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POSITIVE SOLUTIONS TO NONLINEAR SECOND-ORDER
THREE-POINT BOUNDARY-VALUE PROBLEMS FOR
DIFFERENCE EQUATION WITH CHANGE OF SIGN

CHUNLI WANG, XTAOSHUANG HAN, CHUNHONG LI

ABSTRACT. In this paper we investigate the existence of positive solution to
the discrete second-order three-point boundary-value problem

A%y + (k) f(xx) =0, kell,n],
zo =0, az;=1Tp41,
where n € [2,00), 1l € [I,n], 0 < a <1, (1 —a)l >2, 14+a)l <n+1,
f € C(RT,R*) and h(t) is a function that may change sign on [1,n]. Using
the fixed-point index theory, we prove the existence of positive solution for the
above boundary-value problem.

1. INTRODUCTION

Recently, some authors considered the existence of positive solutions to discrete
boundary-value problems and obtained some existence results; see for example, [1]
2, B, 6l [7]. Motivated by the papers [5l [§], we consider the existence of positive
solution for the nonlinear discrete three-point boundary-value problem

APz g +h(k)f(xr) =0, kel,n],
z0=0, ax;=2Tpt1,

where n € {2,3,...},le[L,n]={1,2,....,n},0<a<1,(1—-a)l>2 (1+a)l<
n+1, f€ C(RT,R") and h € C(R",R).

When h(k) = 1, Equation reduces to the nonlinear discrete three-point
boundary-value problem studied by Zhang and Medina [8]. Using the same ap-
proach as in [8], we obtain the the existence of positive solutions to when
h € C(R*,R"). To the author’s knowledge, no one has studied the existence of
positive solution for when h is allowed to change sign on [1,n]. Hence, the
aim of the present paper is to establish simple criteria for the existence of at least
one positive solution of the . Our main tool is the fixed-point index theory [4].

(1.1)

Theorem 1.1 ([4]). Suppose E is a real Banach space, K C E is a cone, and
Q, ={ue K :|u| <r}. Let the operator T : Q. — K be completely continuous
and satisfy Tx # x, for all x € 09),.. Then

2000 Mathematics Subject Classification. 39A05, 39A10.

Key words and phrases. Boundary value problem; positive solution; difference equation;
fixed point; changing sign coefficients.

(©2008 Texas State University - San Marcos.

Submitted March 6, 2008. Published June 11, 2008.

1



2 C. WANG, X. HAN, C. LI EJDE-2008/87

(i) If | Tx|| < ||z||, for all x € O, then i(T,Q,, K) = 1;
(ii) If || Tz|| > ||lz||, for all x € O, then i(T,Q,, K) = 0.

In this paper, by a positive solution x of , we mean a solution of the (1.1
satisfying = > 0, k € [1,n + 1].

We will use the following notation: Z = {0,+1,4+2,...}; N = {0,1,2,...};
[m,n] = {m,m+1,m+2,...,n} C Z; [z] is the integer value function; Ay =
Y1 — Yr, Ay = A(Ayp), n > 2, k€N

Moreover, we shall use the following assumptions:

(H1) f € C(R*,R*) is continuous and nondecreasing.

(H2) h:[1,n] — (—o00,400) such that h(k) > 0, k € [1,1];h(k) <0, k € [I,n].
Moreover, h(k) does not vanish identically on any subinterval of [1,n].

((H3) There exist nonnegative constants in the extended reals, fy, f, such that

fo= lim @ foo = lim M

u—0t u uU——+00 u
This paper is organized as follows: In section 2, preliminary lemmas are given.
In section 3, we prove the existence of positive solutions for (1.1). In section an
example is provided.

2. PRELIMINARIES
In this section, we give some lemmas that will be used to prove our main results.
Lemma 2.1 ([8]). Let al #n+ 1. For {yx}}X,, the problem
A%z +yp =0, kel[l,n], 2.1)
z0=0, ax;=2Tpt+1-

has a unique solution

7 7

k n 1 -1 k—1
= M(ZB;%—@ZZ@ -3 N keln+.

i=0 j=0 i=0 j=0
Using the above lemma, for 0 < a < 1, it is easy to prove the following result.
Lemma 2.2. The Green’s function for (2.1) is
((a—Dk+n+1—al)j

i<k, j<l
(= )JLMZ*G) S k<i<l,
S\ — n — Q.
Gl = altk -+ (n+1—k)j , (2.2)
, 1<j<k,
( 1n—|_—)]1;—al
n+1-—y . .
- > >
ot l—al Jzk, gzl

We want to point that this Green’s function is new.
Remark 2.3. Note that G(k,j) > 0 for (k,j) € [0,n + 1] x [1,n].
Lemma 2.4. Let (1 —a)l > 2. For all j; € [1,1] and j2 € [I,n], we have
G(k,j1) > MG(k,j2), ke€[0,n+1], (2.3)
where T € [[al] + 1,1 — 1] and M = a®l/n.
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Proof. Tt is easy to check that (1 — a)l > 2 implies [[al] + 1,1 — 1]. We divide the
proof into two cases.

Case 1: k <. By (2.2)),

[(a—Dk+n+1—alljz .

. <k
Gk, j1) n+tl—gk 0 t=5
Gk, j2) ) lla=1)ji +n+1—allk k< i

mtl—gk "

M7 g1 <k,

> ) (n+1-Dk

=) (n+1-0k k< i
ntl1-Dk )

Zmin{%l}

_T

1

>a>M.

Case 2: k > 1. For js € [I,n] and (14 a)l < n+ 1, it is easy to check that
(n+1—k—al)js+alk=(n+1—al)js+ (al — jo)k
<(n+1—al)js+ (al — j2)l
=(n+1—al—1)jp+al? (2.4)
<(n+1-—al—1)n+al®
=n-—a)(n+1-1)+al,
and

(a—Dk+n+1—-al>@—-1)(n+1)+n+1—al=aln+1-1), (2.5)
From , (2.4) and , we obtain

[([a=Dk+n+1—alljn . <k
Glkjt) _ ) (n+1—k—al)js talk’ 277
G~ Moz vkan b1ty
(n +1— ]g)k ’
aln+1—-101 .
<
S ) (n—a)(n+1-1)+al’ sk,
=Yan+1-071 k< i
(n+1-0n’ /2
) a’lln+1-1) a?l
> -
_mm{(n—al)(n—l—l—l)—i—al’ n }
2
Y
n
Hence, G(t,j1) > MG(t, j2) holds. O
Let C[0,n + 1] be the Banach space with the norm |z[| = supye(o ni1] [Tkl

Denote

Co,n+1]={zeCl0,n+1]: i >0and 29 =0, Ty = ,
7 [0,n+1] ={z [0,n + 1] ke%l,lnnJrl]mk_ and zg Tpi1 = axy}
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P ={x € C{[0,n+1]:x is concave on [0,!] and convex on [I,n + 1]}.
It is obvious that P is a cone in C[0,n + 1].
Lemma 2.5. If z € P, then
x> ARz, kel0l]; =z <AK)z, kell,n+1].

k/l, k€ [0,1],
A(k) =
*) {"”n‘iﬁﬁ‘ﬁ”’“, kell+1,n+ 1),

where

Proof. Since x € P, we have xy, is concave on [0, 1], convex on [I,n+ 1], g = 0, and
ZTpt1 = axzy. Thus,

— T

T > xo + xlfk; = Eml, for k € [0,1],

l
and

n+1—al+(a—1)k

$k§$n+1+w(k5—1—n)= ntl_1

n+1-—1
Hence, we have

xp > ARz, kel0l]); i <Ak)z, kel,n+1].

xy, forke[l,n+1].

Lemma 2.6. Assume that (1 —a)l > 2. Let x € P, then
Tp > /1”%”, ke [[a‘l] + 177—]7
where p = min{a,1 — 7}, 7 € [[al] + 1,1 —1].

Proof. Let © € P, then z is concave on [0,{], and convex on [l,n + 1]. Since
0<a<l zpp = ax <, then [|z| = supycp i) [Tk = SUPgepo, [x]. Set
r=inf{r € [0,] : supyco Tk = »}. We now consider the following two cases:
Case (i): k € [0,7]. By the concavity of xj, we have

Tr = Lo, %xr > ﬁxr - §||x||~

T 2 To+ ]

Case(ii): k € [r,I]. Similarly, we obtain

Ty — T
T > X, + T_l(kfr)
l—k k—r
R
>l_kac >l_kx
T
= [1- 5l

Thus, we have
k k
kamln{jal_j}”ﬂL kE[O,lL
which yields

-
min x> min{a,1 — = }z| = pllz|.
ke[[al]+1,7] k= { ] Hizll = pllz]]

The proof is completed. O
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Lemma 2.7. Assume that (1 — a)l > 2. If conditions (H1), (H2), (H4) hold
Vk € [0,n — ], then there exists a constant T € [[al] + 1,1 — 2] such that

B(k) = h* (1 — [5K]) — %h*(l k)20, (2.6)

where h* (k) = max{h(k),0}, h~ (k) = — min{h(k),0}, § = =7~ l+1, and M = a1 /n.
Then for all q € [0,00), we have

> Gk )h()f(aAG)) = 0. (27)

j=r+1

Proof. By the definition of A(k), it is easy to check that

1 l—7-1 1l—7-1
_ = (l—-[———= = _ —l+1], (2

AQ=[r) = 5 (1- =) = 1= 1 =) relon—1+1], @8)

and ,
A =1—-— (1 - — 1. 2.9
(+r)=1-—"—(1-a), refon-4 (2.9
Set j =1—[0r], » € [0,n—141] (§ as in (H4)). For all ¢ € [0,00), by view of
Lemma [2.4] Remark [2.3) . [2:6), 2-3), (.9), (H4), and that f is nondecreasing, we

have

l
> Gk, )T (5) F(AG))

Jj=7+1
n—I+1
= D GkI—[orDh* (1= [6r]) f(qAQ — [67]))
r=0
noitl l—7—1
=3 Gkt~ et (- 5 (- 7 =)
=0 (2.10)
nft r T+1
> 3 Gk = it (= [0S (a0 - 5 (1= )
r=0
= n r T+1
> MY Gk, 4 (= ) f (a(t - 7 (1= )
r=0
n—I
ZTZOG(k,l+r)h(l+r)f<q(1n_:_i_l(la)))

Again, setting j =1+ r, r € [0,n — ], for ¢ € [0,00), we obtain

n—l—i—l(l_a)))'
(2.11)

n n—l1

3" Gk, )b ( ZGkH—r l+r)f( (1-

=141

Thus, by and (2.11]), we get
> Gk, )h()f(gAG))

Jj=7+1

l
= > Gk, )T FGAG) = Y Gk, 5)h™(§)f(qA()) = 0.

j=r+1 j=l41
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The proof is completed. O
We define the operator T': C[0,n + 1] — C[0,n + 1] by

(Tx)i _ZG (k, Nh(§) f(z;),  (k,j) € [0,n+1] x [1,n]. (2.12)

j=1

where G(k, j) as in (2.2). From Lemma we easily know that x(t) is a solution
of the (1.1)) if and only if z(t) is a fixed point of the operator T

Lemma 2.8. Let (1—a)l > 2. Assume that conditions (H1), (H2),(H4) are satisfied.
Then T maps P into P.

Proof. For z € P, by Lemmas [2.5 and f is nondecreasing, we have

Z )f (@)

Jj=7+1

— G(k DhEG)F(ag) = > Gk, j)h™(5)f(x;)

= =t § (2.13)
Z (k, )T G)F(AG)) = D Gk, )P~ (G) F(AG)z)

Jj=7+1 Jj=l+1

= > G ) f(21A(5)) > 0,

Jj=7+1

which implies

Txk—ZG/w h(j) f(z;)
j=1

n

=2 Gl DI (G)f @)+ 3 Gl h()f ()

Jj=7+1
> Gk j)h* () f(x)) = 0,
j=1

again (Tx)g = 0, (Tx),11 = a(Tx),, it follows that T : P — C;[0,n + 1]. On the
other hand,

A*(Ta)x = —h*(j)f(z;) <0, j€10,1],
AX(Tz)p = h™ () f(z;) 20, j€[ln+1].
Thus, T maps P into P. O

Lemma 2.9. Let (1 —a)l > 2. Assume that conditions (H1), (H2), (H4) are
satisfied. If z € P is a fized point of T and ||z|| > 0, then z is a positive solution of

the .

Proof. At first, we claim that z; > 0. Otherwise, z; = 0 implies 2,41 = az; = 0.
By the convexity and the nonnegativity of z on [I,n + 1], we have

2z, =0, kell,n+1],
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this implies Az, = z;41 — 2, = 0. Since z = T'z, we have A%z, = —h T (k) f(2) <0,
k €10,1]. Then
Az, > Az =0, kel0,l-1].
Thus, z; < z; =0, k € [0,]]. By the nonnegativity of z, we get
2z, =0, kelol],
which yields a contradiction with ||z|| > 0. O

Next, in view of Lemma for z € P, we have

k
Zk 2> 721 >0, kell,l]. (2.14)

Note that h(k) does not vanish identically on any subinterval of k € [1,1], for any
k € [1,n]. By (2.13) we have
2k = (Tz)k

- ZG(k,j)h(j)f(Zj)

n

= DGk )W () f(z5) + > Gk () (=)

J=T
> "Gk, )T (§)f(z) > 0.
j=1
Thus, we assert that z is a positive solution of (L.1]).

3. EXISTENCE OF SOLUTIONS

For convenience, we set

T -1
M= Gk, )b
(uker[g%l] | > Gk, ) (J)) :
j=lal]+1
l

m=( max S GG

ke[0,n+1] =
where ;1 as in Lemma [2.6]

Theorem 3.1. Let (1 — a)l > 2. Assume that conditions (H1)—(H4) are satisfied.
If (H5), 0 < fo <m, and M < foo < 400 hold, then (1.1)) has at least one positive
solution.

Proof. By Lemma 2.8 T': P — P. Moreover, it is easy to check by Arzela-Ascoli
theorem that 7' is completely continuous. By (H5), we have fo < m. There exist
p1 > 0 and €1 > 0 such that

flu) < (m—ep)u, for 0<u<p. (3.1)
Let Q) = {z € P: ||lz|| < p1}. For z € 994, by (3.1)), we have
(Ta)e =Y Gk, Hh(7)f ()

Jj=1
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RE(0n+1] 4=
1
= pi(m —e1)—
<pr = [l=[,
which yields [|Tz|| < ||z|| for € ;. Then by Theorem we have

i(T,Q1, P) = 1. (3.2)

On the other hand, from (H5), we have f,, > M. There exist ps > p; > 0 and
€9 such that

flu) > (M +e2)u, for w> ups. (3.3)

Set Qy = {z € P : ||z < p2}. For any z € 9Q, from Lemma [2.6] we have
xp > pl|lx|| = pps, for k € [[al] + 1, 7]. Then from (2.7)) and (3.3)), we obtain

n

|Te] = max [ZGM M)+ Y Gk G ()]

k€[0,n+1] it

>  max G(/ﬂ j)h (])f(x])

T

>  max Z G(k,j)h* () (25)
j=[al]+1

T

> (M Rt (j
> (M + &5)ps (e %}:ﬂG(k,J)h ()
i=la

= %(M+52)P2 > p2 = [|l=|;
this is, |[Tz|| > ||z||, for z € Q5. Then, by Theorem [3.1]
i(T, 0, P) = 0. (3.4)
Therefore, by , , and p; < p2, we have
i(T,Q2\ Q1, P) = —1.

Then operator T has a fixed point in €5 \ ;. So, (I.1)) has at least one positive
solution. O

Theorem 3.2. Let (1 —a)l > 2. Assume that (H1)-(H4) are satisfied. If (HG),
M < fo <400, and 0 < foo < m hold, then (1.1)) has at least one positive solution.

Proof. At first, by (H6), we get fo > M, there exist ps and €3 such that
flu) > (M +e3)u, for0<u< ps. (3.5)
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Set Q3 = {z € P : ||z]| < p3}. For any z € 093, by Lemma [2.6] we get x; >
wllx)| = pps, for k € [[al] + 1, 7], then by (2.7)) and (3.5)), we have

|72 = max [ GUDRGI )+ > Gl DAG) (x5)]
k=1 j

ke[0,n+1]

T

>  max G(k‘ J)h (J)f(xj)

>  max Z G(k, ))h* (5) f(z5)

j=[al]+1

> u(M +e3)ps  max Z G(k,7)h"(5)

ke[o n+1 Jallt1
= 57 M +es)ps > ps = ||zl
this is, |7z > ||z|, for z € 0Q3. Thus, by Theorem [L.1]
i(T,Q3, P) = 0. (3.6)

Next, from (H6), we have fo, < m. There exist ps > 0 and 0 < g4 < p4 such that
flu) < (m—eq)u, foru > py.
Set L = maxo<yu<p, f(u). Then
fu) <L+ (m—eq)u, for u>0. (3.7)
Choose ps > max{ps, L/es}. Let Qqy = {z € P : ||z|| < ps}. Then for z € 094, by

and , we have
(Ta), =Y G(k, 5)h(i) f(x))

l n

=Y Gk, )R G) () = Y Glk,5)h™(5)f ()
J=1 j=l+1

!
<3 Gl (1))
<(L+(m- 54)/?5)%
= p5 — (eaps — L)%
< p5 =zl

Thus, by Theorem [3:1]
i(T, 0, P) = 1. (3.8)

Therefore, by (3.6)), (3.8]), and p3 < p5, we have
Z(Tv Q4 \ Q3,P) =1L

Then operator T has a fixed point in €4 \ Q3. So, (I.1) has at least one positive
solution. (]
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4. EXAMPLE

In this section, we illustrates our main results. Consider the boundary-value

problem
A’zp_y +h(k)2zg =0, kell,11],
1 (4.1)
xg =0, 5336 = T2,
where 0 < a < 1, and

C[3(k-8)2  kell,8],
hk) = S (8-k), kel[s811).

Let n = 11, 1 = 8, a = 1/3, then we have M = 8/99. Now taking 7 = 3, then
7€ [lal] +1,1 —2] = [3,6], § =1, and for all k € [0,n — ] = [0, 3], we have

B(k) = h* (1 — [6k]) — %h*(l +k)=k*(3—k)>0.
Hence, Condition (H2) and (H4) hold. Set f(u) = u®, it is easy to see that

fO = 00, f(Xl = Oa
that is, (H6) holds. Thus, by Theorem (4.1) has at least one positive solution.
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