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DEGENERATE STATIONARY PROBLEMS WITH
HOMOGENEOUS BOUNDARY CONDITIONS

KAOUTHER AMMAR, HICHAM REDWANE

ABSTRACT. We are interested in the degenerate problem

b(v) — div a(v, Vg(v)) = f
with the homogeneous boundary condition g(v) = 0 on some part of the bound-
ary. The vector field a is supposed to satisfy the Leray-Lions conditions and
the functions b, g to be continuous, nondecreasing and to verify the normal-
ization condition b(0) = ¢(0) = 0 and the range condition R(b + g) = R.

Using monotonicity methods, we prove existence and comparison results for
renormalized entropy solutions in the L' setting.

1. INTRODUCTION

Let Q be a C*! bounded open subset of RV with regular boundary if N > 1.
We consider the problem, (P 4(f)),
b(v) —diva(v,Vg(v))=f inQ .
g(v) =0 onT:=099Q, (L.1)
where b,g : R — R are nondecreasing, continuous such that b(0) = ¢(0) = 0,
R(b+g) =R and that f € L}(Q).

The vector field a : R x RY — R¥ is supposed to be continuous, to satisfy the
growth condition

la(r, &) — a(r,0)] < C(jr)|€P~" for all (r,€) € R x RY (1.2)
with C': Rt — R nondecreasing and the weak coerciveness condition
(a(r, &) —a(r,0)) - &€+ M(|r]) > M(|7])|€|P for all r € R, € € RY (1.3)

where M : Rt — R, X : Rt —]0, 00[ are continuous functions satisfying, for all
k>0, A\ = inf{r; [b(r)| <k} /\(7”) >0 and My = SUD (4 |p(r)|<k} M(T) < o0.
To prove the uniqueness result, we assume that a verifies the additional condition

(a(r,&)—als,n)-(E=n)+B(r,s)(1+[E["+[n]")|r—s| = Ti(r, 5)-£+Ta(r,5)-n, (1.4)
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for all r,s € R, £&,n € RV, for some continuous function B : R x R — R and
continuous fields I'1, Iy : R x R — RY,

It is well known that the above problem is ill-posed in the variational setting.
In the sense that there is no existence and uniqueness of a weak solution in the
distributional sense. In order to overcome this difficulty, we use the notion of
entropy solution introduced by Krushkov in [19] (see also [20]) and which coincides
which the “physical” solution. An other difficulty is related to the irregularity of
the data which is only supposed to be in L'(€2). The suitable notion of solution
which guarantees existence and uniqueness results in this general frame-work is the
so called renormalized entropy solution (see [6l, 10, [5]).

The outline of the paper is as follows: In Section 2, we define the renormalized
entropy solution and present our main results. Then, in section 3, we prove the
comparison principle for bounded solution. Finally, in Section 4, we prove the
existence of a renormalized entropy solution, the comparison result in the L'-setting
and give some possible extensions of our results.

2. DEFINITIONS, NOTATION AND MAIN RESULTS

Definition 2.1. Let f € L'(Q2). A measurable function v : Q — R is said to be a
weak solution of (1.1]) if b(v) € L1(2), g(v) € W1P(Q) and

/Qb(v)f—&—/ga(qu(v))-VSZ/fo
for all € € WyP(Q) N L®(Q).

Definition 2.2. Let f € L1(2). A measurable function v : Q — R is said to be a
renormalized entropy solution of (1.1]) if b(v) € L1(€),

9(Tiw) € WyP(Q), Yk >0

and there exists some families of non-negative bounded measures p; := p;(v) and
vy = vi(v) on ) such that

leall, vl =0, 1= o0,

and the following entropy inequalities are satisfied:
For all k € R, for all £ € C§°(RY) such that £ > 0 and sign™(—g(k))¢ = 0 a.e.
onT, foralll >k,

- / b(v A Z)X{v/\l>k}f - / X{v/\l>k}(a(v AL, Vg(v Al)) —a(k,0)) - V§
Q Q

+/ Xiksonp f€ > — (i, &) (2.1)
Q

and for all k € R, for all £ € C§°(RY) such that & > 0 and sign*(g(k))é = 0 a.e.
onT, for [ <k,

/ b(o v D)y ooty € + / Xesovy @V 1, V(v v 1)) — a(k, 0)) - V€
Q Q

- /Q ooy € > —6). (2.2)
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Remark 2.3. (i) In the case where the data f € L*°(Q), it is easily verified that a
renormalized entropy solution v of is such that b(v) € LY(Q), g(v) € Wy P (Q)
and v satisfies the following entropy inequalities: For all & € R, for all £ € C§°(RY)
such that £ > 0 and sign™ (—g(k))¢ = 0 a.e. on T,

—/ X{w>k} (a(v, Vg(v)) —a(k,O))-V§+/ X{vsk}[E > / b(v)X{usk}é  (2.3)
Q Q Q

and for all k € R, for all £ € C5°(RY) such that £ > 0 and sign*(g(k))é = 0 a.e.
on T,

/X{k>v}(a(UaV9(U))—a(k»o))'vf—/X{k>v}f52/—b(U)X{k>v}€~ (2.4)
Q Q Q

In this case, v is called weak entropy solution of (|1.1)).
If moreover, the function b is strictly increasing on R with R(b) = R, then the
weak entropy solution v is also in L>(2).
(ii) If v is a renormalized entropy solution of (1.1]), then —v is an entropy solution
of
b(v) — diva(v, Vg(v)) = f in Q
g(v) =0 onT :=09Q,

where b(r) = —b(—r), g(r) = —g(—r) and a(r, &) = —a(—r,§).

(2.5)

The main result of this paper is the following.

Theorem 2.4. For any f € L'(Q), there exists a unique pair (b(v), g(v)) such that
v is a renormalized entropy solution of (1.1)).

The uniqueness result follows as a consequence of an L'-comparison principle.

Some notation. Throughout this paper we use the operators
Hs(s) = min(%, 1), Ho(s) = {é ii z 8
and we denote
E:={r e R(g)/(g ")o is discontinuous at r}. (2.6)
For k > 0, T}, is the truncation function defined on R by
Tio(r) = sign’(r)(|r| A k)

and for r € R, we define rt =rVv 0,7~ =7 AQ.

3. PROOFS OF COMPARISON AND UNIQUENESS RESULTS
We first prove the comparison result in the L*°-setting.

Theorem 3.1. Fori = 1,2, let f; € L=(Q) and v; € L>=(Q) be a weak entropy
solution of Py 4(fi). Then there exist k € L>°(Q) with k € sign™ (v1 — v2) a.e. in
such that, for any € € D(RY), £ >0,

/ (b(vr)—b(2)) "€ < / R(f1— fo)e— / Ntorsun) (@01, Vg(01)) —a(va, Vg(ua))-VE.
Q Q Q 3.1)
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Lemma 3.2. Let f € L*(Q) and v be a weak solution of (1.1). Then

/ Xiosiy (a(v, Vg(0)) — ak, 0)) - VE + / Xiosiy {b()E — f€} da
Q Q (32)

= —lim [ (a(v, Vg(v)) = a(v,0)) - Vg(v) H5(g(v) = g(k))& d,
—YvJQ

for any (k,&) € R x DT (Q) such that g(k) ¢ E and (g(v) —g(k))T¢ =0 a.e. onT.

Moreover,

/ Xikoo} (a(v, Vg(v)) — ak, 0)) - V& + / Xikooy {b(V)E — FE} da
@ @ (3.3)

= lim | (a0, Vo(o)) ~ a(v,0)) - V() Hj(g(k) ~ g(v)E

for any (k, &) € R x DY(Q) such that g(k) ¢ E and (g9(k))T¢ =0 a.e. onT.

From now on, we denote a(r, &) = a(r,&) —a(r,0), r € R, £ € RN. The proof of
the above lemma follows the same lines as the proof in [8, Lemma 2.5].

Proof of Theorem[3.1. Let (B;)i=o...m be a covering of Q satisfying BoNO = () and
such that, for each 7 > 1, B; is a ball contained in some larger ball B; with B; N9}
is part of the graph of a Lipschitz function. Let (p;)i—o...n denote a partition of
unity subordinate to the covering (B;); and denote by £ an arbitrary function in
D(RY), £ > 0.

We use Kruzhkov’s technique of doubling variables in order to prove the com-
parison result ( see [19} 20} [I0], etc). We choose two variables x and y and con-
sider v; as function of y and vy as function of z € Q. Define the test function
€ (z,y) — pi(2)E(x)on(x —y), where (0,,), is a sequence of mollifiers in RY such
that = — o, (z —y) € D(Q), for all y € By, 0, () = [, 0n(z —y) dy is an increasing
sequence for all z € B;, and o,,(z) = 1 for all z € B; with d(z,RY \ Q) > < for
some ¢ = c(i) depending on B;. Then, for n sufficiently large,

y— € (z,y) € DRY), for any z € O,
z & (z,y) €D(Q), for any y € 0
suppy (&, (z,.)) C Bi,  for any x € supp(g;).
For convenience, we sometimes omit the index ¢ and simply set p = p;, B = B;

and & = ¢,. Then (,(z) == &(z)p(x)o, (x) satisfies ¢, € D(), 0 < {, <&, for all
n € N. Let

O :={y € Q/ui(y) € E}, Qq:={x € Q/va(x) € E}.

Then, V,g(v1) =0 a.e in ; and V,g(v2) = 0 a.e in Qy. Moreover, Hy(v1 — v2) =
Hy(g(v1) —g(va)) aein (2\ Q1) x QUQ x (Q\ Q2).
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First inequality. We first prove the following inequality:
[ owt) —bei o
< /QH1X{v1>0}(f1 —X{vzzo}f2)§@

~ [ Xputsun (alo Vau1) = aoF Valo7)) - Va(e) + Jim £(€p0r)
(3.4)
where r1 € L®(Q), k1 € sign™(v; — vy) and L is a linear operator which will be
defined later.
As vy satisfies (3.2) (with v = vy, f = f1 ), choosing k = vJ (z) and £(y) =
Cn(z,y) in , integrating in z over 2, we find

lim (v, Vyg(v1)) - Vyg(v1)Hz(g(v1) — g(v3))Cn
0=0 J{oNQ }x {0\ Q2 }
= lim a(v1, Vyg(v1)) - Vyg(v1)Hi(g(v1) — g(v3))n
-0 Jox (2\Qs) (3.5)

<= [ N 06— fiGa + 26 T,907) - Ty
QxQ
+ (a(vf.0) — a(v} .0)) - VG,

Now, since @ — (,(z,y)Hs(g(v]) — g(vy)) € D(Q) for a.e. y € Q, we have

/Q 0 Vygol) - ValHla(o]) ~ 9())G) = 0. (3.6)

Therefore, going to the limit in §, we get

tim (07 V,0(6h) - Vaglo Hila(w) — g0 )G
IO\ P x {Q\Q22}

= Jova Hy(g(vi") = g(v3))a(vy, Vyg(vr)) - Valn (3.7)

= HO(UT - U;_)d(vla Vyg(vf)) VG
QxQ

Arguing as in [§], inequality (3.5 can be written as

o Q{—EL(UT, vyg(vf)) ' Va;+y<n - b(vf_)gn + f1Cn

- (a(vf,O) - a(vi‘rv O)) ’ vyCH}HO(U;r - ’U;_)

2 lim a(vy", Vyg(v)) - Vaiy(g(vi") = 9(v3))
=0 Ji\aupx ()

x Hy(g(v1) — 9(v3))Cn

with Vi (-) :== V4 () + Vy (). Now, as v, is a weak entropy solution of (L.1)) with
f2 instead of f, choosing k = vi (y), £(x) = Cu(2,y) in (B.3) (wWith v = va, f = fa),
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integrating in y over €2, we find

— lim a(v2, Vug(v2)) - Vag(va) Hy(g(v]) — 9(v2))Gn
—0Jio\Q:1x0
= — lim a(vz, Vg(v2)) - Vag(v2) Hy(9(v)) — g(v2))n
=0 1o\ }x{\2s} (3.9)

< / X{,U1+>,U2}{b(v2)gn - f2<n + d(U27 vﬂig(v2)) . va:Cn + (a(vf, O)
QxQ
- a('U27 0)) ' szn}

It is easily verified that

/ (02, Vag(02)) - Vagea)Hlo(o7 ) — g(02))Gs
{Q\ Q1 } x{Q\Q2}

-/ 305 Vag(o) - Vage Hio ) — 90 NG (3.10)
{2\ }x{Q\Q2}

n / W0y, Vag(v3)) - Vag(vy VHL(g(o?) — 9(v3 ))Co
{Q\Q1 }x{Q\Q2}

and that the second term in the right hand side of (3.10|) converges to 0 with § — 0.
Moreover, the right hand side of (3.9)) is equal to

/Q 0 X{UT>U;}{b(U2+)Cn - X{vQZO}fQCn + (54('0;; Va:g(vsr)) - a(v;r7 0)
X

+ a(v;_v O)) : vx(n} + /Q 0 X{U2<0}{b(v2)<’n - f2<n - a(UQ, vmg(UQ)) . van}

X

Since - G H4F) — (0)) € DY for . () €0 wewe
/ a(v3, Vag(v3)) - Vy(Hs(g(vf) = g(v3)n) = 0. (3.12)

Therefore,
e {0\ {2\ a(vg, Vag(v) - Vyg (v ) Hi(g(vr) = 9(v3))Gn (3.13)

= - Ho(g(vi‘r) - Q(U;))d(v;',vxg(v;‘))vycn_
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Then, the inequality (3.9) can be equivalently written as
/ b(vy ) Ho(vi — v )Cn — / X{v# > ot} X {2203 f2Gn
QxQ QxQ

+ Ho(vi —v3)a(vy, Vag(vy)) - (Vyn + Vala)
QxQ

- Ho(v;r - U;)(G(UIL,O) - a(’U;r7 0)) : V:DCTL
axQ (3.14)

+ / Ntoa 0} (0(02)Cn — Fao — (v, Vog(v2)) - Valn
QOxQ

> (}im a(vy, Vag(vd)) - (Vag(vy) — Vyg(vy))
~0J o\ }x {Q\Q22}

x Hi(g(vi") = 9(v3))Cn-
Summing up inequalities (3.8) and (3.14)), we get
lim

/ (a(vf, Vyg(v)) — a(vg, Vag(v]))) - (Vyg(v]) = Vag(v3))
00 J(@\Q1)x (2\Q22)
x Hi(g(vi) — g(v3))Cn

< - /Qm(b(vf) —b(v)) T epon — / . b(v2) X {0 <0} Cn

Qx

+/ X o > ot X {0103 (1 = Xqua 201 2)Cn +/ X {vz <0} f2Cn

QxQ QxQ

- /Q Q(a(va Vyg(01) = a(v3, Vag(v3))) - (VaryCn) Ho(v) — v3)
X

- / X{O>v2}a(v27 VIQ(UQ)) “Valn.
QxQ

(3.15)
Denote the integrals on the right hand side of (3.15) by I4,...,Is successively.
Going to the limit with n, one get

lim I, = — /Q (b} — b(ud) Ep,

n—oo

limsup I3 < /Q/<61X{ul>o}(f1 = X{vs>0}f2)Ep

for some
k1 € L*°(Q) with k1 € sign™ (v; —v)) a.e. in Q, (3.16)
fmsup 75 = - / Ho(uf — v )(a(vr, V(1)) — a(vz, Vg(ui)) - V(€p),
m,n— oo Q

It remains to estimate

IL+1,+1s = /QX{’U2<O}{b(U2)CA’I’L — faln + alva, Vug(v2)) - Vil )

Define the functional £ on D(Q) by

L(¢) :/Qb(v2)X{v2<0}C_X{O>v2}f2<+/QX{O>U2}0’(U27VCE9(UQ>)'VEC' (3.17)
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As vy is an entropy solution, we have £({) > 0 for all ( € D(2), ¢ > 0, a.e. L is
a positive linear functional on D(Q). Since ({), = (£0,)nC D(Q) is an increasing
sequence satisfying 0 < £o,p < £p, £(én) is a bounded and increasing sequence
and thus converges. As a consequence, I+ 14+ Is = L({po,) converges as n — o0.

To estimate the first term in the left hand side of , we use the additional
hypothesis on the vector field a:

/ (alof, Vag(of) = auf, Vag(1) - (Tag(o7) = Vaglo})
Q\21) x (2\Q22)

x Hi(g(vf) — g(v3))Cn
1
>~ CnB(vf,v3) x (14 |Vyg(o)P + [Veg(vd)P)|of —vf
(2\Q1) x(2\Q2)

X X{o<g(vi)—g(vi)<6}

1
- Gy (v, vd) - Vyg(vi)x o) — (ot
5 Loy (017 957) - Vg (0T )X qo< (i) —g(vf <0}
1
+ 5 CHFQ(’UY,U;) ’ ng(v;)X{Ogg(vj’)fg(v;)ﬁé}'

(\Q21) x (2\Q2)
(3.18)
The two last terms in the right hand side of (3.18)) can be estimated as follows
1

5 Jiou)x@\02) Gl (0775 03) - Vg (V)X ozg(ut)-g(0)<0)

¥(v1,v2)
-/ ([ Tlla atatw) +60), (g (oo ) dr) Vi,
(Q\Q1)x(Q\Q2) *J0

and
1

+ +
5 Jinanx @) la(v1'sv2) - Vag(V2 )X o< )—g(07) <o}

v(v1,v2)
/ ([ ralla™tatt o alaw) = 81) dr) Voo
(\Q1)x (Q\Q2) 0

where
y(v1,v2) := inf(Q(U?L) - 9(“;))+/5a 1).

Due to the continuity of T'((g~1)o(7), &) in 7, g(r) ¢ E, it follows that the two terms
converge to 0 with §. In order to estimate the remaining term, we use the estimation

= sl =1(g7olg(r) = (g7 Nolg()| < Clg(r) —g(s)]. g(r) ¢ E. g(s) ¢ E
where C' is the Lipschitz constant of (g71)p on {r € R,b(r) ¢ E,|r| < |g(v1) +
g(v2)|}. Then, we have

— lim —

800 /9\91>x(ﬂ\ﬂ2>
X X{o<g(wi)—g(vi )}

—C lim CaB(vy,03) x (14 [Vyg(v)P 4+ [Vag(vy)[P)
~0J(@\21) % (2\Q22)

B (V] ,v3) x (14 Vg + [ Vag(v3)P)of —v5 ]

X X{o<g(vf)—g(vi)} = 0-
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Using similar arguments, we prove that

- ;im (a(v)",0) — a(vF,0)) - (Vyg(v]) = Vag(v3))
~0J(@\21) % (2\Q22)

x Hz(g(v) = g(v3))¢n = 0.

Combining the estimates of I, ..., I5, we get
[ o) —be) e
< /Q R1X{01>0) (1 = X{uaz0y f2)Ep + lim L(Epoy,) (3.19)

- [ @t Teglol) = 0o Vo7 ) Vol6) gt
This is “half” of the inequality to be proved.

Second inequality: In view of Remark inequality (3.19) is still true when vy
is replaced by —wsg, vs is replaced by —wv1, f1 by —fa, fo by —f1, b by b, g by g and
a by @. Then we have

/ (b(o7) — b(vy))*Epn

Q

< / K2X {vs <0} (X {or <031 — f2)E0i
Q

—Ax{v;zv;}(a(vf7V9(vf)) —a(vy, Vg(vy))) - Val§pi) + lim L(Eonpi),

(3.20)
where

() = /Q<b<v1>>+<+ /QX{v1>0}{a(v1,Vg(v1)) VoG Al

Using the same arguments as above, we can prove that (£({o,;)) converges (as
L(§onp;)) with n.
Therefore, summation of (3.19) and (3.20) yields

[ 0e1) b)) e
Q

< / w(fr — fa)pi — / Xiorsoay (@(vn, V(1)) — alvz, Vg(v2))) - Val(€01)
Q Q
(3.21)
for any £ € D(RY), ¢ >0, for all i € {1,...,m}.

Remark 3.3. The method of doubling variables allows to prove the following local
comparison result: for all £ € D(2), here exists x € L>(Q) with s € sign™ (v; — )
a.e. in  such that, for any ¢ € D(Q2), ¢ > 0,

/ (b(or) — b(v2))*C + / Xiorsuny (@01, Vg(01)) — alvs, Vg(v2)) - VC
Q Q

(3.22)
< /Q"i(ﬁ — f2)¢.
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The proof in this case is easier as the global comparison result. Indeed, as £ = 0 on

I, we can choose k = va(x) (resp k = v1(s,)) in (2.3) (resp in and we have
only to add the obtained inequalities, then to go to the limit on n in order to get
(13.22).

As & =¢&(1 — o) + €0 and Eo,y, € D(Q) for m sufficiently large, applying the
local comparison principle (3.22)) with ¢ = &o,,, the global estimate (3.21)) with
¢(1 - o4,), we obtain

- /Q(b(vl) = b(v2)) €05 — X{vy30s1 (a(v1, Vg(v1)) — a(va, Vg(v2))) - Va (i)
U1—U2+ —Om i R{J1 — J2 — Om)§i
> [ 000) = be) (€0 = o+ [ w(h = 260 =)0
- /QX{mzm}(a(Uh Vg(v1)) — a(ve, Vg(v2))) - Vi (€(1 — om)pi)
2 = nhlgo L(Epi(1 —om)on) — nlggo L(Epi(1 = om)on)
=— lim L(&p;(on — omon)) — nlin;o L(Epi(on — omon)).

n—oo

Note that g;0,0m,m = piom for n sufficiently large. Therefore,

lim lim L(&pi(on — omon)) = lim  lim L(€p;(0n — omon)) =0,

m—0o0 N—00 m—00 N—00

and thus, passing to the limit with m — oo in the preceding inequality yields
000 = b02) €9+ X5y a1, Va00) ~ alez, Taen)) - Tl

< /Q w(f — f2)Eon

After summation over i, we deduce (3.1)). O

4. EXISTENCE OF ENTROPY SOLUTION

The proof of the existence result consists of two steps. In a first step, we prove
existence of a bounded entropy solution of the problem

bo(v) —diva(v,Vgv))=f inQ

g(v)=0 onT, (41)

where f € L'(Q) and b, is an increasing Lipschitz continuous function on R such
that b, (0) = 0 and limg—. b (r) = b(r), for all r € R.

This is done via approximation with the elliptic-parabolic problems with homo-
geneous boundary conditions:

bo(v) —diva(v,Vge(v)) = f inQ

4.2
v=0 onl, (42)

where g.(r) = g(r) + er. In the second step, we pass to the limit with a to 0 and
prove the existence result for L'-data.
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4.1. First step.

Proposition 4.1. For alle > 0 and f € L>®(Q), there exists a unique v € L>(§2)
entropy solution of (4.2)) i.e. v € WOIP(Q) and v satisfies the following entropy
inequalities: For allk € R, for all ¢ € C°(RN) such that ¢ > 0 and signt (—k)¢ =0
a.e. onT,

/ b (0)X (oo € < / Xiosiy (€ = (a(v, Vge () — a(k,0)) - VE)  (43)
Q Q

and for all k € R, for all ¢ € C°(RY) such that € > 0 and sign* (k)¢ =0 a.e. on
L,

/Q_ba(U)X{k>v}§ < —/mev}(ff— (a(v, Vge(v)) = a(k,0)) - VE).  (4.4)

Proof. The existence of a unique weak solution v of (4.2)) is already proved in [4].
Indeed the Problem can be equivalently formulated as follows:
(ba 0 9= ") (v) — diva(g="(v), Vo) = f in Q

4.5
v=0 onl. (4.5)

As (1,€) — a(g-t(v), ), r € R, & € RY satisfies the same hypothesis as the vector
field a thanks to the strict monotonicity of g., it is sufficient to apply the results of
[18]. In order to prove that the week solution satisfies the entropy inequalities, we
proceed as in [§]. O

Proposition 4.2. For all f € L*>°(Q), there exists a unique v € L>®(Q) weak
(and entropy ) solution of i.e. g(v) € W&’p(Q) and v satisfies the following
entropy inequalities: For all k € R, for all ¢ € C(RYN) such that € > 0 and
signt(—g(k))¢ =0 a.e. on T,

/ba(v)X{v>k}£§/X{v>k}(f§—(a(v,Vg(v))—a(k,O))Vf) (4.6)
Q Q

and for all k € R, for all ¢ € CC(RY) such that € > 0 and sign*(g(k))€ = 0 a.e.

on T,

/ D)X ey < / Xikoo} (FE = (a(v, Vg(v) — a(k,0)) - VE).  (47)
Q Q

Proof. According to Proposition for f € L*°(Q), there exists a unique v, €
L>°(Q) entropy solution of (&2). ie. wv. € L®(Q), g.(v.) € Wy P(Q)) and v,
satisfies the entropy inequalities (4.3) and (4.4):

With a particular choice of test functions and thanks to the strict monotonicity
of by, one can prove that (ve)e and (|Vg:(ve)|)e are uniformly bounded in L*(£2)
and LP(Q) respectively. Thanks to the growth condition (1.2 on a, it follows that
(a(ve, Vge(vs)))e is bounded in LP (Q)N as well. Following classical arguments,
extracting a subsequence if necessary, we can prove that as ¢ — 0,

g(v-) converges to some w € L>=(Q) N W, P(Q)
weakly in Wy () and strongly in LP(Q2). Moreover,
a(ve, Vge(v.)) converges weakly in LP' ()" to some x € L? (Q).

In order to prove the strong convergence of v. (in L} . for example) to some v,
we can use the method of compensated compactness ( see [15] and [16]) but this
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requires some additional conditions on the flux function ®. An other approach
consists in using the L° uniform bound on (v.) in order to deduce the weak-x
convergence of (v:) to a function v. Then, going to the limit in the approximate
entropy inequalities, we prove that v is an entropy process solution of (see
Definition below). Finally using a “stronger” principle of uniqueness, we show
that v is the entropy solution of and that the convergence holds strongly in
LY(Q). O

Definition 4.3. Let © be an open subset of RY (N > 1), (u,) be a bounded
sequence of L>°(Q) and u € L*>(Q x (0,1)). The sequence (u,) converges towards
w in the “nonlinear weak-* sense” if

/Q 9t (2))(x) dir — / /Q o(ule, W)p(@)dzdy, asn—oo,  (48)

for all ¢ € LY(Q), for all g € C(R,R).

Lemma 4.4. Let Q be an open subset of RY (N > 1) and (u,) be a bounded
sequence of L™ (Q). Then (u,) admits a subsequence converging in the nonlinear
weak-x sense.

For the proof of the above lemma see [I7, 11]. According to Lemma the
sequence (v.) is convergent in the nonlinear weak-+ sense to some v € L>(Q2x (0, 1)).
We will prove that v is a weak entropy process solution of (4.1)) in the following
sense.

Definition 4.5. Let u € L=((0,1) x Q) with g(u) € W;?(Q). The function u is
a weak entropy process solution of (4.1)) if for all k € R, for all £ € C§°(RY) such
that £ > 0 and sign™(—g(k))¢ = 0 a.e. on 09,

/ / WX i€ dp < / /XM} F€—(alu, Vg(u)) — a(k, 0)) - VE) dy (4.9)

and for all k € R, for all £ € Cs°(RY) such that € > 0 and signt(g(k))é = 0 a.e.
on X,

/ / WX o€ di < — / / Xty (f€ — (a(u, Vg(u)) — a(k,0)) - VE) dps).
(4.10)

Taking into account the above estimates, it follows that
g(v) converges to g(v) € L>=(Q) N W, P(Q) (4.11)

strongly in LP(f2) and weakly in W1P(Q). In particular, it follows that g(v) is
independent of p.
To pass to the limit in (4.3) and (4.4)), it remains to prove that

| atve. Va0 - v - / ([ ato.a(w) - v€) di (4.12)

By the Minty Browder argument, we have only to prove that

lim [ a(v., Vg(v.)) - V(g(v:) - g(v)) = 0.

e—=0 Jo
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As v, is also a weak solution of (4.2), we have

lim (UE, Vg(ve)) - V(g(ve) — g(v))

e—0

:—;5% [ [ seat) =g + [ flate) —aw)] =0

where the last equality follows by the strong convergence in LP(2) of g(v.) to
g(v) and the weakx-convergence of v. to v. By the standard pseudo-monotonicity
argument it follows that

1
/ x- V&= / / a(v,Vg(v)) - V& for all £ € D(Q). (4.13)
Q 0 Ja
Indeed, for £ € D(Q?), £ > 0, o € R, we have

a/ xV¢& = lim aa(ve, Vge (ve)) - VE
Q e—0 Q

> limsup/Qa(ﬂg, Ve (ve)) - V(ge(ve) — g(v) + af)

e—0

> timsup | ave. V(glo) = a€) - Vige(02) = g(0) + a6)

e—0
> /Qo‘a(v, V(g(v) —ag)) - V&

Dividing by a > 0 (resp. a < 0), passing to the limit with @ — 0, we obtain
(4.13). We can now pass to the limit in (4.3) and (4.4) to get for all £ € R, for all
¢ € C°(RY) such that ¢ > 0 and sign*(—g(k))¢ = 0 a.e. on T,

/ / (00X (o) < / / Yoy (FE — (a(v, Vg(v)) — a(k,0)) - VE)  (4.14)

and for all k € R, for all £ € C§°(RY) such that & > 0 and sign*(g(k))¢ = 0 a.e.
onT,

/ / D)X )€ < / / Xihsoy (FE+ (a(v, Vg(v) — a(k, 0)) - VE). (4.15)
0 Q 0 Q

Hence we have shown that v is a weak entropy process solution of (4.1). Now, to
prove that v is the week entropy solution of (4.1]), we use the following “reinforced”
comparison principle.

Proposition 4.6. Let f; € L>(Q2) andv; € L>®(Q2x(0,1) be a weak entropy process
of Py, q(fi) z' =1,2. Then there exists k € L>(Q x (0,1)) with k € sign™ (vy — vg)
a.e. in Q x (0,1) such that

/ JRCCTEIET: <v2<x,u>))+sdxdadus/OI/QMf2>sdx.

In particular, when f; = f5, we have
vi(z, @) =vo(x,u) forae. (z,a,pu) € x(0,1)x(0,1).
Defining the function w(z) = fol v1(z, ) da, we deduce that w(z) = vy(z,a) =
va(x, B) for a.e. (z,a,3) € 2 x (0,1) x (0,1).
The proof of Proposition [£.6] follows the same lines as those of Theorem [3.1] and
is omitted. The reader is referred among others to [21] and [11] in order to verify
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the technical tools which are necessary to deal with measure-valued functions. The
result of Proposition implies that v is the unique weak entropy solution of (4.1)
and the first step of the proof is complete.

4.2. Second step. The comparison principle is again the main tool in this last
step: Let f € LY(Q). For m,n € N, let f, = f AmV (—n) and define by, ,, :
r +— b(r) + =rT — Lr=. Denote by vy, the unique weak entropy solution of
Py, ..¢(fmn) (which exists by the result of the first step). Then,

0< /Q*X{vm,nﬁ}{(a(vm,m Vg(vm,n))—a(k,0))-VE+ finn€—bmn(Vmn)E}t (4.16)
for any £ € D(RY), ¢ > 0, for all k € R such that sign®(—g(k))é =0 on T,
0= [ N (0000 Va001)) = 0) -V = o b)) (217
for any ¢ € D(RY), € > 0, for all k € R such that sign*(g(k))¢é =0 on T.
By Theorem there exists K, m, € L®(Q) and Ky, ,, € L®(Q) with

Kmy,ms € Sign+(vmhn — Umsn)s Bnypms € SignJr(Umm1 — Um,n,) such that, for all
£ € DHRY), €20,

1 1
7“7—;71_71}7% ++ ’I:L +vn_1n+
[ o ) = o (s )€+ (i 05, )€
1 1
< — | (b(vmyn) — 0(Vmaom ++/ﬁm1m2———v;§n 4.18
< = [ W) =)+ [ sl = ) (4.13)
- / om0 (@O s V(O n)) = @V s VG (Umy ) - VE.
and
1 1
S — = Ve Z(pt ot )t
/Q(n2 m,ny No mng) 5 (mn1 mnz) 5
1
g/_(b@m,m) Umnz 5 / m,nz _7)’07717115 (4-19)
Q ni ’

+ /Q X{vm,n, >vm,n2}(a(vm,n1 s Va(Vmn,)) = a(Vmn,, Vg(Umn,))) - VE.

This yields that vy, n < Umyn for mi < mo and vy, < Vmon, for ng > na.
Therefore, vym.n Tm vn a.e. on  where v, : Q — R is a measurable function.
Here, we use the notation T,, resp. |, to denote convergence of a sequence which
is monotone increasing, resp. decreasing in n. Moreover, from (4.18]) and -, it
follows that

b(Vmn)m — b(vy,) in LY(Q). (4.20)

Applying a diagonal argument, we may assume that for some subsequence (m(n)),
we have

Um(n)n — Un  a.€. inQ, b(Vpn),n) — b(v,) in L' (). (4.21)

where v, is the weak entropy solution of Py, ,(fn) with b, = byn)n, fo =
fm(n),n- Next, we prove that v, is finite a.e. in : Suppose first that b(+o0) :=
lim, 1 oo b(r) < co. Then, by the Range condition, it follows that lim,_, . g(r) =
0.
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As vy, is a week solution of P, . o(fm.n), choosing g(T} (v, ,,)) as test function,
taking into account the growth condition on a, we find

Moo [ V805 < Micoy +08) [ [l
(see condition ([1.2)) on a ). Hence, by Poincaré’s inequality,

C(1+g(k))
{of, . > K} < O

for some constant C' independent of m,n and k. Passing the limit with m — oo and
then with k¥ — oo in the above inequality, we find that v,, is finite a.e. on €. In the
case where b(+00) = 400, the last assertion follows from (£.20). Using Txg(vm.n)
as test function in the weak formulation, by the coerciveness assumption on a, we
obtain

/ IV Tg(0mn)? < C(R),
Q

for a constant C(k) depending only on k. Therefore, we can assume that the
sequence (Txg(Vm(n),n))n converges weakly in Wol’p(Q)) to Trg(v,). Going to the
limit with n — oo, proceeding as above, we can extract a subsequence still denoted
(vn)n such that

vy — v ae inQ, blv,) — bv) in LY(Q)

where v is finite a.e. in Q. Moreover, Tig(v) € Wo(Q) and (Tg(vy))n converges
weakly in VVO1 P(Q)) to Trg(v). Applying again the argument of Minty Browder,
we can prove for our diagonal sequence that a(Txv,, Vg(Tivy)) — a(Tkv, Vg(Tiv))
weakly in (L?'(€))N. It remains only to prove the inequalities and . To
this end, let us first verify that v,, satisfies and for all n € N: For all
k € R, for all I > k, for any £ € D(RY), ¢ > 0, we have

/Q —bn (V0 A DX (o nisk}E + X{onnisk} fné
— Xu sy (@(vn AL Vg0, AD) = a(k,0)) - V€
= [ Xt {=0a(0) = £2)€ = (a0, V(o)) = al0) - V)
[ XtuoyBaon) = bull) = £2)€ + (alvn, V(o)) = alt,0) - V) + 7
> [ X n(0) = balD) + )6 + (alvn, V(o)) = a1,0)) - VE = £6),
Let

(W' &) = _/QX{vn>l}{(bn(vn)_bn(l))§+fn§+(a(vnvVQ(Un))_a(lvo))'Vg_fn_g}'

Then, p* is a non-negative measure on Q and pu =0forl > ||UnHLoo(Q). Moreover,

Il < / FulXonoy.
Q
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Working on the second entropy inequality, we construct a family of bounded non-
negative measures (1]*); on

(V' &) = —/QX{z>un}{(bn(l)—(bn(Un)))f—fiﬁ—fn&(a(l,0)—a(vn,Vg(vn)))'V€}
such that
/§2X{k>v,bvl}{bn(vn \ l)g - fng + a(vn \ l7 Vg(vn \v l)) ' vi} > _<Vln’§>

for all ¢ € DT(Q) and k € R with (g(k))T¢ =0 on I and [|v]']] < [, |fnlX{0, <1}
It follows that ('), and (v]'), are uniformly bounded with respect to n. There-
fore, we can extract two subsequences still denoted by (u]"), and (v]"),, which are
convergent with respect to the weak—x topology on C(Q) to y; and v respectively.
Now, combining all the estimates on the sequence (v,),, we can pass the limit in

the above inequalities to (2.1)) and (2.2). The measures p; and v; are defined as
follows:

(1,6 = — /Q Xiosny L(6() — b()E — f€ + (a(v, Dg(v)) — a(l,0) - VE — f¢},
(,€) = — /Q Xiasoy {(b(1) — ()€ + (a(l,0) — a(v, Dg(v))) - VE + f€ — f+E}.

Here, Dg(v) is defined by x{_r<y<r}Dg(v) = Vg(T}v) for all k > 0.
The uniqueness result in the L' setting follows from the following proposition.

Proposition 4.7. Let f1 € L™(Q), f2 € LY(Q) and v1, va be an entropy solution
and a renormalized entropy solution of with f1 instead of f, and with fo
in stead of f, respectively. Then, there exists k € L>®(Q) with k € sign™ (v; — vy V1)
a.e. in Q such that, for any ¢ € DH(RY),

—(u, Q) < —AX{U1>U2vz}(a(vl,Vg(U1)) —a(v2 V1, Vg(v2 V1)) - V¢

= [ o) = vy C+ [ nihi -

For the proof of the above proposition can be found in [3]. Let us show how to
deduce uniqueness of the renormalized entropy solution: Let v be a renormalized
entropy solution of and v, be the entropy solution of P, 4(f,) constructed
above. Then by Proposition there exists x,, € L>(Q) with x,, € sign™ (v, —
vV l,) a.e. in Q such that, for any ¢ € D(RY), ¢ > 0, for any 1,, > n,

—We,, Q) < - /Q X{va>ov(~1)}H@(Vn; Vg(vn)) = alvV (=ln), Vg(v V (=1n)))) - VC

/ ~(ba(vm) — ba(w v (~l)))*C + / e — F)C.
Q Q

(4.22)

(4.23)
Similarly, we prove that there exists /£, € L>(2) with &, € sign™ (v Al, —v1) a.e.
in © such that, for any ¢ € D(RY), ¢ > 0, for any ,, > n,

O < / o <oniny (@(0 AL, Vg(0 Aln)) — a(vn, Vg(vn))) - V¢
@ (4.24)

- / (b0 A ) — bu(wn)) "¢ + / Fulf — £2)C.
Q Q
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Summing up and (4.24)), letting n — +o00, we get b(v) = lim,,— 4o b(vy,).

Let us define the operator Ay, in L(Q) x L>=(Q) € L} (Q) x LY(Q) by (u, f) €
Ay g if and only if there exists v measurable such that b(v) = v and v is an entropy
solution of Py 4(f + u).

Proposition 4.8. Let b be strictly increasing with b(0) = 0. Then
(i) The operator Ay 4 is T — accretive in L'(2); i.e., for all (u;, f;) € Apg,

/ Kk(f1 — f2) >0  for some k € sign(v; — va).
Q

(ii) For any o > 0, R(I + oAy ) = L*=(),
(iii) D(Ap4)Y @ = {u € LY(Q), u(z) € R(b) a.e.x € O}

Proof. (i) and (ii) are direct consequences of Theorem and the existence result.
To prove (iii), let f € L°°(2) be such that f + € € R(b) and let vy be an entropy
solution of

b(v) — hdiva(v,Vg)) = f inQ
g(v)=0 onT
with A > 0. Then
b(vr)ll Lacey < [1fllLae) (4.25)
for every 1 < ¢ < +4o0. In particular, ||va|p=@) < C(f) and by the growth
condition, it follows that h div a(vy, Vg(vp)) — 0 in D’(Q2). Therefore, b(vy) — f in
D'(Q) and weakly in LP(Q2). Whence, liminf,_o [|b(vp)| £r() = || fllLr(o). Taking

into account (4.25), we deduce that b(vy) — f strongly in L'(Q). The proof is
complete. ([l

Remark 4.9. Proposition allows to study the Cauchy problem associated to
(1.1) from the point of view of semi-groups theory. The elliptic parabolic problem

b(v)y —diva(v,Vg(v)) = f € (0,T) x Q

with initial condition and general boundary condition will be treated by the first
author in a forthcoming paper.

Corollary 4.10. For every f € L'((0,T) x Q) and every vy € D(Ap.q), there exists
a unique integral solution of

up + Apg(u) > f

5(0) = v (4.26)

with w in C([0,T), L*(Q)). Moreover, a comparison principle holds.
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