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STRONG SOLUTIONS FOR SOME NONLINEAR PARTIAL
FUNCTIONAL DIFFERENTIAL EQUATIONS WITH
INFINITE DELAY

MOHAMED ALIA, KHALIL EZZINBI

ABSTRACT. In this work, we use the Kato approximation to prove the existence
of strong solutions for partial functional differential equations with infinite
delay. We assume that the undelayed part is m-accretive in Banach space and
the delayed part is Lipschitz continuous. The phase space is axiomatically
defined. Firstly, we show the existence of the mild solution in the sense of
Evans. Secondly, when the Banach space has the Radon-Nikodym property,
we prove the existence of strong solutions. Some applications are given for
parabolic and hyperbolic equations with delay. The results of this work are
extensions of the Kato-approximation results of Kartsatos and Parrot [}, [9].

1. INTRODUCTION

In this work, we study the existence and the regularity of solutions for the
following partial functional differential equation with infinite delay

u'(t) + Au(t) 2 F(uy) fort >0

Up = ¢ € Bv
where A is a nonlinear multivalued operator with domain D(A) in a Banach space
X, B is the space of functions defined on | — oo, 0] with values in X, satisfying the

Hale and Kato’s assumptions [6]. For ¢ > 0, the history function u; € B is defined
by

(1.1)

us(0) = u(t+46) for 6 €] — o00,0],
F : B — X is a continuous function. Note that the difference between the finite
and infinite delay lies in the fact that in general the function

is not continuous from [0,7] into B. In finite delay, usually the phase space is
C([-r,0]; X) the space of continuous functions from [—r,0] to X, consequently
the history function is continuous. The main problem of differential equations
involving infinite delay is the choice of the phase space for which the history function
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(1.2) is continuous. For more details, about this topics we refer to Hale and Kato
[6] and Hino, Murakami and Naito [7]. In [I0], Kato proposed a new approach to
prove the existence of solution for the evolution equation

Z'(t) + Az(t) =0

5(0) = 20 (1.3)

where A is m-accretive in a Banach space X such that the dual X* is uniformly
convex. The author proposed the following approximation which called the Kato
approximation

zh (1) + Apzn(t) =0

22(0) = 20 (1.4)

where A, is the Yosida approximation of A to show the existence of solutions for
equation .

Kartsatos and Parrott [8] employed the Kato approximation to prove the exis-
tence of strong solutions for the partial functional differential equation

W' (t) + B(t)u(t) = F(u) fort >0

wo = ¢ € C(1r,0: X), (1.5)

where B(t) is m-accretive on X, the authors proved, the existence of strong solution
if the dual space X* is uniformly convex. In [9], Kartsatos and Parrott considered
equation in general Banach space and proved the existence of a Lipschitz mild
solution which becomes a strong solution when the phase space X is reflexive. In
[11], Ruess studied the existence of solutions for the following multivalued partial
functional differential equation

u'(t) + B(t)u(t) > G(t,z;) fort >0
ug=¢ € C([-r,0; X) or @€ BUC((—o0,0]; X),
where BUC((—o00,0]; X) is the space of bounded uniformly continuous functions
from (—o0,0] to X, for every t > 0, the operator B(t) is m-accretive in a Banach
space X, the authors proved the existence of strong solutions when X is reflexive

and its norm is differentiable at any = # 0. In [I2], Ruess studied also the existence

of solution for the following equation
u'(t) + au(t) + Bu(t) 2 G(xy) fort >0 L6
Uy = p € M7 ( . )

where the phase space M = C([-r,0]; X) or € B, € R and B is m-accretive
operator, G : M — X is Lipschitz continuous, the authors proved the existence of
strong solution of equation (|1.6) if one of the following conditions holds:

(a) X is reflexive and its norm is differentiable at any = # 0 and ¢ € D(A),
where D(A) denotes the generalized domain of the operator

D(A) ={peM:¢" €M, 9(0) € D(B), ¢'(0) € G(p) — ap(0) — Bp(0)}
Ap =—¢'.

(b) X has the Radon-Nikodym property, D(B) is closed, B is single valued
with B : D(B) — X norm weakly continuous and ¢ € D(A).
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(¢) X is any Banach space, D(B) is closed, B is single valued with B : D(B) —
X is continuous and either:
(c1) ¢ € D(A)

(c2) ¢ € D(A) and B maps bounded sets into bounded sets.
(d) X is reflexive, B : D(B) — X is single valued and demiclosed, namely, the
graph of B is norm-weakly closed in X x X and ¢ € D(A).

More details can be found in the book K. S. Ha [I3] where an overview on nonlinear
theory of partial functional differential equations is given.

Travis and Webb [14] gave the basic theory on the existence and stability of
equation when —A is linear, densely defined and satisfies the Hille-Yosida
condition, more results and applications can be found in the book Wu [15]. Adimy,
Bouzahir and Ezzinbi [I] gave the basic theory of the existence, regularity and sta-
bility of solution of equation when —A is a linear operator, not necessarily
densely defined and satisfies the well known Hille-Yosida condition, by renorming
the space X, the Hille-Yosida condition is equivalent to say that A is m-accretive, in
this work, the authors investigated several results on the existence of solutions and
stability by using the integrated semi-group theory. Here we propose to extend the
works of Kartsatos and Parrott [§], [9] and Ruess [12]. To simplify our analysis, we
consider the case where A is time-independent, but the same approach still works
in general context. Here we use the Kato approximation to show the existence of
strong solutions in Banach spaces that have the Radon-Nikodym property. The
study of the existence of strong solutions requires some hypotheses about regular-
ity of the space X and the initial data ¢. More precisely, we propose the Kato
approximation

ul (t) + Apun(t) = F(u,,) fort>0,

w. = €B, (1.7)
where A,, is the Yosida approximation of A. Our aim is to prove that the solution u,,
converges uniformly on [0, 7] to the mild solution of equation . The advantage
of this approximation is the fact that the right hand side of equation is a
Lipschitz continuous, consequently the solutions of equation are C''-functions
on [0,T7].

This work is organized as follows: In section 2, we recall some results on the
existence of strong solution for evolution problem involving m-accretive operators.
In section 3, we prove the existence of mild and strong solutions for equation .
Finally, for illustration, we propose to show the existence of solutions for some
partial differential equation with delay.

2. PRELIMINARY RESULTS

In this section we recall some preliminary results on m-accretive operators and
some results on the phase space that will be used in the whole of this work. Let X
be a Banach space and A : X — 2% be an operator on X with domain defined by

D(A) = {z € X : Az is non empty in X}.
We say that (z,y) € Aif x € D(A) and y € Ax.

Definition 2.1. A is said to be accretive if for A > 0, (x1,y1) € A and (z2,y2) € 4
we have

|1 — 22| < |21 — T2 + A(Y1 — ¥2)|-



4 M. ALIA, K. EZZINBI EJDE-2008/91

Proposition 2.2 ([5]). If A is an accretive operator, then for all A\ >0, I + XA is
a bijection from D(A) into R(I + NA). Moreover, (I + AA)™! is nonexpansive on
R(I + \A).

Definition 2.3. Let A: D(A) C X — 2X. Then A is said to be m-accretive if A
is accretive and for some A > 0, we have

RI+XA)=X
Remark 2.4. If A is m-accretive, then for all A > 0, we have R(I + \A) =

Definition 2.5. The duality mapping J : X — 2% is defined by
J(z) = {z* € X* :< 2", 2 >= |z*|? = |z|*}.

By the Hahn-Banach Theorem, J(z) is a non empty set for all z € X. For a
general Banach space, the duality mapping J is multi-valued. If the dual X* is
strictly convex, J is single-valued. Moreover, if X* is uniformly convex, then J is
uniformly continuous on bounded sets.

Definition 2.6. For every (z,y) € X, we define the bracket [.,.] by
|z + hy| — ||
=1 .
[z,y] = lim Y
The following results are well known.

Proposition 2.7 ([3]). Let z,y,z € X and a, B € R. Then the following statements
hold:

i) [z, By] = |Bl[x,y] for af > 0.

i) [z,00 +y] = alz| + [z, y].

iii) [z,y] > 0 if and only if |x + hy| > |z| for h > 0.

iv) [z, y]l < [yl

v) [,y + 2] <[z, y] + [z, 2].

i) [,y] > —[z, —y].

( 1) [l‘ y} = IaXg« €T ot J(x)( ’y> fOT:l}#O.

(viii) Let u be a functzon from a real interval J to X such that u'(to) exists for
an interior point to of J. Then Di|u(ty)| exists and

D |u(to)| = [u(to), ' (to)];
where D4 |u(ty)| denotes the right derivative of |u(t)| at to.
Proposition 2.8 ([8]). Let A: X — 2% be an operator in X. Then the following
statements are equivalent
(i) A is accretive,
(ii) (I +AA)~! is nonexpansive on R(I + \A),
(111) [Il — T2, Y1 — Z/2] Z 0 fOT any (xlayl)v (.132,:(}2) € A;
(iv) for all (x1,y1), (x2,y2) € A, there exists x* € J(x1 — x2) such that
<z*,y1 —y2 >>0.

Consider the Cauchy problem
u'(t) + Au(t) 2 f(t) for ¢t €[0,T]

u(0) = up. 1)
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Definition 2.9. A function u : [0,7] — X is said to be a strong solution of (2.1))
if
(i) u is absolutely continuous on [0, T].
(ii) w is differentiable on [0, 7] almost everywhere.
(iil) w'(t) + Au(t) > f(¢) for a.e. t € [0,T].
(iv)  u(0) = uo.

Definition 2.10. [5] For a given € > 0, a partition ty < t; < -+ < &, of [0,t,],
and a finite sequence fy, f1,..., fn in X, the equation

u—ﬁ—Aukafk fork=1,2,...,n
g — -1

is called a e-discretization of u'(t) + Au(t) > f(¢), on [0, 7] if,

0<ty<e, 0L<T—t,<e t—tpr1<E¢, Z/ If(7) = felldr < e.
tp—1

Moreover, the step function
ug fort=0
uc(t) =
up for t E]tk_l,tk]
is called e-solution of this discretization.

Definition 2.11 ([5]). A continuous function u : [0,7] — X satisfying u(0) = ug
is called a mild solution (in the sense of Evans) of equation (2.1)), if, for all e > 0
there exists u. an e—solution of an e-discretization on [0, 7] such that

|u(t) —ue(t)| <e forte|0,T].

Proposition 2.12 ([B]). If A is accretive, then the following results hold

(i) the mild solution of equation (2.1)) if it exists, is unique.

(ii) If u is a strong solution of equation (2.1)), then u is a mild solution.
Theorem 2.13 ([5]). Let A be a m-accretive operator and f € L*(0,T; X). Suppose
that ug € D(A), then equation (2.1) has a unique mild solution.

Theorem 2.14 ([3, p.102]). Let A be an m-accretive operator on X and take
f € LY0,T;X), then the function u is a strong solution of equation (2.1) if and

only if u is a mild solution which is absolutely continuous and almost everywhere
differentiable on [0,T].

Definition 2.15. A Banach space X is said to have the Radon-Nikodym property if
and only if every absolutely continuous function g : [a,b] — X is almost everywhere
differentiable.

Definition 2.16 ([5, p.194]). The generalized domain D(A) of A is defined by
DA)={z € X :|z[sa= lim | Ay < oo}

Proposition 2.17. Let A: X — 2% be m-accretive operator in X. Then D(A) C

D(A) Cc D(A).

As a consequence of [5, Theorem 5], we deduce the following result.
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Theorem 2.18 ([3]). Assume that A is m-accretive, f € C([0,T]; X) and ug €
D(A). If X has the Radon-Nikodym, then every absolutely continuous mild solution

of (2.1)) becomes a strong solution of (2.1).

Definition 2.19 (3, p.32]). Let A, : D(A,) C X — 2% be a sequence of multi-
valued operators on X. We define the liminfA,, by the operator Ay, : D(As) C

n—-+oo
X — 2% such that

Yoo € AooToo if and only if there exist x,, € D(A4,,) and y,, € A, x,
such that z,, — 2o and y, — Yoo as n — +o0.

For A > 0, we define the resolvent of A by

Jy=(I+ 241
The Yosida approximation of A is defined for A > 0 by
1
AA - X(I - J)\)

Proposition 2.20 ([I0]). If A is an accretive operator, then for X > 0, the following
statements hold

(i) Ay is accretive and if A is m-accretive, so is Ay.
(ii) Ay is a Lipschitz mapping on R(I + \A) with coefficient %
Theorem 2.21 (3| p.164]). Let A be a m-accretive operator on X, then

A =liminf A,.
A—0+

where Ay is the Yosida approximation of A.
Theorem 2.22 ([3| p.159]). Let T > 0, w € R, (4,, + wl),>1 be a sequence of

m-accretive operators, x,, € D(A,) and f, € L*(0,T;X) for n > 1. Let u, be the
mild solution of

un (t) + Apun(t) 3 fu(t) fort e [0,T]
un(0) = xp.

If fr = foo in LY0,T; X), 1, — oo and As = liminf, . A,, then

(2.2)

Hm  u,(t) = uso(t) wuniformly on [0,T],
n—-+o00

where Us 1s the mild solution of the equation
Ul (1) + Acolioo (t) D fool(t)  fort €[0,T)
Uoo(0) = Too-
Proposition 2.23 ([3, p.90]). Let A be such that A + wl is m-accretive for some
weR. Let f, g be two functions in L*(0,T; X). If uy and ug are respectively mild

solutions of u'(t) + Au(t) > f(t) and v'(t) + Av(t) 3 g(t) fort € [0,T). Then for
0<s<t<T, the following estimate holds

a(®) = 0] < e ur(s) ~wa(o) + [ ¢ IIf(r) - g(rlar

S

In the following, we assume that the phase space B satisfies the the following
assumptions which were introduced by Hale and Kato [6]:
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(A1) There exist constant H > 0 and functions K, M : Rt — RT with K
continuous and M € L2 (RT) such that for all ¢ € R and for any a > 0
if x : (—00,0 +a] — X is such that 2, € B and z :[o,0 +a] — X is
continuous, then for all ¢ € [0, + a] we have

(i) z, € B
(ii) |z(t)] < Hl|z¢|p (in other words |¢(0)| < H|y|p, for any ¢ € B),
(i) Joels < K(t — o) Supy e [2(0)] + M(t — 0) 2 l5.
(A2) The function ¢t — x; is continuous from [0, o + a] to B.
(B) B is complete.

Let Cpp be the space of continuous functions from (—o0,0] into X with compact
supports. In the sequel we suppose that B satisfies

(C) If a uniformly bounded sequence (@, ),>0 in Coyo converges compactly to a
function ¢ in (—o0, 0], then ¢ € B and |p, — ¢|g — 0 as n — +o0.
Let By = {¢ € B: ¢(0) = 0}. Consider the family of the linear operators defined
on By by
0 if —t<0<o0.
So(t)p)(0) = - -
(Sot))(6) {g@(tJr@) if 0 < —t.

Then (So(t))1>0 defines a strongly continuous semigroup on By.

Definition 2.24 ([7]). We say that B is a fading memory space if
(i) B satisfies assumption (C),
(i) |So(t)plp — 0 as t — +oo for all ¢ € B.

Let BC(] — 00, 0]; X) be the space of bounded continuous functions with values
in X endowed with the supremum norm. Then we have the following interesting
result.

Proposition 2.25 ([7]). If B is a fading memory space, then BC(—00,0]; X) is
continuously embedded in B; namely, there exists a constant ¢ > 0 such that

lolg < co|lse  for all ¢ € BC((—o0,0]; X).
3. MILD AND STRONG SOLUTION OF (|L.1)

Definition 3.1 (In the sense of Evans). A function u : (—oo, +00) — X is said to
be a mild solution of equation (1.1 if:

(i) uo = ¢
(ii) w is mild solution in the sense of Evans of the equation
uw'(t) + Au(t) > f(t) fort>0
where f(t) = F(us) for ¢ > 0.

Definition 3.2. A function u : (—oc0,T] — X is said to be a strong solution of
equation (1.1)) if:
(i) uo = ¢

(ii) w is absolutely continuous
(ili) w is almost everywhere differentiable on [0, 7] and

u'(t) + Au(t) 3 F(uy) for a.e. t €[0,T].

Firstly, we prove the existence of the mild solution. For this goal, we assume:
(H1) (A + wl) is m-accretive for some w € R.
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(H2) There exists a constant L > 0 such that
|[F(¢) — F(¥)| < Llp —¢[p for ¢, € B.
Theorem 3.3. Assume that (H1), (H2) hold. Let ¢ € B be such that ¢(0) € D(A).
Then equation (1.1) has a unique mild solution defined on [0, +00).

Proof. Without loss of generality we assume that w = 0. Let T' > 0. Consider the
set
Y ={v:[0,T] — X is continuous and v(0) = ¢(0)}.
For v € Y, we consider the equation
u'(t) + Au(t) 2 F(t) for t €[0,T) (3.1)
u(0) = ¢(0) '

where

v =
v on [0,7)
From assumption (A2) the mapping ¢ — @; is continuous. Consequently, the map-
ping t — F(?;) is continuous.
In virtue of Theorem equation (3.1)) has a unique mild solution u(v) on
[0,T]. Let us now define the operator
K:Y—-Y

v — u(v)

. {gb on (—o0, 0]

and show that K has an unique fixed point on Y. Notice that K is well defined and
K(Y)cCY.
Let v1 and vg be in Y. Set uq = K(v1) and us = K(v2). Then

uy (t) + Aur (t) > F(1n,)
uh(t) + Aus(t) 3 F(0s,).
By Proposition we deduce that

t
s (8) — uz(t)] < L / (B0, — B2, |ds.
0

From assumption (A1)(iii) and using the fact that 01, = 02, = ¢, we deduce that
|01, = U2,|8 < K(s) sup [vi(7) — va(7)]
0<7<s
< K(s) sup |vi(7) —va(7)].
0<r<T
Set
Kr = sup K(¢).
te[0,T]
Hence
[ur(t) —ue(t)| < KT sup |vi(1) — va(7)].
T€[0,T]
Thus
sup |up(t) —ua(t)| < LKpT sup |vi(t) — va(t)].
te[0,T] te[0,T]
Finally for T" appropriately small, K is strictly contractive. By the Banach fixed
point theorem we have the existence and uniqueness of v which is a mild solution



EJDE-2008/91 STRONG SOLUTIONS 9

of equation (1.1)) on [0,7]. We proceed by steep and we can extend continuously
the solution on [0, T] for every T > 0. O

As a consequence of Theorem [2.18 we deduce the following result.

Theorem 3.4. Assume that X has the Radon-Nikodym property and u is a mild
solution of equation equation (1.1). If w is lipschitz continuous on [0,T], then u
becomes a strong solution.

For the regularity of the mild solution we suppose the following hypotheses:
(H3) X has Radon-Nikodym property.
(H4) B is a fading memory space.
(H5) ¢ € C'((—00,0]; X) N B, ¢ € B such that ¢ is bounded and ¢(0) € D(A).
Consider the Kato approximation

ul (t) + Apun(t) = F(uy,,) fort>0

tng = (3.2)

where for n > 1,
1

Ja= T+ ()A)
is the resolvent of A and A,, = n(I — J,,) is the Yosida approximation of A.
Now, We state our main result of this work on the existence of strong solutions.

Theorem 3.5. Assume that (H1)-(H5) hold. Then there exists a unique strong
solution u of equation (1.1)) on [0,4+00) such that

u(t) = lim_ (1)

uniformly on each compact subset of [0, +00), where u, is the solution of equation
(3-2). Moreover, u(t) € D(A) fort > 0.

Let T > 0. The proof will be done in the following steps:
(i) The approximate equation with second term — A, uy, (t)+F(uy,) is Lipschitz
with respect to the second variable. Hence by a fixed point argument we show that
equation has a unique solution u,, on [0, 7] which is of class C* on [0, T].
(ii) We prove that u, and u!, are uniformly bounded on [0, 7).
(iii) We prove that the strong limit of w, exists uniformly in [0,7] as n — 400
which is denoted by u .
(iv) We prove that u is a strong solution of equation .

Lemma 3.6. Suppose that (H1), (H2) are satisfied and ¢ € B is such that $(0) €
ﬁ(A) Then for every T > 0, there exists o > 0 such that |u,(t)| < o for alln, and
fort e [0,T].

Proof. Let a = ¢(0). Then

D lun(t) — a| = [un(t) — a,uy, (t)]
= [un(t) — a, —Apun(t) + F(un,)]
= [un(t) — a, —Apun(t) + Apa — Apa+ F(uy,,) — F(¢) + F(9)]
< [un(t) = a, —Apun(t) + Anal + [Anal + [F()| + Llun, — 4.

Since A is m-accretive, it follows that [u,(t) — a, —A,u,(t) + Apa] < 0. Conse-
quently,
D+|Un(t) - a| < ‘Ana| + |F(¢)| + L‘um, - ¢|
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Since ¢(0) € D(A), sup,,>; |[Anal < oo; and consequently
Dy fun(t) —al < ki + Llun, — ¢|s, (3.3)

where k1 = sup,,~; |[Anal + |F(¢)]. By solving the differential inequality (3.3)), we
deduce

t
|un(t) —a| < k1T + L/ |tun, — @|lgds for t € [0,T],
0
consequently,

t
sup |un(s) —a| < kT + L/ |ten, — @|Bds.
s€[0,t] 0

It follows that

t
K(t) sup [un(s) — a < K(O)kiT + LE(t) / i, — B
s€[0,t] 0

moreover,

K(t) sup |un(s) —al+ M(t)[¢ — als
s€10,t]

t
< K()lT + LK (1) /0 lum, — dlids + M(8)|é — als

t
< KpkiT + LKr / . — B|ds + Mrlé — als,
0

where M7 = supyc(o ) M (t). Let ke = KrkiT + m|$ — a|z. We obtain
K(0) s i (5) = al + M0 —als < ks + LKy /Ot . — lmds.
Applying ass(umétion (A1)(iii), we have
[tn, — a|gK (t) szl[lopt] lun(s) —a| + M(t)|¢ — alg < ky + LK /Ot [tn, — P|Bds.
Consequently |

[tn, — Bl < |tn, —alg +|¢ — als

t
<|p—alp+ ke +LKT/ [tn, — P|Bds.
0

we set k3 = |¢ — a|g + ko, we then have

t
. — Bl < ks + LKT/ ., — lmds.
0

Gronwall’s Lemma implies
[, — ¢l < kzel BT,
Since for all ¢ € B, we have |[¢(0)| < H|¢|g, it follows that
[un(t) = $(0)| < Hlun, — |5,
[un (t) — ¢(0)| < Hkze KT = N.

Finally, we arrive at
un(8)] < [$(0)] + N,
which implies that (u,)n,>1 is uniformly bounded in C([0,77; X). O
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To prove that (u),),>1 is uniformly bounded, we need the following two lemmas.
Lemma 3.7 ([8]). Let w € C*([0,T); X). Then for any s € [0,T) one has
lw(s+ 60+ h) —w(s+0)]

lim sup = sup |w'(s+0)|.
h—0% ge[—s,0] h Ge[fs,o]| ( )

Lemma 3.8 ([8]). Let w € C'([—ho,0]; X) N C ([0, hol; X). Then

. [w(s+ 0+ h) —w(s+0)]
lim sup sup
h—0t 60e[—(s+h),—s] h

< [w/ (0)] + [w_(0)]
for s > 0 where w' (0) and w’ (0) denote respectively the right and left derivative
at 0.

Lemma 3.9. There exists a constant 3 > 0 such that |ul,(t)] < 8 for alln > 1 and
te€0,T].

Proof. Let z,(t) = un(t + h) — uy(t). Then
Dalzn(®)] = [2a(0), 20(0) = [2n(t), —Atin(t + B) + Ay (£) + F(tn,,,) — Flun,)].
Since A,,, is accretive,

(20 (1), —Apun(t + h) + Apu, (t)] < 0.

Consequently
D+‘Zn(t)| < L|unt+h, - um|37

which implies that

t
(O] < 1n(©1 4 L [ .y s,
0

J— —_ t J—
wn (t +h) — un(t)] < | (h) - u,(0)] —|—L/ ‘unsm U, Bds.
0

h - h

It remains to estimate

t
/ |uns+h — Un, Bds
0 h

Using Proposition we deduce that

|uns+h — Un,|B < C|uns+h — Un,| = csup |up (s + 0+ h) — un(s + 0)].
BC 9<0

‘We have to estimate
|tn(s+ 6+ h) —un(s+0)]
sup .
0<0 h

In fact one has,

supsuplun (s + 0+ h) —up(s+0)| < sup  |up(s+60+h) —u,(s+6)]
9<0

0<—(s+h)
b osup fun(s+0+R) = un(s+0)
O€[—(s+h),—s]

+ sup |un(s + ¢ + h) - un(s + 0)|
0c[—s,0]
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For s+ 60+ h <0 and s+ 6 <0, one has
[un(s+ 6+ h) —u,(s+0)] |o(s + 0+ h) — (s +0)|

sup = sup
0<—(s+h) h 0<—(s+h) h

< sup[¢'(0)] = Ny
0<0

If @ € [-(s+h),—s], then s+ 0+ h >0 and s+ 6 < 0. Since u,, € C*([0,T]; X)
and ¢ € C'(—o0,0]; X), hence Lemmayields
[un(s+ 6+ h) —up(s+0)]

lim sup sup Y < Juy, (0)] + 9" (0)]
h—0t 6Oe[—(s+h),—s]

with u/,(0) denotes the right derivative of u,, at 0, and ¢’(0) denotes the left deriv-
ative of ¢ at 0. If 6 € [—s,0] then s+ 6 > 0, and Lemmayields

[tn(s+ 60+ h) —un(s+06)]

limsup sup

h—0t 0€[—s,0] h
— sup suwp |un(s—|—0+h)—un(s—|—9)|.
9€[—s,0] h—0+ h
= sup J|u,(s+0)|
0€[—s,0]
¢ _ t _
/ |uns+h Unp, BcdS:/ sup |Un(5+9+h) un(3+9)|d8
0 h 0 6<0 h
t 0+h)— 0
<[ lmlrorn-wisrol,
0 6<—(s+h) h
¢ W(s+0+h)—un(s+0
N ST D ETHEL Y
0 6€[—(s+h),—s] h
! n 0+ h) —u, 0
+/ sup |u (S+ + ) u (S+ )|d5
0 6e[—s,0] h
limn sup [un(t + h) — u, ()] ~ lim [tp (t 4+ h) — up(t)]
h—0t h h—0t h

< July(0)] + eN\TL + Le / (I, (0)] + |6 (0))ds

¢
JrLc/ sup |ul, (s + 0)|ds.
0

0€[—s,0]
Consequently,
()] = lim [nl
lun (t)] = lim, I
< (14 cLT)|ul, (0)| + cL(Ny + |4/ (0))T
t
#Le [ sup ful(s+ 0)lds.
0 0€[—s,0]
Furthermore,

[47,(0)] < [And(0)] + [F(9)] < ko + [F()];



EJDE-2008/91 STRONG SOLUTIONS 13

where ko = sup,,~; |Anal|. Hence

()] = tim 1ol = a0
< (14 ¢LT) (ko + |F($)]) + Le(Ny + ¢ (0))T

t
+Lc/ sup |ul, (s + 0)|ds.
0 0€g[—s,0]

Let
ks = (1+ cLT)(ko + |F()]) + Le(N1 + [¢'(0)) T
Hence for 8 < 0 such that —t < 6, we get
t
sup |ul,(t+0)| < ks + Lc/ sup |ul, (s + 0)|ds.
0e[—t,0] 0 0€[—s,0]
Gronwall’s Lemma implies

sup |ul, (t +0)| < kzelT = 3.
0e[—t,0]

Finally for # = 0 we conclude |ul,(t)] < @ which proves (ul,(t)), is uniformly
bounded. O

Lemma 3.10. Suppose that (H1)-(H5) hold. Then the sequence (un)n>1 converges
uniformly to the mild solution u of (1.1) on [0,T].

Proof. Let u be the mild solution of (|1.1]) and v,, be the mild solution of the equation
vy, (t) + Apon(t) = F(uy) for t € 10,7

vn(0) = ¢(0).
From Theorem we deduce that v, — u as n — oo uniformly on [0, T]. Setting

(3.4)

2n(t) = un(t) — v, (t) for t € [0,T],
we have
Dilzn(t)] = [2a(t), 23, (8)] = [20(t), —Anun(t) + Anva(t) + F(ug,) — F(uy)]-
Thus
D |zn(t)] < Llug, — w5

Hence
t
1 t) = 0a (O < L [, — il
0
t
< Lc/ |tn, — us|Bods.
0

t
< Lc/ sup |un (s + 0) — u(s + 0)|ds.
0 0<0
< LeT sup  |un(7) — u(T)].
T€[0,T]
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It follows that
sup |un(t) — v, (t)] < LeT sup  |un (1) — u(7)]

t€[0,71] T€[0,T]
S LT sup (Jun(t) — on(t)] + |on(t) —u(t)]).
te[0,7T]
Let Ty be such that For LcTy < 1, we deduce that
LCTO
sup |un(l) —vp(t)| L ————= sup |va(t) —ult)l,
tG[O,To]‘ (t) —wn(®)] < LT, te[O,To]‘ (t) = u(t)|

and v, — wu uniformly on [0, Ty], which implies
|tn (t) — vn(t)] — 0 as m — oo uniformly on [0, Tp].
Consequently, for Ty small enough, we have
U, — u  uniformly on [0, Tp].

Since the derivation of ], are uniformly bounded , which implies that u is lipschitz
continuous on [0, 7p]. Since X has the Radon-Nikodym property, it follows that u
is almost everywhere differentiable, by Theorem we deduce that u is a strong
solution of equation on [0, Ty, for Ty small enough. The strong solution can
be extended on [0, +00), in fact, consider the equation

w'(t) + Aw(t) > F(wy) for t € [Ty, T1]

wTo = uToa

(3.5)

Arguing as above, we prove for 77 —Tj small enough that has a strong solution
on [Tp, T1] which extends the strong solution of on the entire interval [Ty, T4,
we use the same argument to extend continuously the strong solution in the whole
interval [0, +00). To show that u(t) € D(A) for t > 0. we use the following Lemma.

Lemma 3.11 ([5]). Assume A is m-accretive and ug € D(A). If f is measurable
and of essentially bounded variation on [0,T]. Let u be the mild solution solution

of equation ([2.1)). Then u(t) € D(A) fort > 0.

In our case, f(t) = F(u;) for t > 0. Since the initial value ¢ is a Lipschitz
continuous function on (—oo, 0] and the mild solution of equation is Lipschitz
on [0, T, using the fact that B is a fading memory space, we deduce that the function
t — wuy is Lipschitz and consequently, we deduce that the function t — F(u;) is
Lipschitz and of course is of essentially bounded variation on [0, T], by Lemma, we
conclude that u(t) € D(A) for t > 0. O

4. APPLICATIONS

Example 1: Parabolic case. Let # be a maximal monotone subset of R x R such
that 0 € D(B) and 8, C LP(0,1) x LP(0,1), 1 < p < +00, be the operator defined
by

D(f,) = {u € LP(0,1) : there exists v € LP(0, 1) such that
v(z) € B(u(z)) a.e. in [0,1]}
Bp(u) ={v e LP(0,1) : v(x) € B(u(z)) a.e. in [0,1]}.
Lemma 4.1 ([2]). §, is m-accretive on L?(0,1).
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Proposition 4.2 ([2]). The operator A : LP(0,1) — LP(0,1) defined by
D(A) = Wy? n W5 nD(B,)
A(u) = —Au + Bp(u)
is m-accretive in LP(0,1).

To apply the previous abstract results, we consider the following multivalued
parabolic partial functional differential equation

u(t,z) O?u(t, )
ot Ox?

+ B(u(t,z)) > /_0 G(0,u(t+0,z))dd for t €10,1], = €]0,1]

u(t,0) =u(t,1) =0 fort€0,1],

uw(@,z) = p(0,z) for e R™, x €]0,1].
(4.1)
The phase space is

B =0, = {peC(—00,01: L*(0,1) : supe™|p(0)], < +oc},
6<0

where 7 > 0, endowed with the norm

lplc, = sup e[ (6)],,
6<0

/p
0)], = /w o)par) .

Let X = LP(0,1), with 1 < p < 400.G :] — 00,0] x R — R is such that

(i) the mapping 6 — G(6,0) belongs to L*(—o00,0).

(ii) |G(8,21) — G(0,z2)| < (0)|x1 — 22| for all § €] — 00,0] and z1,z2 € R.
We assume that Je~(77¢) € L4(] — o0, 0]) for some £ > 0 and % + % =1

where

Lemma 4.3 ([7]). C, satisfies assumptions (A1), (A2) and (B); moreover C., is a
fading memory space.

We introduce the function F': C,, — LP(0, 1) defined by
0
- / G0, o(0)(x))d0 for ae. z € [0,1].

Lemma 4.4. Under the above conditions, the function F : C,, — L?(0,1) is Lips-
chitz continuous.

Proof. Let ¢ € C,, and x € [0,1]. Then

0 0
(F(9))(x) — (F0)(z)| = | / G(6, 0(6) ()b — / G(6,0)db|

0
< / IG(6, 9(0)(x)) — G(6,0)|do

0
< / 9(6)|0(0) () |db

0
< / 9(0)e~ (0| o) () db.
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Hence
0 p
(Fo)@) - FOYP < ([ 90 0P (o)) ap)"

Using Hypothesis (ii) and Holder’s inequality, we obtain

0 p/q O
(F)a) = O < ([ @@yeomran)™ [ oo )pan)

—o0
and
1
/ [(Fo)(x) — (F(0))(z)Pdx
0
0 p/a

S/ ((19( —q(v+e) 9d9 / / eP(y+e)0 lo(0) () |Pdbdz.

Let

0
A= ( / (9(0))9e" 10+ ggyP/1 < 4 oo

By hypothesis (ii),

1
/ |(Fo)(z) — \pdx<)\/ epg‘g/ eP?p(0) () [Pdx dO
0
sup emg/ lo(0)(x)|Pda / eP<0de
<0
B NIAL
= e |<P|cw~
Hence

1.1
(o) = FO)lp < (-0 lele,
Since|F'(0)|, < oo, F(¢) € L?(0,1). Now, let ¢, € C, and x € [0,1]. Then

(Fo) (@) — (Fu)(a |_/ (o ))do — / G0, (6)(x))db|

/ 1G(0, 0(0)(x)) — G(6,(6) (x))|d0
0
< / 9(0)[0(6) () — (60) (x)]d0
< / D 9(0)e OO () () — (0) ) .

Hence
(F)@) ~ (Fo)@I < ([ o(0)e 010 p(6)(w) — (6)(w)ldb) "

By Holder’s inequality,
|(Fe)(x) — (F¢)(z)?

0 p/a [O©
< (/_00(19(9))‘1@_‘1("/+6)9d9> / / ep(7+5)9|<p(9)(gc) — (0)(z)|Pdf.

—00
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Thus

/\m Fo)(@)Pda
< ( [ (9(6)) e+ dp) ol / / PO (0 () — 4(6) (x) |6 da.

Then

/IFw FW(PM<A/ ww/em%a<> (6)(x)|Pdz dB

A(sup eme/ lo(0) »(0)(x)|Pdx) /O eP<?de
0<0 e
?AM —Yle, -
Therefore,
IF(e) = F@)ly < (o0l = vl
([l
Let function ¢ defined by
d(0)(x) = p(f,x) for 8 <0, x €[0,1].
Then takes the abstract form
u'(t) + Au(t) 2 F(uy) fort >0 (4.2)

Uy =@ € ny.
Consequently, by Theorem we deduce the following result.

Proposition 4.5. Under the above assumption, let ¢ € C,, N CY(] — 00,0]; X) be
such that ¢’ € C,, ¢' bounded and ¢(0) € D(A). Then [2) has a unique strong
solution u and the function v defined by

v(t,x) = u(t)(x) for ae. (t,x) € [0,1]x]0,1]
satisfies (A.1)) for almost everywhere (t,z) € [0, 1]x]0, 1[.
Example 2: Hyperbolic case. We consider the hyperbolic equation

gu(t x)+ E(g(u(t,:c))) = /0 H(O,z,u(t+6,2))dd fort>0, x €R

ot Oz (4.3)

u(f,x) = po(0,2) for 8 <0, z €R
where g : R — R is continuous and strictly monotone with g(R) = R. H :] — o0, 0] x
R x R — R and the initial value function ¢g :] — 00, 0] x R — R will be defined in

the sequel.
Let X = L'(R) and define the operator

D(A) = {ve L'(R)NL®(R) : %(g(v(x)) e L'(R)}
v =" (glv())

Lemma 4.6 ([9]). A is m-accretive operator in L'(R).
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As above, we choose the phase space

B =C,={peC(]-o0,0;L'(R)): sup e|p(0)|1 < 400},

where v > 0, we provide C,, with the norm
ple, = supe™[p(0)]1,
0<0

where -
O = [ le()a)ldz.
Let F' be defined on C', by

0
F(p)(z) = [ H,z,0(0,2))dd fort>0, xR

And the function ¢ defined by
?(0)(z) = po(0,2) forfor 6 <0, z €R
Then equation takes the abstract form
' (t) + Au(t) = F(uy) fort >0
u=¢ € C,
We assume that H satisfies
|H(0,z,91) — H(0,x,y2)| < k(0)|y1 —y=2| for 8 €] —o00,0] x,y1,y2 € R
with
0
/ e " k(0)dl < .

Moreover, we assume that
H(.,.,0) € L*(] — 0,0] x R).

Under the above condition, F : C,, — L!(R) is Lipschitz continuous. Let ¢ € C.,.
Then F(¢) € L*(R) due to the fact, that

F(0) € L*(R).

For the Lipschitz condition, take ¢, € C, and € R. Then
0

[(F(p) — F(4))(@)] < / k(0)](0, ) — (0, 2)|d0  for z € R.

— 00

It follows that

[ - Fep@ia < [

— 0o — 0o

0 00

e ()" / 10(0, ) — (0, )| dz do.

—00

Consequently,
0

F(p) - F($)x < / e w(0)db]p — ¥,

— 00

By theorem we deduce the following result.

Proposition 4.7. Let the initial data function g be such that ¢ € C, and ¢(0) €
D(A). Then (1.1)) has a unique mild solution defined on [0, +00).
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