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A NOTE ON LOCAL SMOOTHING EFFECTS FOR THE
UNITARY GROUP ASSOCIATED WITH THE KDV EQUATION

XAVIER CARVAJAL

ABSTRACT. In this note we show interesting local smoothing effects for the
unitary group associated to Korteweg-de Vries type equation. Our main tools
are the Hardy-Littlewood-Sobolev and Hausdorff-Young inequalities. Using
our local smoothing effect and a dual version, we estimate the growth of the
norm of solutions of the complex modified KdV equation.

1. INTRODUCTION

In this note we describe some results on local smoothing effects for solutions of
the initial value problem (IVP)

Opu + bA2u = 0,
u(z,0) = up(x).

We define the unitary group U (t)ug as the solution of the linear initial-value problem

(1.1), in this way

(1.1)

U (tun(©) = "5 (5). (12
Kenig et al. [3] (see also [I] and [4]) proved the following local smoothing effect
102U (¢ )uol| L 22 < 102U (¢ )uol| L2 < clluol|z2- (1.3)
They also proved that
¢
o2 [ U= )1 it |y < el s (14)

In this work we obtain a local smoothing effect (Theorem , more general than
local smoothing effect (1.3)). We also consider the IVP for the complex modified
Korteweg-de Vries type equation:
O + bO3u + 70, (|u*u) = 0,
u(z,0) = ugp(z),
where u is a complex valued function and b, are real parameters with by # 0.

Using our local smoothing effect we also proved an interesting result on growth
norms (Theorem [1.2)).

(1.5)
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The flow associated with (1.5]) leads to the quantity

L(u) = /R lu(z, ) 2da, (1.6)

which is conserved in time. Also, when b-7y # 0 we have the time invariant quantity

Iz (u) :kl/R|8Iu(x7t)|2dx—|—k2/R|u(:r,t)|4dx, (1.7)

where k; = 3by and ko = —3v2/2. The main results in this work are stated as
follows.

Theorem 1.1. Let U(t)ug be the solution of the linear problem associated to (|1.1)
and letp>2and 1/p+1/q=1.
If2<p<ooandd/q—2<s<1/q+1 then

102U ( Yuoll oo cp < €p,s (1 + )P D ug]| o
Ifp=2and 0 < s < 3/2, then

102U (¢ Yuol| o £z < est*|| D ug]| 2. (1.8)
If p=00 and 3/2 < s, then
10U (¢ )uo | 2o 3o < eslluol| s (1.9)

Theorem 1.2. Let u € C(R, H?(R)) be solution of (1.5) and T > 0. Then for all
t € (0,7) there exist a function 6 = 6(||ul[L2 5, ||u||£’109H1/4) such that

lu()ll 7o < luoll o + 0tlluolZ2, (1.10)
where 0 < 6 < 1.

The notation used here is standard in partial differential equations. We will use
the Lebesgue space-time L2 L? endowed with the norm

1 Fllzzce = WFlleall r = (/R (/OT |f(x,t)|th>p/qu)1/p.

We will use the notation Hf”Lng when the integration in the time variable is on
the whole real line. The notation |lu||zs is used when there is no doubt about the
variable of integration.

2. SMOOTHING LocAL EFFECTS

In this section we prove new smoothing local effects for the unitary group associ-
ated with the Korteweg-de Vries equation (Theorem |I.1)), which will be fundamental
in the proof of Theorem [I.2}

Linear Estimates. The next lemma is a preliminary result to be used in the proof
of Theorem [[.2

Lemma 2.1. Let u(z,t’) = U(t")uo(x) be the solution of (L.1). We have the

maximal function estimates
1T (#'Yuollazpe < el D *uo|l 2, (2.1)

and for s > 3/4 and p > 3/4
1U(t)uollpzcee < e(1+ )" [luo] s+ (2.2)
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and

t
02 | U= 01210t | g < el s (23)

Proof. The proof of (2.1) and (2.2) can be found in [3]. To prove (2.3)), let 7 > 0
and g(t',1,2) = f(t’,:c)x[OJ] (t"). Then

. T t 2 1/2
2 _ » L= 2 ~ gt T2 oo
02 [ vie=0s.aat g = 1 [ 125 / Ut =gt moyde Pae) |l

/|82/ V)g(t',7,x)dt'dt) /2||L3Q

- H@i/ Ut —tg(t',m,2)dt'|| 2
0 x t

and by inequality (|1.4) we obtain (2.3)). O

Proof of Theorem[I1. Let ¢ € C§° with p() = 1 in [—t,t], 0 < (') < 1 and
supp ¢ C [—2t, 2t], then

102U () uo|| oo 27 < o) 02U (t )uol| Lo rr-

Using duality, we consider g € L4, ||g||L« = 1 and the expression

I(e.1) = | /R o()o()0:U (t Yupdt!|.

Now using the change of variable ¢’ = —¢t’ we can assume that

I(z.1) = | /R o) o(t)0,U (' Yuodt.

Fubinni Theorem and the definition of group U(t), shows that
Hant) = | [ atyee) [ =< igaice)asar|
= | [ eeme)( [ aerewre < ar)ag (2.4)
= |/U0 56”65/\ 53)

and by Plancherel’s equality, Holder inequality and Hausdorff-Young inequality we
have

I(e,1) = | / €T () |§| £ (e e|

= !/D“’uo |§|s <p9(£3))(y)dy!

< ||Dsu0||LqH.7:(

“5E) W,

€
< ||D8uo||m||52|5@<a3>y|m-

Now, we make the change of variable y = £ to obtain:

get__ a9 1 [ |@g(y)lidy
‘ & sog(ﬁ?’)( L §/Rily|°‘ : (2.6)
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where o = (2— (1 —s)q)/3. Note that if p = ¢ = 2 and s = 0, then « = 0, therefore
in this case
I(z,t) < clluollz2lleglire < clluollzzllgllz2 = clluollrz,

and in this case we obtain (L.8).

Ifp=g=2and 0 < s < 3/2, then 0 < o = 2s/3 < 1, using properties of the
Fourier transform and the Hardy-Littlewood-Sobolev inequality it is not hard to
deduce the following string of inequalities

P (y) 1
|y\25/3 dy— \(pg ) " |1 s/3 ‘ dy
1
S H(‘Pg) * |x|173/3HL2
< CSH‘PQHiS/st)
< csllel s lgllz

< e/ g|3.

Ifp>2and4/q—2 < s<1/q+1,then 0 < a <1 (observe that 4/¢g—2 > 1-2/q),
we can write the integral in ([2.6)) as follows

)|9d 79 (y)|9d d
/Isog i y / \sag(y)a\ y+/ 29 (y )O[ Yoo,
|yl wi<t 1Yl w1 1Yl

hence
< Cs,qtq/pa

If < o gllPgllie < csqllegllyy <

note that s > 4/q — 2 implies ap/(p — q) > 1, therefore using Holder inequality and
Hausdorf-Young inequality in I3 we obtain

— dy 1—q/p
Bl [ ) < coallenlte < coalal
yi>1 Yl

If p =00 and s > 3/2, then gives
I(z,t) < |@gll e [uo(€)€ll s < esllgllrr luollme-
Note that, for s > 1/2 using immersion we also have
10U (t" )ug ||z Loe < €sl|0:U (8 )uol| s < s |uol| grasr

Hence we have finished the proof of Theorem O
Corollary 2.2. Let 0 < s <1 and ug € L?>. Then

ID3U (Yol e 22 < st ™3 Jug]| 2. (2.8)

The proof of the above corollary follows from .

Corollary 2.3. Let f € LLL? and U(t') be as in ([1.2). Then for 0 < s <1 we
have

t
D5 [ Ut =)0t | < et s (2.9)
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Proof. Inequality (2.9) follows from (2.8) and a duality argument. In fact, by
Plancherel identity, definition of the group U(t) and (2.8), we have for ||g|| 2 = 1:

¢ o ¢ -
/(D;/ U(—t')f(x,t’)dt’)g(:v)dx:/ /f(x,t’)D;U(t’)g(:v)dxdt’
R 0 o Jr
SN leae2 IDRU () g(@) | oo 22
< Ct(l_s)/3||f||L;L’;’||9||L2-

Proof of Theorem The next lemma is used in the proof.
Lemma 2.4. Let u € C(R, H?) be the solution of (1.5). Then

t
lullz2 e < (146 |u(0) | rasar + (1 + t)?’/‘”/ () a2 ut) 12
0

H )7 2 ul) ] r2)dt

(2.10)
Proof. To prove the first inequality we rely on the integral equation form
t
) = Ultyuo = [ Ut =) (0:(u) (7),
the linear estimate show that if u(0) € H? then for any t > 0,
lullzz g < e(L 4024 |[u(0)]| s/as
(2.11)

t
+c(1 +t)3/4+/ (NulPu() 2z + 107 (lul*w) (#)] £2)dt’,
0
using the immersions |[u(t)||ze < cl|u(t)|| gr/z+, [[u(t)l[zs < cllu(t)| g1/4 it follows
that
HulPu()llzz < llu@)zglu* @)z < clul)llges lu@)is < oo,  (2.12)
and using Leibniz rule, it is easy to see that
107 (Jul*w) (¢) |2 < clluuz (t)llzz + cllu®ues (t')| 22
< cllu@) v Ju() Iz + cllu@) 7z w2 < oo
Hence combining this inequality and (2.11)), we obtain (2.10)). O
Lemma 2.5. Let u € C(R, H?(R)) be solution of (1.5)) and 0 < s < 1. Then
IDzu(t)||z2 < [D*uol|r2
(2.13)

+ et 33y o (o2 + 872 ull2e oIl iz 3 )-

Proof. Without loss of generality we restrict our attention to the real case u € R.
The equivalent integral equation is

u(t) = U(t)uo — 7/0 Ut — ) (0:(u®)) (r)dr =: U(t)uo + 2(t). (2.14)
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Let I'(t) = [|ull 12 zs. From (2.14)), Corollary [2.3] and Hélder inequality, we have

ID3u(®)llz2 < |D3U(Euol oz + 1D32(0)] 2z
< Dol 12 + et |uu, |, 2 (2.15)
< Do | 2+t BT i | e 3

Using (1.3)), (2.3) and Holder inequality, we obtain

|0z ull oo 2 < N0U ' )uuol| poe £z + 1022]| oo 2
< clluollL2 + cllu?| L1 22
< cfluoll gz + elfull7s 2T (2) (2.16)
< cljuollL2 + Ct1/2||u||%:§0LgF(t)

< cluollz2 + ct'/?|Ju INOF

2 .
L/

where in the last inequality we use immersion |lul[zs < [[u| g1/4. As a consequence

of (2.15) and (2.16) we have (2.13]). Thus the proof is complete. O

Proof of Theorem[I.4 Let T > 0. Then there is a §y = do(7") > 0 such that
HUHL?:L‘X’([Tlﬂ?]) < 2||uO||L27 for all T1,T2 € [OvT]v |Tl - 7—2| < do. (217)

To verify this we use contradiction, we suppose that for all n there exist 77,73 €
[0, 7], |7 — 78] < 1/n and

||UHL§LOO([7—’1'L,T§L]) > 2||’U,QHL2. (218)

Since (77") and (73') are bounded sequences, we can suppose that there exist a
7 € [0, 7] such that lim, o 7§* = lim, . 75 = 7, using Lemma[2.4)and Lebesgue’s
Dominated Convergence Theorem, we have that

[ullLa o rp mppy) = (7)1 = lluollze as n — oo;

however, this contradicts the relation ([2.18)).
Let 0 < ¢, <t be a sequence with tg = 0, tgr1 — tp = d9 and let n ~ t/Jy such
that ¢, <t <t,41. By Lemma and (2.17)), it follows that

s s 1-—s)/3
ID3u(t)l|ze < | D3ults—1)lze + ed§ ™2 ul3a oo gy, gy 110 22

1-s)/341/2
+ 35 P 2 Nl e )

s 1-5)/3 1/2
< | D3uti-1) 2z + e08 ™ uolFa (1 + 86"l 1 ):

similarly we have

s s 1-5)/3 1/2
ID3u®lzz < ID3ult)lze + 6 = lluollfa (1 + 6 ullpe )i (2:19)
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therefore,

NE

ID3utn)llzz = [D*u(0)llzz = > (ID3ulte)llzs — I1D7u(tr-1)llz2)

k=1
1-s)/3 1/2
< 32 ed ™ uolla (14 80" l[ull e 1)
k=1
1/2
L (0 ul2e )
< CtHuOHL2 (2+s)/3 ;
9o
so that we conclude
1/2
) ) , (10l )
ID5u(t) 1z < 1D u(O) g2 + etluollfa—— i (220
0
combining (2.19)) and (2.20)) we obtain
C(t + (50) 1/2
[1Dsu(t)ll Lz < [D*u(0)] L2 + ”uO”iQW(l + 65/ 2l 7 as)-
0
This completes the proof. O
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