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EXISTENCE OF GLOBAL SOLUTIONS FOR SYSTEMS OF
SECOND-ORDER FUNCTIONAL-DIFFERENTIAL EQUATIONS
WITH p-LAPLACIAN

MIROSLAV BARTUSEK, MILAN MEDVED

ABSTRACT. We find sufficient conditions for the existence of global solutions
for the systems of functional-differential equations

(A®Pp(y") + B1)g(y',vi) + R(D) S (y, ye) = e(?),

where ®p,(u) = (Jui|P~tui, ..., |un|P"tun)T which is the multidimensional
p-Laplacian.

1. INTRODUCTION

There are many papers concerning various problems for ordinary differential
equations with p-Laplacian. From the recently published papers and books see
e.g. [14l 15 24] 25, 26]. The problems treated in this paper are close to those
studied in [I]-[6], [8]-[26]. The recently published paper [I0] contains some results
on the existence of positive solutions of a boundary value problem for a p-Laplacian
functional- differential equations. This paper motivated us to study the problem
of the existence of global solutions for such type of equations. This problem for
functional-differential equations of the first order on the Banach space has been
recently studied in the paper [20]. A survey of papers on this problems concerning
systems of ordinary differential equations and also scalar differential equations with
p-Laplacian and some remarks on results close to the results proved in [2I] can be
found in the introduction of this paper.

In this paper, we are concerned with the initial value problem

(A2, (1)) + Bt)g',ui) + Ry, m) = elt), t>0, (1.1)
y(t) = @o(t),y'(t) = ¢1(t), —r<t<0, (1.2)
where n € {1,2,...}, ®,(u) = (Jua[P"tuy, ..., |up [P u,)?, u € R, y, € O =

CH({=r,0),R"), %4(©) = y(t +©), y; € C = C({-7,0),R"), y;(©) = y'(t + ©),
A(t), B(t), R(t) are continuous, matrix-valued functions on Ry := (0, 00), A(¢) is
regular for all t € Ry, e : Ry — R™ ¢g : (—7,0) — R™, ¢1 : (—7,0) — R™ and
f:R"x C' - R", g:R" x C — R" are continuous mappings.
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The aim of the paper is to study the problem of the existence of global solutions
of the equation (|1.1)) in the sense of the following definition.

Definition 1.1. A solution y(t), t € (—r,T) of the initial value problem (L.1)),
is called non-extendable to the right if either 7' < oo and lim;_,7- [||ly (&) || +]v' (®)]|] =
o0, or T' = oo, i.e. y(t) is defined on (—r,c0). In the second case the solution y(t)
is called global.

We shall use in the sequel the norm ||z|| = maxo<;<n || of 2 = (21,22,...,2,) €
R™. The main results of this paper are formulated in the following theorems.

Theorem 1.2. Let m > p,m > 1, A(t), B(t), R(t) be continuous matriz-valued
functions on (0,00), A(t) be reqular for allt € Ry,e: Ry — R™, f,g:R" — R"™ be
continuous mappings and oo € Ct, 1 € C, vo(0) = yo, ©1(0) = y;. Let

/OOO IR (s) 5™ 1ds < o0 (1.3)

and there exist constants K1, Ko > 0 such that
lg(u, V)| < Kx([[ull™ + [[0|&), [If(u,0)| < Ka(ul™ + [v]&), (1.4)
Jor all (u,v) € R™ x C. Let Ase = SuPg<icoo |AM) 7, Roo = [y~ [IR(s)] ds,
t t
By = sup / |IB(7)||dT < 00, Es := sup / lle(s)|lds < oo
0<t<oo JO 0<t<oco JO
and
m-—p m-—

t
7 sup / F(s)ds < 1, (1.5)
p 0<t<o0 JO

where
¢:= Acc{||A(0) @, (y1)]| + 2" Kl p1||& Boo
+ 2" K (|lyo ™ + (leolle + llgoll) ™) Roo 3,
Pt) = mezAw/ IR(s) 5™ 1ds + (2™ + 1)K A || B
t
Then any nonextendable to the right solution y(t) of the initial value problem (1.1),

(1.2) is global.

Due to the continuous Jensen’s inequality, Theorem [I.2]is valid for m > 1 only.
A similar result is stated in the following theorem in case m < 1 under stronger
assumptions.

Theorem 1.3. Letm >p > 0,0 <m <1, A(t), B(t), R(t) be continuous matriz-
valued functions on Ry, A regular for allt e Ry, e: Ry — R", f,g: R"™ — R" be
continuous mappings and g9 € C1, 1 € C, po(0) = yo, p1(0) = y1. Let constants
K1, Ky > 0 exist such that

lg(u, v)|| < Kx(lull™ +[loll&),  [1f(w o)l < Ka(llul™ + v]|E)

for (u,v) € R™ x C. Let

_ m—p t
u(}l P sup / Fi(s)ds <1,
D 0<t<oco Jo
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where Bo, and E«, are given in Theorem[I.3.2 and
C1 = A {|A0) Py (y1) | + 27 Killn &
+ 2" Ko Reo ([lyoll™ + (lloll + llyolD™) } »
Fi(t) = (2" + 1) A K1 || B(t)|| + 2™ Ao K| | R(£) [t .
Then any nonextendable to the right solution y(t) of the initial value problem (1.1),

s global.

The above theorem solves the problem in case m < p.

Theorem 1.4. Let p > 0, 0 < m < p, A(t), B(t), R(t) be continuous matriz-
valued functions on Ry, A regular for allt € Ry, e: Ry — R™, fig: R* - R"
be continuous mappings and oo € C1, o1 € C. Let constants K1, Ko, K3, K4, K
and Kg exist such that

lg(u, )| < Ky (lull™ + [0ll&)  [1f (o)l < Ko (|lul™ + [JollE)
for [lull =1, Jvfle =1,
lg(u, v)[| < Ksllul|™, [If(w o) < Kallul™  for [ul] =1, 0 < [lv]lc <1
and
lgCu, )l < Ksllol, [ F(w0)| < Ksllollz for 0 < [lull < 1, [olle > 1.

Then any nonextendable to the right solution y(t) of the initial value problem (1.1),

is global.

A special case of the equation (1.1)) with g, f independent of y; and vy, respec-
tively, i.e. the equation

AP, (y") + B(t)g(y') + R(t) f(y) = e(t), t=>0, (1.6)
and with the initial conditions
y(0) =wo, ¥'(0)=m (L.7)

has been studied in the paper [2I]. A similar theorem to Theorem on the
existence of a global solution of the initial value problem (|1.6), (1.7 is proved
there. It is assumed there that there exist positive constants K7, K5 such that

lg()l < Kaiflull™,  [f ()| < Kaull™, v e R", (1.8)

where the constant ¢ and the function F(t) are defined in [2I] Theorem 1.1] as
follows:

¢ = % A {[|A(0) @, (y1)|| + 277 Kallyol| Rec + Eoc }4 (1.9)
F(t) == K[| B@)| + 2m*1Kz/ IR (s)]|s™~"ds, (1.10)
t

|lw]|| is the Euclidean norm of w € R™. If the condition (1.8) and one of the
assumptions 1., 2. of [2I, Theorem 1.1] (with ¢, F' defined b and (L.10)) is
satisfied, then a solution of the initial value problem , is global.

We remark that in [2I, Theorem 1.1] there is a misprint. There must be Ao =
SUPo<<o0 || A() 1| instead of As = supoe; <o [[A() 7|7
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Corollary 1.5. Consider the differential equation
y" =t"y|" sgny (1.11)

withm > 1. Thene > 0 exists such that a solution of the problem (1.11)), |y(0)] < e,
|y’ (0)| < € is defined on Ry if and only if

a<-—m-—1. (1.12)
Corollary shows that condition (|1.3) cannot be weaken, the integral cannot

be infinite.

2. PROOFS OF THE MAIN RESULTS

Proof of Theorem Let y : (—r,T) — R™ be a nonextendable to the right
solution of the initial value problem (1.1f), (1.2) with 0 < T < co. If we denote

u(t) = y'(t) for t > 0, then y(t) = yo + [, u(7)dr and we can write (L.1)) as

@y (u(t)) :A(t)’l{A(O)sﬁ(yl)*/o B(s)g(u(s), ys)ds

-/ R(5) o + / " u(r)dr, g,)ds + | st =o.

We need to estimate |lys||c and ||y.||c. From the definition of the shift operators
we have

lyslle = _max_ ly(s +©O)[ = max{pi(s), p2(s)} < p1(s) + pa(s).
where

pils) = max_[lyls +O)| < ol

5+0
pa(s) = max [ly(s +©)]| < max {[lso]l + / lu(m)lldr} < llyol

S
+ [ s
0
and this yields
lyslle < llgolle + llvoll +/O [u(r)[|dT . (2.1)
We can estimate analogously ||y/]|:

Ivjle = max /(s + ©)]) = max{a1(s). 02(s)} < o1(s) + 0a(s).

where
!
— @ — () <
oi1(s) = 7r§Hsl%a~)(E)§0 ly'(s+0O)| = 431151?»)(5)@ le1(s +O)| < llerlles
= m "(s4+0)|=m +0)|| < m .
o2(s) S+§§0”y (s )i s+g§0||u(s )< 053%{3"”(7)”

Thus we have

e < . 2.2
lille < leillo + max flu(r)] (22)
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From (1.1)), the inequalites (2.1), (2.2) and the assumptions of the theorem we
obtain

12, ()] < [|A®) {1 AO0) 2y (y1)]] +K1/0 [B(s)][ lu(s)[I™ds

w6 [ 1B (Ul + ga, fu(r)l)"as 23)

Ko [ 1R+ [ utrdras+ K [ 1RO lvle
ol + [ u(r)ar]"ds) .

Now applying the continuous and discrete versions of the Jensen’s inequality (see
[I7, Theorem 2, Chapter VIII] and the Fubini theorem in a similar way as in the
proof of [2I, Theorem 1.2] we obtain the inequality

¢ ¢
v(t)P < c+/ Fi(r)v(r)™dr —|—/ F5(7)[ sup v(7)]™dr, 0<t<T,
0 0 0<s<r

where ¢ is given in the theorem and v(t) = ||u(t)||. If we denote by G(t) the right-
hand side of this inequality then v?(s) < G(t) for s < ¢ and therefore we obtain the
following inequality for w(t) := supy<,<; v(c):

t
w(t)’ <c +/ F(rw(r)™dr, 0<t<T,
0

where F' = F} + F5 is the function from the theorem. From [21l Lemma] it follows
that M = supy<, 7 [|[u(t)|| < oo and since w(t) := supg<, <, [[u(o)| we obtain that

for the solution y(t) = yo + fot u(s)ds of the initial value problem (1), (2) we have

limy - [ly(t)]] < limy_z- (|lyoll + tsupg< st lu(s)]]) < co. Thus we have proved
that lim, 7 [|ly(t)]] + ||’ (®)|]] < o0, i. e. the solution y(t) is global.

Proof of Theorem Let y : (—r,T) — R™ be a nonextendable to the right
solution of the initial value problem (L)), with 0 < T' < oo and u(t) = y/(¢)
for t > 0. Then holds. Denote w(t) = maxo<s<¢ [|u(s)]| 0 <t <T. Then
and the inequality

(Ap+ -+ A)F <TFAT + .. A7) (2.4)
for Ay, Ay,..., A1 >0, k>0 yield

t
I, ] < G 1A, ()l + K1 [ 1B(s) ™ (5)ds
t
P2 2B+ 2Ky [ B () des
0
t
42" a0l B + 27K [R50 () ds
0

t
+ 2" Ka([leolle + llyoll)™ Roo + 2’”K2/ [R(s)[|s™w™ (s) ds} .
0
Hence,

wP(t) < Cy —|—/0 Fi(r)w™(r)dr,
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where Cy and Fj are given in Theorem and the rest of the proof is the same
as in the end of the proof of Theorem

Proof of Theorem 1 - Let y (—r,T) — R™ be a nonextendable solution of the
initial value problem (L.1)), (1.2) with 0 < T' < oco. If we denote u( ) = y/'(t) for
t > 0 and ©o(0) = yo, <p1(0) = yl, then the estimations ) and (| are valid.
Let w(t) = max (1,0121?§t |[u(s)||). Furthermore,

lg(u, v)[I < Kaljul™ + Kalolle + Kslul™ + Ks[lv]|¢

m m 2.5)
max = K-(||lu]|™ + [[v]|& + 1 (
s g0l = Kl + @ + 1)
on u,v € R™ x C with
K7 =max {K; + K3, K1 + K5, max
7 { 1 3, 441 5 HuHSLHch<1”g ||}
Similarly,
1S (w, )| < Ks(llul™ + [lo][& + 1) (2.6)
on u,v € R" x C with
Kg =max{ Ky + K4, Ky + Kg,
® (ot Ko K lu \|<1 < 1ol

Then (2.1)), (2.2)), (2.5), (2.6), the equation (1.1)) and the assumptions of the theorem
yield

[, ()] < AG 1A, ()| + K / 1B(s) ™ (s) ds
s / 1Bl (e lle + w(s)™ + K / 1B(s)]| ds
K / 1R(s) [ (Ilwoll + sw(s))™ds + K / 1R(s) I [llollc + lol

+ sw(s)]"ds + K /075 | R(s)|| ds} .

(2.7
From this, the inequalities (2.4]) and w(t) > 1, we have
¢ ¢
wP(t) <1+ H +/ Fy(s)w™(s)ds < H+1 +/ Fy(s)wP(s)ds (2.8)
0 0
for t € [0,T), where
T
_ -1 m
1= s A0 A0l + "l + D7 [ 15(s)as

+Ks(2m\|yo||m+2m(||<po||c+IIyoH)m+1)/ IR(s)[| s},

Fy(t) = max [[A@)7[{(2™ + DE7||B@)] + 2" Kst™ | R(t)][} -

0<s<T

Hence, (2.8) and Gronwall’s inequality yield w(t) and y/(¢) are bounded on (0,T).
As according to y(t) = yo + fo 7)dr, y is bounded on (0,7T), too, y cannot be
nonextendable. The contradiction proves the statement.

Proof of Corollary The sufficiency of (1.12]) follows from Theorem and
the necessity of (1.12)) follows from [22] Theorem 17.3].
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