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TERMINAL VALUE PROBLEMS FOR FIRST AND SECOND
ORDER NONLINEAR EQUATIONS ON TIME SCALES

ROMAN HILSCHER, CHRISTOPHER C. TISDELL

ABSTRACT. In this paper we examine “terminal” value problems for dynamic
equations on time scales — that is, a dynamic equation whose solutions are
asymptotic at infinity. We present a number of new theorems that guarantee
the existence and uniqueness of solutions, as well as some comparison-type
results. The methods we employ feature dynamic inequalities, weighted norms,
and fixed-point theory.

1. INTRODUCTION

The theory of “terminal” value problems, where the problem consists of a dy-
namic equation coupled with asymptotic behavior of the solution at oo, forms an
interesting and more challenging field of research than the theory of initial value
problems. This is due to even the basic results and methods known for initial value
problems, such as the perturbation technique, are unavailable for use in the setting
of terminal value problems. For example, the existence of a solution to the termi-
nal value problem o’ = f(¢,z), (0c0) = xp, need not imply that the terminal value
problem @' = f(t,z) + 1, 2(c0) = 2y + L has a solution, see [I], pg. 1173].

In this work, we examine terminal value problems for “dynamic equations on
time scales”, which is a new and versatile area of mathematics that is more general
than the fields of differential equations and difference equations. The area of time
scales originates in the work of Hilger in [23]. Such investigations reveal the bonds
and distinctions between the two areas and also provide a framework with which
to more accurately model stop-start processes.

Our main interest herein is in the qualitative properties of solutions to terminal
value problems on time scales, including the existence, uniqueness, and comparison
theorems. The methods that we employ involve dynamic inequalities, weighted
norms, and fixed point theory. The motivation for using the weighted (or Bielecki)
norms originates in [31] and the references quoted therein, where this method was
used in order to prove the existence and uniqueness results for nonlinear initial value
problems on bounded time scales. The existence of bounded solutions to initial
value problems for second order dynamic equations and inequalities on unbounded
time scales was studied in [3], while in [2] results of this type are given for certain
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first order dynamic equations. In the latter three references, as well as in the present
paper, the fixed point theory is utilized.

Our results extend some of the ideas in [I] and, more recently, those of [20]. More
specifically, we provide some extensions of the comparison results in [I], which were
formulated for terminal value problems involving ordinary differential equations, to
the time scale environment. Furthermore, compared to [20] we allow in Section [4] the
nonlinearity f(t,2%) or f(t, 2%, 2°7) to be vector valued and we pose no restriction
on the sign of its entries. Also, we assume in those results that the leading coefficient
r(t) is merely nonzero as opposed to the assumption of its positivity in [20]. In
addition, for the case of positive r(¢) and nonnegative nonlinearity f we extend in
Section 5| the ideas in [20] from the scalar case to the matrix/vector case. Some of
the main results (e.g., Theorems and appear to be new
even for the special case T = Z, that is, for difference equations.

For additional papers that contain comparison and existence and uniqueness
results for first-order terminal value problems involving ordinary differential equa-
tions, we refer the reader to [211 22, 27] [32]. For papers dealing with second-order
terminal value problems, the reader is referred to [22] 29, B0]. The methods used
in the range of the aforementioned papers involve differential inequalities and the
fixed-point theorems of Banach or Schauder.

The setup of the paper is the following. In Section [2] we introduce necessary
notation and terminology as well as some preparatory results about the time scale
exponential function. In Section [3] we derive an existence and uniqueness theorem
for the terminal value problem of the first order. Then we continue in deriving
comparison results for solutions of first order dynamic inequalities. In Section [4] we
consider terminal value problems for second order dynamic equations with scalar
leading coefficient, while in Section [5| we deal with such equations with matrix lead-
ing coefficient and with nonnegative nonlinearity. In Section[6] we present examples
illustrating the applicability of the obtained results. Finally, in Section [7] we discuss
further applications and extensions, in particular to nabla dynamic terminal value
problems.

2. PREREQUISITES AND NOTATION

Let n € N be a fixed natural number. For a real symmetric n X n matrix A we
write A > 0 or A > 0 for A being a positive definite or positive semidefinite matrix,
respectively. Moreover, if B is a real symmetric n X n matrix, then we write A < B
or A< Bif B—A>0o0r B— A >0, respectively.

In this paper we will use the vector norm | - |, on R™ denoted for simplicity by
|z] := |z]oo = max{|z;], ¢ = 1,...,n}. Given a number 0 < ¢ < oo, we use the
notation Q, := {z € R", |z| < ¢} for the open ¢-ball in R™. Then we can identify
Qoo with R™.

Let T be a time scale, i.e., a nonempty closed subset of R, which is bounded
below and unbounded above. Then a := min T exists and we may identify T with
the time scale interval [a, 00);. We shall use the common time scale notation and
terminology e.g. from the books [10, [I1]. In particular, the forward and backward
jump operators are denoted by o and p, and the graininess is u(t) := o(t) — t.
As it is common, the sets of all continuous, rd-continuous, or rd-continuously A-
differentiable functions (on a given interval) will be denoted by C, Cyq, and C};,
respectively. The sup norm in the space of bounded n-vector functions z € C on
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[a,00); will be denoted by [|z[lo = sup;e(4, o0, [#(t)]- The sup norm in the space
of bounded n-vector functions z € Cl; on [a,00), such that 22 is also bounded
will be denoted by ||z||; := max{||z|lo, ||[#*|/o}. The improper integrals used in this
paper are defined in the traditional way as [ ° f(t) At = limp_.o f: f(t) At, see
e.g. [8 Section 5.6] and [9] Section 4]. In addition, motivated by [26, Definition 3],
we adopt the following terminology.

Definition 2.1. Let 0 < ¢ < co and f : [a,00)r X ; x R* — R" be a function.
We write f € C.q X C x C and say that f is C,q X C x C-continuous on its domain
if for any (tg, zo,v0) € [a,00)y X Q4 x R™ and any ¢ > 0 there exists § > 0 such that
0 < |(t —tg,x — x0,v — vg)| < & implies

}F(t,x,v) —F(to,xo,vo)‘ <e. (2.1)

When the point ¢ is left-dense and right-scattered at the same time, then replace
to in (2.1 by ¢, (the left-hand limit).

In other words, f € C,q x C x C means that f is continuous at any point
(to, Yo, vo) € [a,00)r x 2y X R™ when ¢ is right-dense, and that f is jointly regulated,
that is, lim,—co f(tn, Tn,v,) exists (finite) whenever t, — t5 or t, — tJ, and
(Tn,vn) — (2o, v0).

The following result is a minor modification of |26 Proposition 1]. It shows that
the above continuity concept is the right one when considering time scale delta
integrals involving a C,q X C x C-continuous function f in the composition with a
Cl, function .

Proposition 2.2. Let x € Cl[a, 00): and assume that f € C,ax CxC on [a,00): X
Qq x R™ with 0 < ¢ < 0o. Then f(-,27(:),z27(:)) € Cya.

Similarly, when the function f is defined only on [a,o0)r x €, we have the
following statement.

Proposition 2.3. Let x € Cla, 00); and assume that f € Crq X C on [a,00); X £
with 0 < g < co. Then f(-,z°(-)) € Cya.

When considering terminal value problems, we shall use the abbreviation
x(00) := lim x(¢).
t—oo

The vector space of all real n-vector functions defined on [a, 00); will be denoted
throughout the paper by F.

For completeness we recall the statement of the Banach fixed point theorem
adjusted to the setting of this paper.

Proposition 2.4. Let X be a Banach space (i.e., a complete normed space) with
norm || - ||x and let U C X be its nonempty and closed subset. If a mapping
F :U — U is a contraction, i.e., if there exists L € (0,1) such that |Fz — Fy||x <
Lz —y||x for all z,y € U, then F has a unique fized point, i.e., there exists a
unique element x € U such that x = Fx. Furthermore, if xo € U is arbitrary, and
if we set x;41 := Fx; for all i € N, then the sequence {z;}32, converges in X to
the fixed point x, and the error between the i-th iteration x; and the fized point x
satisfies the estimate
(2

- <
i - allx < 77—

||Ilf$0||x, ZGN
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Next we present some important properties of the time scale exponential func-
tion. By definition, see [I0, Definition 2.30], for an rd-continuous and regressive
function p : [a,00): — R, the time scale exponential function e,.)(t,a) is defined
to be the unique solution of the initial value problem u® = p(t)u, u(a) = 1. In
this paper we will utilize the time scale exponential functions corresponding to the
initial value problem

u® = —p(t)u®, tela,00). ula)=1. (2.2)

By expanding u? in with the formula u® = u + u(t)u® and using the re-
gressivity of p(-), the dynamic equation in is equivalent to the equation
u? = (©p)(t) u, where ©p(t) := [—p(t)]/[1 + p(t) p(t)]. Thus, the time scale expo-
nential function egyp(.)(t, a) is the unique solution of the initial value problem (2.2).
Motivated by [20, Lemma 3.1], we have the following result.

Lemma 2.5. Assume that p : [a,00); — (0,00), p € Cya, and

/00 p(s) As < oo. (2.3)

Let u(t) := egp(.)(t,a) be the time scale exponential function corresponding to the
initial value problem (2.2). Then u(-) is positive and decreasing on [a,o0)y, and
limy 00 u(t) =: ug € (0,1). Furthermore,

an A e A = 1w
te[a,fonu(t)/t [Fum(s)] As =1 - uo. (2.4)

Proof. Since p(-) is positive, ©p(-) is a negative function. Hence, we have 1 +
w(t) (©p)(t) = 1/[1 + u(t) p(t)] > 0 on [a,o0)y, i.e., Op(-) is an rd-continuous and
positively regressive function. By [I0, Theorem 2.44], we get that u(¢t) > 0 on
[a,00);. Consequently, u®(t) < 0, the function u(-) is decreasing on [a, 00),, the
limit ug exists, and uy € [0,1). The fact that actually ug > 0 follows from the
assumption (2.3). We refer to the proof of [20, Lemma 3.1] for the details. For the
proof of e have

sup — [—u=(s)]As = sup (1 - —) =1—uo,
t€la,00)r U’(t) t t€la,00)T U(t)
because the function w attains its maximum value u(a) = 1. O

3. FIRST ORDER EQUATIONS

Consider the first order time scale dynamic equation

22+ f(t,z°) =0, t€ [a,o0). (3.1)
For a given positive number N we define the set
Xy = {z € Cla,0)-, ||z[o < N}, (3.2)
Then Xy is a closed subset of the Banach space (Cla, 00), || - ||o)-

Remark 3.1. Given a function ¢ : [a,00); — [¢,d], 0 < ¢ < d < 00, we introduce
on the space C[a, c0); another norm

._ . |z (t)]
zlly = [l=/?[lo te[bal,lfo)—f o
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The norm || - ||y is on Cla,00); clearly equivalent to the norm || - ||o, so that
(Cla, )z, || - ||l) is also a Banach space, compare with [31, Lemma 3.3].

The following theorem is then our first result.

Theorem 3.2. Assume that f : [a,00); X Q; — R™ with 0 < g < o0, f € Cpq x C,
is a function satisfying the Lipschitz condition

’f(t,m) — f(t,y)| <k(t)|x—y|, foralltela,o0), x,y€Qy, (3.3)

where k : [a,00)y — (0,00), k € Crq, and

/00 k(s) As < o0. (3.4)

Let A € R™ be a given vector. If there exists a number N € R, |A| < N < ¢, such
that

/oo|f(8,a:”(s))|As§N—|A\, for all z € Xy, (3.5)

where Xy is defined by (3.2)), then the problem (3.1) has a unique solution x(t) on
[a, 00)r satisfying x(o0) = A.

Proof. We will apply the Banach fixed point theorem in the space (Cla, 00)r, || - ||4)
for a suitably chosen function . Define the operator F : Xy — F (the space of
n-vector functions) by

[Fz](t) := A+ /jo f(s,27(s)) As, t€ [a,00)-.

It follows from Proposition [2.3| and assumption (3.5)) that [Fz](t) is well-defined for
all t € [a, 00);. Furthermore,

[[Fz](t)| < |A] +/ |f(s,27(s))| As < |A] +/ £ (5,27 ()| As
t a
<|A|+ N —-|A| =N, t¢€]a,oc0).

Hence, ||Fz|lo < N. Since Fz is A-differentiable, hence continuous, it follows that
Fx e Xy, and

[Fz]®(t) = —f(t,27(t)), t€ [a,00). (3.6)
Next, motivated by its introduction and use in [31], choose the function (t) to
be the time scale exponential function egy.)(t, ). Then, by Lemma we have
0 <o <P(t) <1 forall t € [a,oc0): with ¢g € (0,1), where 1 := lims—, o0 ¥(t).

Thus, by Remark (Cla, o)z, || - |l») is a Banach space. By using (3.3)) and (2.4)
with u := v and ug := g, we have for z,y € Xy

1 > o _ o
|Fz — Fy|ly Ste[S;,lEo)TW/t ’f(s,m (s)) f(s,y (s))|As

1 > o o
< S“")sz)/t K(s) [+7(s) — 37 ()| As

tela,00

<lle=yly sw oo / B (5)] As = (1 o) | — wly.

t€la,00)T
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Hence, the mapping F is a contraction in X . By Proposition[2:4] there is a unique
function x € Xy such that x = Fz, i.e.,

z(t) = A+ /too f(s,27(s)) As, t€ [a,00)-. (3.7

By (3.6) and Proposition Fz € Cl;, and =z satisfies equation (3.1). Finally,
from assumption (3.5) it follows that

o0

tlir(r)lo t f(s,27(s)) As =0,
and hence, identity (3.7)) yields that z(c0) = A. a

In Theorem the solution x(t) approaches the a priori given limit A, and the
number N defining the set X then depends on |A|. It may be hard to find such
number N. On the other hand, in the following result the solution z(¢) approaches
a limit M, and at the same time the vector M determines the set in which the
contraction mapping F' is defined. This type of result is then of the same fashion
as e.g. the results in [20].

Corollary 3.3. Assume that f : [a,00): X Q; — R™ with 0 < ¢ < 00, f € Ciq x C,
is a function satisfying the Lipschitz condition (3.3|), where k : [a,00); — (0,00),
k € Cia, and (3.4) holds. If there exists a vector M € R™, |M| < q, such that

/ ’f(s,x"(s)ﬂAs < M|, for all v € Xo|ps

then the problem has a unique solution x(t) on [a,00), satisfying x(oco) = M.
Proof. We let A:= M and N := 2 |M| in Theorem [3.2} O

Our attention now turns to the following dynamic equation
™+ f(t,z) =0, t€ a,00)r, (3.8)

where f is scalar-valued. Our interest is in obtaining comparison-type theorems for
solutions z to (3.8) subject to
z(o0) = A. (3.9

Lemma 3.4. Assume that [ : [a,00): x R = R, f € C,q x C, and there exist
functions u,v : [a,00)y — R such that: u(co), v(co) both exist,

u(t) + f(t,ut)) >0, for allt € [a,00)s, (3.10)
v2(t) + f(to(t)) <0, for allt € [a,00)s, (3.11)
f(t.p) < f(t,q), forall q<p. (3.12)

If u(o0) < v(c0), then u(t) < v(t) for allt € [a,00);.
Proof. Argue by contradiction by assuming that there exists a point t; € [a, 00);
such that
u(ty) > v(t1), and (3.13)
u(t) <w(t), forallte (t1,00);. (3.14)

There are two cases to discuss: (a) the point ¢ is right-scattered; (b) the point ¢;
is right-dense.
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(a) If t; is right-scattered, then u®(t1) < v®(t;) and so from (3.10) and (3.11))

we obtain
—f(tr,ulty)) < uB(t) <v®(t) < —f(t,v(0)),

which is a contradiction to ([3.12]).
(b) If ¢; is right-dense, then (3.13)) is forced to become u(t1) = v(t1) by (3.14)
and the intermediate value theorem. As per part (a) we see

7f(t17u(t1)) < 7f(t13v(t1))a
which is impossible since u(t1) = v(t1).
Thus, in either case we have u(t) < v(t) for all ¢ € [a, 00). O
We will now apply Lemmato obtain comparison results for solutions to (3.8]),
(39).

Theorem 3.5. Assume that f [a,00); x R = R, f € Cyq x C, satisfying (3.12)
and there exists a functzon u )1I — R such that u(co) exists and (3.10)) holds.
If z is a solution to (3.8)), (39 and u(oo) < A, then z(t) > u(t) for allt € [a, 00),.

Proof. Take v := z in Lemma [3.4] and the result follows. O

Similarly, we have the following result by taking u := z in Lemma [3.4]

Theorem 3.6. Assume that f : [a,00); x R = R, f € Ciq x C, satisfying (3.12)
and there exists a function v [a oo) — R such that v(oco) exists and (3.11)) holds.

If z is a solution to (3.), (3.9) and v(co) > A, then x(t) < v(t) for all t € [a,0)-.

4. SECOND ORDER EQUATIONS WITH SCALAR LEADING COEFFICIENT

The methods used in Section 3| to derive the existence and uniqueness results
for the first order equations can be naturally used in order to derive similar results
for the second order dynamic equations. For the second order setting there are two
cases depending on whether the nonlinearity f involves the A-derivative of x or
does not. As we shall see, these two cases differ in the assumption on the leading
coefficient r(t). Note that as in the previous section the function f can take both
positive and negative values. Consider first the equation

(r(t)2®)® + f(t,2°) =0, t € [a,00)s. (4.1)

We note that while the functions f and x in are n-vector valued, the function
r will be (in this section) assumed to be scalar valued. Furthermore, compared with
some recent oscillation and asymptotic results for second order dynamic equations
[3, 4, (5, 12, [13), 18], 19, 20 28] in which r(¢) > 0 on [a, 00)., in this paper we assume
(if not otherwise stated) that r(¢) # 0 only. This type of assumption is common in
the oscillation theory of difference equations, see e.g. [14} [I6], and have also been
adopted in some papers in the time scale setting [15] [I7), [24] 25].

The results in this section directly generalize [20, Theorems 4.2 and 4.5] to vector
valued nonlinearity f which can take negative values and the leading coefficient r(t)
is assumed to be nonzero only.

Remark 4.1. Given a function r : [a,00); — R, r € Cy4, such that

inf |r(t)| >0, for all b€ [a,o00)s, (4.2)
t€la,b]r
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it follows that r(t) # 0 for all ¢ € [a,00), and the function 2 also belongs to Ciq
on [a,00);. Hence, the integrals

R(t,s) ::/ %AT, R(t,s) ::/ ﬁAT, t,s € [a,o0)r,

are well-defined. Obviously, for a fixed s € [a,00); both R(-,s) and R(, s) belong
to Cl, with (A-differentiating with respect to the first argument) R2(t,s) = %

and RA(t,s) = ﬁ > 0 for all t € [a,00).. Consequently, the function R(t,s) is

increasing as t increases or, for the same reason, as s decreases. Moreover, we have

|R(t,s)| < R(t,s) < R(t,a), t,s€[a,00), t>s. (4.3)
In connection with these functions we shall frequently use the identities
R(o(s),t) = R(o(s),a) — R(t,a), R(o(s),t) =R(c(s),a) — R(t,a),  (4.4)
for t,s € [a,00);. Next we present the first main result of this section.

Theorem 4.2. Assume that f : [a,00): x Qg — R™ with 0 < g < oo, f € Crq X C,
and r : [a,00); — R, r € Cyq, are given functions satisfying condition (4.2) and the
Lipschitz condition (3.3), in which k : [a,00); — (0,00), k € Cpq, and

/OC R(o(s),a) k(s) As < occ. (4.5)

Let A € R™ be a given vector. If there exists a number N € R, |A| < N < ¢, such
that

/OO R(o(s),a) |f(s,a:"(s))‘ As < N —|A|, forallze Xy, (4.6)

where Xy is defined by (3.2)), then the problem (4.1) has a unique solution x(t) on
[a,00): satisfying x(00) = A and (rz®)(co) = 0.

Before proving Theorem [£.2] we need to establish an auxiliary lemma.

Lemma 4.3. Let g : [a,00)y — R", g € Cyq, and r : [a,00); — R, r € Cpq, be
gien functions such that condition (4.2)) holds and

| Rlots)a) (5] 85 < . (@)
Define the function
G(t) = /t “R(0(s),8) g(s) As, £ € [a,00)n.
Then G(t) is well-defined, G € C}; on |a, )., and

GA(t) = 7% /t O}(s) As, t€ [a,00). (4.8)

Moreover,
lim G(t) =0, lim r(t) G2(t) = 0. (4.9)

t—o0 t—o0
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Proof. First note that, since R(o(s),t) < R(o(s),a) for ¢ > a, we have for all
t E [a’ OO)T
G(1)] < / R(o(s).1) |g(s)| As < / R(o(s),a) |g(s)] As =: G(t) < Gla).
t t
Hence, by assumption (4.7), G(t) is well defined for all ¢ € [a,00);. Next, since
R(t,a) < R(o(s),a) for o(s) > t, the estimate

‘R(t,a) /:2(5) As‘ = R(t,a) ‘ /:Z(s) As‘ < G@t), tela,o0),

and the fact that R(t,a) > 0 for ¢ > a show that | [“g(s) As| and hence [ g(s) As
are finite for any ¢t € (a,00);. Fix any ty € (a,00);. Since g € C.q, the integral
fat” g(s) As exists, and then with respect to the previous conclusion we get that
[Zg(s)As = { f;o + [i }9(s) As exists finite. The latter then implies that

tlirn g(s) As = 0. (4.10)
— 00 t
Thus, by using the first expression in (4.4), we may write
G(t) = / R(a(s),a) g(s) As — R(t,a)/ g(s)As, t € [a,00)r, (4.11)
t t

in which both improper integrals exist finite. This shows that G is a C}; function on
[a,00);. Using the time scale product rule when A-differentiating the second term

in (4.11)) we obtain formula (4.8). Finally, the first limit in (4.9) follows from the
(-9

fact that (for example) G(a) is finite, while the second limit in (4.9) is a consequence
of formula ([4.8]) in combination with the limit (4.10)). O

We are now ready to derive Theorem

Proof of Theorem[.3 We will apply the Banach fixed point theorem in the space
(Cla, 00)r, || - ||») for a suitably chosen function . Define the operator F': Xy — F
(the space of n-vector functions) by

[Fz](t):=A —/ R(o(s),t) f(s,2z7(s)) As, t€ [a,00)s.
t
Set g(t) := f(t,z°(t)) on [a,00);. Then Proposition yields that g € Cyq.
By assumption (4.6) and Lemma we have that [Fx]() is well-defined for all
t € [a,00)s, Fx € Cly, and

[Fz]2(t) = % /toog(s) As, t€ [a,o0)r, (4.12)
with the limits
Jim [Fa](t) = A, lim r(t) [Fz]2(t) = 0. (4.13)

Furthermore, inequality and assumption yield that |[Fx] (t)’ < N for all
t € [a,00)r, so that ||Fz|lo < N and Fz € Xy.

Next, similarly to the proof of Theorem we choose the function ¥(t) to
be the time scale exponential function esp(.y(t, a), where p(t) := R(o(t),a) k(t) for
t € [a,00);. That is, > (t) = —p(t) ¥ (t) on [a,0),. Then, by Lemma we have
0 <o <P(t) <1forallte [a,o0) with ¢y € (0,1), where g := limy_ oo ¥ (¥).
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Thus, by Remark (Cla, ), | - |l) is a Banach space. By using the Lipschitz
condition ([3.3)), we get for any z,y € Xy

1 %5 leg o
[Fz — Fylly < Supwb(t)/t R(a(s)t) |£(s,27(s)) = f(s.97(s))| As

tela,00

1 . - -
< te[S;}EO)T M/ﬁ R(o(s),t) k(s) |27 (s) —y7(s)| As. (4.14)

Now if t = a, then for s > t = a we have R(c(s),t) k(s) = _sz)vA(S) If t > a, then
for s > t the quantity R(c(s),a) > 0 and 0 < R(o(s),t) < R(o(s),a). In this case
we have

_ R(o(s),t) —pB(s)
R(o(s),t) k(s) = =s———= R(0(s),a) k(s) < ,
and in combination with the previous case we see that inequality (4.15]) holds for

any t € [a,00)r. Thus, we get from (4.14) by using (4.15]), the definition of ||z —y/|y,
and condition (2.4) with u := 1 and wg := 1 that

(4.15)

1 oo
e R / 02 (s)] As = (1= o) 1z — ylls.

Hence, the mapping F is a contraction in X . By Proposition[2.4] there is a unique
function x € Xy such that x = Fz, i.e.,

x(t)=A— /tOOR(a(s),t) g(s)As, t € [a,00),. (4.16)

From the limits in (4.13]) we get that
x(00) = [Fz](oo) = A and (rxA)(oo) = lim r(¢) [FI]A(t) =0.

t—oo

Moreover, equations (4.12]) and (4.16)) show that the function x satisfies

r(t) 22 (t) :/ g(s)As, t € [a,o0). (4.17)

¢
While the right-hand side of (4.17)) is A-differentiable, it follows that

A
(r(t)a®(1)" = —g(t), t€ [a,00)s,
i.e., the function x satisfies the dynamic equation (4.1). The proof is complete. [

Next we turn our attention to the more general dynamic equation
(r(t) ™) + f(t,2%,227) =0, t € [a,00).. (4.18)

As we saw in Theorem the problem which does not involve 22 in f can
be treated within the set X consisting of certain continuous functions x. On the
other hand, the problem must be considered in a narrower space, because
it is implicitly assumed in the form of this equation that 22 exists throughout the
interval [a,c0);. Therefore, we introduce the set

Xy = {z € Clyla,00)s, ||z]1 < o0, [lzllo < N}. (4.19)

Then X}, is a closed subset of the Banach space (Cl;[a,c0)s, || - ||l1)-



EJDE-2008/68 TIME SCALE TERMINAL VALUE PROBLEMS 11

Remark 4.4. Given a function ¢ : [a,00); — [¢,d], 0 < ¢ < d < 00, we introduce
on the space Cl,[a, 00). another norm

]l = max {|lz/@llo, [l2®/¢llo}-

Since ¢||z||, < ||lz|1 < d||z|y, the norm | - ||, is on C}y[a, 00); equivalent to the
norm || - [|;. Hence, (Cl[a,o0), | - ||,) is also a Banach space.

Our main result regarding equation (4.18)) is the following.
Theorem 4.5. Assume that f : [a,00)r X Q4 x R" — R"™ with 0 < ¢ < oo,
f€CuaxCxC, andr:[a,00)y — R, r € Cq, are functions satisfying

inf |r(t)| >ro>0 (4.20)

t€la,00)T

for some number ro > 0, the Lipschitz condition
|f(t,u) = f(t,y,0)] < k() [Jo—yl + |u—vl] (4.21)

for allt € [a,00)r, z,y € Q, u,v € R", where k : [a,00); — (0,00), k € Cpq, and
condition

/Oo [R(o(s),a) +1] k(s) As < oc. (4.22)

Let A € R™ be a given vector. If there exists a number N € R, |A| < N < ¢, such
that

/OO R(o(s),a) |f(s,x”(s),xAU(s))| As <N —|A|, foralze Xy, (4.23)

sup
te[a,00)r

where X3 is defined by ([&.19), then the problem ([4.18)) has a unique solution x(t)
on [a,00); satisfying x(o0) = A and (rz®)(c0) = 0.

/Oof(s,x"(s),xA”(s)) As‘ < oo, forallze Xy, (4.24)
¢

Let us briefly comment on the main differences between the above Theorems

and 1.2
Remark 4.6. (i) In Theore the assumption (4.20) on the function r(-) is

stronger than the assumption (4.2]) in Theorem 4.2} Therefore, functions r(-) decay-
ing to zero at infinity are not allowed in Theorem while they are still admissible
for Theorem [£2

(ii) Tt is a part of the proof of Theorem that assumption implies the
finiteness of the improper integral ftoof(s, 27 (s), 25 (s)) As in condition for
every t € [a,00); and every x € X 3.

(iii) Another difference between Theorems and is the presence of the
additional condition in Theorem Note that this condition is satisfied
e.g. when the improper integral

/Oo}f(s’xa(s)axAg(S))‘ As < 00 (4.25)

for any x € Xj. The latter condition is satisfied, in particular, when n = 1

and f(-,-,-) > 0 as in [20]. Assuming (4.20]), condition (4.24) in fact means that
I [Fx]AHO is finite, which is needed in order to show that Frz € X%. On the other

hand, the finiteness of H[Fz]AHO is not required in the proof of Theorem since
there we work in the set Xy only.
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Proof of Theorem[/.5. The proof is similar to the proof of Theorem [f:2]and we shall
include only the main differences. We will apply the Banach fixed point theorem in
the space (CLila, 00)x, || - |lp) for a suitably chosen function ¢. Define the operator
F: X4 — Fby

oo

[Fz](t):= A —/t R(o(s),t) f(s,a:”(s),acA”(s)) As, t € [a,o0)r,

and set g(t) := f(t,z7(t),z2°(t)) on [a,00).. Then Proposition yields that
g € Cyq. As in the proof of Theorem - we get that [Fx](t) is well deﬁned for all
t € [a,00)r, and formulas and hold. In particular, ft s) As exists
finite for all ¢t € [a,00);. Assumption (4 now yields that | [Fz]( | S N for all
t € [a,00)s, so that |[Fz|lp < N. Furthermore, from and assumption

we get
/OO (5) 2] < oo

This yields that ||[Fz||; = max {||Fzlo, ||[Fz] AHO} is finite, and thus Fz € X} .
Choose the function o(t) to be the time scale exponential function ey (t,a),

where p(t) := % [R(o(t),a) +1] k(t) for ¢ € [a,00);. Then, by Lemma , we have

0 < o <(t) <1forall te la,oc0) with ¢g € (0,1), where ¢g := lim; o0 p(t).

Fxl? ‘/ <—
[Pl = sw oo o

Thus, by Remark. (Clyla, oo)T, |l - |,) is a Banach space. Similarly to the proof
of Theorem (4.2 . we now deduce that for any x,y € X3
[(Fz = Fy) /]|, < (1= o) 2 = ylle. (4.26)

Furthermore, by assumption (4.20) and the Lipschitz condition (4.21)),
[([F2)2 = [Fy12) /el

-, gl [ - o]

1 1o
< lle—vrely + e —v)/el] swe o / k(s) ¢ () As

2 1 e
< —llz—y sup —/ks 7(s) As.
le=vlle s o [k 7o

t€la,00)T

Now the choice of ¢, the fact that R(a(s), a) +1 > 1 for any s > t, and condition
(2.4) with u := ¢ and ug := g yield that

I - ) el = e vl s s [ e et A

1
I H“”te[a,ooh o0 ), T-e2(5)]

= (1—¢o) [z =yl (4.27)

The estimates (4.26) and (4.27) now yield that |[Fz — Fy|l, < (1 — o) [l — 9,
that is, the mapping F is a contraction in X3. Hence, by Proposition there

is a unique function # € X} such that x = Fz. The rest of the proof is the same
as in Theorem [£.2] namely we conclude that the function x satisfies the equation

([@.18), and the limits z(c0) = A and (rz®)(cc) = 0. O
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Similarly as in Corollary upon the choice A := M and N := 2|M| in
Theorems and we can now derive results on the solvability of the terminal
value problems for the equations (4.1) and (4.18) with the limits x(c0) = M and
(rz®)(c0) = 0.

Corollary 4.7. Assume that f : [a,00): X Q; — R™ with 0 < ¢ < 00, f € Cpq x C,
and r : [a,00)y — R, r € Cyq, are given functions satisfying condition (4.2) and the
Lipschitz condition , in which k : [a,00)y — (0,00), k € Cq, and holds.
If there exists a vector M € R™, | M| < q, such that

/00 R(o(s),a) |f(s,27(s))|As < |M|,  for all z € Xo|,

then the problem (4.1)) has a unique solution z(t) on [a, 00), which satisfies x(c0) =
M and (rz®)(c0) = 0.

Corollary 4.8. Assume that f : [a,00)y X Qy X R" — R™ with 0 < ¢ < oo,
f€CuaxCxC, andr:la,00)r — R, r € Cyq, are functions satisfying for
some number ro > 0, the Lipschitz condition in which k : [a,00); — (0,00),
k € Cq, and condition holds. If there exists a vector M € R™, |M| < g,
such that

/ " R(o(s).0) [£(5.27(9). 22 ()| As < M, for allz € X},

sup

t€la,c0)r
then the problem (4.18) has a unique solution x(t) on [a, 00), which satisfies x(00) =
M and (rz®)(c0) = 0.

/Oof(s,xg(s)’an(s)) AS‘ < oo, foralzxze X21|M\7
t

5. SECOND ORDER EQUATIONS WITH MATRIX LEADING COEFFICIENT

In this section we present existence and uniqueness results for second order n-
vector dynamic equations of the form and 7 but in which the leading
coefficient is a nonnegative n x n matrix function and f is a nonnegative n-vector
function. The method for proving such results is a combination of the approach from
[20], where scalar valued dynamic equations with nonnegative f were considered,
with the methods presented in Section [

Since in this section the nonlinearity f and solutions x will have nonnegative
entries, we modify the notation accordingly. If a vector x € R™ has nonnegative
entries, we shall denote it by x > 0. Similarly, for two vectors z,y € R™ we write
x <y provided y — x > 0, i.e., their entries are compared componentwise.

For a real n x n matrix A we shall use any norm || - || compatible with (e.g.,
induced by) the vector norm | - |, for example, the maximum row sum matrix norm
[All := [[Alloo = max{>"7_, |ai;|, i = 1,...,n}. We also require, that the matrix
norm is monotone; that is,

if A and B are symmetric with nonnegative

1
entries and 0 < A < B, then ||4] < || B (5:1)

We refer to [7] for more properties of matrix norms. Throughout this section we
will denote by Ry := [0, 00) the set of all nonnegative real numbers. Similarly, the
set of all such n-tuples will be denoted by R’} := [0,00)". Accordingly with the
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notation introduced in Section [2| we denote by Q;r the intersection of the open
g-ball Q, with R", that is Qf := {z € R}, [z] < ¢}.
For any vector M € R} we define the set

Y = {z € Cla,00):, 0 < z(t) <M, forall t € [a,00)-}. (5.2)

Then Y is a closed subset of the Banach space (Cla, o)y, || - |lo). Consider the
second order dynamic equation

(P(t)22)® + f(t,2°) =0, t€ [a,00).. (5.3)

In this section we denote by Ag(t) the smallest eigenvalue of the symmetric matrix
P(t). Similarly to Remark for t,s € [a,00); we define the symmetric n x n
matrix

Q(t,s) ::/ P (1) AT.

We emphasize that in this section the matrix P(t) and the n-vectors f(¢,z) or
f(t,z,y) have only nonnegative entries.

The following two results generalize [20, Theorems 4.2 and 4.5] to vector valued
nonlinearity f and matrix valued leading coefficient r(t).

Theorem 5.1. Assume that f : [a,00); X Q;’ — R with 0 < g < oo, f € Cq xC,
and P : [a,00); — R}*", P € Cyq, P(t) positive definite for all t € [a,00)., are
gien functions satisfying

inf  Ag(t) >0, forallbé€ la,o0),
t€la,b]r

and the Lipschitz condition (3.3)), in which k : [a,00); — (0,00), k € Cya, and

[0 ks A <

where the matriz norm || -|| is compatible with the vector norm |-| and monotone in
the sense of condition (5.1)). If there exists a vector M € R™ | |M| < q, such that

/OO Q(o(s),a) f(s,27(s)) As < M, for all x € Yy, (5.4)

where Yr is defined by (5.2)), then the problem (5.3)) has a unique solution x(t) on
[a,00); satisfying x(00) = M and (rz)(co0) = 0. Furthermore,

z(t) > Q(t,a) P(t) z(t), t € [a,00);. (5.5)

Proof. The proof is a combination of the proofs of Theorem and [20, Theo-
rem 4.2]. With the notation g(s) := f(s,27(s)), the operator

[Tx](t) := M — /tOOQ(o(S),t) g(s)As, t € [a,00)r,

maps the set Yy, into itself. Indeed, Tz € Cl4[a,00), C Cla,00), and since the
functions P and f have nonnegative entries, we have

[Tx]A(t) =P ) /toog(s) As >0, te€[a,o0)s, (5.6)
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and [Tz](t) < M on [a,00); and [Tz](a) > 0. This yields that [Tz](-) is nonde-
creasing so that [Tx](t) > 0 on [a, 00);. Furthermore,

0< [[ae.0 085 = [ Q10 g) 25— Qe [(aas 61)
implies that
0=QM.0) [ o585 = [Qols).) g(s) A,
so that, by assumption (5.4)),

Jim [ Q(o(s).a) g(s) As =0 = lim Q(t.a) / o(s) As. (5.8)
Equations (5.7)) and (5.8]) now yield that
tlim Q(o(s),t) g(s) As =0,
— 00 t

Thus, the definition of Tx implies that [T'z](co) = M. The contraction property of
T is proven similarly as in Theorem but with p(t) := [||Q(c(t),a)|| + 1] k(t).
Here |- || is the previously discussed matrix norm, for which we have ||Q(c(s),t)|| <
|1Q(c(s),a)]| for t € [a,00)- and s > t.

Thus, the Banach Theorem (Proposition yields a unique function = € Y),
with Tz = z, ie., € Cla,00); and 0 < z(t) < M (componentwise) for all
t € [a,00);. From we get 22 = [Tz]® € Ciala,00); which implies that
z € Clyla, 00)y. Moreover, since Q(-, a) is positive definite and increasing, it follows
that either some of its eigenvalues tend monotonically to oo or all its eigenvalues
are bounded and in this case Q(t,a) converges to some constant matrix Qo > 0 as
t — oo. But in any of these two cases the second limit in implies that

o0

lim [ g(s)As=0. (5.9)

t—o00 t

Hence, by (5:6) and (5:9),

(Pa2)(oc) = Jim PO T21() = [ o) a5 =0.

Furthermore, from z = Tx we get

o0

2(t) > M~ / “Q(o(s). a) g(s) As + Q(t, @) P(t) P~(1) / o(s) As,

¢
so that by assumption (5.4) and by using formula (5.6) in z2(t) = [Tz]*(t) we

have inequality . The proof is now complete. ([
Next we define the set
Yy o= {z € Clyla, 0)x, 0<a(t) <M, z2(t) > (5.10)
for all ¢ € [a,00)q, [|z2]o < co}. '
Then Y}, is a closed subset of the Banach space (Cly[a, o), || - |]1). Consider the

second order dynamic equation

(P(t) ™)™ + f(t,2°,257) =0, t€ [a,00).. (5.11)
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Theorem 5.2. Assume that f : [a,00); x QF x R} — R with 0 < ¢ < oo,
f€CuaxCxC, and P: [a,00); — R}Y", P € Ch, P(t) positive definite for all
t € [a,00)y, are given functions satisfying

inf A (t) >r9g>0

t€la,00)T

for some number ro > 0, and the Lipschitz condition (4.21)), in which k : [a, 00), —
(0,00), k € Ciq, and

| llQ( )] +1] k) 85 < ox,

where the matriz norm || - || is compatible with the vector norm |-| and monotone in
the sense of condition (5.1)). If there exists a vector M € R, |M| < q, such that

/00 Q(U(s),a) f(s,x”(s),xA“(s)) As < M, forall x € Yy,

sup
te€[a,00)r

where Y} is defined by (5.10), then the problem (5.11) has a unique solution x(t)
on [a,00); satisfying x(co) = M and (rz®)(co) = 0. Furthermore, inequality (5.5)
holds.

Proof. The proof is a combination of the proofs of Theorem and [20, Theo-
rem 4.5]. The proof of the contraction now uses the function

p(t) = % [|Q(a(t),a)|| + 1] k().

The details are omitted. (I

/ f(s,27(s), 229(s)) As‘ < oo, forallz €Yy,
t

6. EXAMPLES

We now present some examples to illustrate how to apply the main ideas of this
paper.
Example 6.1. Consider the scalar-valued terminal value problem
A (z7)?

"~ 9¢7(t,a)’

and z(oo0) = 1. We claim that this problem has a unique solution z on [a, 00).

x t € [a,00)s.

Proof. Our objective is to show that the conditions of Theorem are satisfied.
We choose ¢ := 3 to form §,. Next, we see for all t € [a, 00); and all u,v € Q3 we
have

|u? —v?| _ 6|u—v|
9e’(t,a) ~ 9e(t,a)

and so (3.3) holds for
2
k(t) = ———
®) 3e(t,a)’
Furthermore, it is not difficult to show that the left-hand side of (3.4) is % and so
inequality (3.4]) holds for the above defined function k().

t € [a,o0):.
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Now choose N := 2 to form X . See that for all z € X5 we then have

® [x9(s)]? e 4 4
/ M As S / - As=-—
o 9e%(s,a) . 9e7(s,a) 9
and so (3.5) holds. Thus, the claim follows from Theorem d

Example 6.2. In this example we illustrate the applicability of Theorem Let
n=1qg=00, T=7Z,a=0, and

(—1) 1 x
rt) =S SR = s T

Then we claim that the assumptions of Theorem are satisfied.

with 3 > 0.

Proof. First note that r(¢) changes its sign but
1

1
f |r(t)] = inf — >0 fi be |0
tel[g Bz Ir)] = eoblt+1 b+l ” or every b € [0, 00}z,

hence condition (4.2)) holds. It follows that

Rit9) =Y % - _;l(fl)mi, R(t,s) = ;12- _ t(t;rl) - s<32+ o)

Moreover, f(t,z) is Lipschitz with k(t) := 1/(t + 1)3*5, i.e., condition (3.3]) holds.
With the estimate (i + 1)(i +2) < 2(i + 1)?, a simple calculation shows that

i+1)(i+2 = 1
/R8+10 Jkls) As 2%(2(2—2(1)3+5)<;(i+1)1+5<00

by the integral criterion for infinite series. Thus, condition (4.5) holds. Finally,
since the function #/(1 + z?) is bounded on R (by 3), we get for any sequence
z € Xy that

[ L0t ) 05 55
s s, (s - = 4= T
0 ’ ’ 2 Z + 1 ﬁ+1 2 2 1 TﬁJrl
<Ly L p+t
=973~ 25
Since the above estimate is independent of z(+), we may choose N := |A|+ 52‘;1 , and

then inequality (4.6) holds. Hence, by Theorem for any A € R the terminal
value problem
(—1)t 1 z(t+1)
AU )
e 2 0) G Ty

+
. B (~1)t
Amat) =4, i o A

=0, te€][0,00),

1)
x(t) =0,
has a unique solution z(-) on [0, 00),. O

Example 6.3. Note that the leading coefficient r(¢) from Example is not al-
lowed in Theorem [4.5} since

1
inf |r(t)|= inf —— =0,
I LOTE . S
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contradicting condition (4.20]). However, one can consider a leading coefficient such
as r(t) = (—=1)! on [0, 00), which is admissible in Theorem

Example 6.4. In this example we illustrate the applicability of Theorem [£.5] Let
n=1¢g=00,T=R, a=0, and

1
r(t) =1, f(tzy):= Cx1)2e T+ sinZy

Then we claim that the assumptions of Theorem are satisfied.

siny

(cosx—i— ), with g > 0.

Proof. We have R(t,s) = R(t,s) = f: 1dr =t — s, and the Lipschitz condition
4.21)) is satisfied with the function k(¢) := 1/(t + 1)274. Conditions (4.22)) and

4.23) are verified similarly as in Example Condition (4.24]) follows from ({4.25)
in Remark [4.6(iii) and from the estimate

~ 3 [~ 1 3
/!f(w(s 2))|ds < z/(s+1>2+ﬁd8:2<5+1><°°

for every x € X3, since the function cos z + 1+Sm 5 s bounded on R (by ) Hence,
by Theorem [L.5] for any A € R the terminal value problem

1 sin &’
a:”—l—i(cosa:—&—i)zo, t € [0, 00),
(t+1)2+8 1+ sin? 2/ 0.0)
Jim x(t) = A, Jim 2/ (t) =0,
has a unique solution z(-) on [0, c0). O

The two examples above motivate the following corollaries of Theorems [£.2] and
in which the existence of the number N is guaranteed from the assumed esti-
mates on the data.

Corollary 6.5. Assume that g : Q; — R™ with 0 < ¢ < oo, g € C!, and r :
[a,00)y — R, r € Ciq, and k : [a,00)y — (0,00), k € Cpa, are given functions
satisfying condition (4.2)),

/ R(o(s),a) k(s) As < ky < oo, (6.1)
|g(:c)| < M on Qq, and g'(x) is bounded on Q. Then for any A € R™ such that
|A| < g — Miky (in particular, for any A € R™ if ¢ = 0o) the problem

(rH @) + k(1) ga?) =0, t€[a,00)s,
has a unique solution x(-) on [a,00) satisfying x(c0) = A and (rz®)(c0) = 0.

Proof. Upon taking f(t,x) := k(t) g(x) and N := |A| + M; k; we show that these
data satisfy the assumptions of Theorem O

Corollary 6.6. Assume that g : Q x R — R™ with 0 < q < oo, g € CY, and
r:fa,00)y > R, r € Crd, and k ) (0,00), k € Cya, are given functzons

satisfying conditions , , , and |g T,y | < My on Q4 x R™, and
9z(z,y) and gy(z,y) are bounded on Q x R™. Then for any A € ]R” such that

|A| < ¢ — Myky (in particular, for any A € R" if ¢ = o0) the problem
(r(t)22) " + k() g(a”,227) = 0, t€ [a,00).,

has a unique solution z(-) on [a,o0): satisfying x(00) = A and (rz®)(c0) = 0.



EJDE-2008/68 TIME SCALE TERMINAL VALUE PROBLEMS 19

Proof. Upon taking f(t,z,y) := k(t) g(z,y) and N := |A| + M; k1 we show that
these data satisfy the assumptions of Theorem Note that condition (4.25) from
Remark [4.6(iii) is used in order to verify condition (4.24). O

In Example 5.2 we had k(t) = 1/(t +1)*%, ki = 255, g(x) = /(1 + %), and
M; = %, while in Example we had k(t) = 1/(t + )8, ky = %, glz,y) =

29

. sin _ 3
cos T + 1+sin%y’ and M; = 5.

7. FURTHER APPLICATIONS AND EXTENSIONS

Nabla dynamic equations, see e.g. [6], can be considered as a dual version of
A-differential equations. The backward graininess function is denoted by v(t) :=
t — p(t). The spaces of ld-continuous and 1d-continuously V-differentiable functions
are accordingly denoted by Cjq and CJ;. Similarly to Definition we have the
notion of f € Cq x C x C, and results corresponding to Propositions and
now hold true for the V-setting. The V-exponential function having the properties
concluded in Lemma corresponds to the dynamic equation vV = —p(t)u, see
[0, Section 3.2]. Consequently, all the results of this paper extend directly to the
corresponding results for the V-differential equations. As examples of such results
we have the following.

Theorem 7.1. Assume that f : [a,00)r x Qg — R™ with 0 < ¢ < 0o is a function
satisfying f € Cig x C and the Lipschitz condition (3.3), where k : [a, 00); — (0, 00),
k€ Cld7 and

/00 k(s) Vs < 0. (7.1)

Let A € R™ be a given vector. If there exists a number N € R, |A| < N < g, such
that

/OO |f(s,ac(s))| Vs < N—|A|, foralze Xy,
where X is defined by , then the problem
vV + f(t,x) =0, t€ [a,00). (7.2)
has a unique solution x(t) on [a,00); satisfying x(oco) = A.
Corollary 7.2. Assume that f : [a,00)r X Q; — R™ with 0 < ¢ < 0o is a function

satisfying f € Cia x C and the Lipschitz condition (3.3), where k : [a, 00), — (0, 00),
k € Cia, and (7.1)) holds. If there exists a vector M € R"™, |M| < q, such that

/ |f(8,a:(s))|Vs§ |M|,  for all x € X,

then the problem (7.2)) has a unique solution x(t) on |a,00)s satisfying x(oo) = M.
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The corresponding results to Theorems [£.2] [£.5] 5.1} [5.2 and Corollaries [6.5] [6.6]

now hold under appropriate assumptions for the second order V-dynamic equations
(r(t)2¥)" + f(t,2) =0, t€ [a,00)s,
(r(t V) + f(t,z,2¥) =0, t€la,00)s,
(P(t) xv) + f(t,x) =0, tE€ [a,00)r,
(P(t)2¥)Y + f(t,2,2¥) =0, t€ [a,00)s,
(r))2%)" + k(t) g(x) =0, t€ [a,00)s,
(r(t) xv) k(t)g(x,zV) =0, t€ [a,00),
respectively.
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