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ASYMPTOTIC BEHAVIOR FOR A DISSIPATIVE PLATE
EQUATION IN RY WITH PERIODIC COEFFICIENTS

RUY C. CHARAO, ELENI BISOGNIN,
VANILDE BISOGNIN, ADEMIR F. PAZOTO

ABSTRACT. In this work we study the asymptotic behavior of solutions of a
dissipative plate equation in RY with periodic coefficients. We use the Bloch
waves decomposition and a convenient Lyapunov function to derive a complete
asymptotic expansion of solutions as t — co. In a first approximation, we prove
that the solutions for the linear model behave as the homogenized heat kernel.

1. INTRODUCTION

The aim of this paper is to study the asymptotic behavior, for large time, of
solutions of the following Cauchy problem associated with vibrations of thin plates

and beams
g + A%u + aAug + bAuy, =0 in RY x (0, 00)

(1.1)
u(z,0) = @o(x) ,  w(x,0) = p1(z).
Here, a and b are positive constants and A is the divergence operator
0 0
A= 7—< 7) 1.2
8$k akg(x) 8.%@ ( )

where the coefficients {akg(:r)}fc\fezl are Y-periodic, with Y =0, 27["Y and
are € LE(Y) ={¢ € LR"); ¢(x + 2mp) = ¢(z) Vo € RV ,Vpe ZV}. (1.3)
We also assume that the operator A is elliptic and symmetric, that is

Ja > 0such that age(x)mene > aln)?, ¥V € RY | ae. x € RY;

(1.4)
Ay = angk,Z = 1,2,...,N.
The energy associate with the problem (1.1]) is given by
1 9 9 Oouy Ouy
and satisfies the dissipation law

dE Ou; Ou

— = b [ |AY?udt = b — L dz. 1.6

dt /RN ‘ Ut| RN ake(x) Oz Oxyp v ( )
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This indicates that the term bAw; in the equation in plays the role of a
feedback damping mechanism. Consequently, F(t) is a nonincreasing function and
the following basic question arises: Does E(t) — 0 as t — oo and, if yes, is it
possible to find the decay rate of E(t)?

An important model associated to is the nonlinear plate equation with
periodic coefficients

u + A%+ aAuy — M(/ \A%u|2dx)Au +bAu; =0, inRY x (0, 00),
RN

u(@,0) = po(z), w(x,0)=pi(r)

(1.7)

where M = M(s) > 0 for all s. When n = 1 such a model is a general mathemati-
cal formulation of a problem arising in the dynamic buckling of a hinged extensible
beam with infinite measure under an axial force. If n = 2, equations in repre-
sent the “Berger approximation” of the full dynamic von Karmén system modelling
the nonlinear vibrations of a plate. A rigorous mathematical justification for this
fact was given in [I5] where it was shown that the limit is a linear plate model, i.e.,
M =0.

Roughly speaking, when the medium is homogeneous, i.e., the coefficients are
constant, the plane waves e’¢'* serve as an effective tool for transforming the differ-
ential equation into a set of algebraic equations. If the medium is periodic (which
is true in the present case) there exists an exact theory, by which the response of
the medium can be obtained, that serves the same purpose. This method is based
on Floquet theory in ordinary differential equations, and known in the waves liter-
ature as Bloch waves decomposition. Simply put, Bloch waves decomposition gives
a representation for the solution of the problem in terms of an eigenvalue problem.
These waves were originally introduced by Bloch (see [3]) in solid state physics in
the context of propagation of electrons in a crystal. Since that time, several ques-
tions and properties of periodic media were translated in terms of Bloch waves.
We refer to [6] for a wide variety of applications in the vibrations of fluid-solid
structures and to [I] and [20] for additional references on Bloch waves.

Equations of fourth-order appear in problems of solid mechanics, in particular,
in the theory of thin plates and beams. Also, elliptic equations of fourth-order
appear in problems related with the Navier-Stokes equations (see Mozolevski-Siili-
Bosing[14]). The model we are considering here is an optional one since, in some
cases, the vibrations of thin plates are given by the full von Kérman system which
have been studied by several authors (see, for instance, Lasiecka [I1], [12], [I3],
Koch-Lasiecka [9], Puel-Tucsnak [18]).

In this work we are interested in using Bloch waves decomposition to study the
asymptotic behavior of the solutions of the linear model . For we are going
to prove that, in a first approximation, the solutions behave as a linear combination,
at some order k, depending on the initial data, of derivatives of the fundamental
solution of the homogenized heat equation modulated by periodic functions. By
homogenized heat equation we mean the underlying parabolic homogenized system

0%u
- - . RN
02,02, 0, in x (0, 00),

u(x,0) = dp(x),

Ut — qke (1.8)
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where dp(z) is the Dirac delta distribution at the origin and {qu}]k\f s—, are the
homogenized coefficients associated to the periodic matrix with coefficients —
. We remark that the homogenized coeflicients gy associated to the periodic
matrix a are given by (see [I] and [19])

1 / 1 / Oxe
ke = 77 akldy + Am dyv 1 < ka 14 < N (19)
|Y| Y |Y| Y OYm

where x; is the solution of the Y-periodic elliptic problem

9 ( 8Xi) _ Ja5 (1.10)

—_—— a =
8xk ke 8.%5 ayz
where x; is Y-periodic, and 1 < j < N. The solution x; of this equation is
uniquely determined up to an additive constant. Moreover, the homogenized matrix

{(Ju}ﬁ{ ¢—1 given in (1.9) is symmetric, that is,
qke = Qe (1.11)

and elliptic with the same constant « of ellipticity for the matrix {akg(x)}fx -y in

(1.2), that is
Qrelre > ofé)?, € eRN. (1.12)

We refer the reader to [4] and [5] for more details on homogenization.

A similar analysis was done in [16] by J.H. Ortega and E. Zuazua. In this article,
the authors obtain a complete asymptotic expansion (for large time) of the solution
of linear parabolic equations with periodic coefficients and L!(R™) N L%(RY) data.
Such problem is somewhat surprisingly related to the problem of homogenization
of parabolic equations with periodically oscillating coefficients. This is one of the
effects of the scaling laws present in such equations. Furthermore, these scaling
laws transform the original initial data to another one approximating Dirac mass.
Thus, the large-time behavior of the solution is governed by that of the fundamental
solution of the homogenized equation, a fact which is already known from the work
of G. Duro and E. Zuazua [§] (see also [7]). Exploiting this idea we address the same
issue and we prove the main result of this paper, i.e., we conclude that the solutions
of (L.1) behave as the homogenized heat kernel, as ¢ — co. In fact, equation in
n be viewed as a “perturbed” heat equation

Ut + Au = —A_l(I + A)utt

and, according to our analysis, the behavior of solutions as, ¢t — 0o, does not change
in a first approximation. It is also possible to see the influence of the first eigenvalue
due to the presence of the operator A~' on the right hand side of the above equation.
Thus, our result is not so similar to the asymptotic expansion obtained in [I7] for
dissipative wave equation with periodic coeflicients and in [2] where the Benjamin-
Bona-Mahony equation with periodic coefficients was considered. Moreover, the
asymptotic expansion for the plate equation depends on two waves given by two
Kernels that will be defined latter. In addition, from the decomposition described
above it is possible to see that the total mass of the solution is given by the first
term in the asymptotic expansion.

We observe that the Bloch waves decomposition provides an orthogonal decom-
position of L?(R™). Therefore, our results is established in the L2-setting with
LN LYRY) x H=1 N LY(RY) initial data.
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2. MAIN RESULT

The well-posedness of ([L.1)) under the conditions (1.3 and (1.4) can be obtained
writing (1.1]) as an abstract evolution equation in the space of finite energy
H=H*RY) x H'(RY)
with the inner product
~ - - - ov 0V
((u,v), (4, 0))p = uadr + AuAudr + vodr + a ape(r)=— =—dx,
RN RN RN RN 8xk aZL'[

with {a;d(x)}kj\’,l:1 as in (1.3) and (1.4)), whenever (u,v), (,?) € H. Under these
conditions the operator associated to (|1.1]) is maximal and dissipative on H. Then,
Lummer-Phillip’s theorem guarantees that the operator associated to (1.1)) is the
infinitesimal generator of a continuous semigroup. Thus, we deduce that for any
initial data (g, 1) € L2(RY)x H=1(RY), problem (1.1]) has a unique weak solution
u = u(zx,t) such that
u € C(RT, LA RY)) ncY(RT, HH(RY)).
Let us now state the main result of this work.

Theorem 2.1 (Asymptotic expansion). Let the initial data ¢° € L*(RV)NLY(RY)
and o* € H-Y(RN) N LYRN) with |2[Fo% (), |z[Fe(x) € LYRYN) for some fived
integer k > 1. Let u = u(x,t) be the solution of with b # 4. Then, there exist
periodic functions c,(-) € LE(Y), la| <k, i = 1,2 and constants dj,,, i = 1,2,
depending on initial data and the coefficients axy such that

Jut= > {ca<~>[0a<~,t>+il Sl OIDY @G (+1)]

lal<k m=0 |B|=4n-+2m

veofeitory C S S @6}

n=1 m=0 |B|=4n+2m

L2(RN)

2k+N-—2

<Cpt™ =
as t — oo, where Cy, is a positive constant depending on k, the initial data and the
coefficients age. The integers p = p(«) and py = p1(a, n) are given by p(a) = [k%ml]
and p; = p(a) — n. The functions G (x,t) are defined by

Gi(w,t) = / g1g| 2 T St e o] < .
RN

Here, qre are the homogenized constant coefficients associated with the matriz a =
{akg(g)}i\{[:l, as e — 0.
Remark 2.2. When b? = 4 the asymptotic expansion is the same, except for the

2k4+N—-4

fact that the decay rate is t—~ « . This can be seen in the proof of Lemma

It is important to observe that the convergence result given by Theorem 1.1
indicates that the solution u of can be, roughly, approximated at any order
by a linear combination of the derivatives of the fundamental solution of the heat
equation, modulated by the periodic functions.

Here, as in the previous works, to obtain the main result we use the Bloch waves
decomposition. This is done following closely the work of Conca and Vanninathan
[5] which shows how classical homogenization results may be recovered using Bloch
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waves decomposition for elliptic equations. As we shall see, when deriving higher
order asymptotic results for , two types of terms appear: first, we get those
terms that are provided by the moments of the initial data and then, those that are
generated by the microstructure. This second contribution may be obtained by a
careful analysis of the first Bloch mode. The contribution of the higher Bloch modes
may be neglected since they provide terms that decay exponentially as t — oo,
which is in agreement with the elliptic results of [5].

The rest of this work is organized as follows: The next section contains the basic
results on Bloch waves. In Section 3 we present some technical lemmas that we use
in the Section 4. Section 4 is devoted to the asymptotic expansion. In Section 5
we prove the main result of this work, i.e., Theorem

3. BLocH WAVES DECOMPOSITION

In this section we recall same basic results on Bloch wave decomposition. We
refer to [4], [5] and [20] for the notations and the proofs.

Let us consider the following spectral problem depending on a parameter £ € R :
to find A = A\(¢) € RY and a function v = 1 (x, £) not identically zero, such that

AY(-,€) = MEP(-,€) mRY
P(+,€)is (£,Y)-periodic; i.e., (3.1)
Yz +2rm, &) = ¥ EY(2,6) YmeZV, zeRY,

where i = /—1 and A is the elliptic operator in divergence form given in .
We can write ¥(x,&) = e®$¢(z, &), ¢ being Y-periodic in the variable 2. From
(3.1) we can observe that the (£, Y')-periodicity is unaltered if we replace by (64n),
with n € ZV. Therefore, £ can be confined to the dual cell Y’ = [-1/2,1/2[".
From the ellipticity and symmetry assumption on the matrix {ak,g(l‘)}i\{ o1 1t is
possible to prove (see for instance [I]) that for each £ € Y’ the spectral problem
admits a sequence of eigenvalues { A, (§) }men with the following properties:

0<M(E) € S An(€) - — Foc,

3.2
Am (&) is a Lipschitz function of £ € Y/, V.m > 1. (3:2)

Besides, the sequences {¢n,(,€)},,cn and {¢m(z,€)}men of the corresponding
eigenfunctions constitute orthonormal basis in the subspaces of L7 (RY) which
are (¢, Y)-periodic and Y-periodic, respectively. Moreover, as a consequence of

min-max principle we have that
2 An(€) =2 M@ =M >0, VeeY! (3.3)

where AYY is the second eigenvalue of the operator A, given in (3.2)) in the cell Y
with Neumann boundary conditions on JY".

The Bloch waves introduced above enable us to describe the spectral resolution
of the unbounded self-adjoint operator A in L2(RY), in the orthogonal basis of
Bloch waves

{thm(2,6) = €™ (2,6) :m > 1, £ €Y'},

The result related to this subject is as follows.



6 R. C. CHARAO, E. BISOGNIN, V. BISOGNIN, A. F. PAZOTO EJDE-2008/46

Proposition 3.1. Let g € L?>(RY). The m-th Bloch coefficients of g is defined as
follows:

(€)= [ | o@)e™ ™ Gl do W21, €€

Then, the inverse formula

o@) = [ 3 im(©e o (a1

and the Parseval’s identity

z)|?dx = 3 Gm (6)]? .
[t = [ 3 @ as (3.4)

hold. Furthermore, for all g in the domain of A, we have
Ag@) = [ 3 A ©am(©e™ <o (w, )
m=1
and, consequently, the equivalence of norms in H'(RN) and H=Y(RY) given by

Hgllip(RN):/ S (14 An(©) G (©)Pde, s=1,-1.
Ylm:l

Remark 3.2. Observe that Parseval’s identity guarantees that L2(RY) may be
identified with L2(Y”, ¢?(N)).

The following result on the behavior of A1(§) and ¢4 (x, &), near £ = 0, will also
be necessary in this work (see [4] and [5]).

Proposition 3.3. We assume that {otkg(ac)}kj\f[:1 satisfy the conditions (L.4). Then
there exists 61 > 0 such that the first eigenvalue A1 (§) is an analytic function on
Bs, :={£ €Y' |{| < &1}, and there is a choice of the first eigenvector ¢1(-, &) such
that

€= d1(€) € LE(Y) N Hy(Y)

1s analytic on Bs, and

b 0) = V= i aeRY.
Moreover,
AMO0) =0, 9M(0)=0, 1<k<N,
SRMO =g, 1<RESN,
0%A1(0) =0, Va such that | is odd
and

alé)? < M(€) < wl€]?, €€ Bs,, (3.5)

where ¢1 and co are positive constants.
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4. ASYMPTOTIC EXPANSION

We begin this section with a basic lemma on asymptotic analysis and some technical
results which will be useful in the proof of the asymptotic expansion of solutions of
(1.1). For the proofs, we refer to [16], [I7] and [4], respectively.

Lemma 4.1. Let ¢ > 0. Then
/ et gk de ~ Ot ", Yk e N, (4.1)

~

as t — 400, where Cy, is a positive constant which may be computed explicitly.

Lemma 4.2. Let ¢ € L*(RY) be a function such that |z|*¢ € LY(RYN). Then its
first Bloch coefficient $1(€) belongs to C*(Bs), with Bs a neighborhood of & = 0
where there first Bloch wave ¢1(-,€) is analytic.

Lemma 4.3. Consider the function
Go) = [ 9O ulaO)de, o€ BY (42)
where g € L2(Y') and w € L™ (Y’,Li(Y)). Then G € L*(RY) and

G ey = [ 106 Pluwt )y s

Next, we want to compute the Bloch coefficients of the solution u of (1.1) and
derive a result on the dependence of such coefficients with respect to the parameter

€.
Lemma 4.4. Let u = u(z,t) be the solution of (1.1)). Then,

uwt)= Y [ (e O (e RO o, )l (43)
m=1

with
1 _ (14 arm(8))a2, (&) .0 14+ alm () A1
Il = OV =20 @) " T AOVE 31+ arn (D) *”’:4 \
2 ey _ _ (1+ adm(§))as,(§) S0 1+ arm(§) A1
) R OVE A0 @) T A @V 10+ ar ) o

where @0, and L. are the Bloch coefficients of the initial data oo and @1, respec-
tively. The functions o}, and o2, are given by

b= /B =41+ adn(9))
2(14 arn(€))

b+ /B2 — AT+ adn(€))
2(14 arn(€))

Proof. Since u(z,t) € L2(RY) for all ¢ > 0, we have

wet) = [ (€06 G, ) (7)

am (€) Am(§),

a7 (6)

Am (£)-
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where 1, are the Bloch coefficients of u = u(x,t) given by Proposition Fur-
thermore, since

A5, (@) = AT Gn(.0) = An(E)e™ G (2,0)

and {¢n, (x, -) }men is orthonormal, it follows from (|1.1)) that the functions ,,(§,t)
satisfy the following ordinary differential equation

(L+ aAm () 0 tim (£,) + A2, (E)tim (£,1) + DA () Dyl (€, ) = 0,
in Y’ x (0, +00) (4.8)
am(g,O) = ¢9n(£)7 8tﬂm(§70) = @in(f)a 5 S Y’, t>0

for each m > 1. Solving the differential equation above we find

i (€, 1) = BL (€)™ m Ot 4 52 (g)e™0m (Ot (4.9)

where {a’(¢)}, i = 1,2, are defined by (4.6) and they are the two roots of the
characteristic equation

(14 aAn (€)1 + bAp (E)r + A2, (€) = 0. (4.10)
It is easy to see that the terms 3! and 32, given in ([4.4) and (4.5)), respectively,
are obtained in order to satisfy the initial data in (4.8]). O

Since a}(€) and o (€) are also defined by (4.6) we use Proposition [3.3| to obtain
the following result.

Lemma 4.5. Assume that the {akg(x)},lxg:l satisfy (1.4). Then, there exists 6 > 0

such that the functions o4 (&) and Bi(€), i=1, 2, defined in (.4)-([.6) are analytic
functions on Bs :={¢£ € Y’ |£| < 0}. Furthermore, ol (&) and o (€) satisfy

esl€|* < lai(§)] < colé®, V€€ Bs, (1)
crl€l* < [af(§)l < esl®, V€€ Bs '

and ' '
ai(0) =0rai(0) =0, k=1,2,...,N,i=1,2

9Pai(0) =0, V3 such that |0 is odd, i = 1,2
Reo1(0) = (b —Vb? - 4) e, k0=1,2,...,N (4.12)

82,02(0) = (b + V0 74) Qoo ki l=1,2,... N
where c5, cg, ¢y and cg are positive constants.

Proof. Let 0 < § < 61, with §; given by Proposition [3.3] Then we can consider two
cases:

(a) If b2 > 4 we choose § > 0 satisfying b? — 4 — 4acy6?® > 0. Then, for |¢| < 4,
Proposition [3.3] give us that

b= /B2 — 41+ a)(9))
a 2(1+aM(§))

(b— Vb2 —4) c1¢)?
2(1 + ac20?)

a1 () A(6) > = c3/¢)?

and
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(b) If b2 < 4 we can choose any J < §;. Then, since

1(5)_[ b /P AT+ aN(9)
YT R0ran©) T 20 +an(©)

it is easy to see that there exist positive constants cs and cg such that

csl€* < [en(€)] < eglgf®  for [¢] < 4.

A (6) )

In the same way we can obtain ¢; > 0 and cg > 0 satisfying
crlél? < lof(€)] < esléf® for [¢] <o

with § > 0 as given in (a) or (b). The second part of the Lemma is straightforward
and follows from Proposition [3.3 g

The next steps are devoted studying the asymptotic behavior of the Bloch coef-
ficients of the solution u computed in Lemma [£.4]

4.1. Bloch components of © with exponential decay. First, we prove that the
terms in corresponding to the eigenvalues A, (§), m > 2, decay exponentially
to zero as t — oco. Then, we show that the term corresponding to A (£) also goes
to zero exponentially, whenever ¢ € Y'\Bs = {£ €Y', |¢] > §}.

Lemma 4.6. Let @, = G, (€, 1) be the Bloch coefficients of the solution u = u(x,t)
of (1.1). Then, there exist positive constants ¢ and vo such that

|3l tPde < oo (160 Zaen, + I s amy) (413)

m>2
for all t > 0.
Proof. We consider the Liapunov function associated to ordinary differential equa-
tion in (4.8)
where

i 2 A 2
E == g
n(&0) = 5[ hin (& 1+ 7 a6 07 .
— g - bAm, .
Foul6.1) = Wn (€.1) Qi (€.8) + 2L i (1)

20+ ara (@)
Then, since A, (&) > A\ >0,V m > 2, we have

|Lm(§7t) - Em(&t)‘ = E|Fm(£ﬂt)|

< & [l € D0 (6.0 + 5773 sl (€)F]
()

N 1+ ar,(§)
[y 6O+
bAZ,(€)

203 (1 + aAm(€))

Cef L b AL
=3 A T aon©

IA

|0yt (€, 1))

[ (&, )2

1+ ar,(§)

[ (&, 8)]* +
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Moreover, due to

14+ arm(8) 1 a
Q) S )y Ay mER
we obtain
|Lm(€7t) - Em(€7t)|
€ b A2.(¢) R 9 1 a N 9
< 5[( + @) mlum(&t)l + (()\QT)Q + @)} |0t (€,1)]
for all m > 2. Thus,

with ¢g = max {(/\2%)2 + ﬁ , 1+ ﬁ} Consequently, for 0 < € < % we have

0<(1—eco)Em(&t) < Lm(§,t) < (14eco)Epl(&, ). (4.16)

Now, we claim that
O Lm(&,t) < —cLm(§,1) (4.17)

holds for some positive constant ¢ independent of £, whenever m > 2. To prove
this claim we proceed as follows:
Multiplying the equation in (4.8) by @m (€, ), we have

A
14+ arn,(8)
Next, we multiply the equation in 1) by Ot (€, 1) to obtain

bAm (&)
1+ arn,(§)

Then, multiplying (4.18) by ¢ and adding with (4.19)) it results

2
OLn(6.0) = (== ot ) Prim (€ 0P — 5

On the other hand, since \,, (&) > A\Y >0, Vm > 2, we get

N
)‘2 < Am(&) < 17
T+a\y — 1+ar,(§) ~ a

O Fm(§,t) = [t (&, 8)[* + |yt (&, 1)]*. (4.18)

atEm(ga t) = - |atam(£7 t)|2 . (419)

lUm (€, )7, (4.20)

Vm>2.

}, where c¢q is given in (4.15)),

N
Consequently, choosing 0 < &€ < min {ﬁ , %
2

we deduce that
ath(€7 t) < —c Em(ga t) (421)

for some positive constant ¢ = ¢(¢). Now, combining the above inequality and

(4.16) the following holds
En(£:) < coEp(€, 0)e"" (4.22)

for some positive constant vy which does not depend on ¢ and £ and ¢y = 1'_"7223 > 0.
Recalling the definition of E,,(§,t), from (4.22) we deduce that

A (€) An (6)

TH arn(@) i (€, 8)]* < co {|8tﬁm(§,0)|2 + TT arn(€)

[ (02 ™"
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Due to A, (&) > AY, for m > 2, there exists a positive constant cjo such that
1+ a)\m (5) C10

NG S itamE M

Then, we obtain that

(&0 < {73 g P (OF + cal (O e

where ¢}, (€) and @2 (€) are the Bloch coefficients of the initial data ¢; and ¢,
respectively. Consequently, according to Proposition [3.1]

|3l 0P de < ¢ [l s am, + 1671 amy) (4.23)
m>2
for ¢ > 0, where ¢ > 0 is a constant which does not depend on £ and t. O

Lemma 4.7. Let 41(&,t) be the first Bloch coefficients of the solution u of (L1.1))
given in . Then, there exist positive constants ¢ and v1 such that

/ L L e T e O
5

for all t > 0, where § is given in Lemmal[{.5 and satisfies 0 < 6 < 61, with 61 as in
Proposition [3.3

Proof. To prove (4.24) we argue as in the previous lemma. But, instead of using
the fact that A, (£) > A >0, V€ € Y and m > 2, we use the fact that ¢;|¢[? <
A1 (€) < ep|€|? for all € € Bs (see Proposition . O

4.2. Bloch component of u© with polynomial decay. According to the previous
analysis, To prove the asymptotic expansion of the solution w(z,t) of (1.1, it is
sufficient to analyze

I(a,t) = /B [BL©)e™ O 4 g()eod O g (2, 6)de (4.25)

with 6 > 0 given in Lemma [L.5] since the other components of u, in particular
the term fy,\ Bs i1 (€,1)|?d¢ decay exponentially. The asymptotic expansion of
the solution is obtained from the term in (4.25). To analyze I(z,t) defined above
we make use of classical asymptotic lemmas and assume that the initial data ¢° €
LXRM)NLY(RY) and ¢! € H~HRYN)NLY(RY) are such that |2[*p°(z), |z|F ! (z) €
LY(RY) for some k > 1. Under these conditions the first Bloch coefficients (9 (€)
and ¢1(€) of the initial data belong to C*(B;s), which is crucial in the proof of
the asymptotic expansion. Indeed, a further Taylor’s development of the first term
in the asymptotics shows a connection with the fundamental solution of the heat

equation.
In this way, we begin by considering
1 )
J(x,t) = / e O [dhe O @2 O gy (2, )ds (4.26)
B; M(E) el <k
where 1 1
i = 50 (MB1) (0) and d2 = 50" (MBE) (0), a e NV

which are the Taylor’s coefficients of 51 (£) and 37(£) around & = 0, respectively.
Then, we have the following result.
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Lemma 4.8. Let ¢° € L?(RY) n LY(RY), o' € HYRN) N LY(RY) such that
|z|* 10 (2) and |z|[*Tlpl(z) € LY(RYN). Then, there exists § > 0 and a positive
constant ¢ such that

2kEN—2

(1) = J( )l pe@ay < cpt™ 3 (4.27)

as t — oo, where I(x,t) and J(z,t) are defined in and , respectively.

Proof. By the assumptions on ¢°(z) and ¢!(z) if follows that ¢9(£) and ¢1(€) €
C*+1(Bs). According to the proof of Lemma 0 < § < 6; satisfies

bs = b2 —4 —4dacyd®> > 0if b2 >4 or &> 0 is any value if b2 < 4,
where co and §; are given in Proposition [3.3] This allows us to conclude that

b — 4 —4da) (&) > bs if b* > 4;

4.28
b2 —4—da(§) <V —4<0 ifb* <4 (4.28)

whenever £ € Bs. Here, we observe that

(&) = M(€)P1(6)

1 [b+ V2 —4(1+a)\ ()

ML 262 =4 (1 + ari(€))
14+ aXi(§)

V0?2 =4 (1 +ai(€))

I~
@ Ao

¢1(£) (4.29)

and

2(6) = 1 {_b+\/b274(1+a)\1(5))
PN 2\/b274(1+a/\1(€))
6 g (430

VB =41+ an ()

_ 1
- gl

Since A1(€) is analytic and @0, ¢! € CF+1(By), we have 8L, 32 € CH+1(By), for
0 > 0 sufficiently small. Then, we can write

BHE) =D die™ and Bi(E) =) de°

lo| <k || <K

M(€)P1(6)

ol o 22
where d} = %1!(0) and d? = %1!(0). Thus, from Taylor’s expansion we obtain
positive constants ¢; and ¢z, depending on the integer k, such that
31 1 S1 ekl
BLE) = > dag®l < kel
|| <K

B2 = > digr < é f¢Ft

lal<k

(4.31)
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for all £ € Bs. Consequently, from Parseval’s identity (see Proposition we get

1t = T Doy < / slie Z agel] e

o<k

+/35A%5 e - 3 die

|| <Kk

(4.32)

‘ —a%(f)trdg.

Now, using (4.31)) and Proposition it results
I(-,t) — J(',t)||2L2(1RN) < Ck/B |€|2k72“67a1(5)t|2 n |efa1(f)t|2]d§' (4.33)
)

In order to conclude the proof, we consider two cases:

Case b? > 4: In this case, it follows from (4.28)) that ol (), a2(€) > 0. Therefore,
combining Lemma Lemma [4.1] and (4.33) we get

G 8) = T, )72y < 2C / €12 e~elPtge < Gt~ TF T, ast — o0,
Bs

where C and Cj, are positive constants.
Case 0 < b? < 4: Now, according to (4.28) (see also item (b) in the proof of
Lemma the functions o (¢) and a2(€) are complex functions. Therefore, due
to Proposition [3.3] we have

|e_o‘§(f)t|2 e2Reai (Ot — emﬁfii% < e~ CleP L véeBsandi=1,2. (4.34)
where C' is a positive constant. Then, proceeding as in the first case we conclude
that

11¢,8) = T D2 an) < 2Ck / ¢ 2ol g < G

Bs

-2

ast — o0

where Cy, is a positive constant depending on k. The proof is complete. (I
Remark 4.9. When b? = 4 the previous analysis shows that the decay rate in
(4.27) is ¢t~ = with J(x,t) given in (4.26) modulated by A~%(¢) instead of
XT(e).

Now, we compute the Taylor expansion of ¢;(x, &) around & = 0 and prove that
all terms in ([4.26)), which we denote by

_ & —al(©t —a2(e)t] e
Totw.t) = [ g e e O o e, )

for a € (NU{0})V, |a| < k and (z,t) € RN xR*, can be approximated in L2-setting
by a linear combination of the form

o .
Y dy() / A’E( 5 [d;e—ai@)udie—a?(f)t} e €, (4.36)
<k~ Bs 71

where d, are periodic functions defined by

4@) = % Rn(@0), hI< kol (4.37)

This can be done because ¢1(-,§) € L% (Y) is an analytic function in Bs. The result
reads as follows.
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Lemma 4.10. There exists a constant Cy, > 0, such that

2k+N-—-2
4

17aCot) = D2 da( sy Dllzzqy ~ Cet”

[vI<k—|a|

as t — oo, where

a+y
Ia-&-'y(ﬁvt):/B 3 [dl —a1 (9t +d2 5)t} wﬁdé-

s M) (4.38)
7d(11 Ié—&-’y( )+d?x Igz-‘r’y( )

Proof. Let
Rpo(2,8) = dr(x,8) = > dy(2)¢”

[v|<k—lal

where d.,(-) is defined in (4.37) and o € (NU{0})" with |a| < k. Since ¢;(-,£) is
an analytic function with respect to £ in Bs and values in Li(Y), for all £ € By we
obtain that

1R (- E)ll 2, vy < CilélF 100 (4.39)
Thus,
Ry € L®(Bs, L3(Y)). (4.40)

Now, we consider the function G given by

G(z,t) = Jo(z,t) — Z dy(x) oty (2, 1)

[v|<k—|al

£ [ —ak©r . 2 —a2E) 283
= de 1St L dlem M Rp oz, &)™ 5dE .
Bs M(6) { } bale:) -

Then, from Lemma [4.3] (£.39) and ([4.40) we obtain

ga 1 —at _ 2 2
)2 _ dle—al©t o g2 p—oi(©)t ‘ L2 d
HG( s )||L2(RN) /B(s )\1(5) ( € +d,e ) H]%k7 ( 75)”Li(Y) 3

2k+2
02 |£‘
= Ch /B N(©)

Consequently, using Proposition [3.3] and Lemma [£.1] we obtain

(4.41)

HOt 4 2ot ge

IGC, D7 @y < / j€[E2e o dg ~ ot (4.42)
as t — 0o, where k > 1 and ¢g = max{cs, ¢7} (see Lemma [LF)). O

Next, we study the integral in (4.38)) which appears in the statement of Lemma

This will be done considering expansions of type Z|a\g k da &< for the func-

tions of (¢) and a2(¢) around ¢ = 0. We observe that, according to Proposition
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[3-3] we have

1
al(0) 36(;1£i0) 0, k=1,2,...,N
&1 (0)
V2~ D, kL=1,2,....N
R D€ ( )Qre
o/f(()) ‘2‘2‘; 0)=0, k=1,2,....,N (4.43)
82
(b+ /b2 . k=1,2,...,N
5§k5€z Hawe

0%ai(0) = 9%a2(0) =0 if |af is odd.
In view of the above consideration, if we define

/- b+ /b7 =
n(E) = ol(@) - Y st male) = ad(e) - V0

the maps & — r1(£) and & — 72(&) are analytic in £. Moreover,

qreérée (4.44)

o0
e—ai(f)t — e b= V;274Qkifkflt6—rl(f)t e iwfkflt(z ﬁ(—rl "

n=0 n! ( )
4.45
6—04?(5)75 _ o Wfk&t (&)t _ — IV qreltet ( Z g(_w(g))n )
n=0
(4.46)

Now, for p € N fixed, we define the following two functions

~ . v _# wolrnbe - ﬁ . n iz
) = vk S t(;} —(=r1(©)" e f)dg (4.47)
% _ 57 H\/i ke€r&e : " n i
13(””’“‘/35 R f“(nz_o —(=ra()" @) dg. (4.48)

Replacing (4.44) into I} (x,t) and I?(x,t) defined in Lemma identities (4.45)

and (4.46]) lead us to consider the asymptotic behavior of the differences
1 71
L (z,t) — I3 (z,t)
g b—v/p2—1 P n ,
_ e~z areérbet {e—h(ﬁ)t _ (= (€ n} em'fdf,
NG 2 @)
2 72
I(z,t) — 15(x,t)

P n
= /36 Af;f)e *ﬁqke&izt{ —r2(8)t _ 7;);!(—7"2(5))”}6”'5%.

This provides an estimate of I, (z,t) in L*-setting.

(4.49)

(4.50)

Lemma 4.11. Let 2p > k — |y| — 1. Then, there exists a constant Cy, > 0, such
that

2k4+N-—2

T O Y I
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with I (x,t) and ff{(x,t), defined in and (4.47)-(4.48), respectively, for i =

1,2.

Proof. Parseval’s identity and formula (4.49)) imply
11 8) = L3 D)1 72 oy

2l b—/b2—4 p
= /B(S f%(g) ‘@_f qreéret [e—rl(g)t _ Z %(—7‘1 ({))"}

n=0

2d£. (4.51)

Since the function e®, z € R, is analytic, we obtain C}, > 0 satisfying

p _f\n
’e—rl(f)t _ Z %(rl(g))n < Cp|7‘1(§)|p+1 t;l?-i-l’ Vit > ()7 f (= B(;. (4.52)

n=0

Then, combining (4.43]) and (4.44) we may conclude that
= 1 (0% «
9= > 00}, £€B;s (4.53)
m=0 |a|=4+2m ’
which guarantees the existence of a positive constant satisfying
m(©)] < ClEl*, VE € Bs. (4.54)

Now, returning to we can proceed as in the proof of Lemma (see for
instance (4.33))) and con51der two cases: if b2 > 4 we can combine , -,
Proposition [3.3] and Lemma [£.1] to obtain

1 Ct) = T3 ) B
(R

<C e 7le§k§ét|7a1( )‘2p+2t2p+2d€
b Bs )\%(5) (4 55)
< C;QCPC( e~ q;c(&k&t|§|2\w\+8p+4d§)t2p+2
Bs
~ Cp kt2p+2_w++4w, for ¢ large,
with Cp x> 0 and |y| < k. Now, since p is an integer, such that
2pzk—y-1 (4.56)

then, (4.55) and (4.56) give us the result for the case i = 1 and b*> > 4. When
0 < b? < 4 the proof is similar (see (4.33) and the end of the proof of Lemma .
Finally, the case ¢ = 2 is obtained in the same way. O

Before stating the next result let us recall that the idea is to prove that the
solution of behave as a linear combination of the derivatives of the fundamental
solution of the homogenized heat equation, modulated by the first eigenvalue A1 (§)
of the operator A. So, taking the last result into account the next step is to study
the asymptotic behavior of 71(£) and ro(¢) defined in (4.44). However, before doing
that, we consider the Taylor’s expansion of 1 (§) and r2(£) around £ = 0 to obtain,
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forn>1,
(;;J atnoe)’
(> > goeloe)’ (457)
m=0 |B|=4+2m
=2 > dd
m=0 |B|=4n+2m
and

Il
/N

> Y Heioe) (458)

m=0|8|=4+2m
oo
2
=2 2. B
m=0|8|=4n+2m

because 8?a%(0) = 6?04%(0) = 0 when |3] = 0 and || odd (see also |4.43).
Now, we note that

> E ey =1+ Z Iy Y @ um)

n=0 : = m=0 |B|=4n+2m

o0 —t n oo —t n ©©

S ey =143 n> DR )
n=0 : n=1 T m=0 |Bl=4n+2m

These facts suggest us the following approximation for ff{ (z,t),1=1,2:

I}{*(x,t)
S Py & , 4.61
_ /36 )\15(5)6, W@g;t(; . Tglﬁz%gmdémg)emsdg (4.61)
and
I,i*(x,t)
:/ /\57 . b+mqk££k£ﬂ< )" f: Y& nfﬂ) e dg (4.62)
Bs M(§) o n' m=0|8|=4n+2m

where p; = pi(n,v) will be chosen later. The constants dbn and d%,n can be
calculated explicitly in terms of 8? ai(0) and 8? a?(0), respectively.

Lemma 4.12. Let I:fy(amt) and I' . (x,t) defined in ([4.47)-([4.48) and (4.61)-(4.62),
respectively. Then, for |y| <k,

2k+N 2

11 t) = Lo (- ) |32 vy ~ Cit™ . ast— oo, (4.63)

fori=1,2, where Cy is a positive constant.
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Proof. Tt will be done for ¢ = 1. The case ¢ = 2 follows the same arguments and is
omitted. First we suppose that b> > 4. Then, from Parseval’s theorem we get

I3 t) = e (-5 )12 vy

_/ SFY i‘%lfk&et
)

{i ey Gl

/ |§‘2|A{I —(b—Vb*—4)qreréet
26)

A2
5B mer-3 S el

m=0 |3|=4n+2m

P1 2
Iy e[

m=0|3|=4n+2m (464)

On the other hand, since r1(§) is analytic, by using the Taylor expansion (4.58),
we obtain a positive constant C,,, such that

pP1
()" = Y b S CulgPr i, e By

m=0 | 8|=4n+2m
with p; = p1(n,v) to be chosen. Thus, using (4.64) we deduce that

(1) = L ()2 my

2 P
< / Me—(b—vlﬂ—@wfkézt(z ﬁcn|£‘2p1+4n+1)2d£
B n=0 n!

5 M) (4.65)
P
< Cp Zth/ |£‘2|'y|+4p1+8n—2 e_(b_\/b2_4)q“§k&td§.
= Bs
Now, for |y| < k we can apply Lcmma to obtain
~ Ld 2|v|+4p1 +8n—24+N
I (o) = I () Foany < G D" 72—, ast— o0
n=0
where C), , is a positive constant. Thus, choosing p1 = pi1(n,v) such that
2p1 2 k—|v|-2n (4.66)
where |y| < k and k > 1, we get the following inequality
~ —2kiN-2
12 8) = L () oy < Gt ast = oo,

This completes the proof for the case b? > 4. The case 0 < b? < 4 is similar. O

Remark 4.13. Although the heat Kernel, modulated by )\fl(f), is defined as an
integral in R™ and in our case only in Bs, we observe that the difference between
the two integrals decays exponentially in L?(RY) due to the coercivity of matrix
{are}r o=y in RY. Indeed, for |'y| <k and t > 0, we have
[ e

RN\ By )\1(5)
where o > 0 is a constant that depends on the coercivity constant of the matrix and
the constant b. The constant C > 0 depends on k and the constant ¢; introduced in

LEVITA grefrbot el £d€HL2 (&) < 06765 ¢
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Proposition [3:3] Moreover, due to Proposition [3.3 we can see the analogy between
G and the Kernels introduced above. In particular, since ¢;[€]? < A\1(€) < col€]?,
V¢ € Bs, they have the same polynomial decay.

5. PROOF OF THEOREM 2.1
Taking Remark into account, we define

Z {Cl { )+ zp: ! " i Z dé,nGc_wrﬁ(Ivt)}

|| <k n=1 m=0 |3|=4n+2m

+ C2(x) {G’+:ct zi:( 0" i > dgmG;;ﬂ(a:,t)H

m=0 |3|=4n+2m

(5.1)
where G (z,t) was defined in Theorem [2.1} p = p(a) satisfies ([4.56), p1 = p1(n, @)
is given in the proof of Lemma and

=Y dy(a)dl,, i=1,2

<o

with d?, and d as in (4.26) and (4.37), respectively. We now fix
k—|a
p=pla) = [%] and p; = p1(n,a) = p(a) —n.

Then, according to (4.59)), (4.60) and Remark [4.13] we obtain
Hu('7t) - H('vt)||L2(RN)
<l t) = IC )l 2@y + (G 1) = H( D) 2@y

<l 2,2 /Y [ Br(©emom O 4 B2 (€)em O] €, (w0, €)dE | v

+|l /y/\B& [+ BRI e 612, €)de | s
() = HC 1)z,

with I(z,t) defined in (4.25). Consequently, from Lemma Lemma and
Parseval’s identity we get

lu(,t) = H( )l 2@yy < Ce™ + 10, t) — H(- )| 2w (5:2)

where C' and v are positive constants, with C' depending on the initial data ° and

ol

To estimate the difference I(x,t) — H(x,t) that appears on the right hand side
of the above inequality, we use Lemma

HI("t) - H('7t)||L2(RN) < HI('at) - J('at)”LQ(RN) + ||J('>t) - H('at)||L2(RN)
< CEHET L It — HC )| 2@,

(5.3)
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as t — oo, where k£ > 1. We also have

||J('7t) - H('vt)HLQ(RN) = H Z Ja('vt) - H('>t)HL2(RN)

lal<k
< Z | Ja(- 1) = Z doy() ot~ (- HL2 (RN)
oo <k [vI<k—l|al

+ H Z Z Oé-‘r’Y t) - H("t)HLZ(]RN)'

loo| <k |v|<k—|c]
Thus, from Lemma it results
[J(t) = H(, )| L2 )
_ 2k4N-2
< Gyt 4 || Z Z 04-0—’}’ t)iH('at)HLQ(RNy

la|<k |v|<k—]|al

Here we observe that

Z Z a+’y Z Z d(llfi_i_,y(x,t) + diI§+’y( )}

la| <k |v[<k—|c || <k |v[<k—|e
(5.4)
where I; (z,t) and I,% (z,t) are defined by 1) Consequently, we can write
S Ao (@ 0) = Y [CH@) A t) + C2@)E(w,0)]  (55)
lo| <k |y| <k~ lee| <k
with C?, given above, which allows to conclude that
|| Z Z a+’y t) _H('vt)HLQ(RN)
|| <K |v[<k—|e
< | X0 RO 01+ C2OWE o~ B0l ey 5
|a<k
+|| Z Cl Il +O2( )jgc('vt)]_H('at)HLz(RN)
la|<k

where I, i = 1,2, are given by ([#.47) and (&.48)), respectively, and C?(-) € LE(Y),
because d, () € LF(Y).

Now, using Lemma and we get
H Z Z d Oc+’v ) H('vt)HL?(RN)

lo| <k |v|<k—]|al

< Ck Z {H[é(-,t) - iolc('at)HLz(RN) + |’]2('7 12 HL2(RN):|
|| <k

(5.7)
S0 [CAOIL ) + C2OR (8] = HE | o gy
|| <k
S —2kN-2 H Z |:01 Il _|_02() (J)} _H("t)”LQ(RN)

lo| <k

with the constants Cy, Cj depending on k and SUP|o < [|C4 ()| ooy, i = 1,2.
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The next step is devoted to estimate the last term in the right hand side of (5.7)).
Therefore we observe that

Y [Cal@)Ia(z,t) + Ca(2) (2, 1) — H(x, )

la| <Kk
=3 {01 s (.t) = By (2, 8)] + C@)I (@, 0) — 12 (2,)]}
|| <k
+ Z [CL(x) L (x,t) + C2(2)I2. (2, )] — H(x,1)
la|<k
where I%., i = 1,2, are defined in (.61)) and ([4.62)). Thus, applying Lemma
we have
Z || Cl +02() (7t)]7H('vt)HL2(RN)
la| <k (5 8)
. .
< Gyt~ + H Z Cl + CQ( ) ("t)} - H('at)HLz(RN)
la| <k
with C a positive constant.
Now, returning to the definition of H(z,t) in (5.1)) we have
H Z Cl +02() ('7t)]_H('at)HL2(RN)
la| <k
p n D1
< H Z Ca()a- (1) = Go () = Z nu Z Z d%f nGatsl HL2 (RN)
la| <k n=1 m=0 |B|=4n+2m
p n D1
| Y CaOL () = G ) — Z > BaGlst 0] ag
la| <k n=1 m=0 |3|=4n+2m
—vét 1 § (‘t)n ! 1
T DGO >
|| <k n=1 m=0|B|=4n+2m
§a+6 _iq 13 St
> e refr€et piz-€ g
/]RN\B(; A1(6) fHLz(RN
LY e G f: > @
@ n! pom
|| <Kk n=1 m=0 |B|=4n+2m
S =
« e~ ke§k&et iz §d€
/]RN\BJ A1(§) HLQ(RN)
(5.9)
due to Remark stated in the previous section.
It remains to estimate the term
p n p1 ]
)= Cal Z Iy a
|| <k = m=0 |3|=4n+2m (5.10)

></ §a+ﬂe bi\/ L qre€rot Zr‘fdf
rv\B; M1(§)
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in L2- setting. We observe that the signs — and + in b 4 /b2 — 4 correspond to
i =1 and i = 2, respectively.
Due to Parseval’s identity, for the case b2 > 4 we have that

IF* (-, )]l 2y

L 2|l +2|8] 1/2
€] bEVBTA) quobrte t /
<C E E E § /RN\B )\2 B e ( ) qreérée df)

|a|<kn=1m=0|8|=dn+2m

oy Yy ¥ o

N
| <k n=1m=0 | g|=dn+2m RN\ Bs

P o, 2lalt2iBl=asN o \1/2
S5 30 30 DD DI (B et

|a|<kn=1m=0|3|=4n+2m

|§‘2|a|+2|5|*46*(biv b2 —4) qrerée tdf) 1/2

_ w2t
<Cre 7z, ast—

(5.11)
where C} is a positive constant and v is the constant of coercivity of the matrix
{qre}¥ ,—,. To obtain this result we have used that, for m € N,

/ |§|m€7a|5|2td§ _ / Tmefar2t</ ng)dT < Cwyn t*mTwe*%7
RN\B5 ) |§|:7‘

(5.12)
for all t > 0, where wy denotes the measure of the sphere S™V~!. Finally, returning

to (5.2)) and using estimates (5.3) up to (5.11)), we conclude that
lu(- ) = H( 8l L2y <

where £ > 1 and C}, is a positive constant that depends on the initial data.

+N-—2
T, ast— o0
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