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EXISTENCE AND SMOOTHNESS OF SOLUTIONS TO SECOND
INITIAL BOUNDARY VALUE PROBLEMS FOR SCHRODINGER
SYSTEMS IN CYLINDERS WITH NON-SMOOTH BASES

NGUYEN MANH HUNG, NGUYEN THI KIM SON

ABSTRACT. In this paper, we consider the second initial boundary value prob-
lem for strongly general Schrodinger systems in both the finite and the infinite
cylinders Q7,0 < T' < 400, with non-smooth base €2. Some results on the ex-
istence, uniqueness and smoothness with respect to time variable of generalized
solution of this problem are given.

1. INTRODUCTION

Boundary value problems for Schrédinger equations have been considered in the
books by Lions and Magenes [7] in finite cylinders Qr = Q x (0,7), (T < +00),
with base 2, where 0N is smooth. Their results are restricted to Schrodinger
type equations, where coefficients a,, of equations are functions independent of
t (except agp). The first initial boundary value problem for general Schréodinger
systems, where the coefficients apq(x,t) are matrices of functions of two variables
and t for all p, g, was considered in [2, [3], in cases the finite cylinder Qr, T < +00
or in cases the infinite cylinder Q. = © x (0,+00) as in [3| 4]. In this paper, we
consider the second initial boundary value problem for these systems in both the
finite and the infinite cylinder Qr = Q x (0,T), where 0 < T < 400 and  is a
domain with non-smooth boundary. Our main purpose is to study the existence,
uniqueness and smoothness with respect to time variable of generalized solution of
the mentioned problem. Such results are investigated in a scale of weighted spaces
HIM%(Qr) for some 7 > 0.

As we have known, in the first problem, the qualitative properties of solution

were indicated by basing on the properties of functions u € POI Z/’“O(QT), which let
us to the Garding inequality (see [2, B8] 4] [6]). But in the second problem, when the
solution space is H ZT’O(QT) and the second boundary condition is hidden in the
integral equality in the definition of generalized solution, the Garding inequality is
not valid, so it becomes more complicated to establish the unique solvability of the
problem. This difficulty is solved in this paper in section 2, Lemma 2.1. Then based
on it, we receive our results on the existence and uniqueness of generalized solution
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in section 3 and the smoothness with respect to time variable of solutions in the
last section. Moreover, the problem becomes more complicated in technics when
we consider with non homogeneously initial condition u(z,0) = ¢(x) in section
3, and the results that we received are more general than those in [2] [3, 4] [6], in
which the authors just considered the problem with homogeneously initial condition
u(z,0) = 0.

2. PRELIMINARIES

Suppose that € is a bounded domain in R, and Q, 0 denote the closure and
the boundary of © in R™. We suppose that I' = 9Q\{0} is a smooth manifold
and Q coincides with the cone K = {x : ] € G} in a neighborhood of the origin

point 0, where G is a smooth domain on the unit sphere S"~! in R”. We begin
by introducing some notations and functional spaces which are used fluently in the
rest.

Denote Qr = Q x (0,T), St =T x (0,T), for some 0 < T < +o0; x =
(1, yzn) € Q, ulz,t) = (ur(z,t),...,us(x,t)) is a vector complex function;
a = (ag,...,an) (s € Ny i =1,...,n) is a multi-index; |a] = a1 + -+ + an,
D = 9lel/oa§t .. 9agn, |DYu|? = Y5 D%, wy = (ug [0, ..., 0Tu,s JOF),
Ci = sy (0< s < k).

In this paper we use the usual functional spaces: C>(Q2), Ly(Q), H™(Q), L2(Q71),
HY (Q7) when T' < +o0 and m, [,k € N (see [3, [4] for the precise definitions).

Moreover, when 0 < T' < +oo we define H™%(Qr) (v > 0) as the space of all
measurable complex functions u(z,t) that have generalized derivatives up to order
m with respect to z with the norm

Julloian = (X [ 1D%uPe ™ dude).
la|<m Y QT
The space L>(0,T; L2(2)) consists of all measurable functions u : (0,7") — L2(2),
t — u(t) with the norm [Julloe = esssupg.; 7 [|u(t)]| 1, ) < +oo.

For convenience, in the rest of this paper we say that u(xz,t) belongs to some
spaces if all of its components belong to that space. We now introduce a 2mth-order
differential operator

m
L(z,t,D) = Y DP(apy(x,t) DY), (2.1)
Ipl,lal=0
where a,, are s X s matrices of bounded measurable complex functions defined
on Qr, apg = (—1)PIHldla? - (a? denotes the transposed conjugate matric of agp).
Moreover, we assume that the operator L satisfies a hypothesis that given as follows
(see for example [B [8, [9]).

For all (x,t) € Qr and (1,)p—m € C*™1 \ {0}, we have

Ipl=
D apgl,tingmy = Co Y [mpl, (2.2)
Ipl=lg|l=m [p|=m
where Cj is a positive real number, independent of (1) |p|=m; m] = lelzm 1.
Setting 1, = &Pn with £ € R™\ {0}, & = &' ... & and n € C*\ {0}, it
follows from condition that 32, | j=m ape(, )EPEINT > Col€]?™|n|?, for all
(z,t) € Qr, which is equivalent to the strong ellipticity of the operator L. However,
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one can see easily that the condition of strong ellipticity of the operator L does not
imply the condition .

In the cylinder Q7 we consider the second initial boundary problem for the
Schradinger system

i(_l)m_lL(xataD)u_ut = f(.T,t), (J},t) € QTa (23)
with initial condition
u(z,0) = p(x), x€Q, (2.4)
where L(x,t, D) is the operator in (2.1]), satisfies the condition (2.2) and u, f, ¢ are
vector functions.
The function u(z, t) is called generalized solution in the space H™%(Qr) of the

second initial boundary problem for the Schrodinger system ([2.3) and initial con-
dition (2.4) if and only if u(x,t) € H"%(Qr), satisfying

SIS (-1)‘?‘/ (2, 6) D0, ) DPri (2, 1) d it
Ipl,lq|=0 T
+/ u(z, )7 (z, t) de dt (2.5)

-

_ / o@n(@,0)dz + | flx, b, ) de dt
Q Q-

for each 0 < 7 < T and all test functions n(x,t) € H™(Q,), n(x,7) = 0. Set

m

Blu,v](t) = Z (=) [ ap,(x,t)DIu(z, t)DPu(x, t)dz.
Ipl;lq|=0 /Q

To consider the problem we need to prove the important following lemma.

Lemma 2.1. There exist two constants po > 0 and Ao such that the inequality
(=)™ Blu, ul(8) > sl — Mol 2, e

is valid for all uw € H**(Qr), v > 0 and almost t € (0,T).

Proof. Tt follows from that

/apq(x,t) D"wDPudx > Cy Y |[DPul3,q
Q

[p|=lg|=m [p|=m

for all u(z,t) € H;’”"O(QT) and almost t € (0,T), where Cj is a positive number,
independent of u. Since ap, are bounded, using Cauchy’s inequality one has

Co > DPul?,
[p|=m

< Z /Qapq DiuDPudx
[pl=[g|l=m

= (=1)"Blu, u](t) — (—1)" > (—1)l! /Qapq D%uDPudz

[pl+]gl<2m, |p|,|g|<m

< (1" Blu,u)(t) + C@)llullfm-1a) +2 Y 1D ull?, ),

[p|l=m
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where 0 < ¢ < Cp, C(e) > 0. This implies

S 100l ) < CU-1" Bl ol () + Collulpn ey, (26)
Ipl=m
where C7 = 001—57 Cy = g;(_)s > 0. Following [I, Theorem 4.15], we have for all
€ > 0, there exists a constant C3(¢) such that the inequality
Y IDPulf o) <& D IDPulll, ) + Ca(e)lulf,q) (2.7)
|p|=F [p|=m

holds for all £k = 1,2,...,m — 1, and for all w € H™(f2). Note that for all 0 <
T < o0, if u € HI"Y(Qr), v > 0, then for almost fixed point ¢; € (0,T) we have
u(z,t1) € H™(Q) and is valid for u(z,t1). Because ¢, Cs(e) are independent
of t; € (0,T), so one gets

D D u(, Ol ) <€ D 1D ule,t)7,@) + CO)llu@, )i ,q  (28)
|p|=Fk lp|=m

forallk=1,2,...,m—1,forallu € H;“’O(QT) and almost ¢t € (0,T). This follows
that for all 0 < € < 1, there exists Cy = Cy(e) such that the following inequality
holds

||U||?1mfl(g) < 5““”?%(9) + C4H“||Lz(ﬂ) (2.9)
for all w € H7"°(Qr), almost ¢ € (0,T).
Hence, from (2.6) and (2.9) we have

[l 3m () < CL(=1)"Blu, ul(t) + (Ca + 1) [[ullFrm-1 (0
< Cy(—1)™Blu, u](t) + (Co + 1)[e]|u]

Hm (o) + CallullL, o)
for all 0 < € < min{1, Cy, ﬁ} So we obtain
(=1)"Blu, ul(t) = pollullzm o) — AollullZ, o),

where pg = [1 — (C2 4+ 1)e](Cy — €) > 0, A\g = C4(Ca + 1)(Cy — €). This proves the
lemma. (]

From lemma 2.1, using the transformation u(z,t) = e**o!v(x,t) if necessary, we
can assume that the operator L(z,t, D) satisfies

(=1)"Blu, u)(t) > pollullFm o) (2.10)
for all u € H7"°(Qr), almost ¢ € (0,T).

3. THE UNIQUENESS AND EXISTENCE THEOREMS

In this section we investigate the unique solvability of the second initial boundary
value problem for the system (2.3)) with non homogeneously initial condition (2.4))
in the space H,T’O(QT), ~ >0, where 0 < T < +00.

Denote m* = Z\TZ\ZI 1, we begin by studying the uniqueness theorem.

Theorem 3.1. Assume that for a positive constant p,

Oapg
ot

sup{|— | (z,t) € Q7,0 < [pl,q] <m} < p.
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Then the second initial boundary value problem for (2.3) with non homogeneously
initial condition (2.4) has at most one generalized solution in HJ*°(Qr) for all
v > 0 arbitrary.

Proof. Suppose that the problem has two solutions w1, us in H;”’O(QT). Put u =
u; —ug. Forall 0 <7 < T and b € (0,7) we set

¢
<t <
D t) = J, u(z,s)ds, 0<t<b,
0, b<t<r.

It is easy to check that n(z,t) € H™(Q,),n(z,7) = 0 and n,(z,t) = u(z,t) for all
(z,t) € Qp. It follows from (2.5) that

m

om Y e[

aquqntDPndgcdt—i—i/ |n¢|* dz dt = 0. (3.1)
Ipl.la|=0 @

Qb

Adding this equation with its complex conjugate, using apq, = (—1)‘p‘+|4|a;p and
integrating by parts with respect to ¢, we get

m

Bl =— Y (~1W /

%4 1yay D d dit.
Ipl.lql=0 Q O

Since |%| are bounded, using the Cauchy inequality and (2.10)), we obtain
Iz, 0) I 0y < Clln(a, )l|Fimo(q,),  (C'= pm*/po > 0). (3-2)

Putting v,(z,t) = ftODpu(x,s)ds, 0<t<b 0<]p| <m,sowehave DPy(z,t) =
ft DPu(x, s)ds = vp(z,b) — vp(x,t), DPn(x,0) = vy(x,b). Substituting those into
B3, one gets

Z/ vy (2, )| da < 200 Z/ |op(,b)Pda +2C )
Q Q

[p|=0 [p|=0 |p|=0

/ vy (0, t)|? da dt.
b

Setting J(t) = 327 _o Jo [vp(@,)[*dx, we have (1 —2Cb)J(b) < 2C fob J(t)dt, or
J(b) < 4C [7 J(t)dt, for all b € [0, 5]. This implies that J(t) = 0 on [0, 75] by
Gronwall-Bellman’s inequality. It follows u; = wus on [0, %], where C' does not
depend on 7. Using similar arguments for two functions uj, us on [%, 7], we can

show that after finite steps we get w3 = ug on [0,7]. Since 0 < 7 < T is arbitrary,
s0 u1 = ug on (0,7T). The theorem is proved. O

Now, we establish the existence of generalized solution of the mentioned problem
by Galerkin’s approximate method.

Theorem 3.2. Assume that:

dapq

zee| < p, for all 0 < |pl,|q| < m;

(i) For a positive constant w, |apq(z,0)];
and all (z,t) € Qr;
(ll) fa ft € LOO(OvT; LQ(Q))f f(,O) € L2(Q);
(ili) o € H™(Q).
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Then for every v > vy = % the second initial boundary value problem for (2.3)—

(2.4) has a generalized solution u(x,t) in the space HI"*(Qr) and the following
estimate holds

[l gy < C llelEim@) + 1G0T @) + 113 + I1felIZ]
where the constant C' only depends on w, fuo-

Proof. Let {¢i(z)}32, be a basis of H™ (), which is orthonormal in Ly (). We
find an approximate solution u” (z,t) in the form u” (z,t) = ngvﬂ CN (t)pr(z),
where {C} (t)}1_, satisfies

C VA (—1)|p|/QaququNDTgpldx—/

uivﬁdaz:/f@dx, (3.3)
Ipl,lgl=0 @ @

cN(0) = /ng(x)apl(x)da?, I=1,...,N. (3.4)

From (i), (i) and (3.3)-(B.4) it follows that coefficients C{Y (t) are defined uniquely
and [0 2,0y < 190 [ for all N =1,2,...

N
After multiplying (3.3]) by dc&t(t), taking sum with respect to [ from 1 to N, we

get

m

nm > (—1)|p|/QaququNDTu£de—i/

NN dz = i / fuldz.  (3.5)
Ipl,lq|=0 & &

Adding this equality and its complex conjugate, we have

m

(=™ Z (—1)“)' / apq%(unNDPuN)da::—2 Im/f@dw.
pl,lql=0 Q Q

So for all 0 < 7 < T, by integrating with respect to ¢ from 0 to 7, and integrating
by parts, we obtain

m
Oapg

(=)™ Blu",u™](1) = (—1)"‘| |;_0(—1)” / 5 DT D da dt

+ (=D)™BuN, u™])(0) — 2 Im/Q f(x,0)uN (z,0)ds

+2Im [/Qf(x,T)uN(x,T)dx—/Q ftuwdxdt}.

This implies by Cauchy’s inequality and (2.10]) that for all 0 < & < pg,

m*u+e 7 m*u+e
[u™ (2, ) 3m 0y < W/O [u (2, )| Frm () dE + HHUN(%O)H?W(Q)
1

* =gy (@ Oy + W+ AL

Applying Gronwall-Bellman’s inequality, one gets
N
[ (w77—)H12LIm(Q)

< Cr|u™ (=, 0)]

m,*u+57_
frme) + (@ 012, + £ + ||ft||go:|6 ko=,
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where €y = max{ -, E(MO o=} > 0. Therefore,

mute
[u™ (@, 7) 3 () < Ol[||¢||§{m(§2)+||f(xa0)||%2(ﬂ)+||f||go+||ft‘|go}6 == 7. (3.6)

For each v > 9 = Zu = inf(g, ) 27?#07}”;) we can choose ¢ € (0, ) such that
v > "(lu"ja), ie., —2v+ 7(7;: ”Jr; < 0. Multiplying (3.6) with e=27", then integrating
with respect to 7 from 0 to T', we obtain

1 By < Ol + 17O ey + 171 +IAIZ]. 37)

where C' > 0 independent of N. Since the sequence {uV} is uniformly bounded
in H,’Y”VO(QT), we can take a subsequence, denoted also by {u™} for convenience,
which converges weakly to a vector function u(z,t) in H7(Qr).

We will prove that u(x,t) is a generalized solution of the problem. Since

M= U{Zdl oi(z),di(t) € HY(0,7), di(7) =0, VI =1,2,...,N}
N=1 I=1
is dense in the space of test functions H™1(Q,) = {n(z,t) € H™(Q.),n(x,7) = 0}
for all 0 < 7 < T so it suffices to show that u(z,t) satisfies for all n(z,t) € M.
Note that the denseness of the set M in the space H m1(Q,) can be proved easily
by using lemma 2.1 and arguments analogous as that used in the first problem (see
in 2, 3]).

Taking n(x,t) € M arbitrarily, there exists Ny such that 7 can be written in
the form n(x,t) = Zfiol d(t)pi(x),di(t) € HY(0,7), di(r) = 0, VI = 1,..., Np.
Multiplying (with N > Np) by d;(t), taking sum with respect to 1 from 1 to
N, then integrating with respect to t from 0 to 7, we obtain

m

CE Y (—1)'P|/ aququNDPndxdt—/ uNgdedt = [ frdede.
Ip,lgl=0 Q@ . Qr

It is easy to check that fQT udrdt = — [, o(x)n(x,0)ds — fQT uN g da dt, so one
has

m IZZ |p|/ aququdeIdt+/ uNﬁtdxdt

[pl,lq|=0 - ~
- —/ w(w)mdwr/ fdz dt.
Q@ Q-

Passing to the limit for the weakly convergent subsequence, we get

(—1)™1Y Z (_1)|p|/ aququDPndxdt-l-/ un, dx dt
Ipl.lal=0 @r o

= —/ go(x)n(x,O)dx—l—/ fmdxdt.
Q Qr

Hence u(x,t) is a generalized solution of the second initial boundary value problem
for the system (2.3] . Moreover, the weak convergence of the subsequence of
{u™ (z,t)} and (3.7) imply that this solution satisfies the inequality

< limi N2
= el el

2
Hu”H;n’O(QT) (Qr)
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< Clllelzrm @) + 10 ) + 115 + Ifel3]

where C' only depends on p, pg. This completes the proof. O

4. SMOOTHNESS OF GENERALIZED SOLUTIONS WITH RESPECT TO TIME

In this section, we consider the second initial boundary value problem for the
system

i(=1)" 'L(z,t, D)u — uy = f(z,t), (2,t) € Qr, (4.1)
u(z,0) =0, z€qQ,

We will prove that the smoothness with respect to time variable of generalized
solution of the second initial boundary value problem for the Schrédinger system
f depends on only the smoothness with respect to time variable of the
coeflicients and the right side of the systems. Indeed, we have the following theorem.

Theorem 4.1. Suppose that

(i) for some positive constant p, {|apq(z,0)], |88‘;,fq (z,t)|} < p, for all 0 <
Ipl, lg] <m, all (x,t) € Qr, all1 <k < h+1;
(ii) fie € L>=(0,T; L2(Q)), for all0 <k < h+1, f(2,0) =0, if h > 2 then we

assume that ftk(ac 0) =0, forall1<k<h-1,alzeq.

Then for every Y>> = S L the generalized solution u(xz,t) of the second problem
for (4.1] ) has the generalized derivatives with respect to t up to order h in the
space H(2th1 (Qr) and the following estimate holds
h+1
”uthHHmO @n) S CZ”ftk”oo? (4.3)

where the constant C' does not depend on u and f.

Proof. Let {¢r(z)}72, be a basis of H™(Q), which is orthonormal in L (2). For
each natural number N, we set u™N(z,t) = Y0 ON (t)gr(x), where {CN (£)}N_,
is the solution of the ordinary differential system

m

Y (—1)|p|/ﬂaququNDTgpldx—/

Q
[pl,|q|=0

u,{vﬁdx:/f@dm, (4.4)
Q

with CN(0)=0,1=1,...,N.

From (i), (ii), it follows that coefficients C}Y(t), defined uniquely by (4.4), have
derivatives up to order h + 1 and u™¥ (z,0) = 0.

We will prove that

DPull(2,0) =0, YO<k<h, 0<|p|<m,VzeQ. (4.5)

Indeed, it is clear that (4.5) holds for k£ = 0. Differentiating (4.4)) (k— 1) times with
respect to ¢, multiplying by %(CZN (t)), then taking sum with respect to ! from 1
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to N, we obtain

m

- /|utk’ dx + (-1)™ Z (—1)|p|/aququi\£71DPuﬁdx
@ |p| \q|:0 @
m —s—1
— a
= (-1)m! Z Iplzck 1\/Qatk781ququthpuNdx (4.6)
Ipl;lq|=0

+ Z/ fﬂc—l@dﬂ?.
Q

By using (ii) and induction on k, we obtain ([4.5)) holds for all 0 < k < h.
In the following part, we shall prove the inequalities

h+1
6 @ 7) |Gy < CMT I Ml VO<T<T,YN=1,2,..., (47)
k=0
h+1
||“thHH(*gh0+m(QT) = CZ Hftk H (4.8)

are valid with 0 < e < o, )\ = (2}1?& C does not depend on N, f.

From the inequalities (3.6)—-(3.7) (with ¢(z) = 0, f(x,0) = 0), we can see easily
that ( . . ) hold for h = 0, and {u™} convergent weakly to the solution u of
the problem in H™°(Q7).

Now let (4.7)—(4.8) be true for h — 1. We will prove that these also hold for h.
Integrating, for k = h + 1, with respect to ¢ from 0 to 7, we get

m

—i/ |utNh+1|2dwdt+(—1)m Z (—1)""/ aququtNhDl’ui\fwr1 dx dt
Q-

Ipl,lq|=0 i

h—1 h—s
S D DG SieTy e S

Ipl,la|=0 s=0  JQr
+ z/ fthutNhJrl dx dt.
QT
Adding this equation with its complex conjugate then integrating by parts with

respect to t, using (ii), (4.5)), we obtain
(_l)mB[ui\’]l (21:7 T)? ui]\*{ ($7 T)]

m

=)™ Y (—1)'?'/ %unthDPu% dz dt
Ipl;1q|=0 T
+(-1)"2Re > (1)P.h/Q aaququtthuNdxdt
Ipl;lq|=0
—1)™2 R N \p\ cs &Dq N Dp Nd dt
+(=1) e Z Z i Dl Drug da
Ipl;lq|=0 Qr

m

_ h—s
+ (=1)™2Re -1 ‘p‘ CS MD Wl Drul, du dt
h Q ath*S ¢
lpl,|q|=0 =0 T



10 N. M. HUNG, N. T. K. SON EJDE-2008/35

~(-1)"2Re Y (- |p|ZC’h ) ath“fq(z,T)unﬁ(x,T)DputNh(w)dx
[pl,lq|=0

fQIrn/ fon (2, T)uly (x, 7)dx fQIm/ ftthI@d.Tdt.

Q Qr

For all €1 > 0, using Cauchy’s inequality and (2.10]), we have
[0 — (um* (2" = 1) + Dellup) (2, )| Frm 0

< [@h+)m u+ (2" — 2 — h)um* + 1)g4] / H“th 1) HHm (@)@t
0

h—1 h—1

+C{Z’|utk”H’" 0(Q-) +Z||“tk z,T HHm(Q + [ firll3 +7||ft"+1|| }

k=0

where C' = max{ 2‘”:1 M El} M =max,_557—5Cj.

Set e = (2" — 2 — h)um* + 1) > ((2h — Dum* 4+ 1)eq > 0 for h > 0. This
implies that for all 0 < & < o,

HU?’C (%T)H%rm(n)

2h+1)m*u+e [T
< B [ )

Mo — €

h—1 h—1 ,
+01[ZHU£\£HH"10(QT +Z||“tk (z,7 HHm(Q) + 1 fer 1% +T||fth+1Hoc:|’

k=0

where C is a positive constant.
Using the induction assumption, one has

h+1

||uﬁ(x,7)\|%,m(m < )\h/ ||uth x,t) ||Hm(Q dt + Cye?r—17 (147) ZHftkHoo’ (4.9)
k=0

where Cy = const > 0. Applying Gronwall-Bellman’s inequality, we obtain

h+1
gk (&, 7)oy < C5 ™7 D [l fuv s (4.10)
k=0

An

where Cs is a positive constant. We can choose 0 < & < g such that (2h+1)y > 2

for all v >~ = %”0*, because
2h+1)m*u+e  (2h+1)m*u

inf = <(2h+1
0<=< 0 2(po — €) 20 (2h+ 1)y

After multiplying ([4.10)) with e=2(?*+1) 77 then integrating with respect to 7 from
0 to T', we have the inequality

h+1

e on < C O I1fell (4.11)
k=0

||uth
(2h+1)y

where C' is a positive number, independent of N, f. Hence (4.7)—(4.8) hold for h.

Since {u } is bounded in H, (Qr) for all v > ~p, we can choose a subsequence

(2h+1)
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which converges weakly to a vector function u(® in H (’;L;LOH) "/(QT)' On the other

hand, one has
/ utth dx dt = _(1)h/ uNvg dedt, Yo e C(Qr).
T T

Passing N — oo, it follows that [, uPModedt = —(1)" Jo, wown dz dt, for all
v € C§°(Qr); i-e., u has generalized derivatives up to order h with respect to ¢t and
un = u™. Furthermore, by passing to the limit for the weakly convergent
subsequence, we obtain

h+1
[ P ) F 2 (4.12)
k=0

(2h+1)~
The theorem is proved. [l

Remark 4.2. We also have the same results of the smoothness with respect to
time variable of the solution of the system (2.3)—(2.4) if the initial function ¢(z)
is required to be in H™(f2) space and the coefficients a,, and the right side f are
required to satisfy some suitable conditions.
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