is a positive solution of (1.24]).

Proof. (H1) implies that [¢p(z(™=D (1)) = —f*(t, (), ...,z (t)) <0 (£ 0), and
then x("~1) () is decreasing and so #("~?) is concave on [0,1], thus

min 2" (t) = min{z"~2(0), 2"~ (1)}.
te[0,1]

Together with the boundary conditions in (29) and (H2), we get that

("2 Za 2D (g) + A > Zaz min{z"=2(0), "2 (1)}, (2.2)
=1
and

221 Zﬁ 2D (&) + Ao > Zgl min{z("=2(0), 2"~ (1)}.
i=1
Without loss of generahty7 assume that Y /" a; > Y00 i
If min{z("=2)(0), =2 (1)} < 0, then

=2 (1) > Zﬁl min{z"~2(0), 22 (1)} > iai min{z"=2(0), 22 (1)}.
i=1

i=1
Together with (30), we have

min{z"~2(0), 2" (1)} > > a; min{z""2(0),2" "2 (1)}.
i=1
Hence min{z("=2)(0),z"=2)(1)} > 0. It follows that min{z("=2)(0),z("=2)(1)} >
0. So (H1) implies that z(®=2)(¢) > 0 for all t+ € (0,1). Then from the bound-
ary conditions, we get z(9(t) > 0 for all ¢t € (0,1) and i = 0,...,n — 3. Then
At x(t),...,. e D@) = f(t,z(t),..., 2D (t)). Thus z is a positive solution of
(1.24]). The proof is complete. |

Lemma 2.5. If (H1)-(H2) hold and x is a solutions of (2.1)), then there exists
¢ € [0,1] such that =D (&) = 0.
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Proof. In fact, if ("1 () > 0 for all t € [0, 1], then

x(”_Q) (0) — iaix(n—Z) (fz) + A > i aim(n—2)(0) + M,
i=1 i=1
then (=2 (0) > \/(1 — 3°1%, o), it follows that z(™=2(1) > Ay /(1 — 1" | ).
On the other hand,
(1) = Zm:@'x(n*m (&) + A2 < Zm:ﬂix(nﬂ)(l) + Az,
i=1 i=1
thus

2= 2) 1) < A/( 1—2@ =/ 1—2041 < 2= 2) (1),

a contradiction. if ("1 (t) <0 for all t € [0,1], then

1) = Zﬂifﬂ(nﬂ) (&) + A2 > Zﬂix(n&)(l) + Az,
=1 i=1
then x("=2)(1) > Ay/(1 — 31, B;), it follows that z("=2(0) > Ao/(1 — 1%, Bi).
On the other hand,

n2) Zax(nQ +)\1<Zax(n 2)()+)\1’

=1
thus

™2 (0) < A\ /(1 — iai) =MX/(1— iﬁi) < z"=2(0),
i=1 i=1
contradiction too. Hence there is & € [0,1] so that z(®~1(¢) = 0. The proof is
complete. O
Lemma 2.6. If (z1,22) is a solution of the problem
2"V (0) = 67 (wa(1), tE[0,1]
2h(t) = — 5t a1 (t), ..., 2" D), o (o (1)), t € [0,1],

$(1n_2) ZO[’JJ(n 2) 51 _ /\1’

2" (1) - Zﬁixﬁ"*”(si) = o,

i=1
270)=0, i=0,...,n—3,
then x1 is a solution of (2.1)).

The proof of the above lemma is simple; os it is omitted. Define the operators

Lz, 22) = (mgn 1)733 n 2) Zax(n 2) &) n 2) Zﬁz 13 )’

(z1,22) € X N D(L);
N(xl’xQ) = (¢71(x2)7 *f*(t’xla cee ,x(n72)’ Qbil(xZ))v )‘13 )‘2)’ (‘rlaxQ) € X.
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Under the assumptions (H1)-(H2), it is easy to show the following results:
(i) Ker L ={(0,¢): c € R} and

i
ImL = {yl,yg,ab) Z /y1 )ds + a)

+1_£m(/ yl dS—Zﬁl/ y1 dS—b):O}

(ii) L is a Fredholm operator of index zero;

(iii) There exist projectors P: X — X and @ : Y — Y such that Ker L = Im P
and Ker Q = Im L. Furthermore, let 2 C X be an open bounded subset
with QN D(L) # (), then N is L-compact on €;

(iv) & = (x1, 22) is a solution of if and only if x is a solution of the operator
equation Lz = Nz in D(L).

We present the projectors P and @ as follows: P(z1,22) = (0,22(0)) for all z =
(x1,22) € X and

1 &
Q(yl,vaaab):<A|:1i . Zaz/ yl d3—|—a
z 1 ?

=1

(Bl 3o

A= 157" o Zazgz ZZ ) 3, ( - ;ﬂz&)

The generalized inverse of L : D(L) NKer P — Im L is defined by

Kp(y1,92,a,b) = (/Ot = 8)n7,2y1(5)d5

(n—2)!

+ (nt”_;' T _231;,11 o (ZO” /Ogi yl(s)ds+a) / ya(s )ds)

i=1
the isomorphism A : Y/Im L — Ker L is defined by A(c,0,0,0) = (0, ¢).
Lemma 2.7. Suppose that (H1)-(Hj) hold, and let

Qo = {(x1,22) € D(L)\ Ker L : L(z1,z2) = AN(z1,22) for some X € (0,1)}.
Then Qq is bounded.
Proof. For (x1,x3) € Qp, we get L(x1,z2) = AN (z1,23). Then

7" V() = A6 (@a(), e [0,1],
2y(t) = At (1), 3" (1), 07 (1), te 0, 1],

(! Za@ 2 (6) = A,

where

! Zﬁz = Mo,

a:g“(o)zo, i=0,....,n—3,
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where A € (0,1). If (21, 22) is a solution of L(x1,2z2) = AN(x1,22) and (z1,z2) Z

(0,¢), it follows from Lemma that there is £ € [0, 1] so that x2(¢) = 0. Then
(H3) implies

xﬂﬂ=!—Aé.ﬁwﬂn®%~wa”&%d*@ﬂ@»dﬂ

n—2

S/ (a(s) + D bi(8)d(|21” (s)]) + e(s) w2(s)])ds,

0 i=0

122 (0)] = R ZO‘ (n-2)
! L= o ! “
1 N (ne2) (n—2) ¢

sl_iﬁ&%(g;mul (0) ~ <@M+AJ
S (Zazé)l . 1) )"")‘1)7 b; € [0=€i]=

S T (Eim& rall) + Ar)-

Then Lemma i.e., Remark implies

m?*”@nsrﬁmﬁk>|+|é 2" (5)ds|

E ’711 ;& _ A
< (1 ==
< (14 72207 (faallo) + Ty
E: 7,57, A1
<K, 14+ == o —m )|
< K, 1[¢( + 15 Zz o Mz2lloo + (5 Zizlai)]
Similarly, for i =0,...,n — 3, we get

t _ n 3—i
| 1) < ‘m(z +/ (t=s) (”_2)(s)ds‘
0 _

e, wmﬁ“QWM

1 <n72>
< e e
1 it @i\ 1 1 A1
= (n—2—i)!(1+1—2£1a¢)¢ (lzslloo) + =T o
1 m & 1
< Kg [¢(m)¢(1 + lzzzlaf)” T2l + ¢(m)

- (1_2)\:}10%’)}.
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It follows that

|2 (t)]
1 1 NN A
S/O a(s)ds+/0 bng(s)ds¢((1+1z_:§£fai)¢ 1(”$2Hoo)+Tzilai)
+Z/ s)dso f;fz')!(“r Eifgii)qb_l(lxz”“)
1 M !
F o)+ sl

1 S g
/ a(s)ds 4+ ¢(Ky—1) Z/ s)ds¢ Ti)!)sb(H%)lllelm
1 1
+ () [ bn2<s>ds¢(1+%>xzum+ JRCCLIENN
1 A1 )

n—3 1
(Kq-1) g/o bi()dso (o i1 S

1
0l [ bo-alohstl s ).

It follows that

1222l 0c

! =/ ) 1 221 a;&; "
< /0 a(s)ds + ¢(Kq4-1) ; /0 bl(s)dsgb(i(n 5 i)!)d)(l + 157 o s ai)” 2[00

1 m e 1
#0(yms) [ bucadso(1+ RS ool [ sl

Ky Z/ bi(s)dso( _i_mﬁ )
+ (K, 1>/0 b <>d8¢<1_£11%>~
Then
1= 6(K,1) §¢(M) /01 bi(s)dso (1 + Emzzlnijfa)
O e R
< / Cas)ds + ¢<Kq_1>jZ: / bi(s)dso (= 5 D1- £ﬂ1 o)
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It follow from ( 4) that there is a constant M > 0 so that ||z3]lcc < M. Since

[ n— 2 n—2 ;i
270 < ol e and 2"V @) < (14 EEEEL)6(faslle) +
%, there exist constants M; > 0 so that ngl) loo < M, foralli =0,...,n—2.
Then € is bounded. The proof is complete. O

Lemma 2.8. Suppose that (H2) holds. Then there exists a constant M{ > 0 such
that for each x = (0,c¢) € Ker L, if N(0,¢) € Im L, we get that |c| < Mj.

Proof. For each x = (0,¢) € Ker L, if N(0,¢) € Im L, we get
(d)il(c)a 7f*(t7 Oa R Oa ¢71(C))’ A17 )‘2) €ImL.

Then
m i
rra (e, ¢k )
g =1
S S e Ny [T ) o
+1—ZZ-”1@-</0 ¢~ L(c)ds ;52/0 ¢~ L(c)ds )\2)—0.
It follows that
N DraRe Y =30 Bi&i L A2 AL
o) = <1_Z;7;1O‘i+ 1_21'11@' ) ( Zz 1@ 22110%’)'

So there exists a constant M] > 0 such that |¢| < M]. The proof is complete. [

Lemma 2.9. Suppose that (H2) holds. Then there exists a constant M} > 0 such
that for each z = (0,c) € Ker L, if A\ A7 (0,¢) + (1 — \) sgn(A)QN(0,¢) = 0, then
e < M.

Proof. For each x = (0,c) € Ker L, if A\A71(0,¢) + (1 — X) sgn(A)QN(0,¢c) = 0, we
get

1 iy i 1-37" Bi&iy
Ae=—(-Nsen(d) 3 [(123‘13 gor T 2‘5”1 ﬂ; )¢’ (©)
=11 i=1 M
+ A1 + )\2 :|
1_227;10‘2' 1_221@' ’
Thus
= -1 s (PR o e
=1 i=1 M

+ D=

+sy )
o = c|.
1= 1=337, 06
If A=1, then ¢ =0. If A € ]0,1), since

Sre 1o S0, 66
1=>70 _Zz 1 Bi

one sees, for sufficiently large |c|, that

2 _ 1 ZZ” ;& 1- ZZZ Bi&i
A = —(1-=X) sgn(A)Z [(1 = 211:1 o + . Z?il 5 )\C|q

+(1_£§n1ai+ 1_2)\:2?151’)0} <0

q>1,

>0,
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a contradiction. So there exists a constant M} > 0 such that |¢| < MJ. The proof
is complete. ([

Theorem 2.10. Suppose (H1)-(H4) hold. Then (1.24) has at least one positive
solution.

Proof. Let Q D Qg be a bounded open subset of X centered at zero with its diameter
greater than max{Mj, M4}}. Tt follows from Lemmas that Lx # ANz
for all (z,A) € [(D(L)\ Ker L)N9Q] x (0,1); Nz ¢ Im L for every x € Ker L N 98;
deg(AQN| .. » 2N KerL,0) # 0.

Since (H1) holds, L be a Fredholm operator of index zero and N be L-compact
on Q. It follows from Lemma 2.1] that L& = Nz has at least one solution z =
(xl,xg) Then 7 is a solution of (2.I). We note that :vgl)(t) >0 for t € [0,1] and
1 =0,. — 2,80

f*(t,m(t) L2y (0,07 (w2(0)) = F (o0, (0),67 (@ (1).

Hence z; is a positive solution of (1.24)). The proof is complete. O

Remark 2.11. The operator defined in [6] can not be used, so we follow a different
method. Theorem also generalizes and improves the results in [8] [14] [32], 40, [49].

2.2. Positive solutions of Problem . Let
[t zo, s xn1) = f(6,T0, - T2, Zn1), (6,20, 2n-1) € [0,1] x R™,
and T = max{0,z} and y = min{0, y}. We consider the problem
(o™ VD] + f(t2(t),....a V@) =0, te(0,1),

x("_l)(O) — Zaix(”_l)(fi) = )\1,

- Zﬂix(nﬁ)(fi) = A2,
i=1

@0)=0, i=0,...,n—3,
Suppose (H3) and the following assumptions, which will be used in the proof of all
lemmas in this sub-section.
(H5) f:]0,1]x[0,+00)" ! x(—00,0] — [0, +00) is continuous and f(t,0,...,0) #
0 on each sub-interval of [0,1];
(H6) A1 <0, A2 >0, a;,5; > 0 with > | ¢(a;) < L/p(K™ ), >t a; <1and

2211 fi <1
(H7) The following inequality holds

oK
(o, >zz o) ;M <)

% (b2l (Bq-1)6 (1 4+ = Hﬂz;@ &)

+Z||b||oo¢ (Koo (1+ E ) ] <1
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Lemma 2.12. If (x1,x2) is a solution of the problem
7" () =67 a2(t), t€[0,1)
wy(t) = =1 (Lo (), o (0,07 (@a(1), e 0,1,

Zazqs (x2(&)) = A1, 25)

2" (1) Zﬂz UG = N

Aszo,i:a“qn—&
then z1 is a solution of (2.4)).
The proof of the above lemma is simple and is omitted.

Lemma 2.13. If (H5)-(H6) hold and x is a solution of (2.4), then z(t) > 0 for
allt € (0,1), and x is a positive solution of (1.25)).

Proof. Firstly, since [p(z(™~D(t)] = —f*(t,x(t),...,x(”_l)(t)) < 0 and a; >
0,3, a; < 1 and A\; <0, we have, using (L.6 , that

(=10 Za zn=1) +)\1<Zax(” D(0).

i=1

Hence ("1 (0) < 0 and (H6). We get 2~V (t) < 0 for all t € [0, 1].

Since ("~ (¢) < 0 for all ¢t € [0,1], we get ("2 (1) = 3" | Bz =2(&) + Ay >
S B (1). So one gets 2"~ (1) > 0. Thus we get 2"~ (t) > 0 for all t €
(0,1) since ("1 () < 0 for all ¢t € [0,1]. Tt follows from the boundary conditions
that () (t) > 0 for all t € (0,1), 3 =0,...,n — 3. Then f*(t,z(t),..., 2" V(t)) =
f(t,z(t), ...,z D(¢)). Thus z is a positive solution of (L.25). The proof is com-
plete. ([l

Let A € (0,1), consider the problem
2" () = Mg (za(t)), € [0,1],
2h(t) = =Mtz (1), 2" (1), ¢ (@a(1)),  te[0,1],

0=A(¢ ch (w2(&)) — M), 26)

"2 Zﬁz () = A,

ﬂkm:0,2=auwn—&
Lemma 2.14. Suppose (H5)—(H6) hold. If (x1,22) is a solution of (2.6]), then

22|00

B(K™ ) o S(K™ )|\
AR g o PO8) T TR S g

i=1

<zl (1 +



20 Y. LIU EJDE-2008/20

Proof. Since (H5)—-(H6) and (2.6)) imply that 24(¢) < 0 for all ¢ € [0,1]. Similar to
the discussion of Lemma [2.13] A\; < 0 and using ({2.6]), we have

Zm (22(&)) + M1 < Zam (22(&)) <D i (22(0)).

i=1 i=1

This together with (H6), one sees that x2(0) < 0. Then x2(¢) < 0 for all ¢ € [0, 1].
It follows from

Zaz¢ 1’2 gz =0
and Lemma [2.2] that
—¢ 7 (@2(0)) < K197 (=) dlai)za(&) — d(M)).
i=1

Hence we get —x2(0) < —QS(K[’;ll)(Z?;l da)xa (&) — ¢()\1)>. Thus, from (H6),
we see, there is n; € [0,&;], that

m

! m ;)T
0 = Ty ST g O+ ) L dlantea(0)
1 m
S ) enl G ;¢ o)eatSs)

_ - A& —z (n: ¢<Kgil|)‘1|)
TR ) T ey 2 ISR+ e e S
o(KI ) m S(KT 1 M)

el TR S o) 2 TR ) S o)

1=

Hence we get

|[22(t)] < |a(t) — 22(0)] + |22(0)]

¢(K;n_1) - . )Es
1= (K1) 205k dlaw) ;gb( )i

K2

< [l lloe + llz5]loe

L OGN
— oKy ) S, o)
Thus
A
, S(K] ) u S 1| M)
< lleylloe (14 1= SRS ¢(ai);¢<ai>si) AR ST da)

O
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Lemma 2.15. Suppose (H5)—(H6) hold. If (x1,x2) is a solution of (2.6), then

n— — )‘2
27 oo < 671 ([|22]]00) Bil = &)) + ;=7
1 ( - Z 1ﬁz 121 ) - Zi:l ﬁl
Proof. In fact,
(n—2) 1 221 (n=2) (1
x V| = ———5— Bixy
lzy (1) 1—211@ Z
SR - Z@ S Nopp——
161 ; 1- Zi—l /81
A2
S ﬁl z ||m2||oo) T ~—m 5
1_ z 161izl 1_Zi:1ﬂi
Then we get
"2 O] < 121" (1) = 2" O]+ a1 (1)
Ao (n—1)
S ﬂz 1 Z2||co +7m+ X [ee]
- 11@22 loalloc) + g + "™
< B0 — €06 (falle) + ——2 1 o((lasl).
11611' 1 1721‘:1/814

Then

) . S T
ol < 67 (rall) (1 + gy D801 -60) + Sy

and for i =0,...,n—3,
1

||x§i)Hoo < m”gy(nfﬁuw
1 _ 1 m
< m[qb 1(”962”00)(1—’—1_2:;1152;@( fz))
)\2 i|
1 - 21 1/61

Define the operators
L(zy,29) = ((mi"il),xQ, 0,z n 2) Zﬁl (n— 2) (&), (x1,22) € X ND(L),
N(z1,22) = (¢~ (22), —f* (t 331#25 Hw2), o (22(0))
—Zaz(b (x2(&)) — A1, A2), (x1,22) € X.
Suppose (H5)—(H6) hold. It is easy to show the following results:

(i) Ker L = {(0,¢) : ce R} and Im L = {(y1,¥y2,a,b) : a = 0};
(ii) L is a Fredholm operator of index zero;
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(iii) There are projectors P : X — X and @ : Y — Y such that Ker L = Im P
and Ker Q = Im L. Furthermore, let 2 C X be an open bounded subset
with QN D(L) # (), then N is L-compact on €;

(iv) & = (x1, 22) is a solution of if and only if x is a solution of the operator
equation Lz = Nx in D(L).

We present the projectors P and @ as follows: P(z1,22) = (0,22(0)) for all z =
(x1,22) € X and Q(y1, y2,a,b) = (0,0,a,0). The generalized inverse of L : D(L) N
Ker P — Im L is defined by

Kp(nmat) = ([ = Ihmn s - s ([ ws

—Zﬁz/ (s)ds +b), /tyz<s>ds),

the isomorphism A : Y/Im L — Ker L is defined by A(0,0,¢,0) = (0, c). O

Lemma 2.16. Suppose (H3), (H5)—-(H7) hold. Then the set
Qo = {(z1,22) € D(L) \ Ker L : L(x1,22) = AN (21, 32) for some A € (0,1)}

1s bounded.
Proof. Tt follows from , (H3), Lemmas and that
[
, S(K ) U SET M)
< Nlglloo (14 7= ST S ¢(az);¢(a»@)+ SR ST 3]
< e 1 (1 (0), 1y (0,67 w2(0)
U ) i SET M)
1 i)&i ™
Ty B g ) T TR S aa
H(E ) U
< (" ) e & 00

< (laloo + 3 Wollact124” o) + llelloc 6™ o))

i=0
N PG A ])
1— (K™ ) 300, dlen)

P(KG1) =
< (U T gmp ) o ) & #06)

x {||a||oo o+ lon-zllocd (67 (lo2lloo) (1 + ZZ 5 S -

=1
A2
+ 7771)

1- Zi:l Bi

n—3

+Z|\b||oo¢( )[-%Hx?uoo)( — mlﬂlzm &)

i=1

=1
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* o)) el + s

< (1 =g gt %) )
% [lalloo + (-2 loe0(Fg-1)0 (1 + 5 @Zﬂz )+ leloo ) 1]l
¥ |bn_2||oo¢<f<q_1>a><_§m> ¥ g ||bi||m¢<Kq_1>¢<m>||x2|\oo

><<Z5(1+ ZZ 1512181 2)

n—3
+ Z |bi||oo¢((n_2_i)')¢(Kq—l)¢(/\2m)}
i=0 '

1- Zi:l Bi
N PKG 1 [A)
1—¢(KLy) ity ¢lo)
We get
oK) S
{1-(1+ — R ST g ;gb( &)

< [ Ibu-allacd(Ky-1) (1 + 1= Hﬁz;@ &)

+Z||b||oo¢ 0o (14 = 1@2@ )

i=1
+ ||c\|oo} bl

(;SKm m )\2
A
X llon 2o + ; ubz-||oo¢(m>¢<f<w>¢(%)>
LGN

L= (K ) 3070 o)
It follows from (H7) that there is a constant M > 0 so that ||z2||cc < M. Thus,
from Lemma

(n—2) Ao
ot oo < 67 (M) (1 + 7= D Bill = ) + T = Maa,
' z 1 Bi ; 1 - Zizl ﬂz
and there exist constants M; > 0 such that ||3(:1 loo < M; for i =0,...,n—3. So
Qo is bounded. The proof is complete. ([l

Lemma 2.17. Suppose (H5)—(HT7) hold. If (0,¢) € Ker L and N(0,c) € Im L, then
there exists a constant M1 > 0 such that |c| < Mj.
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Proof. If (0,¢) € Ker L and N(0,¢) € Im L, we get ¢~ '(c) — Y1t a;p(c) = Ay
Then (H6) implies that there is M{ > 0 such that |c| < Mj. O

Lemma 2.18. Suppose (H5)—(H7) hold. If (0,c) € Ker L with A A= (0,¢) + (1 —
ANQN(0,c) =0, then there exists a constant M4 > 0 such that |c| < M.

Proof. 1f (0,¢) € Ker L with A AL (0,¢) + (1 — A)QN(0,¢) = 0, then
Ae=—(1-)) (qb_l(c) ~S o Me) - /\1).
i=1

It follows that

m
A1
A2 = —cop e 1—/\(1— o — .
@u-N(1-3 )
It is easy to see that there is MJ > 0 so that |¢| < M. O

Theorem 2.19. Suppose (H3), (H5)-(H7) hold. Then (1.25) has at least one
positive solution.

Proof. Let Q O € be a bounded open subset of X centered at zero with its
diameter greater than max{M], M}}. Then Lemmas [2.16] 2.17 and .18 imply
that Lz # ANz for all (x,A) € [(D(L) \ Ker L) N 092 x (0,1); Na ¢ Im L for every
x € Ker L N 09 deg(/\QN|KerL, QNKerL,0)#0.

Since (H5) holds, we let L be a Fredholm operator of index zero and N be L-
compact on 2. It follows from Lemma that Lz = Nz has at least one solution
z = (x1,22). Then z; is a solution of (2.4). We note that acgl)(t) >0 for ¢t € [0, 1]
and ¢ =0,...,n— 2, and z2(¢) <0 for all ¢ € [0, 1], so

Fr(tant), a0 (0,07 @a(1) = f(tan ()2l (1), 67 (@2(1))).
Hence z; is a positive solution of . (I

Remark 2.20. The operator defined in [5] can not be used, so follow a different
method. Theorem generalizes and improves the theorems in [5] [14] 26] 5T].

2.3. Positive solutions of Problem (|1.26). Let
f*(tvmo, ceey xnfl) = f(t,fo, s vxn727mn71)a (ta Zo, .- - 7xn71) € [07 ]-] X Rn»

and T = max{0,2}. We consider the problem
[V N + f*(t,2(t), ..., e V(@) =0, te(0,1),

x(n—Z) (0) — Zail‘(n_Z) (51) = )\1,
=1

2(1) =Y B (&) = N,
i=1

P0)=0, i=0,...,n—3,
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Problem (2.3 can be transformed into
27" V() = ¢ Yaa(t), te0,1],
2h(t) = —f* (i (t), ..., (), ¢ N aa(t), te0,1],

2{"2(0) - Zaﬂgn_z) (&) = A1, (2.8)
i=1 :

0= Zﬁz 372 fz >\27

Suppose that (H3) and the following assumptions hold.
(H8) f:[0,1]x[0,4+00)™ — [0,+00) is continuous with f(¢,0,...,0) # 0 on each
sub-interval of [0,1];
(H9) Ay >0, Ay >0, a, B > 0 with Y7, 6(8;) < /(K™ ), 7, s < 1 and

2211 fi <1
(H10) The following inequality holds

GPL)
(U i st 2 4000 - 9)

=1

(150 2 lloe (g 106 (14— Z )
S 1 oy ik
+ ; ||bz-Hoo¢(Kq—1)¢((n — Z.)!)¢>(1 = 21;11 )+ |\c||oo] <1

Define the operators

L(xq,x0) = (asgn_l),xé,xgn_m (0) — Zaixgn_z)(éi),()), (1,22) € X N D(L),

i=1

N(a1,w2) = (as-l(xz),—f*<t7x1<t>,...7x§”*2>( ) A1 97 (w2(1)
- Zﬁz x2 51 >\2)>

for (z1,2z2) € X. It is easy to show the following results:

(i) Ker L = {(0,¢) : c€ R} and Im L = {(y1,y2,a,b) : b =0};

(ii) L is a Fredholm operator of index zero;

(iii) There are projectors P : X — X and @ : Y — Y such that Ker L = Im P
and Ker Q = Im L. Furthermore, let 2 C X be an open bounded subset
with QN D(L) # 0, then N is L-compact on §;

(iv) & = (x1, z2) is a solution of if and only if z is a solution of the operator
equation Lz = Nz in D(L).

We define the projectors P and @ as follows: P(x1,z2) = (0,22(0)) for all z =
(z1,22) € X and Q(y1,y2,a,b) = (0,0,0,b). The generalized inverse of L is defined
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by

t — s n—2
Kp(y1,y2,a,b) = (/0 (t(n_)Q),yl(S)dS

n— 2 &i
(n—2)'1— o ;0@/ Yyi(s d5+a /”yQ( )ds)

the isomorphism A : Y/Im L — Ker L is defined by A(0,0,0,b) = (0,b).
Similar to the lemmas in sub-section 2.2, it is easy to prove the following Lemmas.

Lemma 2.21. If (x1,x2) is a solution of problem (2.8), then 1 is a solution of
(2.7).

The proof is easy; it is omitted.

Lemma 2.22. Suppose that (H8)—(H9) hold. If x is a solution of the problem ([2.7)),
then x(t) > 0 for all t € (0,1).

The proof is similar to that of Lemma [2.13} it is omitted.
Let A € (0,1), consider the problem

27V = A7 aa(t)), te[0,1],
() = =Mtz (B), ..., 2" @), 6 Haa(t))), te(0,1],

m

0 =g H(x2(1)) — Zﬁi¢_1($2(§i)) - A2), (2.9)
xgn ? Zal " 2) gz _)\Ala

290)=0, i=0,...,n—3.
Lemma 2.23. Suppose that (H8)~(H9) hold. If (x1,22) is a solution of (2.9), then
P(KG 1)
loale < laplle (1 + T—5rm 5757 ;cﬁ (81~ )
(K321 A2)
1= o(Kqy) 323 0(B)
Lemma 2.24. Suppose that (H8)—(H9) hold. If (x1,2) is a solution of ([2.5), then

+

(n—2) -1
e £ 07l (1 g S+ e
and fori=0,...,n—3,
i 1 n—2
2170 < oy gyl s
(¢ (o >(1+;ia-<1
=~ (n—i-3) > 1= &=
A1
e s

Similar to Theorem [2.19] we obtain the following theorem.
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Theorem 2.25. Suppose (H3), (H8)—(H10) hold. Then (1.26) has at least one
positive solution.

We remark that Theorem m generalizes the theorems in [2] [14] [73].
2.4. Solutions of Problem (1.27). We consider (1.27)), (H1), (H3) and the fol-

lowing assumptions are supposed in this sub-section.
(H11) o, B; > 0foralli=1,...,m and A\, Az € R;
(H12) The following inequality holds
n—3

K[ ol (E=) [

n— —1

¢(1+Zai)/o bu-2(s)ds] +/Olc(s)ds< 1.

Let 1 = x and x5 = ¢(x1), then is transformed into
2" () = 6N aa(t), teo,1],
2h(t) = —f(t,ar(t),..., 2" (1), Haa(t), te0,1],

Sa( Zazqs (22(&)) + A1,

(2.10)
"Pa Zﬁz (z2(&)) + A2,
200)=0, i=0...,n—3,
Suppose A € (0,1), we consider the problem
2" () = A6 a2(1), L e [0,1],
2h(t) = =Mt (), 2" (1), 67 (@2(1), e (0,1],
‘rgn_Q) =A Zaz¢ x2 fz )a (211)

Define the operators
L(zy,a2) = (28", 24, 2" 72(0),2" 72 (1)), (21,22) € XN D(L),
N(z1,25) :(¢—1<x2>, (@), al" (0,67 (@a(1),
Zaz¢ 1'2 fz + )\17 Zﬂl x2 fl)) + >‘2>7
for (x1,22) € X. Suppose (H11)-(H12) hold. It is easy to show the following

results:
(i) Ker L = {(0,¢) : ce R} and Im L = {(y1, y2,a,b) fo y1(s)ds =b—al;
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(ii) L is a Fredholm operator of index zero;

(iii) There are projectors P : X — X and @ : Y — Y such that Ker L = Im P
and Ker @ = Im L. Furthermore, let 2 C X be an open bounded subset
with QN D(L) # (), then N is L-compact on ;

(iv) & = (x1,z2) is a solution of if and only if z is a solution of the
operator equation Lz = ANz in D(L).

We define the projectors P and Q as follows P(z1,22) = (0,22(0)) for all z =

(x1,22) € X and Q(y1,92,a,b) fo y1(s)ds — b + a,0,0,0). The generalized
inverse of L is

a . Lt —s)n2 t
KP(yluy27a7 b) = (mt 2 + A Wyl(s)d&/o yQ(S)d8>,
the isomorphism A : Y/Im L — Ker L is defined by A(c,0,0,0) = (0, c).

Similar to Lemmas in sub-section 2.2, it is easy to prove the following Lemmas.

Lemma 2.26. Suppose (H11), (H12) hold. If x = (x1,22) is a solution of (2.11)),
then there exists € € [0,1] such that

67 @D ())] < M = { ST AR Lt S A A0,
A1 = Aal, Yimioq+ 300 B =0.
Proof. Case 1. Y ;" a;+Y i, 3; = 0. Then a; = 8; = 0. In this case, 272 (0) =
A\ and mgnfz)( 1) = Mg, it is easy to see that there is ¢ € [0,1] so that |z~ D (&)| =
AA1 — A2|. Then
Mo~ H@2(6)] = Ads = Ael.

So [¢7 (@2(8))] = [A1 = Aol
Case 2. >." o+ > v B; # 0. In this case, if [¢p~(z2(t))] > M for all ¢ € (0,1),

then :z:gn_2)(0) < xgn_m(l).
If Ay > Ay, from the boundary conditions, using (H11), we obtain

S () AZa,M + A

i=1

A1+ A
> A oy + AA
Z 1az+Z —1 B '

A2 Zi:l a; + M Zi:l Bi
Doty 4 B

=A

On the other hand,

e A=A .
2D (1) < AZ@M+M2<AZ@ S + M < " (0),

i=1 i=1 1114'2151

a contradiction. Similar to above discussion, if 21 (t) < —M for all ¢ € (0, 1),
we can get a contradiction. Then there is £ € (0, 1) so that |¢p~(z2(£))| < M.
If A\; < A2, we can get that there is € € (0,1) so that [¢~!(z2(£))| < M. O

Lemma 2.27. Suppose (H11)-(H12) hold. If (x1,x2) is a solution of (2.11)), then

n—2
2" |oo < 1+Zal Ylz2]loo) + A1)
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Proof. From the boundary conditions, we get |z{" " (0)] < S i (e ls) +
|A1]l. So we get

m

2" 2 @) < |22 () — 2P 0) + 2P 0)] < (14 Y as)o ([eallso) + [l

i=1

This completes the proof. We also get, for ¢ =0,...,n — 3, that

(@)
o0 < g ( 1+§jaz lzzlloe) + .
]

Lemma 2.28. Let Qg = {x € D(L)\ Ker L : Lv = ANz for A € (0,1)}. Then Qg
1s bounded.

Proof. In fact, if z € Qp, we get (2.11)). It follows from Lemma that there is
€€ (0,1) so that ¢~ 1(|z2(€)]) < M. Thus using (H3) and Lemma [2.2| we get

ja(t)] < S(M) + /5 Fltaa(t), 2 (1), 67 (1)) )

M)+ / Faa(t), a2 (), 6 (o))t
< $(M) + / ds+Z / o1 (5)))ds + / (s)|a(5)ds

n—3

1
< o(M) —l—/ a(s)ds + Z bi(s)ds
0 = Jo

<05 (14 oo™ lezllo) + oy )

m

1 1
+ [ buats paso (1432 a0)o™ (loallc) + +/ e(s)dsllaal|
0 0

< O 1)0( gm0+ Ll + 6oy )

+ / b-a(s)dsd(1+ 3 ar) 2]l + B(IM]) + / o(5)ds]| 22 .

i=1
Then

l2alloe < H(M) + / ds+2 / $)dso{ Ky )0y )

$(1+ Y ai)llwalloo + o

1
- (n—2—i)!|)\l|)
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1 m 1
—|—/O bn_g(s)dsd)(l+;ai)||xg||oo—|—¢(|)\1|)—|—/O c(8)ds|| 72 co-

Hence

n—3 m 1 m 1
[1—¢<Kq1><§¢(1(:%=1§;) / b9+ 0(1+ 3 ) e

+/01 c(s)ds]HxQHoo

<o) + [ alo)ds + o gD + 6.

From (H12), we get that there is A > 0 so that ||z2]lcc < A. Hence

m

et oo < (14" @)™ (A) + [\l
i=1
And for i =0,...,n — 3, we get
#llo0 < ——5—[(1 +Zaz )+ Il
< (n
The above inequalities imply that Qg is bounded. (I

Lemma 2.29. Let Q; = {x € KerL: Nz € ImL}. Then 0 is bounded.
Proof. In fact, (0,¢) € 4, then (0,¢) € Ker L and N(0,¢) € Im L, then we get

Zaz¢ Zﬁz +)\2_/\1

Hence there is M7 > 0 so that |¢| < M. O

Lemma 2.30. Let Qy = {zx € Ker L : AA" 2+ (1 — N)QNz = 0}. Then Qs is
bounded.

Proof. In fact, if (0,c¢) € Qq, then

Ac=—(1—)\)<§m:a¢¢ +Zﬁz )\2+>\>
Thus h
AP = —(1- (ZaﬁZﬂz - )
Hence there is M; > 0 so that |c| < Mj. O

The following theorem has proof similar to that of Theorem [2.10} its proof is
omitted.

Theorem 2.31. Suppose (H1), (H3), (H11), (H12) hold. Then (1.27) has at least
one solution.
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Remark 2.32. Consider the problems
[p(z= D)) + f(t,2(t),...,2 V(1)) =0, te€(0,1),
z"=2(0) — az"V(0) = Ay,
(1) 4 gz V(1) = Ay,
+@0)=0, i=0,...,n—3,

(2.12)

where @ > 0,06 >0, \y > 0, 2 > 0, and f is nonnegative and continuous. If z(¢) is
a solution of (2.12)), then z(»~1 is decreasing on [0, 1].
Case 1. 2(""1D(0) > 0 and (™1 (1) > 0; At this case, we see that z("~2)(¢) is
increasing on [0, 1]. It follows from
22 (0) = az™ P (0) + A, >0

that x("=2)(¢) > 0 for all ¢ € (0,1). Then z(¢) is a positive solution of (2.12).
Case 2. ("1 (0) > 0 and z(®~1)(1) < 0; At this case, one sees that

(1) = =Bz V(1) + X >0
and

2= (0) = —az™V(0) + Ay > 0.
It follows from (™ (t) < 0 that z(»=2)(¢t) > 0 for all t € [0,1]. Then z is a positive
solution of (2.12)).
Case 2. ("D (0) < 0 and (D (1) < 0; At this case, one sees that z("~2)(¢) is
decreasing on [0, 1]. It follows from

2™ (1) = =Bz V(1) + A >0

that 2("=2)(¢) > 0 for all t € (0,1). Then z(t) is a positive solution of (2.12).
We can establish similar results for the existence of positive solutions of (2.12))
and the details are omitted.

Remark 2.33. Consider the problems
(6@ D)) + f(t,2(t),....a" V() =0, te(0,1),
2=2(0) — az™ D (0) = Ay,
ks 2.13
2D (1) + 3 B (&) = N, (219
i=1
+@0)=0, i=0,...,n—3,

where o« > 0,8; > 0, Ay > 0, A2 > 0, and f is nonnegative and continuous. (2.13)
need not has positive solution. It is easy to show that the problem

" +8+6t=0, te(0,1),
z(0) —2'(0) =1,
1
x(1) + Hx'(g) =0
has no positive solution since the solution of the above problem is
4489 4+ 59

x(t) = —4t? — 3+ — G4 4

1.
216 510 T
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Then

67 67
G0 At

0 if6>0.
246 s <0 6>

x(1)=—-5+2

2.5. Solutions of (1.28). We consider (1.28]), assuming (H3) and the following

conditions:

(H13) there are nonnegatlve numbers «,6; and L so that |f(t,zo,...,2n-1)| >
ad(|en-—a|) = 3755 i (|2:]) — On-16(jwn-1]) — L;
(H14)
n—2
|f(t7fbfa7~'~a 7¢( a))|
lim (n=2) i =u
la|—+o0 (|a|)

and the following three inequalities hold:

o1 (K qu(iw((n ) <1
=0
n—3
[L+ Zaz(yﬁ ) ) < a,

and

21'721 aigz = 1
(1+ 1_Zznla )(;Hb ||oo¢(( )!)+an—2”0€)

1 1

Ky
X¢((1f¢ (K" 1))21 1¢71(%) (n_Q—i)!)¢( P )
(1467 0pm)) () 4 (14 R o <1

_ A .

(HL5) o(0~" (=5 7)) = =shar

(H16) A\, A2 € R,a; > 0,3 >0fori=1,...,mwith) ;" a; <land > ' 3 <
1.

Let 1 = x and 9 = ¢(x1), then (|1.28) is transformed into

e" V() = ¢ Hx2(t), telo,1],
2h(t) = —ft, a1 (t), ..., 2" (1), Haa(t), te0,1],

_ Z aimg(&) - >‘17 (2.14)

0=0(6- Zﬁz Hra(6))) — e
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Suppose A € (0, 1), we consider the following problem
") = A (@a(1), te[0,1],
zh(t) = ~Af(t, 21 (8), ..., 2" 72 (1), M (za(t))), te[0,1],

_ Zaixg(fi) - )\1)7 (2.15)

0=\0(¢~ Zﬂl Haa(&))) — A2),

Define the operators
L(z1,22) = (z{"™,24,0,0), (z1,22) € X N D(L),
¢~ (22) !
N(ar,25) = St a0 (0,67 (w2)) (21,22) € X.

z2(0) — 21 1041332(51) A1 ’
0o~ (z (1))) Dicy Bif(¢~H (x2(&))) — A

Suppose that (H14), (H15), (H16) hold. It is easy to show the following results:

(i) Ker L = {((n 2),(1 ,0) ra,be R} and Im L = {(y1,92,0a,b) : a =b=0};

(ii) L is a Fredholm operator of index zero;

(iii) There are projectors P : X — X and @ : Y — Y such that Ker L = Im P
and Ker Q = Im L. Furthermore, let 2 C X be an open bounded subset
with QN D(L) # (), then N is L-compact on €;

(iv) z = (z1,72) is a solution of if and only if z is a solution of the
operator equation Lz = Nz in D(L).

We present the projectors P and Q as follows: P(z1,22) = ((n 2), g" 2)(0), x2(0))
for all © = (z1,22) € X and Q(y1,y2,a,b) = (0,0,a,b). The generalized inverse of
- o) = ([ L 6y, [ gals)ds)

KP y11y27a7b = / vy Y1lS dS,/ Ya(s ds )
o (n—=2) 0

the isomorphism A : Y/Im L — Ker L is defined by A(0,0,a,b) = (

tn2

(n— 2)'a b)

Lemma 2.34. If (z1,22) is a solution of problem (42), then xy is a solution of

([T29).

Lemma 2.35. Suppose that (Hi4), (His), (Hie) hold. If (z1,22) is a solution of
problem (2.15)), then there is a £ € (0,1) so that x5(€) = 0.

Proof. In fact, if 24(¢) > 0 for all t € (0,1), we get
0) = Zalxg(ﬁz) + A > ZOZZLL‘Q(O) + A1.
i=1 i=1

So z2(0) > A /(1 — Y%, ;). It follows from z5(¢) > 0 that z2(1) > A /(1 —
>, ;). On the other hand,

0(o~ Zﬁz M@2(&)) + A2 < Zﬁi9(¢_1($2(1))) + Aa.

i=1
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Then 0(¢ 1( ( ))) < )\2/(1 — Z:il ﬁz) So we get .132( ) < ¢(0~ 1(/\2/(1 —
Z 1Bi) = M/(1 =3 @) < x2(1), a contradiction. If zo(t) < 0 for all
(0, 1), the same contradiction can be derived. So there is £ € [0, 1] such that

2(§) = 0. O
Lemma 2.36. Suppose that (H14), (H15), (H16) hold. If (x1,x2) is a solution of

problem (2.15)), then
aa(t)] < (1+

~— =

Zznlalfl )H:E/H + |)\1|
1=30 e 1= i

Proof. In fact,

‘1‘2(0)‘ = ﬁ’xg Za .’EQ
< ﬁ(zaﬂxz(&) — z3(0)| + |)\1|)
STy (Zala [@lse + [Aal)-

Hence
S i o, A1l
1_2?;1041')”1‘2”004_ 1_22110/2
O

Lemma 2.37. Suppose that (H3), (H13)-(H16) hold. Let Qo = {(x1,22) € D(L) \
Ker L : L(z1,x2) = AN (x1,22) for some A € (0,1)}. Then € is bounded.

Proof. In fact, if (z1,22) € Qo, we get (2.15). It follows from Lemmas
and [2.36] that

|22 (t)] < |22(t) — 22(0)] + |22(0)] < (1 +

STk Al
t)] < (1 “717@) TN o
[2()] < (14 7= S o 125]l0 + 7= S

and there is £ € [0,1] so that 22(¢) = 0. Then

[w2(t)] < (HM)E%U (t21(t), ... 2" "2 (t), 0 (22 (t))]
LMl
1=t

and f(&21(6), ..., 2" 72 (&), 6~ (22(£))) = 0. Then (H13) implies

1 n—3 ; Gn— L
- Zem(\x&)(sm + T (6] +

#(lz" 2 () <
(n-2) L
< = —.
< Z zqs( —lleh ) +=
So from Lemma 2.2 we have
(nfz) (n—2) en—l £
w2l <67 (5 Zw e ) + = el + )
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L 11¢(Z¢ (0:/0) g 1" e

+ 67 (On-1/0)0 (|22l ) + 67 (L) )]

1 n—
(Z¢> (/o) g =gyl e

+ 67 (On-1/2)0 (|22l ) + 67 (L/0)).

So
"2 @] < 2872 (1) = 2P (@) + a2 (©)]
<67 ([l72llo0) + ¢-1(K;_f>(§¢—l<ei/a>MHA“2>|oo
o7 ()67 (o) + 67 (1)
<o M (KpT)) gwwaw((n - ; — "l

(10700 () )6 laalle) + 07 (K300~ (),

We get, from (H13) and

that

oo < (1- 0 Z¢ 09—y =)
x[<1+¢ I Bl /)6 ([122]]0)
+ o7 (Kpmho (L/a)]-
It follows from Lemma [2.2] that

(12" oo)

1
< -
- <z>((1 — o I Ty ¢>1<9i/a>¢>(<néi>!))
x 6((1+ 67 (BP0 (0a-1/))6 (lo2lloc) + ¢—1(K§:f)¢—1(§>)

1
S(b(( — ¢ (Kn 1))2:” 03¢ (ei/a)(b((n—é—i)!))

< 6(K ) 61+ 07 ()0 (2

K, 1L
Jllozlloo + =2 ].
«
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On the other hand,

o i
a0 < (1 =50
| A1

X Jél[ax |f (t,21(2), . "xgn_2)(t)’¢7l(x2(t)))| i TZLO@

Z lgl n—2 9
< (1 1= ) (o + > et 27 l) + llelloc 221l )

| A1
1_21 lal

Z 151 n—2
< (1+ 7250 ) (o ||OO+Z||b lao6(1/(n = 2 = ))(lla" ™ loc)
1]

n—2
# -2l )+ ellolo2lo) +

+

Then
o lloe < (1+%){ lalloe + (an loe(1/(n =2 = i)1) + ba-2]loc)
1 1
o s o i)
< 0Ky0) 001+ 67 ()0 (P o+ 7217
+ lelloliazlloc } + 70—
oo [|T2]| 0o 1722,;10%.
We get
[“(”lziaf}(leb s e R I
1
X ¢((1_¢_1(Kp—1)) Z:z:—ofi(b (9 /a) (n Z)'))(b(Kp—l)

enf = 151
o1+ 67 () () - (1 ELE el ol

Z@la@fi ‘)‘1|
< (1 1—7) o
< (g el T

It follows that there is a constant M > 0 so that ||z2||cc < M. Hence

n—2 1 -1
[E3S )||oo_<1* Ky Z¢ (0:/c) T—z)')
X [(1+ ¢ (K- 1)¢_1( n1/@))™H (M) + ¢ (Ep—1)d (L)

= n—2,



EJDE-2008/20 NON-HOMOGENEOUS BOUNDARY-VALUE PROBLEMS 37

and for i =0,...,n — 3, we get
Do — L 22 < —L  p ,—m
Il < g mgyllel™ ™ e < g gy M = M
Hence g is bounded. [l

Lemma 2.38. Suppose that (H3), (H14), (H15), (H16) hold. Let O = {x €
Ker L, Nx € Im L}. Then 3 is bounded.

Proof. In fact, if z = (( 2),a ,b) € Ker L and Nz € Im L, then we get

b= b= =0, 0(67'(b) = Bib(¢~' (b)) — Ay =0.
i=1 i=1
So we have b= \; /(1 = >, o;). From (H14), choose € > 0 so that
n—3 1
;9@(7(”7271')!) +(p+e) <a
and then there is a § > 0 so that

n—2
17t (;_2)!:5, Al/lfzai )| < (u+aellal), o] > .

Let
tn72

A= s 7 (-2 ¢~ (A\/(1 ;%)))

Then one sees that

tn—Q

,ﬁa,...,a,(b_l(/\l/(l — ZO&Z)))

tn2z

(1 +e)d(lal) + A > |£(t

> ad(|a]) — Zazqs )\a|) OnrlMl/(1 =) ) — L.
=1

So

thz

770!
o(lal) (O‘*ZW )) (1+0)

Then there is M{ > 0 so that |a|] < M{. Hence |a|, |b| are bounded. Then ) is
bounded. O

b w/l—zaz +L > 6(lal) (a—zm )= (u+9)

Lemma 2.39. Suppose that (H3), (H14), (H15), (H16) hold. Then the set Qo =
{reKerL, \AN"tax+ (1 —=ANQNz =0, X €[0,1]} is bounded.

Proof. In fact, if Q is unbounded, then there are sequences {\, € [0,1]} and
tn— 2

{xn = ((n 2)1an7 bn)} such that

m m

An(0,0, 0, b))+ (1A, (0,0, by —Zal =1, 0 Zﬁl n)=A)
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and either |b,| — 400 as n tends to infinity or {b,} is bounded and |a,| — +oco as
n tends to infinity. It follows that

)\nan = —(1 — )\n)(bn — i O(ibn — /\1)7 (216)

Then
- A
Mb?2 = —(1 =X b))l [(1 =Y Bi) — s
[( Z )= i)

implies that there is a constant B > 0 so that |b,| < B since ¢~ 1(b,,))b, > 0. Thus
we get that |a,| — 400 as n tends to infinity. It follows from (2.16) that A, — 0
as n tends to infinity. Thus (2.17)) implies that

by —bo = (07 Mo/ (1= B:) =M /(1= ).
=1 i=1

Then
(4 I6aal) + A2 1 s 67 (1 - ia»m
> a(lan) - Zam A dlan)
RN iaz
So -
oMl > ) + L 2 6l a—Zw A )

i=1 i=0 - )'
> gflan)a— 3 oigb(m) —(u+ ).
i=0
It follows from
Zm 5 )+ (ute) <

that there is a constant C’ > 0 so that |a,| < C, a contradiction. Hence Qg is
bounded. O

Theorem 2.40. Suppose that (H3), (H13)—(H16) hold. Then (1.28) has at least
one solution.

Proof. Let 2 O QgU; U, be a bounded open subset of X centered at zero Then
Lz # ANz for all (z,A) € [(D(L) \ Ker L) N 99] x (0,1); Nz ¢ Im L for every

x € Ker LNOY; deg(/\QN’KCYL7 QNKer L,0) # 0. It follows from Lemma that
Lx = Nz has at least one solution = (x1,23). Then z1 is a solution of (2.14))

Hence z; is a solution of (1.28)). O
We remark that Theorem m generalizes the results in [11], [36].
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3. EXAMPLES

Now, we present some examples to illustrate the main results. These BVPs can
not be solved by known results.

Example 3.1. Consider the problem
a"(t) + b()|2" ()] + c(t)z(t) +r(t) =0, t€(0,1),

3.1
w(0) = ga(1/4)+2, (1) = gr(3) +2 (31

where b, ¢ and r are nonnegative continuous functions. Corresponding to (1.24)),
it is easy to find that (H1), (H2), (HS) hold. We find from Theorem that if

5 fo s)ds + fo s)ds < 1, then has at least one positive solution for each
r e C[O 1] with r(t ) >0 and # 0 on each subinterval of [0,1].

Example 3.2. Consider the problem
(é3(2")) + a(t)gs(z) + b(t)ps(l2’]) +r(t) =0, te (0,1),

3.2
#(0) = %x(l/?) +6, (1) = %(1/4) 4 %x(l/Q) +7, (3:2)

where a, b and r are nonnegative continuous functions. We find p = 3 and ¢ = 3/2.
Then by apphcatlon of Theorem u . has at least one positive solution if

fo ds—l—fo s)ds < 1 for each r € C0, 1] with r(¢) > 0 and # 0 on
each sublnterval of [0,1].
Example 3.3. Consider the problem
(@3(x)) + a(t)gs(x) + b(t)ds(|2']) +r(t) =0, t€(0,1),
’ 1, 1 1 (3.3)
x'(0) = 2% (1/2) =3, z(1)= 1x(1/4) + gx(l/Q) +4,

where a, b and r are nonnegative continuous functions. We find p = 3, = 3/2,m =
2. Then by application of Theorem (3.3) has at least one positive solution if

$(4)  $5(1/2) 12 7
(1+ 1— 6s(4)ps(1/2) 2 ) 18l + 63(2)65(1 + = 1) lalloo| < 1

5 48
for each r € C10, 1] with r(¢) > 0 and # 0 on each subinterval of [0,1].

Example 3.4. Consider the problem
(¢3(2))" + a(t)¢s(z) + b(t)ds(|2]) +r(t) =0, te€(0,1),
#(0) = 52(1/2) + 52(3/4) +6, /(1) = 7w(1/2) + 32'(3/4) + T,

where a, b and r are nonnegative continuous functions. Then by application of
Theorem [2.25] (3.4) has at least one positive solution if

9(4)
(5= oD 6(1/2) + o(1/3) (1/4) +o(1/3)7 ))

x [blloo + 6(2)63(41/13)Jalloc | < 1

for each r € C10, 1] with r(¢) > 0 and # 0 on each subinterval of [0,1].
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Example 3.5. Consider the problem

2" (t) + a(t)|z'(t)| + b(t)x(t) +r(t) =0, te(0,1),

1 (3.5)
z(0) = im’(O) +6, x(1)=42"(1) +7,

where a, b and r are nonnegative continuous functions. Then by Theorem [2.25
(3.5) has at least one positive solution if

Z/Ol b(t)dt+/01a(t)dt <1

for each r € C[0,1] with r(¢) > 0 and # 0 on each subinterval of [0,1].
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