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ON HOMOGENIZATION OF A DIFFUSION PERTURBED BY A
PERIODIC REFLECTION INVARIANT VECTOR FIELD

JOSEPH G. CONLON

ABSTRACT. In this paper the author studies the problem of the homogeniza-
tion of a diffusion perturbed by a periodic reflection invariant vector field. The
vector field is assumed to have fixed direction but varying amplitude. The ex-
istence of a homogenized limit is proven and formulas for the effective diffusion
constant are given. In dimension d = 1 the effective diffusion constant is al-
ways less than the constant for the pure diffusion. In d > 1 this property no
longer holds in general.

1. INTRODUCTION

We consider the problem of the homogenization of a diffusion perturbed by a
reflection invariant vector field. The general set up we have in mind is to understand
the limit as ¢ — 0 of the solutions u. to an elliptic equation,

1
_?dAus(xaw) - 2b€(x,w)8u€(w,w)/3x1 + us(xaw) = f(‘r)a (1.1)

r=(z1,...,24) €ERY, weq.

Here the function f : R* — R is smooth of compact support and 2 is a probability
space. For simplicity we have assumed that the vector field is always in the x;
direction and hence can be described by the scalar function b.. As € — 0 the field
becomes rapidly oscillatory and therefore one might expect that u.(x,w) converges
with probability 1 as € — 0 to a homogenized limit u(z) which is the solution to a
constant coefficient elliptic equation,

Pu 1 0% d

The effect of the rapidly oscillating vector field b. is contained in the coefficient g(b)
in .

In order for a limit u(x) satisfying to exist it is necessary to make as-
sumptions concerning the rapidly oscillating field b.. These are primarily that
the distribution functions of the variables b.(z,-), z € R%, are translation and re-
flection invariant. To be specific, we assume that there are translation operators
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Te : @ — Q, 2 € R% which are measure preserving and satisfy the group prop-
erties 7,7y = Tuqy, T,Y € R?, 717 =identity. Suppose b : 2 — R is a bounded
function. We then set b.(z,w) = 6_1b(7$/5 w),zr € RY weQ e>0. Such
a b. has translation invariant distribution functions and is rapidly oscillating as
e — 0. For b, to satisfy reflection invariance we let R : R? — R? be the reflection
operator R(x1,...,2q) = (—21,T2,...,%q), x = (21,...,24) € R%. We then require
b: Q2 — R to satisfy the identities,

<f[b(fm .)> - (—1)n<f[b(%i .)>, s EeRL 1<i<n, n>1,  (13)

where (-) denotes expectation on . Evidently implies that (b(-)) = 0, so the
vector field has no net drift.

A concrete example of an  and a b : 2 — R which satisfies is given by
taking Q to be a torus, 2 = Hle[O,Li] with periodic boundary conditions and
uniform measure. The operators 7, : Q — Q, x € R?, are just translation on £ and
reflection invariance of is guaranteed by the condition,

b(x1,xa,...,xq) = =b(L1 — x1,2Z2,...,2q), = (X1,...,24) € Q. (1.4)

We shall show that for a discrete version of a periodic 2 with b satisfying a
homogenized limit exists with ¢(b) satisfying 0 < ¢(b) < oco. For d = 1 one has
q(b) < ¢(0) = 1/2. For d > 1 it is no longer the case that ¢(b) < ¢(0) = 1/2d
in general although this does hold for L; sufficiently small. One might wish to
understand this difference between d = 1 and d > 1 by observing that only in d > 1
can one construct nontrivial divergence free vector fields. The homogenized limit of
diffusion perturbed by a divergence free vector field necessarily yields an effective
diffusion constant which is larger than the constant for the pure diffusion [I0].

The homogenization problem considered here appears to have only been studied
in the case where €2 is an infinite space for which the variables b(7, -), = € R, are
uncorrelated on a scale larger than O(1). The problem was introduced by Sinai
[18] in a discrete setting. He proved that in dimension d = 1 a scaling limit of the
random walk corresponding to a finite difference approximation to exists with
probability 1 in €. The limiting process is strongly subdiffusive. In a subsequent
paper Kesten [12] obtained an explicit formula for the distribution of the scaling
limit. For dimension d > 3 Fisher [II] and Derrida-Liick [9] predicted that a
homogenized limit exists as in with 0 < ¢(b) < oco. This was proved for
sufficiently small b by Bricmont-Kupiainen [4] and Sznitman-Zeitouni [21I] using a
very difficult induction argument. A formal perturbation expansion for ¢(b) was
obtained in [5l [6] where it was shown that each term of the expansion is finite if
d > 3. One does not expect the series to converge however. For d = 1,2 there are
individual terms in the perturbation expansion which diverge.

A main difficulty in the homogenization problem (1.1J), is that when  is
infinite, good a-priori estimates on the solution to 0 not hold for all config-
urations of b(-). In contrast such estimates do hold for divergence form equations
with zero drift. The proof of homogenization in these cases is therefore consider-
ably simpler than for the problem , . The first proofs of homogenization
for divergence form equations were obtained by Kozlov [I3] and Papanicolaou-
Varadhan [16] in the continuous case. Kiinneman [I4] proved a corresponding
result for the discrete case. For non-divergence form equations with zero drift the
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first proofs in the continuous case were given by Papanicolaou-Varadhan [I7] and
Zhikov-Sirazhudinov [23]. Lawler [I5] and Anshelevich et al [1] proved homogeniza-
tion for a discrete version. See the books of Bolthausen-Sznitman [3] for an account
of the theory in a discrete setting and of Zhikov et al [22] for the continuous case.

In this paper we shall be concerned with a discrete version of the homogenization
problem described by (L.1)), (1.2)), (1.3). Thus the probability space € is acted upon
by translation operators 7, : Q — Q where now z € Z%, the integer lattice in R,
and satisfy the group properties 7, Ty = Tyqy, 70 = identity. For ¢ = 1,...,d let
e; € Z% be the element with entry 1 in the ith position and 0 in the other positions.
the discrete equation Corresponding to is given by

Z uE $+€e“ )+U,E(l'—€ei,LU)]

=1 ) (1.5)
_b(Tx/sw)[ ( T +ee,w )_us(x_gelvw)]—’_s us(l'vw)
=ef(zx), 2€Z=¢7% we.

We assume that b : Q — R satisfies sup,, |b(w)| < 1/2d, in which case is an
equation for the expectation value of a function of an asymmetric random walk.
Hence has a unique bounded solution. We assume that b satisfies the reflection
invariant condition (with z; € Z%,1 <i < n, now). We also assume that Q is
finite, in which case one can see (Lemma that € is isomorphic to the integer
points on a torus and b has the reflection invariance property . In §2 we prove
the following theorem (with |-| denoting the integer part):

Theorem 1.1. Assume 2 is a finite probability space and the translation operators
» : Q — Q are ergodic, x € Z%. Then there exists q(b), 0 < q(b) < oo such that

with ue the solution to (1.5) and u the solution to (1.2)),
lim  sup |uc(e|z/e],w) —u(x)| = 0.

e—0 z€ERL, WEN

One should note here that Theorem may be obtained from a homogenization
theorem for divergence form operators. This follows from the representation

L=A+bV = (1/¢")div(¢*(I+ H)V-), (1.6)
where ¢* is the invariant measure for £ on 2 and H is an antisymmetric matrix.
This follows since (1.3]) implies that < b(-)¢*(-) >=0

Suppose now that  consists of the integer points on the torus H;‘Zl[o, L;] C RY
with periodic boundary conditions. The reflection invariant condition correspond-

ing to (1.4)) is given by
b(x1,29,...,2q) = =b(L1 — 1 —x1,22,...,24), == (x1,22,...,24) € Q. (1.7)

For b satisfying (1.7)) we prove in §2, §3 the following results concerning the coeffi-
cient ¢(b) of the homogenized equation (|L.2)):

Theorem 1.2. (a) Ford=1 one has q(b) <1/2.
(b) Ifd > 1 and Ly = 2 one has q(b) < 1/2d.
(¢) If d=2 and L; = 4 one has q(b) < 1/4.
(d) If d > 2 and Ly > 6 is even then there exists b with q(b) > 1/2d.

The proofs of (a), (b), (c) are given in §3 and are based on applications of the
Schwarz inequality to certain representations of ¢(b) obtained in §2. The proof
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of (c¢) is quite lengthy. Basically one shows that ¢(b) < 1/4 provided a quadratic
form corresponding to a fourth order difference operator is non-negative definite.
The non-negative definiteness of the quadratic form depends crucially on actual
numerical values for a Green’s function associated with standard random walk on
the integers. The proof of (d) is given in §2. One observes that perturbation theory
yields g(b) = 1/2d + O(|b|?) and that the term O(|b|?) can be positive.

In the proof of Theorem |1.2| we use a representation for ¢(b) in terms of invariant
measures for random walk on Q with drift b. Let Q4_1 consist of the integer
points on the d — 1 dimensional torus H?ZQ[O, L;] € R with periodic boundary
conditions. Setting L, = 2L with L an integer we define { by

Q:{(TL’:U) : 1 SnSL7 yEQd71}7
whence (2 is the double of Q. Observe that the boundary of o€ is given by
8Q = {(lay)v (L7y) ‘Y€ Qd—l} .

Let ¢* be the invariant measure for random walk on € with drift b(-) in the e;
direction and reflecting boundary conditions on 0f2. The normalization of ¢* is
chosen so that < ¢* >g= 1 where < - >¢ is the uniform probability measure on

Q). We define ¢ : Q4_1 — R by
1/’(2/) = [1/2d - b(lvy)] 90*(17y), (BS Qd—la
Then ¢(b) is given by the formula,

q(b) = 8d(v [-Aag1 + 4 ¢R>Qd71, (1.8)

where ¥ is defined exactly as ¥ but with b replaced by —b. In the expectation
(-Ya,_, is the uniform probability measure on Q4_; and Ay_; is the d—1 dimensional
finite difference Laplacian on functions with domain 24_1. The general formula
(1.8) is proven in §4.

2. PROOF oF THEOREM [L.1]

We follow the method introduced in [§] to obtain homogenized limits. Thus in
we put u. (2, w) = ve(z, 7,/ w) whence becomes
2d
ve(z,w) — ; 20 [ve(z + c€;, Te, W) + Ve (@ — €€, T_e, )]
—b(w) [ve(z + ce1, Te, w) — Ve(T — c€1,T—0, W)] (2.1)
+e2 ve(z,w)

= f(x), z€Zd=¢cZ% we.
Next we wish to take the Fourier transform of . To show that this is legitimate
we first show that the solution u.(x,w) of decreases exponentially as x — oo.

Lemma 2.1. Suppose f : Z¢ — R has finite support in the set {x = (21,...,24) €
72 : |z| < R}. Let u.(z,w) be a bounded solution to (L.5)). Then there are constants
C,K(g) > 0 such that

Jus(z,w)| < CexplK()(R — [a])]l|fl, =€ ZE. (2.2)
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Proof. We write u.(z,w) = e k1 . (z,w). Then from (L.F) the function wu.
satisfies

d
1
24 Z [2ue k(W) — ue (T + €€, w) — ue (T — €4, W)] /e?
i=2

1
L eke [7d + (T ew)] {te k(T w) — ue (2 + cer,w)} /€
z (2.3)
+ eke [@ — b(Typyew) ] {te k(W) — ue p(z — ce1,Ww)} /€2

+ {1 — [cosh ke — 1]/de? + 2b(7, e w) sinh k‘s/52} Ue i (T, w)
=k f(x), xezl

We may assume without loss of generality (wlog) that f is nonnegative, whence u, g
is also nonnegative. Suppose u. ; attains its maximum at a point T € Z4. Then we
have that
{1 — [cosh ke — 1]/de® + 2b(7; e w)sinh ke/e} ue (2, w)
<exp[k(Z-e)][fllc, [Z] <R.

Observe that the coefficient of w. ;(Z,w) on the LHS of (2.4) is positive if k is
sufficiently small. Hence it follows that

ue(e,w) < Coxp k(@ — 2) - e1] | fllc. @ € Z2. (2.5)

We need to show that the point z exists for sufficiently small k. To see this
assume for contradiction that it does not exist. Then implies that ay =
SUP|p|< N Ue k(T w) grows exponentially in N as N — oo. This follows since we see
from that if N > R then there is a positive a such that axy1 > (1 + a)ay.
The rate of exponential growth remains bounded away from 0 as & — 0. Hence,
taking k sufficiently small, we conclude that the function u. is unbounded, contra-
dicting our assumption on u.. The inequality now follows from 7 on
generalizing to all directions e;,1 < j < d. (]

(2.4)

For ¢ € [~7/e, 7/e]? we put

0 (&, w) =/ Ve (x,w)e S dr = Z el (z,w)e <. (2.6)
z¢ zeZd
Then from (2.1)) we have that
d
1 . .
0 (8, w) — 2_; 57 (€706, e, w) + €06, 7, w)]
! (2.7)

—b(w) [ 1651”6(§a7'e1 ) — ewglva(fﬂ'—el )] +&° e (&, w)
= 52f€(£)7 §€ [—W/E,W/E}d, w € Q,

where f. denotes the discrete Fourier transform || of f. To solve 1) we define
for ¢ € [—m,7]¢ an operator L£¢ on functions ¥ :  — C defined by

LcV(w) = T(w)— Z 2id [e—iQ U (7e,w) + et \Il(Lejw)] (2.8)
j=1 ’

—b(w) [e7 U (Te,w) — MU (T_e,w)] .
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Next we define an operator Ty, ¢, n > 0, ¢ € [—m,7]¢ on L>(£2) by

Tyc o(w) =L+ pw), we (2.9)
It is easy to see that T}, ¢ is a bounded operator on L>(€2) with norm at most 1.
In fact the RHS of is the expectation for a continuous time random walk on
Q x Z*. The walk is defined as follows:
(a) The waiting time at (w,z) € Q x Z¢ is exponential with parameter 1.
(b) For j =2,...,d the particle jumps from (w, ) to (7e,w,z 4 e;) with prob-
ability 1/2d and to (7_o,w,z — e;) with probability 1/2d.
(¢) The particle jumps from (w, ) to (7e,w, x+e1) with probability 1/2d+b(w),
and to (T_e,w,x — e1) with probability 1/2d — b(w).
If [w(t), X (t)] € Q x Z¢ is the position of the walk at time t then

Ty cp(w) = 77E{/Oo dt e " p(w(t)) exp[—i X (t) -C]‘w(O) =w, X(0)=0|. (2.10)

It is clear from the representation (2.10) that ||T7, ¢||c < 1. We conclude from this
that (2.7) is solvable with solution glven by

0:(6;w) = fo(6) T ee(D(W), w €Q, €€ [~/ m/e]". (2.11)
To obtain the homogenization theorem we need then to obtain the limit of the RHS
of (2.11) as e — 0. To facilitate this we observe from (2.8]) that
d
1
[Le+nl=1+n— gZeosgj + 2ib(w) sin ¢;. (2.12)
j=1
It follows therefore that

Ty c(1)(w) :77/[1—&—77—;2%008@1 — {Qisincl/[l—i—n ZCOSCJ]} T, cb(w).
j=1

(2.13)
Setting n = &2, ¢ = ¢ ¢ for some fixed ¢ € R? we see from (2.13)) that

lim T c¢(1)(w) = 1/[1 v 252} {21'51/ {1 v Zg ]}h_r% e Tle L eb(w).

(2.14)
We shall show that under the assumption of (1.3) the limit on the RHS of (2.14))
exists. To do this we define two subspaces of the space L*>°(€2). We define L3 (12)
as all functions ® € L*°(Q) such that

() T[ 0721 = (<1 (D Hbm, )),

with z,2; € Z%, 1 <i<n,n=0,1,2,.... Evidently (1.3) implies that b € L (Q).
We also see that if ® € L () then ®(7e;-) and ®(7_e;-) are also in LF (), =

.,d. For j =1 one has that ® € L¥ () implies both [®(7e, ) + ®(7_e, )] and
b(-)[®(Te,-) — B(T_e, )] are in LF (). The space L3 (Q) is defined similarly as all
functions ® € L>(Q) such that

n

<¢)(TI-)f[b(T,;i-)> = (=1)"(®(ra) [T o)),

=1
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with z,2; € Z4, 1 <i<n,n=0,1,2,.... ;From we see that the function
® = 1isin L¥(Q). As for the space LF(Q), if @ € L¥(Q) then ®(7;-) and
®(7_e,") are also in LF(Q),j = 2,...,d. Similarly both [®(7e,-) + ®(7_e,-)] and
b(-)[®(Te, ") — P(T_e,-)] are in L3 (Q). We note that the mapping ®(-) — b(-)®(-)
maps L () into L% (Q) and vice-versa.

We denote the operator L¢ of for ¢ = 0 by L. It is evident that L is
the generator of a random walk on 2. Hence the kernel of the operator L is just
the constant function. Furthermore £ leaves the space L3 (f2) invariant. Since

the constant function is not in LY () it follows that there is a unique function
v € LE () such that

Lo =0b. (2.15)
Let ¢* be the invariant measure for the walk on Q generated by £. Thus ¢* > 0,
Lro* =0, (¢*)=1, (2.16)

where £* is the adjoint of £. Since £ is non singular on the space L% (€2) it follows
that ¢* is orthogonal to L (). We can also see that ¢* € L% (). One simply
notes that both £ and L£* leave the space f/j’%o(Q) invariant and that the constant
function is in L3 (€2). We obtain the limit on the RHS of (2.14) in terms of the
functions ¢, ¢* defined by , .

Lemma 2.2. Let ¢ € L>°(Q) be defined by
1 1
)= . S D G Y8 o), 21
60) = { o + 00 }eler) — { g — b0 Yol7er) (2.17)
where @ is given by (2.15)). Then if ©* is as in (2.16|) there is the limit,

e—0

d
. — . * 1 *
lim e T ceb(w) = —i€; < o™ > /[1 + oY+ <Y >], (2.18)
j=1

for all w € Q, provided & is sufficiently small.

Proof. For n >0, ¢ € [, 7% let ¢(n,¢) be the unique solution to the equation

[Lc +nlp(n, ¢) = b. (2.19)

It is clear then that
e T2 eb = p(e?, €€). (2.20)
We define operators AC’BC by AC = [‘CC + ERC]/2, B = [,C( - ERC]/Z where
R((1y- ., Ca) = (=C1,Cay - -+, Ca). The operator A leaves the spaces L3 (Q), L ()
invariant whereas B, takes L3 () into L35 (Q) and vice versa. Equation is

now equivalent to

[(A¢ +m) + Bcl ¢(n.¢) =b, (2.21)
and we may write the solution of this formally as a power series,

0m,Q) =Y _ {~(Ac+m)"'B}" (Ac+nm)~"b. (2.22)
n=0
The operators B, (A¢ +1)~! on L*(Q) have norms satisfying ||B¢| < Ca|¢i],

|(A¢ +n)~1|| < 1/n, for some constant Cs. Since Ay = L is invertible on L¥ () it
follows that for (7, ¢) sufficiently small the operator norm of (A¢ +n)~! acting on
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L3 () satisfies |[(A¢ + 1)~ < Cy for some constant C7. We conclude therefore
for (n, ¢) sufficiently small that

H{(A¢ +m) 7' Be}" (A + 1) blloe < CF1GI"CTH 0" [bllos (2.23)

where 7 = n/2 if n is even, r = (n + 1)/2 if n is odd. Hence if (n,¢) and |¢1|*/n
are small then the series in (2.22)) converges in L () to the solution of (2.21)).
It follows that for ¢ € R? fixed with & sufficiently small we may construct the

function (g2, e€) by means of (2.22) as ¢ — 0.
To obtain the limit in (2.18)) we write

©(n,¢) = p1(n, ) + w2(n, () (2.24)

where ¢1(n, () is the sum on the RHS of (2.22)) over odd powers of n. It is evident
from ([2.23) that for [&;] < 1/C2+/Cy one has

lim epy(e?,e€) = 0. (2.25)
E—

We consider the first term in the sum for ¢;. Setting n = 2, { = ££ and multiplying
the term by € as in (2.20]) we see that

. -1 —1
—lime (Ace +€%) " Beg (Ace +€°) b
L -1 1 1
= — lim i (Aeg + %) 7 [{ 55 +00) folre) = {55 = ¥0) felre,)].
where ¢ is the solution of (2.15]). Observe now that for any ¢ € L () we have
—lim ie6 (Acg + %) v = —i&a(p"9) lim e? (Acg +7) 7 1,
where ¢* is the solution of (2.16). From we have that
d
_ 1
e? (Aee + &%) Y= 52/[1 +e2 - chossgj},
j=1
whence we conclude that
d
L2 2\ 1 1 2
3%6 (Ace +€7) 1:1/[1—&-2(12;@}.
]:

We have therefore obtained a formula for the limit as ¢ — 0 of the first term in
the series representation of ey (g2, e€). Using the same argument we can obtain a
formula for all the terms. For the rth term corresponding to r = (n + 1)/2 with n
as in we see that the limit is given by the formula

{2/ [+ 5 é&ﬂ ¥ (2.26)

where v is the function (2.17)). Evidently ¢ € ﬁ%"(Q) We have already observed
that ¢* is also in L% (2). We conclude that

d
lim er (2, €)= ~ia(970) [ [1 + 5 36 + 26 (0°9)]
j=1

Then (2.18) follows from this and (2.25)). O
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Lemma [2.1] enables us to compute the limit (2.14) when &; is small. We have
lim 7.z (1 —1/[1+—Z§J +2e2(p ¢>] (2.27)

We wish now to extend the identity (2.27) to all £ € RY.

Lemma 2.3. Let K C R? be a compact set. Then the limit s uniform for
(e K, we.

Proof. Since the LHS of (2.27) does not exceed 1 in absolute value we conclude
that

ﬁ +2(¢*y) > 0. (2.28)

The inequality (2.28)) in turn implies that the expression (2.26]) is the rth power of
a number strictly less than 1 provided we also assume that

2 (p*y) < 1/2d. (2.29)
We show that the power series methods of Lemma apply to prove the result
under the additional assumption 1) We shall see in §3 that <<p*w> < 0 for

dimension d = 1, in which case (2.29) certainly holds. Since the constant function
is the unique eigenvector of Aqg = £ with eigenvalue 0 and it is also an eigenvector
of A¢ it follows that there exists § > 0 such that if [(| < § then the adjoint A} of
A¢ has a unique eigenvector ¢ with eigenvalue equal to the eigenvalue of A¢ for
the constant function. Normalizing ¢ so that < pf >= 1, it is easy to see that
there is a constant C; such that

l0f = ¢ lloo < CulCl,  [¢] < 6. (2.30)
For |¢| < 0, n > 0 we define a projection P, . by

Pyt = (@) (Ac+m) "1, ¢ eL™(Q).
Then there is a constant Cs such that
[(Ac+n) ! = Pyl < Ca, [¢] <0 (2.31)

The uniform convergence of for £ € K follows now from7 just as
in Lemma 211

Finally we consider the situation where (2.29) is violated. As in Lemma we
decompose the solution ¢(n,() of (2.19) into a sum (2.24). The function ¢1(n, ()
is a solution to the equation,

[Ac +n—Bc(Ac+n)" Bc} 1(n,¢) = =B¢(A¢ +n)~'b. (2.32)
The function ¢3(n, ¢) is a solution to the equation,
A+ 11— B (Ac+0) 7 Be] pa(n Q) =b. (2:33)

It is easy to see that if pa(n, () is a solution of (2.33) then the function ¢1(n,¢) =

©(n,¢) — w2(n,¢), where ¢(n, () solves (2.19)), is a solution to (2.32)). Hence if
(2.32)),(2.33)) have unique solutions ¢ (7, C), w2(n, ¢) then the identity (2.24)) holds.
We show that (2.33) has a unique solution in L (£2) provided n > 0 and (7, ()

are sufficiently small. To see this we write (2.33) as
[A¢ +1 = Ly.c = BePy,cBel2(n, C) = b, (2.34)
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where by (2.31)) the operator L, . is invariant on L% (£2) and satisfies || L, ¢|| < C|¢/?
for some constant C. Next let ¢3(n, () be the solution to

[A¢c +1 = L.l p3(n,¢) = b. (2.35)
For (7,¢) small there is a unique solution to (2.35)) in L¥ () which satisfies
le = w3(m.Olloo < Cllnl + ¢, (2.36)

for some constant C, where ¢ is the solution of (2.15). Now it is easy to see that
the solution 2 (n, () of (2.34]) is given in terms of p3(n, () by the formula

d
pa2(n,C) = [1 +1n— é ZCOSCJ} ®3(n,¢)
= (2.37)

d
= [14n- é D cos G+ 23 B (1, ) sin 1
-

where the operator B is defined by B, = isin(;B. In view of (2.36) and the fact
that By = 1 and we are assuming ([2.29)) is violated, it follows that the denominator

in ([2.37)) is positive for (7, ¢) sufficiently small. We have shown a solution ¢3(7, ¢) of
(2.34) exists in L (€2). The uniqueness of the solution follows from the uniqueness

of the solution to (2.35). Evidently the limit (2.25) follows from (2.36)), (2.37) for
all ¢ and is uniform for ¢ restricted to a compact subset of R
i

Next we show that (2.32)) has a unique solution in IAJ%O (©) provided n > 0 and
(n,¢) are sufficiently small. First note that for (n,() small the operator B¢(A¢ +
n) "' B¢ leaves L35 () invariant and there is a constant C' such that

1B (A¢ +m) ™ Bl < CI¢]*. (2.38)
We define the subspace & of I:%"(Q) by
& ={velz@:(ver)=0}.
Let P be the projection operator on Ii°R°(Q) orthogonal to &, whence

Py = (¥ ¢7), velF@).
Consider now the equation related to (2.32) given by

[Ag +n— (I = P)Be(Ac + n)_lBg} ¢4(n,¢) = —(I = P)Be(A¢ +1)~'b. (2.39)
In view of ([2.38) it is clear that for (n, () sufficiently small the equation (2.39) has
a unique solution ¢4(n, ) in & . Furthermore, if we define ¢1(n, ¢) by

d
e1(n.¢) = {[1 +n- éZCOSCj}SﬁM(naO —isin G (pEB(A¢c + 1)t b)
j=1

—sin? G (p¢B(Ac + )" B pa(n,¢)) } (2.40)

d
1
{1 =2 cos¢+2sin G (@LB(A + 1)1 D)
=1

—2isin® ¢ (pEB(A¢ +n) "' Boa) }7
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then one sees that the formula yields a solution to (2.32). Conversely, since
we are assuming (2.29) is violated, it follows that for (n,¢) small (2.40) is the
unique solution in f/%o(Q) to (]&[) It is easy to see now from hat the
limit lim._oep1(e2,€) exists and is uniform for ¢ in a compact subset of R9.
Furthermore, the limit is given by the RHS of (2.18).

Finally we show that if ¢1(n, ¢), p2(n, ¢) are solutions to ([2.32)), (2.33)) then (2.24
holds. To see this we put ¢(n,¢) = v1(n, () + 2(n, () and note that (2.32)), (2.33
imply that ¢(n, {) satisfies the equation

[A¢+n— Be(Ac+n) "' Be] o(n,¢) = b— Be(Ac + 1)~ 'b.

We can rewrite this equation as
[A¢ + B¢ +n — Be(Ac +m) " (Ag + Be +m)] ¢(n,¢) = b — Be(A¢ +m)~'b,
which is the same as

[Lre +m(Ac+nm) 7 Le +mle(n,€) = [Lre +nl(Ac +m) 7" b.
Now using the fact that the operator Lgr¢ + 7 is invertible we obtain ([2.19). O

Next we show that there is strict inequality in (2.28]). In order to do this we
shall first obtain a concrete representation of spaces 0 which satisfy (|1.2).

Lemma 2.4. Let Q be a finite probability space and b : Q — R satisfy ,
Then Q may be identified with a rectangle in Z¢ with periodic boundary conditions.
The operators 7., x € Z%, act on Q by translation and the measure (-) is simple
averaging. Let R : Q0 — Q be the reflection operator defined as reflection in the

hyperplane through the center of Q0 with normal e;. Then there is the identity
b(w) = —b(Rw), w e Q.

Proof. Since ) has no nontrivial invariant subsets under the action of the 7o, 1 <
j < d, it is isomorphic to a rectangle in Z¢ with periodic boundary conditions.
Thus we may assume € is given by

Q={z=(21,...,2q) €Z*:0<2; < L; -1, 1 <i < d}, (2.41)

where Ly, ..., Ly are positive integers. The action of the 7o, is translation, 7e,x =
x + e; with periodic boundary conditions. The measure on {2 is averaging,

1
O =177 > U(x,. .., 24). (2.42)
12 Hd o opcp, 21, 1<i<d

Functions ¥ : Q — R are isomorphic to periodic functions ¥ : Z¢ — R.

Next we consider the condition . We define a function b® : Q@ — R
by bB(w) = —b(Rw), w € Q. It is easy to see that b¥(r,w) = —b(R7w) =
—b(TryRw),w € Q. Since R leaves the measure invariant implies that
for any 61,...,0, € R, z1,..., 2, € Z%, there is the identity,

(e [iej 172, = (o [jgf;lej 2(r2,) )

We conclude that b = b™. O
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Next we wish to construct the solutions ¢, ¢* of (2.15), on the domain
Q defined by . First observe that since () is the fundamental region for
the homogenization problem we can assume that L; is an even integer by simply
doubling 2 if Ly is odd. In that case the function b is determined by its values
b(z), x € Q,0<x <L;/2—1. Hence we define a new fundamental region 0 by

O={reQ:0<z <Li/2-1}. (2.43)

We can extend functions ¥ :  — R to Q by either symmetric or antisymmetric
extension. For a symmetric extension we define ¥ on Q — Q2 by

\If(l'l,. .. ,fﬂd) = \If(Ll —1- T1,L2,y... 7l'd), L1/2 S X S Ll —1. (244)
For an antisymmetric extension we define ¥ by
U(zy,...,2q) =—U(Ly — 1 —a1,29,...,2q), L1/2 <27 <L; — 1 (2.45)

Lemma 2.5. The solution ¢ : @ — R of (2.15) is an antisymmetric extension of
its restriction to Q). The solution ¢* : Q& — R of (2.16) is a symmetric extension
of its restriction to 2.

Proof. This follows easily from the fact that b: Q0 — R is an antisymmetric exten-
sion of its restriction to {2 and the uniqueness of the solution to (2.15)), (2.16). O

Lemma implies that we can find the functions ¢, p* by solving (2.15)), (2.16)
on (2 with antisymmetric and symmetric boundary conditions respectively. Thus £
acting on functions ¥ : 2 — R with antisymmetric boundary conditions is defined
by
N
LY (z) =T(x) — — [U(z+e;)+Y(z—e;)]

; 2d ! ’ (2.46)
—b(x)[VU(z+e)—V(z—e))], zeQ,
where the boundary conditions are
U(—1,29,...,2q) = —=9(0,22,...,24),
\IJ(Ll/2,.’L‘2, N ,JUd) = —\If(Ll/Q - 1,&?2, e ,[Ed)7

where 0 < z; < L; — 1, j = 2,...,d; and periodic boundary conditions in the
directions e;, 2 < j < d. Evidently (2.47) is derived from (2.45). It is easy to see

that the operator £ is invertible on the space L®°(£2) if the boundary conditions
(2.47) are imposed. In fact the solution to the equation

LY(z) = f(z), zeQ, (2.48)

with boundary conditions ([2.47)) can be represented as an expectation for a continu-
ous time Markov chain X (t),¢ > 0, on Q. For the chain the transition probabilities

(2.47)

at a site z € Q satisfying 0 < @1 < L1/2—1 are given by * — = + e,z — = —ej,
2 < j < d, each with probability 1/2d, with periodic boundary conditions in di-
rection e;,2 < j < d. In the direction e; then x — x + e; with probability
1/2d + b(xz) and 2 — x — e; with probability 1/2d — b(x). The waiting time at
site z is exponential with parameter 1. If ;1 = 0 then x — z +e;, 2 < j < d,
with probability 1/2d[1 + 1/2d — b(x)] < 1/2d, and * — x + e; with probability
[1/2d + b(x)]/[1 + 1/2d — b(z)] < 1/d. The waiting time is exponential with pa-
rameter [1 + 1/2d — b(x)]. Note that there is a positive probability that the walk
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will be killed at a site x with z; = 0. A similar situation occurs at a site x with

= Ly/2—1. Now x — z—e; with probability [1/2d—b(z)]/[14+1/2d+b(z)] < 1/d
and the waiting time is exponential With parameter [1+1/2d+ b(x)]. The solution
U of with boundary conditions has the representation

/ F(X())dt| X (0) = } z e, (2.49)

where 7 is the killing time for the chain.

We may also consider the operator £ of with symmetric boundary condi-
tions,

U(—1,29,...,2q) = V(0,29,...,24),
\I/(Ll/Q,LL'Q, N ,l‘d) = \If(Ll/2 — 1,:[72,. .. ,.’Ed)

where 0 <z; < L;—1,j=2,...,d, corresponding to . This is also associated
with a continuous time Markov chain X () on . The transition probabilities
and waiting time at a site = € Q with 0 < 27 < Ly/2 — 1 are as for the chain
defined in the previous paragraph. For z € Q with 2, = 0 reflecting boundary
conditions corresponding to are imposed. Thus the waiting time at z is
exponential with parameter [1—-1/2d+b(z)],x — z+e;, 2 < j < d, with probability
1/2d[1—1/2d+b(z)] and z — x+e; with probability [1/2d+b(x)]/[1—1/2d+b(x)].
A similar situation occurs at x € ) with x1 = L1/2 — 1. The formal adjoint £L* of
the operator £ of (2.46) is given by

(2.50)

d
1
LV (z — [Y(z+e)+ VY (r—e,

— bz —e)V(z—e)+bx+e)V(x+e) zec.

It is easy to see that for functions ®, ¥ on () satisfying the symmetric boundary
conditions ([2.50) there is the identity

(PL W)y =(V LD )g, (2.52)
where (-)¢ is the uniform probability measure on Q). Note that to show 1) one
(12.47)

has to use the fact that the function b satisfies the antisymmetric conditions
Hence the adjoint of the operator £ acting on functions ¥ : ) — R with symmetric
boundary conditions is the operator £* of also acting on functions
with symmetric boundary conditions. In particular, it follows from Lemma [2:4]
that the solution ¢* of , restricted to Q, is the unique invariant measure for
the Markov chain X (¢).

Next let g : () — R be the solution of the homogeneous equation ie.
f =0, with the non-homogeneous antisymmetric boundary conditions

’(/)O<_1ax2a--~7xd) = —1/)0(07$2,...,.Z‘d),
¢0(L1/2,I‘2, s axd) =1- 7//0(L1/2 - 1,132, s 75Ud)

where 0 < z; < L; —1, j =2,...,d. One can see that 1 is a positive function
since it has a representation given by (2.49)), where f is the function

fla) = {25 +b(x), w€Q @ =1Li/2-1,

(2.53)

0, otherwise.

The following lemma now shows that there is strict inequality in (2.28)).
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Lemma 2.6. Let ©* be the solution of (2.16) and v be given by (2.17). Then there
is the identity,
1

i +2{p*0) = L9 () [57 = bO)]o()x0())g, (2.54)

where xo : Q0 — R is defined by xo(x) =1 if 21 = 0, xo(x) = 0, otherwise.

Proof. Since both ¢* and ¢ are symmetric on Q in the sense of (2.44)) we may
regard them as functions on 2 with symmetric boundary conditions 1) We

define a function ¥y : Q — R by ¢y () = [L1/2 — 1/2 — 21]p(z), = € Q, where ¢ is
the solution to (2.15)). It is easy to see that

Lipy(x) = [L1/2 —1/2 —xy)b(z) + (z), z€Q,0<2 <Li/2—1. (2.55)

We impose now symmetric boundary conditions on 7 at 1 = 0,21 = L1/2 — 1.
One sees that (2.55)) continues to hold at 7 = L1/2 — 1 but at 21 = 0 there is the
formula

Lipy(x) = [L1/2 = 1/2]b(z) + ¢ () — La[1/2d = b(x)] o (). (2.56)

In deriving (2.56)) we have used the fact that ¢ satisfies antisymmetric boundary
conditions at 1 = 0. Now from ([2.16)), (2.52)), (2.55)), (2.56 we have that

2(p") = 2{(p"P)g,
= 2" ()5~ bOJelIx0())g — (" () 1L = 1= 22,160

Next we define a function 1y : 4 — R by ¢hy(z) = (L1 — 1 — 221)2,z € Q. Then we
have

(2.57)

Lapo(x) = 8Ly — 1 — 2z]b(z) —4/d, ze€Q, 0<z < Li/2-1. (2.58)

Again we impose symmetric boundary conditions on ¥y at 1 = 0,21 = L1/2 — 1,
in which case (2.58) continues to hold at x; = L;/2 — 1. At 2; = 0 there is the
formula

Ewg(x) = 8[L1 —1- 21‘1%(1‘) - 4/d + 4L1[1/2d - b(l‘)] (259)
It follows now from (2.16)), (2.52)), (2.58)), ([2-59) that
(e () [~ 1= 2m]b0Na = ~1/24+ (e () [5g ~ O xo())g,  (2:60)

where we have used the fact that (¢*)g = 1. It follows now from (2.57)), (2.59) that
. Ly, , 1
1/2d + 2 (") = 71<<P () [?d =0()][1 +4e()]x0(-))g- (2.61)

We put now ¢g(x) = [221 + 1 + 4p(x)]/2L1, and it is easy to verify that g
satisfies the homogenous equation ([2.48) with the boundary conditions (2.53)). The
result follows then from (2.61)). O

Proof of Theorem[I-1. The proof proceeds identically to the proof of [7, Theorem
1.1], on using lemmas 2.4 O

Finally we wish to show that Theorem [I.2]holds to leading order in perturbation
theory (see [2] for an introduction to perturbation theory).
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Theorem 2.7. There exists § > 0 such that if b: Q — R satisfies

0 < sup |b(w)] < ¢
weN

then q(b) < 1/2d, provided d =1, ord > 1 and L1 < 4. Ifd > 2 and L1 > 6 then
there exists arbitrarily small b with q(b) > 1/2d.

Proof. We shall use the LHS of as an expression for ¢(b). If b = 0 then
©*=1,p=0= 1 = 0. Thus to obtain an expression for ¢(b) which is correct to
second order in perturbation theory we need to expand ¢* to first order in b and
¢ to second order. We consider first ¢* which is the solution to . Letting
A be the finite difference Laplacian acting on functions ¥ : Q — R with periodic
boundary conditions,

d
A¥(z) = Z U(x+e;)+U(x—e;) —2U(x)], z €,

J_
we have from (2.51)) that (2.16) is given by

—Q—dgo*(x)—i—b(x—l-el)go*(m—l—el)—b(aﬂ—el)(p*(x—el) =0, z€Q, (p)=1. (2.62)

Since ([T_e; — Te;] D) = 0 the solution to (2.62) is to first order in perturbation
theory given by

O =14+ (=A/2d) [T e, — Te,] b (2.63)
From ([2.46) equation ([2.15) is the same as
A
~5gP@) — b(@) [re; = T-e, ] p(2) = b(2), we€Q. (2.64)

Using the fact that
(b) = (b[re, = Te,] (=A/2d)"'b) = 0,
we see that the solution to correct to second order in b is given by
= (=A/2d) "+ (=A/2d) " b [1e, — T_e,] (—A/2d) 7 D. (2.65)

From (2.17)) and (2.65)) we can obtain an expression for ¢ which is correct to second
order in b,

Y= ooy = o] (~A/2) b+ bl + 7] (~A/20) "
. (2.66)
+ 03 2 [Tel T*el] (_A/Qd)_lb [Tel - 7-*91] (_A/Qd)_l

From (2.63), (2-66) we see that the lowest order term in the expansion of (¢*¢) in
powers of b is second order. Thus correct to second order we have

(") = (b[Te, + T-ey) (—A/2d)"'D)
+ i (blrey = T-ey] (~A/2d) 7 [Te, — T—e, ] (—=A/2d)7'D).

The RHS of this equation is a translation invariant quadratic form, whence it has
eigenvectors exp[i§ - z], x € , with corresponding eigenvalue given by the formula,

(2.67)

sin? &
2d{ cos&y — Z (1= cost)) }/ Z 1 —cos&;). (2.68)
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We obtain an expression for the quadratic form (2.67) by doing an eigenvector
decomposition in the z; direction. Putting L = L;/2 we have that & = nk/L,
k=0,£1,...,+£(L — 1), L. The function b then has a representation,

2L—1

e g o)

If we use the antisymmetry property of b, b(y) = —b(2L — 1 — y) then one has that

2L—-1

Z b(y)e 1Y = 216’51/22 )sin&y (y + 1/2).

y=0
We conclude from this and (2.68) that the expression (2.67) is the same as

(') = —j‘i((f(—l)%@))[—ad_l +47 (Y -0nw))

8dL—1 L—lb ] I
+[ﬂ;<<;( sink(y + )/) (2.69)

X {COS %k — 2sin® %k [—Ag_1+2(1— cos(wk/L))r1 }
x [ = Ag_1+2(1—cos(rk/L))] (Zb )sinmk(y + )/L)>

where Ay_1 denotes the d — 1 dimensional Laplacian acting on the space {z; = 0}.

Observe now that the L dimensional vectors sinmk(y + 1/2)/L,0 <y < L —1,
are mutually orthogonal, k = 1,..., L. This is a consequence of the fact that they
are the eigenvectors of the second difference operator on the set {0 <y < L — 1}
with antisymmetric boundary conditions. It follows that the quadratic form
is negative definite if and only if all the eigenvalues are negative. This is the
case for d = 1. For d > 1 it is still true provided L < 2, but already for L = 3 it
is false. Thus for L = 3 one can find a b such that the homogenized limit has an
effective diffusion constant which is larger than the b = 0 case. O

3. PROOF OF THEOREM

We shall use the representation for the effective diffusion constant given by the
RHS of (2.54). We consider first the d =1 case.

Lemma 3.1. Let Q be the space ) = {reZ:1<z<L} Ife*:Q — R is the
solution to (2.16) then p*(1) is given by the formula,

L r—1

LHWZH& H 5, (3.1)

r=1j=1 j=r+1
where the §;,0;, 1 < j < L, are given by
6 = 1/2-b(j), 8 =1/2+b(j). (3:2)
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Proof. From lj we see that ¢* : ) — R satisfies the equation

* 1 * *

¢ @) = 5[ @+ + @ -]

— bz —1)p*(x — 1) + bz + 1)p*(z + 1) (3.3)

=0, 1<z<L,
with the symmetric boundary conditions and normalization given by

©*(0) =" (1), " (L+1) = ¢"(L), (¢")g = 1. (3-4)

We can solve (3.3]), (3.4) uniquely by standard methods. Thus putting De*(z) =
*(x) —*(x — 1), 1 <z < L, then we may write (3.3]) as
1 * * * *
§[D<p (z) = De*(z+1)] —b(z — )" (z —1) + bz +1)p*(x+1) =0, 1<z<L.
(3.5)

If we sum ([3.5)) over the set {1 < x < y} we obtain the equation,
1 * * * *
5 [De"(1) = D™ (y + 1)] = b(0)¢"(0) — b(1)¢" (1)
To(y)e"(y) +by+ D" (y +1) =0, 1<y <L
Then, using the fact that ¢*(1) = ¢*(0), b(1) = —b(0), we conclude that
P (y+1) =09 (1) /0y41, 1<y<L,
whence we have
y—1
o ) ='W [[0:/801, 1<y<L. (3.6)
j=1
Formula (3.1)) follows from (3.6)) and the normalization condition in (3.4)). a

Lemma 3.2. Let Q be the space ) = {xe€eZ:1<ax<L} Iftyg: QO — R is the
solution to the homogeneous equation (2.48)) with the boundary conditions
then ¥o(1) is given by the formula

L L
21p(1 1_[5 Z

r—1

]:[ ﬁ (3.7)

where 6;,0;, 1 < j < L, are as in ([3-2).
Proof. (From (2.46]), (2.48)), (2.53)), we see that ¢o(z) satisfies the equation
1
1/10(1‘)*5 [Yo(z+1)+to(z—1)] =b(x) [¢o(x+1) =t (x—1)] =0, 1<z <L, (3.8)

with the boundary conditions,

= —o(1), Yo(L+1)=1—1o(L). (3.9)

We can solve , by standard methods. Thus putting D (z) = vo(z) —
Yolx — 1) equatlon (3.8 ) implies

Dwo x+1) =6, D¢o(x)/d;, 1<z <L (3.10)

Observing from ) that Dig(1) = 2¢p9(1) we see from (3.10) that

Yy
Dipo(y +1) :21/10(1)H5j/5j, 1<y<L. (3.11)
j=1
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If we sum ((3.11)) we obtain a formula for ¥y(y) given by
y r—1

voly) = 200 {12+ > T[a/5} 1<y<L. (3.12)

r=2j=1

Since Dipo(L + 1) =1 — 2¢po(L) from (3.9) it follows that if we add (3.11)) to twice

(3.12) when y = L we obtain a formula for ¢(1) given by
L r—1

20 (1 H&k/{Ha +23 I ¢ Ha +H5} (3.13)

r=2j=1 =

One can easily see that the denominator of the expression in can be rewritten
as in (3.7). O

Remark 3.3. Observe from (3.1)), (3.7) that under the reflection b — —b the
expression ¢*(1)d1/L becomes 2¢y(1).

Lemma 3.4. There is the inequality ¢*(1)d1¢0(1) < 1/8L.
Proof. For 1 <r < L define a, by

H5 1 %

j=1 j=r+1

and a, the corresponding value of a, under the reflection b — —b. From Lemma
B3] B-2] we see that we need to prove that

Lo < { >} {Sa).

k=1 r=1 r=1
Using the fact that for 1 <r, s < L,

(ars + asay)/2 > (ardrasas)'/?,

we see that

{XL:GT}{XL:&T} > ZL:(aTaf’ra‘éa'é /2 > Z H5k5k—4L2H5k5k,
1 1

r= r= r,s=1 r,s=1
where we have used the fact that for 1 < j < L, one has 5j5j <1/4. O
Proof of Theorem (d = 1). This follows from Lemmas and Lemma 2.5
using the RHS of (2.54) as the representation for ¢(b). O

Next we turn to the d > 1 case with L; = 2. Then we can write Q = {(0,) :
y € Qq_1} where Q41 C 741 is a d — 1 dimensional rectangle. It is easy to see
now from , on using the anti-symmetry of b and the symmetry of ¢*, that
¢* = 1. Also from (2.64), on using the anti-symmetry of b and ¢, we have that

QD(O’ y) =2d [7Ad—1 + 4]_1 b(07 y)’ (314)

where in (3.14)) the operator Ag_; is the discrete Laplacian acting on functions
U : Q41 — R. We have then from (2.17)) that ¢(0,y) = —2b(0,y)p(0,y), and so
we get the formula for the effective diffusion constant,

1/2d +2(¢"9) = 1/2d — 8d(b(-) [~ Da—1 + 4] o, ;- (3.15)
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It is clear that the RHS of (3.15]) is smaller than 1/2d. We can alternatively derive
the effective diffusion constant formula by using the expression on the RHS of (2.54]).
Thus we have

o(0,y) = 2d [~Ag1 +4)7" [1/2d + b(0,y)],
whence the effective diffusion constant is given by the formula

L3 (" () [1/2d = b()] %o ()x0())g

_ 3.16

= sa (/20— b0) [Aacs + 4 2 ey
d—1

We shall use the formula on the LHS of (3.16) to obtain an expression for the

effective diffusion constant in the case L; = 4. Here () is the space Q = {(n,y) :

n=0,1, y € Q4_1}. Fory e Q41 we define 6, oy, &, & by
8y =1/2d — b(0,y), &, = 1/2d + b(0,y),

3.17
ey =1/2d+b(1,y), & =1/2d —b(1,y). (3.17)
We see then from (2.62), (3.17)) that ¢* satisfies the system of equations,
—Ag- + 2 * = * *
(=5 )9 (0.9) =& ©"(Ly) = 8,¢"(0,y) =0,
ALY L, (3.18)
—=2d— * * < *
(—57 )¢ (L) — & " (Ly) = 6,67 (0.9) = 0.

Adding the two equations above we conclude that —Ag_1[¢*(0,y) + ¢*(1,y)] = 0,
y € {q_1, whence on using the normalization < ¢* >s= 1 we conclude that
©*(0,y)+¢*(1,y) =2, y € Q4—1. Hence from we have that ¢*(0,y) satisfies
the equation,

[—Aa—1/2d+ &, + 6] ©*(0,y) = 26, y € Q1. (3.19)

Evidently (3.19) has a unique positive solution.
We proceed similarly to obtain a formula for 1y. Thus g satisfies the system of
equations

—Ag1+2 -
(—57)%0(0,9) = &, Wo(1,y) + 8,80(0,) =0,
AL 22d (3.20)
“ Ay ~
(—5)%o(Ly) +eto(Ly) — 520(0,9) =€y, ¥ € Q.
Adding the two equations in (3.20) we get
[*Ad—1/2d+5y+6y] {wO(an)+w0(l7y)} = &y, AS Qd—l- (321)
We may also rewrite the first equation of (3.20) as,
—Ag_q1+4 <
(5 )¥0(0.9) = 8, {to(0.9) + do(L.y)}, ¥ € Q. (322

We conclude from (3.19)), (3.21), (3.22)), and the formula on the LHS of (3.16]) that
the effective diffusion constant is

q(b) = 27d3< {5 A +2-V]! 5}

) (3.23)
—1 —1
X [=Ag-1 +4] {5 [~Ag-1+2+V] E} >Qd71,
where V : Q41 — R is given by V(y) = 2d[b(1,y) — b(0,v)], v € Qa—_1.
We first show that g(b) < 1/2d in the case where V' is constant.
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Lemma 3.5. Let q(b) be given by (3.23)) and assume V is constant. Then there is
the inequality, q(b) < 1/2d.

Proof. Since € + 3 = (2+ V)/2d there is an f : Q3_1 — R such that

e=Q2+V)/4d+f, 6=(2+V)/4d— f,

E=02-V)/4d—f, §=(2-V)/4d + f. (3.24)

We rewrite the expression on the RHS of (3.23)) in terms of f. To do this we let
w4, w_ be solutions to the equations

[—Ago1 +2+V]wy =f, [Aj1+2-V]w_ = f. (3.25)
It follows that
[~Ag1 +2+ V] e =1/4d + wy,
[Ag 1 +2-V] 'e=1/4d—w_.
Hence from (3.23)) ¢(b) is given by the expression,
o) =2 ({ [~ A1l =}

(= 2 a5+ g+ el )

Qg1

This is a quartic expression in f and the zeroth order term is given by,

zeroth order = % <(2 V) [~Agor +47 (2 - V)> . (3.26)

Observe that the expression in (3.26) is identical to the RHS of (3.16) if ¢ = 4. For
the first order term we have the expression

=2(@+V)[-Aua + 471 ) —2(f A 4T 2-1))

f
Qa1
+2<(2+V) AL +47 @2 V)w+>Q ) (3.27)
-2 <(2 +V)w_ [~Ag 1 +47" (2 - V)>Q
Now from we have
2=V)wy = [-Ag-1 + 4wy - f,
C+Vw_ =[-Ag—1 +4]w_ — f. (3.28)

From this we conclude that the expression in (3.27)) is the same as

2{2+V)wy)g, , —2(2=V)w-)g, , =0.
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The second order term in (3.23)) is given by

_ 93
P d< Ay +4]” f>Qd 1
_ 93
2d<2+V Ag; + 471 (2 V)w+>9d1
~ 2 (f[~Baa 47 @ = V)wy )
! (3.29)
=242+ V)w- [~ +4] 1f>Q
d—1
+23d<2+V [~Ag-1+4] fw+>Q
d—1
+ 24 (fu- [~Aea 47T 2-V))
Observe from that there is the identity,
(E+Viw_ [~Aea+47 @ = Vywy )
= <f [~Ag 1 +47" f>ﬂ +(w- [Ad—1 +4wi)g, | (3.30)
d—1
- <fw+>szd,1 - <fw7>szd,1 .
Similarly, we have
(FlmBaa+47 2= V)wy)g = =(f[=Aaa+47" f)g,  + +>Qd_1v
(@+Vyw_ [=Daa +47 g ==(f [FAca+47 g,  +(fw)g, |-

(3.31)
Define now U : Q41 — R as the solution to the equation,

[—Ag_1 +4]U =V. (3.32)

Then from equations (3.29) - (3.32) we see that the second order term in (3.23)) is
given by

second order = 23d{ —(w_ [-Agq-1 + 4] w+>s2d,1
(3.33)

3 oy 4wl + Uy —w g, }

The term of third order is given by

2542 <fw_ Ay + 47" f> 4252 <fw_ Ay +47 (2 V)w+>

d—1 Qa1
_ 952 <f Ay + 47" fw+> — 252 <(2 F VYo [ Ay + 4] fw+>
d—1
(3.34)
Using (3.28) again we see that the expression (3.34)) is the same as
2542 <fw,w+>9d71 — 2%¢? (fw,er)QdA =0.
Finally the fourth order term is given by
fourth order = 27d? <fw, [—Ag_1 +4]7" fw+>Q . (3.35)
d—1
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Hence from (3.26)), (3.33)), (3.35) we have the formula

1

q(b) = 2%
—Pd(w_ [~Agy +4wy)g, |

+2%d(flwy +w-l)g, , +2°d(fUlwy —w_])q,

+ 27 (fw_ [-Agr +47 fw+>Q

(@+V)Fdwm a7 e-m)

(3.36)

d—1

It is clear from the definitions of V| f that

Vil <2, [fyl <2=V)l/4d, y e Q. (3.37)
From ([3.37) it follows that there is the inequality

P (fu- [Aaa 47 o) <2 ((fuo))g, |+ 2 (fur)Dg, |

<d(2 - [VPP[w? +wl])

Qg1
(3.38)
We define now a quadratic form @y depending on V' by
1
Qv(f) = (w-[-Ag1 +4wi)g,  — 3 (flwuy +w-])q, ,
1 (3.39)
= {fUlwy —w g, , = 5 (2= VP2 +wi])g, -
It is evident from (3.36)), (3.38) that
1 . .
< — — - - . .
at) < 55 (@+V) PR + 47 @ V) = 2dQu(f) (3.40)

Thus to prove the result it will be sufficient to show that @)y is nonnegative definite.

Since V is constant we can compute the eigenvalues of Qy explicitly. Thus if p?
denotes the eigenvalue of —A,_1, corresponding to the eigenvector exp[i€ - 2],z €
Q4_1, then the eigenvalue of Qv is

{244+ V3)@* + 24 V)2 +2-V)

ey v e - LA 2+ V) 2 V)R

2
(3.41)
We can rewrite the numerator of (3.41) as
{24+ V) - 2=V} P+ 2P - V2 {24+ V) + 2 |V])*}.  (342)

Since |V| < 2 the expression in (3.42)) is bounded below by its value for p = 0 which
can be written as
A4+V32-|V)2+3V] > 0.
O

We proceed now to the general case which will follow from the fact that the
quadratic form is nonnegative definite for any V satisfying . From here
on we shall denote Ay_1, (-)q,_, simply as A and (-) respectively. We first note
that by using we can obtain some alternate representations for @y . Thus if
we write

(- [~Bas + 4 w) = 2w wy) + ¢ (o +w]),
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we see that @y is given by

Qu(f) =2 (w-wy) = (fUlwy —w ]y = g (2= VP2 +ud)).  (3.43)
We also have
(fUwy —w-]) = {U[-A+2 = V]w_}wy) - {U[-A+ 2+ V]w, pw-)
= -2UVw_wy) — (UwiAw_) + (Uw_Aw,) .

Hence from (3.43]) we have

Qv(f) =2(w_w4[1 + UV]) + (UwiAw_)

3.44
— (Uw_Awy) —é<[2— VP w? +wi]). (3.44)

We first show that a simple quadratic form related to @)y is nonnegative definite.

Lemma 3.6. Let V' satisfy and w4, w_ be solutions to for any f :
Qg_1 — R. Then there is the inequality (wyw_) > 0.

Proof. Let w be the solution to the equation,
[FA+24+V][-A+2-V]w=f. (3.45)
Then from (3.25) we see that wy = [-A 4+ 2 — V]w. Hence we have from (3.25)),

(3-45) that
(waw_) = (~A+2 ~ V]w w_)
= WA +2=V]w-) ={w f)
={[-A+2+V]wl{[-A+2-V]w})

({(-a+2wp) - (V2u?)
> (4= VHw?) > 0.

To proceed further we need to localize the quadratic form .
Lemma 3.7. Let L, L_ be operators on functions ® : Q4_1 — R defined by
Li®=(-A+2)0/V -,
L_®=(-A+2)D/V+,

where we assume V satisfies and V(y) # 0,y € Qq—1. Then Ly, L_ are
invertible and there is the identity,

[FA+24+V|Ly=[-A+2-V]|L_. (3.46)

The statement of the above lemma is easy to verify; we omit its proof.

It follows from Lemmathat we can choose f in , as the operator
acting on a function ® : Q31 — R, in which case wy = L, ®, w_ = L_J.
If we substitute into we obtain a quadratic form QV(CI)) which is local in
®, and it is this quadratic form which we will show is nonnegative definite. First
we show that the quadratic form obtained from Qy upon replacing U by V/4 is
nonnegative definite.



24 J. G. CONLON EJDE-2008/83

Lemma 3.8. For ® : Qy_1 — R and wy = L1®, w_ = L_P, there is for d = 2
the inequality,

2 (w_wy [+ V) + (Vs Aw_) — (Vu_ Aw,) — % (2= VIP[w? +w?]) > 0.
(3.47)
Proof. We first note that the first term in is nonnegative. Thus we have
(wow 4+ V) = (A + 29 [4/V? +1]) - (974 + V)
> 2([(-A+ 2)0]) — (924 + V7)) > (9%[4 - V?)) >0,
where we have used (3.37). The second and third terms of are given by the
formula
VwiAw_) — (Vw_Awy)
= 2((-a + 2a](a #)) - 2ave) T2,
on summation by parts. From the last two equations we therefore have that
2(w_wi[A+ V2] + (VwpAw_) — (Vw_Aw,)

= s({CAED) s (v2e2) 4 a((vap) - 2(awaeyCAE20))
(3.48)
Using the fact that
1
— mA(V@)(m)
d

=2(d—1)®(x) — Z [W‘P(x +e;)+

we conclude from (3.48) that

V(z —ej)

@) Oz — ej)},

<w_w+ 4+ V2]> + E (Vw+Aw_> _1 (Vw_Aw+>

_4< A+2 >+< V2<1>2>+2d<(v¢>)2> (3.49)

d

< —A+2)d Z[ +ej)+V("/z)ej)<I>(-—ej)}>.

=2
Now the Schwarz 1nequahty yields

V(y)®(y) of P | 1 [(-A+2)P(x)]
W| <V(y) [0‘ }

| (A +2)0(x)] V(y)? + 4o V(x)2

1[(-A+2)2(2)]?
V(x)? ’
for any o > 0. Hence there is from ) the inequality,

Saq)( ) +7 $7y€Qd—1,

(w_wy 4+ V?]) + % (VwiAw_) — %(Vw,AwQ

>[4 Q(da_ 24N [(—A;22)¢}2> (3.50)
+{([2(d—1)(2 - @) = V] 9%) + 24 ((VD)?).
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For d = 3 and o = 1 the RHS of (3.50) is evidently nonnegative but this is no
longer the case when d > 3. For a = 1,d = 2 the RHS of (3.50) is bounded below
by the nonnegative quantity,

_ 2
%<(%) [(—A+2)3)) + (4 - V)3?). (3.51)

We consider now the last term in the expression (3.47). We have

A +2)®]?

(- WP +u2)) = L2 - v (CRED geyy - (a5)

| =

If we now use the inequality [2 — [V[]? < 4 — V2 we see that the expression (3.52)
is less than (3.51)). Hence the inequality (3.47)) is established for d = 2. d

Next we turn to showing that Qv is nonnegative definite for d = 2. To do this
we write the solution U of (3.32)) as

U)==> GV(z+y), (3.53)

where G(y) is the Green’s function for [-A/4 + 1]71, whence G(y) is nonnegative
for all y and

Y Gy) =1, Gy =G(-y), y=12.... (3.54)

We consider the first three terms in the expression (3.44) for Qy. Using Lemma
B7 and setting wy = L4 ®,w_ = L_® we have that

(w_wi 1+ UV]) + % (UwiAw_) — % (Uw_Awy)

= (g (A + 28 1+ UV]) — (#2[1 4 UV])
+ (DA (-8 +2)8]) — (AU®) -4 +2)0)
<V1 (A +2)8)%) — (@%) — (D2UV)
+2<Q P(—A+2)0) — <A(U<I>)l[—A+2]<I>> )
v v
= (5 (-0 +2)8) — (27) — (® Uv>

4<V (-A+2)0) — <(71U)(71<I>) [—A +2]9)

- <(T_1U)(T_1®)%[*A + 2]®),
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where 7,.0(y) = p(z +y), y € Z. We consider the last three terms in the previous
expression. We write using (3.53)),

4<%<1>(—A +2)®) = G(0) ((VP)* + 20%) + %G@)@VV D(—A +2)D),
(M) (@) A +218) = 1G(-1) {(V(n@)Ve) +2 (n2))}

1 T,V
+5 ;G(y ~D(Tne(-A+2)9),
Y

with a similar expression for the last term in (3.55)). We conclude from this that
the last three terms of ([3.55) are given by,
U
4<V¢)(_A+2)¢’> —{( T1U)(T1‘1)) [ A+2]9) — <(T_1U)(T_1<I>)V[ A+ 2]®)
1
=G(0) ((V®)* +297) — 1GED{UV(MO)VE) +2((r1 ))}

_ 10(1) {(V(r1@)V®) + 2 ((r_12)®)}

+Z —7G )—iG(yH)K% n®(—A+2)P)

+ Y (6 - i Gly—1) - i Gly + 1)](% rB(-A +2)0)
y<-1

+Za(y)< Y [® — 78] (—A +2)®)
ZG y+1)( [T_lcb —71®] (—A +2)®)
y>1

+ > G(y)<% [® — 7_1®] (—A +2)®)

1y Gly— 1) 10 3| (A +2)d
—;y;l (y = {77 [P =712 (A +2)®).

(3.56)
We shall use the representation (3.56|) to show that the quadratic form @y is non-
negative definite.

Lemma 3.9. Suppose the function G(y) of (3.53) is decreasing, non-negative for
y > 1, satisfies and the mequahtzes

(—A+2)G(y) <0, y>1; 1-G(0)-2G(1) < G(1)/2; G(2) < G(1)/5. (3.57)

Then the quadratic form Qv of s monnegative definite.
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Proof. We estimate the terms in (3.56|) by applying the Schwarz inequality. Before
doing this we make one further simplification of terms in (3.56). We write

> G(y)<% @ — 1] (—A+2)0) + Y G(y)<% [® —7_13] (—A +2)®)

y=>1 y<-1

_ ZG(M%[@—T@] (ca+2))+ 3 Gl

v [@ -7 1®] (A + 2)<I>>
y>2 y<—2

L a)(nV {‘1/ - H @ — @] (~A + 2)3)

+G(=1)(r 1V {é - V] [ — 71 ®] (—A +2))

4
- mvvie - najas) -

i)

-1
CV (e vyvie - ejae)
(MV)V(V2)?),

(3.58)
where we have used the fact that G(1) = G(—1). We also rewrite the first two
terms on the RHS of (3.58) as

ZG Tyv V) [® — 71®] (A +2)D)

4 Z Gly T”V V) (6 -7 ,0] (-2 +2)) (3.59)
306 (A0 +2(VaP?).
y>2

We similarly rewrite the sum of the last and third last terms of (3.56)) as

ZG +1)¢ oV =v) [ 1@ — 71 ®] (—A +2)P)

y>1 Y (3.60)
1 Z aty- (Y =Y) o 0] (a4 2)0).
y< 1 4
Consider now the first three terms on the RHS of . These can be written as
1 1 1
<<W—1>[<—A+m2>+7< (20)) + ((V)?)
3.61
— iG( (V2o?) + Z Gy) [{(r,V = V)?®?) — ({(7,V)? + V?} @?)] . (361

y#O
Next we apply the Schwarz inequality to terms in (3.56]). Thus we estimate
T,V 1
(L nd(-A+2)8)] < (%) + (A +28P),  (3.62)
with a similar estimate when 7 ® is replace by 7_1®.
Observe now that

S [6W) ~ 36— 1)~ 16+ 1)] = ~26(0) ~ 1 - G,

y=>1
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where we have used ([3.54). Hence on using the fact that [-A + 2]G(y) <0,y > 1,
we see from (3.62)) that the sum of the first five terms on the RHS of (3.56) are
bounded below by the expression,

G(0) ~ 5 GO (VB +287) — { (%) + (5 [(-A+ 2)B) }[G(0) — 5 — 5 G(1)]

(3.63)
If we combine the estimate with and use the fact that |V| < 2 we get
a lower bound for the sum of the first three terms of and the first five terms

of (3.56). It is given by,

(g2~ P (A +28) 5 4 ¢ G- G(0)}
+i<(A@)2>{g+%G(1) }+ (V) )+iG(O)<(4—V2)<I>2>
+ 1500w (v - Vi) + - o (3.64)
y7#0
- = Z Gly 2+ Vo).
y750

Observe that all terms in except for the final one are nonnegative. Further-
more, the sum of the last two terms is nonnegative.

Next we estimate the terms on the RHS of which involve G(1) and G(—1).
To do this we use the Schwarz inequalities

(Vg — 5] 1@ - na] (-2 +2)2)]
1 1

2 1
< a([yz - 7] (A +29) + = ((Ve)*), (3.65)

LYV [0~ 7i0] A0) < s ((A)) + - (Ve)?),

for any constants oy, az > 0. Hence on using the fact that |V| < 2 we see that the
expression (3.64) plus the terms in G(1), G(—1) of (3.58)) is bounded below by the
expression,

1 1 3 1
(772 = PU=A+2P) + 5 G(1) = G(0) — 201G(1)}
£ (A82) {2+ 26(1) - G(0) ~ 40:6(1))
H(ver) (3 - 200 - Zam - Saw) 0
+i G(0) ((4 — V?)d?) + ZG ((r,V = V)2®?).
y7$0
Let us assume for the moment that G(y) = 0 for y > 2. Then is bounded

below by (3.66]). We write G(0) = 1 —+ whence G(1) = /2. Since (—A+2)G(y) <
0, y > 1, we must have v < 1/3. We choose a;y such that
3

1 1
55 G —G0) —2mG(1) = 5, (3.67)
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which yields ay = 5/4. We choose ag so that

> 45 G(1) ~ G(0) ~ 4axG(1) =0, (3.68)

which yields ag = 5/8 + 1/47. The coefficient of < (V®)? > in (3.66)) is therefore
bounded below by 1.5 — 2.6y > 0 since v < 1/3. Hence from (3.52]) the quadratic
form Qv /2 of (3.44)) is bounded below by twice the expression,

1,1 1 2y 1
3z = P A +2)0) + 2G(0) (4 - V*)2?)

1 A +2)0)?

- (3.69)
-V +2%}).

If we now use the fact that [2 — |V|]? <4 — V2 we see that (3.69) is nonnegative.
To complete the proof of the lemma we need to estimate the sum of the terms

in (3.59), (3.60). We rewrite these as

1 (7’1V* V)
— GO 12— 1] (-A +2)9)
LoV e e (ca s 2)e)
+ Z (G(y) — iG(y +1)] <WV#_V) [® — 7 ®] (—A +2)®)
+320(y+1)<(%v7v’v) (@ — 710 (—A +2)®) (3.70)
y=>2
+ 3 (65 6 (T ] (a4 2)0)

+- ZG —1) TyVV V)[q>—ﬁ<1>](—A+2)q>>

y<2

+ = [1 = G(0) — 2G(1)] {(A®)* + 2(V)?).

DO =

We first estimate the third term in (3.70)). Thus we write

<(TyVV_ V)
= <(7'y V- V)[

[ — 7] (—A + 2)d)
1 v
vV o4

A V- V)VIB - BIA) 4 1 {(r, V- V)V[E - 7 8]9).

|[@ — 71 9](—A +2)®) (3.71)

We estimate the first two terms on the RHS of (3.71)) similarly to (3.65). For
the third term we use

[{(ry V = V)V[® —71®]®) | < a ((V)?) + é ((r, V= V)2®%), (3.72)
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for any a > 0. Choosing o = 4 in ([3.72) it follows that the sum of the third, fourth,
fifth and sixth terms of (3.70) is bounded below by

— 3 0 {205(( ~ PIC-A+2)37)
lyl>2 (3.73)

+ ay ((AD)?) + [O% + a% +2]((Ve)*) + % ((ry V —V)?0?) }

for any ag, gy > 0. We estimate the sum of the first two terms in (3.70)) from below
similarly. Choosing now a = 2G(2)/G(1) in (3.72)) we obtain the lower bound,
1 1
- ¢@){205((55 — Pl-A+2)0)
2 1 G2

+— 4 =2 (Ve ) (3.74)

+ ag <(A¢’)2> + [075 (73 G(l)

D a2

for any as, ag > 0.
We may now obtain a lower bound for (3.55) by adding to the final term
in (3.70) and the expressions of (3.73)) and (3.74). We obtain the lower bound,
11 s (3 1
(75 - Pla+29P) {5+ 2 cy -6
—201G(1) — 205G(2) — 2a3[1 — G(0) — 2G(1)]}
1 3 1
— day[1 — G(0) — 2G(1)] + 2[1 — G(0) — 2G(1)]} (3.75)

+(02) {5 - 26(0) - Z6(1) - 6(1) - GEP/GQ)

[+ 3160 - g+ 5 A= 60 - 260)

1
+[1—G0) - 2G(1)}} + 4 G(0) (4~ V2)2?).
We may rewrite the coefficient of the first term in (3.75)) as

g + % G(1) = G(0) — 201G (1) — 2a5G(2) — 2a3[1 — G(0) — 2G(1)]
1 5 G@) (3.76)
=35+ (1 —2a3)[1 — G(0) —2G(1)] + [5 — 20 — 2a5G(1)]G(1)
If we set now
as =1/2, a1 +a5G(2)/G(1) = 5/4, (3.77)

we see as in (3.67) that the coefficient of the first term in (3.75)) is 1/2. We similarly
rewrite the coefficient of the second term as

3 1

5 + iG(l) - G(O) - 40(2G(1) — 40(60(2)
— day[1 - G(0) - 2G(1)] + 2[1 - G(0) — 2G(1)] (3.78)

|G(1).
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Hence if we set
as =5/8, ay=3/4, as=1/8G(2) (3.79)

then the second term in (3.75]) is zero. We consider the third term in (3.75). This
can be written as
3 2 1 )
5 —2G(1) = —G(1) - —G(1) - G(2)7/G(1)
(05] [6%)

2
- [3 + i]G(Q) - [3 + = +1][1 — G(0) — 2G(1)]
(671 Qg Qs Qy (380)

+7-2 - e - cer/en) - [% + 21 e
oq [ (0% (675

Using the inequalities (3.57)) we see this is bounded below by the expression,
2 1 171 2 1 1 173 2 1
-2 - i -2- 2] g dE 2 el
{ oq a2+22 a3 oy 25 52+a5+a6 (1)

:{6.91—2—1—1—1—2— ! }G(l)-

a1 a2 a3 204  Das  dag

If we substitute the values (3.77)), (3.79) for as, a4, s, ag into (3.75) we see that
the coefficient of G(1) is bounded below by

(3.81)

264 —1.6 G(2) — ga(a1), a=G(2)/G(1), (3.82)
where the function g,(z) is defined by
2 8a
9a(2) SRR 0<z<5/4,a>0

We can easily compute the minimum of g, to be

inf ga(z) = 8[\/5+ ﬁr/%.

0<z<5/4
Using the fact that @ < 1/5, G(2) < G(1)/5 < 1/10 we see that the quantity (3.82)
is bounded below by 2.64 — .16 — 2.304 > 0. |

Proof of Theorem (d=2, Ly =4). We need only verify that the function G
defined by (3.32), (3.53) satisfies the inequalities (3.57)). Since G(y), y > 1, decays

exponentially one can verify these inequalities with aid of a computer. In particular
we see that

G(0) =.7071, G(1)=.1213, G(2)=.0208,
correct to 4 decimal places, whence ([3.57)) holds. ([

4. FORMULA FOR EFFECTIVE DIFFUSION CONSTANT

In this section we obtain the formula of §1 for the effective diffusion constant
which generalizes the formulas obtained in §3. We take L; = 2L with L > 2 in
Lemma Then ) = {(nyy) :1<n<L yeQqg1} ForyeQy1,1<j<L
we define §;(y),d;(y) by

6i(y) =

og ~ V) Sil) = 55+ b0) (@)
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We see from (2.62)), (4.1]) that ¢* satisfies the system of equations,

%w*(l»y) —52(y)*(2,9) — 61 (y)* (1, ) = O,
%@*(2@) (00" (Buy) — B ()" (L) = O,
........... _0, w2
%W(L —1,y) = ()¢ (L,y) — dr—2(y)@" (L — 2,y) =0,
(7%7;2)%0*(1),1/) —50(y)e*(Lyy) — b1 (y)p* (L —1,y) =0,

where A = A,_1 is the d — 1 dimensional Laplacian. If we add all the equations in
(4.2) we obtain the equation

L
A 0 (j,y) =0, y€ Q.

Jj=1

On using the normalization (p*)g = 1 we conclude that

¢ (Jy) =L, y€Qi1. (4.3)

L
=1

J
Evidently we can rewrite the first equation of (4.2)) as

A

[ =57 0@ (Ly) — 82(y)¢" (2,9) = 0. ()
If we add to the second equation of we obtain the equation
Ay AL . )
(=509 (Lo) + [ 3+ 8]0’ (2y) - GBW)e By =0 (45)

Adding (4.5) to the third equation of (4.2) and proceeding similarly with subsequent
equations we obtain the system
A A
— — ) (1 — —)p*(2
(=579 (Ly) + (= 55)¢" (2 y)
A

[ = o + S W] (3.w) — di(w)e" (4.y) =0,

(4.6)
(=50 My +-+ (= 30)¢" (L= 2y)
+[- % +0r-1(y)]e" (L = 1,y) = 6L(y)e" (L,y) =0,

where we have omitted the final equation of (4.2)). ;From (4.4), (4.5), (4.6) we can
write ©*(j,y), 2 < j < L, in terms of ¢*(1,y). Substituting these into (4.3]) we
obtain an equation for ¢*(1,y) of the form

L (p*(lay) = La ye Qd—l; (47)

where L is an operator on functions on 4_1.
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Next we consider the equations (2.48]), 1) for the function o on €. Thus v
satisfies the system of equations,

22 (1) = 51w (2.9) + 01w (L9) =0,
22 i 2,1) = ) ei(3.9) — Ba(w)in(L.9) = 0,

........... =0, (4.8)
2D (L~ 1,9) — T (L) — Ba ()0 (L — 2,0) = 0,
R (L) + Bu )l L) = ()L — L.9) = B (o).

We can rewrite the first equation of (4.8) as

CE I 009) = 510 Wol1.9) + vo2,)] = B0l y), v €D, (49)

where u(1) = (1) + 90(2). If we put now u(2) = ¥(3) — (1) then on using
(4.9) we see that the second equation of (4.8) is the same as

[~ o+ 1)~ Fu(2) = 0. (4.10)

Observe that (4.10]) is identical to (4.4) under the reflection b — —b. We can
similarly obtain the reflection of the equations (4.5)), (4.6) by defining the variables

u(j) =vo(j+1) —tho(i—1), j=3,....L—-1

Let us assume that the U(J)v = ,J — 1, satisfy the reflection of the first J —2
of the equations (4.4]), (4.5), . We show that w(J) then satisfies the (J — 1)st
equation provided J < L 1. To see this we consider the Jth equation of
which we may write as

(S5 ald) = 85 () + ol = 1] = o(T =D =0, (@1)
We may rewrite as
[ A +d5_ 1] (J—l)—g,]u(J)—i-(gJ,lu(J—l)
(2dA +2) 2 (4.12)
+72d ¢0(J*2)*@¢0(J*1):0-
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If J =3, then

) L (A2
5J,1U(J 1) + 72d

= fu2) + TS V)

Yo(J —2) — %%(J -1)

— o o(1) + ()]

We have shown that the result holds for J = 3. More generally we have

(—A+2)

ijl’u(J — 1) + 2d 1/)0(J — 2) — %’lﬂo(J — 1)

= A (—A +2)

= [~ o sauld =)+ Y o) +

9
2d 2d Yo(J —2) = ﬁ%(‘] -1

Jj=1

J—-2

A

(—A+2)
du s a—

(4) = 0s—au(J —2) = ;dwo(J =3+

Po(J —2).

[\

j=1

To complete the proof we need then to show that

(—A+2)
2d
This last equation is however simply the (J — 2)nd equation of (4.8).
We have shown that w(j),j = 1,..., L—1 satisfies the reflection of the first L —2

equations of (4.4)), (4.5, (4.6). Define now u(L) = 1 — ¢po(L) — ¥o(L — 1), whence

there is the identity

Syl ~2) — o]~ 8) + GolJ —2) =0,

u(j) = 1. (4.13)

L
=1

J

We shall show that the u(j),j = 1,..., L satisfy the reflection of the final equation
of (4.6). To see this we write the final equation of (4.8]) as

(7A2;r2)1/)o(L) +6,[1—w(L) —ho(L —1)] = d.0(L — 1) = &,
whence we have
(_AJQ) [u(L — 1) + ¢o(L — 2)] —5LU(L)—%1/)O(L—1) _o.

We may rewrite the previous equation as

[- % +0p-1]u(L —1) = dpu(L) + dp_1u(L — 1)

, CA+2)

2
5d %(L—Q)—ﬁi/}o(f:—l) =0.
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Now if we use the identity already established,

) A L3 A
bp—u(L—1)=[- %4 +0p—2]u(L —2) + Z *ﬁu(j)y
j=1

we see that it is sufficient to show that

E2ED (L —2) — 2oL~ 1) =0,

This last equation is just the (L — 2)nd equation of (4.8).
Let Lr be the reflection of the operator £ of (4.7 obtained by replacing b by
—b. Then on comparing (4.3)), (4.13) we see that u(1) satisfies the equation

Lru(l)=1. (4.14)

(SL,QU(L - 2) +

We are able now to come up with a new formula for the effective diffusion constant.

On using ([2.54)), , (4.9), (4.14) we have that the effective diffusion constant is

given by

8L2A([6:L7 1] (—A+4)7 [61L5" 1)), (4.15)
where (-) is the uniform probability measure on Q4_1. The formula (1.8]) follows
from (4.15). In order for (4.15) to be valid we need to show that £ is invertible.

Lemma 4.1. Let L be the matriz defined by . Then L is invertible and the
matriz L~ has all positive entries.

Proof. We proceed by induction. For k = 2,3..., let £ be the operator (4.7)) when
L = k. It is easy to see from (4.3)) - (4.6 that the £ satisfy the recurrence relation,

Ok

1 Ao

— | — =+ +9 Ly —
§k+1[ 2d+ Kkt k+1] k
The result will follow by showing that the matrices Ay = Ek,lﬁgl, k > 2, have all
positive entries and principal eigenvalue strictly less than 1. Evidently this is the
case for k = 2. Now from (4.16]) we see that the A satisfy the recurrence relation,

Lit1 = Lr_1, k>1, Ly=0, L; =1. (4.16)

041

A L
Api1 = { ~ 9 + 0k + k41 — 5kAk} 15k+1- (4.17)

If Ay has all positive entries with principal eigenvalue strictly less than 1 then the
matrix [~A/2d + 0}, + 0k11] 16, Ax has the same property and the matrix Ay
defined by has all positive entries. To conclude the induction step we need
therefore to show that A1 has principal eigenvalue strictly less than 1. To see
this note that if 1 denotes the vector with all entries 1 then

A _
{- 2T Ok + Okt — Ok AR} > Spgr,s
whence we conclude that
A - _ _
{- 2 + 0k + g1 — Ok Ar} 15k+1(1) <L
O

Acknowledgements. The author would like to thank the anonymous referee for
bringing his attention to the formula (1.6)). This research was partially supported
by grant DMS-0500608 from the NSF.



36

J. G. CONLON EJDE-2008/83

REFERENCES

[1] V. V. Anshelevich, K. M. Khanin and Ya. G. Sinai, Symmetric random walks in random

environments, Commun. Math. Phys. 85 (1982), 449-470, MR 84a:60082.

[2] D. Bes, Quantum mechanics. A modern and concise introductory course. Springer-Verlag,

Berlin, 2004, 204 pp. MR 2064081.

[3] E. Bolthausen and A. Sznitman, Ten lectures on random media. DMV Seminar 32

Birkhauser Verlag, Basel, 2002, 116 pp. MR 2003{:60183.

[4] J. Bricmont and A. Kupiainen, Random walks in asymmetric random environments, Com-

mun. Math. Phys. 142 (1991), 345-420, MR 1137068.

[5] J. Conlon, Homogenization of random walk in asymmetric random environment, New York

J. Math.8 (2002), 31-61, MR 1887697.

[6] J. Conlon, Perturbation theory for random walk in asymmetric environment , New York J.

Math.11 (2005), 465-476, MR 2188251.

[7] J. Conlon and I. Pulizzotto, On homogenization of non-divergence form partial difference

equations, Electron. Commun. Probab. 10 (2005) 125-136, MR 2150701.

[8] J. Conlon and A. Naddaf, On homogenisation of elliptic equations with random coefficients,

Electronic Journal of Probability 5 (2000) paper 9, 1-58, MR, 1768843.

[9] B. Derrida and J. Luck, Diffusion on a random lattice: Weak-disorder expansion in arbitrary

dimension, Phys. Rev. B 28 (1983), 7183-7190.

[10] A. Fannjiang and G. Papanicolaou, Convection-enhanced diffusion for random flows, J.

Statist. Phys. 88 (1997), 1033-1076, MR 1478061.

[11] D. Fisher, Random walks in random environment, Phys, Rev. A 30 (1984), 960-964, MR

85h:82028.

[12] H. Kesten, The limit distribution of Sinai’s random walk in random environment, Phys. A.

138 (1986), 299-309, MR 88b:60165.

[13] S. Kozlov, Averaging of random structures, Dokl. Akad. Nauk. SSSR 241, 1016-1019 (1978),

MR 80e:60078.

[14] R. Kiinnemann, The diffusion limit for reversible jump processes on Z with ergodic random

bond conductivities, Commun. Math. Phys. 90 (1983), 27-68, MR0714611.

[15] G. Lawler, Weak convergence of a random walk in a random environment, Commun. Math.

Phys. 87 (1982), 81-87, MR 84b:60093.

[16] G. Papanicolaou and S.R.S. Varadhan, Boundary value problems with rapidly oscillating ran-

dom coefficients, Volume 2 of Coll. Math. Soc. Janos Bolyai 27, Random Fields, Amsterdam,
North Holland Publ. Co. 1981, pp. 835-873, MR 84k:58233.

[17] G. Papanicolaou and S.R.S. Varadhan, Diffusions with random coefficients. Statistics and

probability: essays in honor of C.R. Rao, pp. 547-552, North-Holland, Amsterdam, 1982.
MR 85e:60082.

[18] Y. Sinai, Limiting behavior of a one-dimensional random walk in a random medium, Theory

19]
[20]
(21]

(22]

23]

Prob. Appl. 27 (1982), 256-268, MR 83k:60078.

A. Sznitman, Slowdown and meutral pockets for a random walk in random environment,
Probab. Theory Related Fields 115 (1999), 287-323, MR 2001a:60035.

A. Sznitman, Slowdown estimates and central limit theorem for random walks in random
environment, J. Eur. Math. Soc. 2 (2000), 93-143, MR 1763302.

A. Sznitman and O. Zeitouni, An Invariance principle for Isotropic Diffusions in Random
Environment, Invent. Math. 164 (2006), 455-567, MR 2221130.

V. V. Zhikov, S. M. Kozlov and O. A. Oleinik, Homogenization of Differential Operators and
Integral Functionals. Translated from the Russian by G.A. Yosifian. Springer- Verlag, Berlin,
1994, 570 pp. MR 96h:35003b.

V. V. Zhikov and M. M. Sirazhudinov, G compactness of a class of second-order nondiver-
gence elliptic operators. (Russian) Izv. Akad. Nauk SSSR Ser. Mat. 45 (1981), 718-733. MR
83£:35041.

JosepH G. CONLON

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MICHIGAN, ANN ARBOR, MI 48109-1109, USA

E-mazil address: conlon@umich.edu



	1. Introduction
	2. Proof of Theorem 1.1
	3. Proof of Theorem 1.2
	4. Formula for Effective Diffusion Constant
	Acknowledgements

	References

