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EXISTENCE OF POSITIVE SOLUTIONS FOR p-LAPLACIAN
THREE-POINT BOUNDARY-VALUE PROBLEMS
ON TIME SCALES

HONG-RUI SUN, YING-HAI WANG

ABSTRACT. This article shows the existence of positive solutions for a class of
p-Laplacian three-point boundary-value problem on time scales. By using sev-
eral fixed point theorems in cones, we establish conditions for the existence of
at least one, two or three positive solutions for the boundary-value problems.
Our results are new even for the corresponding differential (T = R) and differ-
ence equation (T = Z), and for the general time scales setting. An example is
also given to illustrate our results.

1. INTRODUCTION

Dynamic equations on time scales not only unify differential and difference equa-
tions [I3], but also exhibit much more complicated dynamics [T, 8l ©]. The study
of dynamic equations on time scales has led to important applications in the study
of insect population models, biology, heat transfer, stock market, wound healing,
and epidemic models [14] 20} 21].

Before introducing the problems of interest for this paper, we present some basic
definitions which can be found in [5, 8} @] [13]. Another source on dynamic equations
on time scales is [17].

A time scale T is a nonempty closed subset of R with the topology inherited
from R. For notation, we shall use the convention that, for each interval J of R,
Jr=JnNT.

The jump operators o, p : T — T defined by

ot)=inf{reT:7>t} and p(t)=sup{r€T:7 <t}

(supplemented by inf@ := sup T and sup( := inf T) are well defined. The point
t € T is left-dense, left-scattered, right-dense, right-scattered if p(t) = t, p(t) < t,
o(t) = t, o(t) > t, respectively. If T has a right-scattered minimum m, define
T, = T—{m}; otherwise, set T,, = T. If T has a left-scattered maximum M, define
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T = T — {M}; otherwise, set T* = T. The forward graininess is u(t) := o(t) — ¢.
Similarly, the backward graininess is v(t) :=t — p(t).

For f : T — R and t € T%, the A-derivative of f at ¢, denoted by f2(t), is
the number (provided it exists) with the property that given any e > 0, there is a
neighborhood U C T of ¢ such that

[f(@(t) = f(s) = FA@)[o(t) = s]| < elo(t) — s,

forall s € U.

For f: T — R and t € T,, the V-derivative [5] of f at ¢, denoted by fV (¢), is
the number (provided it exists) with the property that given any e > 0, there is a
neighborhood U of ¢ such that

(o) = f(5) = FY()p(t) = s]| < elp(t) — s,

for all s € U.

A function f : T — R is ld-continuous provided it is continuous at left dense
points in T and its right sided limit exists (finite) at right dense points in T. If
T = R, then f is ld-continuous if and only if f is continuous. If T = Z, then any
function is ld-continuous. It is known [B] that if f is ld-continuous, then there is a
function F(t) such that FV(t) = f(¢). In this case, we define

b
/ F(F)Vr = F(b) — Fl(a).

For recent results on positive solutions for second order three point boundary
value problems on time scales the reader is referred to [2, [ 6, 10, 15} 18], 22]. Our
results have been motivated by those of Anderson, Avery and Henderson [4], and
Sun, Tang and Wang [25].

For convenience, throughout this paper we denote ¢,(u) = |u[P~%u for p > 1
with (¢,)~! = ¢, where 1/p+1/¢=1.

Anderson, Avery and Henderson [4] considered the problem

(p(@B ()Y + () f(u(t)) =0, t€ (a,b)r,
u(@) = Bo(u® () = 0, u®(b) =0,
where v € (a,b)r, f € C14([0,00),[0,00)), ¢ € Cia((a,b)T,[0,00)) and Kz <
By(z) < Kz for some positive constants K,,, Kjr. They established the existence
result of at least one positive solution by a fixed point theorem of cone expansion
and compression of functional type.

In [25], the authors considered the eigenvalue problem for the p-Laplacian three-
point boundary value problem

(ep(u ()Y + Ah(t) f(u(t)) =0, te€(0,T)r,
u(0) = Bu(0) = yu® (1), u™(T) = 0.
The main tool used in [24] is Krasnoselskii’s fixed point theorem.

In this paper we study the existence of solutions for the one-dimensional p-
Laplacian three-point boundary value problem on time scales

(pp(u® ()Y + (&) f(tu(t)) =0, te(0,T)r, (1.1)
u(0) = Bu(0) = yu(n), w(T)=0. (1.2)
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We establish sufficient conditions for the existence of at least one, two or three
positive solutions for the boundary value problem. An example is also given to il-
lustrate the main results. The results are new even for the special cases of difference
equations and differential equations.

The rest of the paper is organized as follows. In Section 2, we first give four
lemmas which are needed throughout this paper and then state several fixed point
results: Krasnosel’skii’s fixed point theorem in a cone, a new fixed point theorem
due to Avery and Henderson and the Leggett-Williams fixed point theorem. In
Section 3 we use Krasnosel’skii’s fixed point theorem to obtain the existence of
at least one positive solutions of problem —. Section 4 will discuss the
existence of twin positive solutions of problem —. Two new results and
some corollaries will be presented by using a new fixed point theorem due to Avery
and Henderson. In Section 5 we develop criteria for the existence of (at least)
three positive and arbitrary odd positive solutions of problem and . In
particular, our results in this section are new when T = R (the continuous case)
and T = Z (the discrete case). Finally, in section 6, we give an example to illustrate
our main results.

For the sake of convenience, we have the following hypotheses:

(i) T is a time scale, with 0,7 € T, 3, v are nonnegative constants, n €
(ii) h € Ciq((0,T)7,[0,00)) such that 0 < fOT h(s)Vs < oo, and f is in the
space C([0,00), (0, 00)).

2. PRELIMINARIES

Let the Banach space B = Ci4([0,T]r) (see [2]) be endowed with the norm
|u]| = sup,efo 7y, [u(t)], and choose the cone P C B defined by

P={ueB:u(t)>0forte|0,T]r and
utV(t) <0 fort € (0,T)r, u™(T) = 0}.
Clearly, ||u|| = w(T) for u € P. Define the operator A : P — B by

Au(t) = /Ot <pq</sT h(T)f(T,u(T))VT)As

, (2.1)

+ ﬂ@q(/oT h(s)f(s,u(s))Vs) +wq(/ h(s)f(s,u(s))Vs)

7
for t € [0, Tr.

Lemma 2.1 ([24, Lemma 2.6]). Assume g : R — R is continuous, g : T — R is
delta differentiable on Ty, and f : R — R is continuous differentiable. Then there
exists ¢ in the interval [p(t),t] with

(fog)¥(t) = f'(9(c))g” (2).

From the definition of A, the monotonicity of ¢,(r) and Lemma 2.1, it is
easy to see that for each v € P, Au € P and satisfies . In addition, since
(op(u?(®))Y = —h(t)f(u(t)) < 0, and u®(T) = 0, then Au(T) is the maximum
value of Au(t).

Lemma 2.2 ([25, Lemma 2.2]). A: P — P is completely continuous.
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Lemma 2.3 ([25, Lemma 2.3]). If u € P, then u(t) > %||u| for ¢t € [0,T].

From the two lemmas above, we see that each fixed point of the operator A in
P is a positive solution of (1.1)), (1.2]).

Lemma 2.4 ([I1],[16]). Let P be a cone in a Banach space B. Assume Qq,Qs are
open subsets of X with 0 € Q1,Q; C Qo. If A: PN (Q\Q1) — P is a completely
continuous operator such that either
(i) [JAz|| < ||z|| for all z € PN O and ||Az| > ||z|| for all x € PN ONs, or
(i) ||Az| = ||z|| for all z € PN 0Dy and ||Az|| < ||z|| for all x € P N ONs.

Then A has a fived point in PN (Q22\Q1).

In the rest of this section, we provide some background material from the theory
of cones in Banach spaces, and we then state several fixed point theorems which
we needed later.

Let B be a Banach space and P be a cone in B. A map ¢ : P — [0,400)
is said to be a nonnegative, continuous and increasing functional provided % is
nonnegative, continuous and satisfies ¢(z) < ¢(y) for all z,y € P and z < y.

Given a nonnegative continuous functional ¢ on a cone P of a real Banach space
B, we define, for each d > 0, the set

P(¢,d) ={z € P:¢(x) < d}.
Lemma 2.5 ([7]). Let P be a cone in a real Banach space E. Let o and v be

increasing, nonnegative continuous functional on P, and let 0 be a nonnegative
continuous functional on P with 6(0) = 0 such that, for some ¢ >0 and H > 0,

P(z) <0(z) < az) and |lz| < Hy(z)
for all x € P(v,c). Suppose there exist a completely continuous operator A :
P(i,c) > P and 0 < a < b < ¢ such that
0(Az) < M(x)  for 0 < X\ < landx € OP(6,b)

and
(i) Y (Az) > ¢ for all x € OP(¢,¢);
(ii) 6(Ax) < b for all x € OP(0,b);
(i) P(a,a) # 0 and a(Azx) > a for z € OP(a,a).
Then, A has at least two fized points, x1 and xo belonging to P(1,c) satisfying
a < a(zy) with 0(x1) <b and b < 0(z2) with Y(z2) < c.

Let 0 < @ < b be given and let a be a nonnegative continuous concave functional
on the cone P. Define the convex sets P,, P(«,a,b) by

P,={zx e P:|z| <a},
P(a,a,b) ={x € P:a<ax),|z| <b}.
Then we state the Leggett-Williams fixed point theorem [19].
Lemma 2.6. Let P be a cone in a real Banach space B, A : P, — P, be completely

continuous and « be a nonnegative continuous concave functional on P with a(z) <
llz|| for all = € P.. Suppose there exists 0 < d < a < b < ¢ such that
(i) {z € P(o,a,b) : a(z) > a} # 0 and a(Azx) > a for x € P(a,a,b);
(i) [[Az]| < d for ||z]| < d;
(iii) a(Ax) > a for x € P(w,a,c) with ||Az| > b.
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Then A has at least three fized points x1,x2,x3 satisfying ||z1]] < d, a < a(xz),
lzs|| > d, and a(z3) < a.

3. EXISTENCE OF ONE POSITIVE SOLUTION

For convenience, we define some important constants

T

Cr = (T4 B+ 7) "o / h(s)Vs), (3.1)
OT

Co= (n+ B +7) " o / W(s)Vs). (3.2)

Theorem 3.1. Assume there exist positive numbers a # b such that the conditions

(H1) There is a > 0 such that f(t,u) < @p(aCy) fort € [0,T)r and 0 < u < a;
(H2) There is b > 0 such that f(t,u) > ¢,(bC2) fort € [n,T]r and b <u < b.

Then (L.1)—(1.2) has at least one positive solution u such that ||u| lies between a
and b.

Proof. Without loss of generality, we may suppose that 0 < a < b. Define the
bounded open ball centered at the origin by

Qu={ueB:|u|<a}, U={uecB:|ul<b}.

Then 0 € Q, C Q. For u € P09, so that ||u|| = a, by (H1) and (3.1)), we have

= sup [ [l [ 15t uenr)as

t€[0,T]
+ ﬂgaq(/OT h(s)f(s,u(s))Vs) + wq(/T h(s)f(s,u(s))vs)]
. n
<@+ 8+ ea( | Me)s(s.u(s) V)
<@+ el [ Hopac)vs)

<aCi(T+ 0+ w)wq(/OT h(s)Vs) < a.

Hence, ||Au| < ||u|| for u € P(9Q,. Similarly, let u € P99 so that ||u| = b.
Then
b

. U
H>21
i u(t) 2 7
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and

([ Aul| > Au(n)

= ["eu [ n0)s ey as

+ B, / h(s)f(s,u( )Vs)—i—’ygoq/ h(s ,u(s))Vs)
> (1+ B+l / h(s) (s, u(s)) V)

> 1+ 0+ )Capal [ 1(6)V5)
= b= u]

by (H2) and (3.2). Consequently, ||Au|| > |lul| for u € P(0%. By Lemman 2.4 A
has a fixed point u € P (€ \ ), which is a positive solution of (L.1]), (1.2} such
that a < |lu]| < b.

For t € [0, T|r, we define

~

ft,u

~

(t,u)

= lim inf n , (t) = liminf,_, , .
o flbu) e f(t,u)
fO(t) = limsup,_ o+ PROR f°(t) = limsup,,_, o o) (3.4)

Corollary 3.2. The boundary-value problem (1.1 , ) has at least one positive
solution provided either

(H3) fO(t) < pp(Ch) fort € [0, T and foo(t) > ¢p (TC"‘) fort e n,T|r
(H4) folt) > @, (£E2) for t € 1, Tle and f(t) < ¢,(C1) for t € [0, T},

where C1,Cy, fo, foor fO, f are as in m (-) ' (-) respectively. In

particular, if f is superlinear in p,(u) (fO(t ) = 0 and foo( ) = o0) or sublinear

in @p(u) (fo(t) = oo and f>(t) = 0), then (L), (L.2) has at least one positive

solution.

Proof. First suppose (H3) holds. Then, there are sufficiently small ¢ > 0 and
sufficiently large b > 0 such that

];(té u)) < ¢p(Ch) for t € [0,T]r,u € (0,a],
ft,u & )) (T %) fort e [n,Tlr,u e [%b7+oo).

Then
ft,u) < op(uCi) < py(aCy), te€[0,T]r,u € |0,al,

TCou b
fltw) 2 @p(— ) 2 ¢p(Cab), 1€ Ty, we I,

In particular, both (H1) and (H2) hold, so that by Theorem (1.1), (1.2) has at
least one positive solution.

bl.
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Next assume (H4) holds. Then there exist 0 < a < b such that

f(t,u) TCy
> for t € [n, T|r,u € (0,al, 3.5
t
{0( &u)) < ,(C1) fort e [0,T]r,u € [b,+00). (3.6)
P
From ) we have f(1:0) > p(258) > gy(Ca) for £ € [1.Tfeu € .o
satlsfymg (H2) with respect to a. Now consider (3.6)), we wish to show that ( 1)

holds. To that end, we consider the two cases: (1) f(t,u) is bounded or (2) f(t,u)
is unbounded.

Case 1: Suppose there exists C' > 0 such that f(t,u) < C for ¢t € [0,T)r and

. c

u € [0,00). By {i there is r > max{b, %cgl )} such that f(¢,u) < C < p,(Cyr)
for t € [0, T, u € [0,7]. Thus (H1) is satisfied with respect to r.

Case 2: If f is unbounded, there exist ¢ty € [0, ]t and 7’ > b such that

f(tu) < f(to,r") < @p(Cir’) for t € [0, T and u € [0,7'].

and (H1) is satisfied with respect to r’. Thus in both cases condition (H1) hold and
Theorem [3.1] yields the conclusion. O

4. TWIN SOLUTIONS

In this section, we fix ¢ € T such that 7 < ¢ < T, and denote

T
Cy3=(c+0+ 7)_1901,(/ h(s)Vs)
C
Define the nonnegative, increasing and continuous functionals 1, 8, and a on P by

Y(u) = téﬁ%r u(t) =u(n), 0O(u)= e u(t) = u(n),

a(u) = tg[l&ﬁ?u(t) = u(c).

We observe that, for each u € P,
P(u) = 0(u) < afw). (4.1)
In addition, for each v € P, ¥(u) = u(n) > 7 |[lul|. Thus

Jull < o). we P (4.2)

Finally, we also note that
O(Au) = M0(u), 0<A<1andu€dP(,b).
We now present the results in this section.

Theorem 4.1. Assume that there are positive numbers a’ < b < ¢ such that
C ’1701
0<a <=t < '
L YoRs
Assume further that f(t,u) satisfies the following conditions:
(i) f(t,u) > @p(c/Ca), (t,u) € [, Tr x [¢, T¢],

'

(ii) f(t,u) < ,(b'C1), (t,u) € [0,T]7 x [0, Tb'],
(iii) f(t,u) > @p(a'Cs), (t,u) € [¢,T)r x [d', Ta'].
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Then (1.1)-(1.2)) has at least two positive solutions uy and ug such that

a' < max wui(t) with max wuy(t) <¥,
te[0,c]r te[0,n]r

V' < max us(t) with min wus(t) <.
te[0,n]r t€[nclr

Proof. By the definition of operator A and its properties, it suffices to show that
the conditions of Lemma hold with respect to A.

We first show that if u € dP(¢, ), then ¥(Au) > ¢’. Indeed, if u € OP(¢Y, ),
then 1 (u) = mingepy, g, u(t) = u(n) = ¢’. Sinceu € P, [Jul| < %1/)( u) = Tc , we have
d <ut) < %c’,t € [n,T)r. As a consequence of (i), f(¢, u(t)) > gop(c Cy), te
[, T)|r. Also, Au € P implies

P(Au) = Au(n)

:/ 4 / h(r) (. u(r))Vr) As

+ B /0 h(s)f (s, uls ))Vs) + v / ") 5, () V5)

> (14 B+ 7)eq / b5 u(5)V5)

776/02 T o
> 840 (| hvs) =
Next, we verify that (Au) < b’ for u € OP(6,V’). Let us choose u € OP(0,V),
then 6(u) = max;c(,y, u(t) = u(n) = b'. This implies 0 < w(t) <V, t € [0,7]7.
Since u € P, we also have b’ < u(t) < ||ul| < %u(l) = %b’ for t € [, T]r. So

T
0<u(t) <=V, tel0,T]r.
n

Using (ii), we get
f(tu(t) < ep(b'Cy), t€[0,T)r.
Also, Au € P implies that

0(Au) = Au(n) < Au(T)
:/ <pq/ h(r T))VT)As
8 [ M0 98) 4[| 16 ) 7)
<@+a+0( [ b5 u(5)V5)

<(T+ B+ Cip, ( /OT h(s)Vs) — .

Finally, we prove that P(o,a’) # 0 and a(Au) > o for all u € OP(«,a’).
fact, the constant function %/ € P(a,d’). Moreover, for u € OP(«,a’), we have
o(u) = maxe(p,q, u(t) = u(c) = o’. This implies o’ < u(t) < Lo/, t € [¢,T]r.
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Using assumption (iii), f(¢,u(t)) > ¢p(a’Cs), t € [c,T]r. As before Au € P, we
obtain

a(Au) = (Au)(c)
c T
= [ e [ nmsatvr)as
+ Beq / h(s)f(s,u(s )Vs)—i—’ygoq / h(s (s))Vs)

> (c+ A+ / (3) (5, u(s)) Vs

> (c+ﬂ+’y)i<pq(/Th(s)Vs) =ad.

Thus, by Lemma [2.5] there exist at least two fixed pomts of A which are positive
solutions u; and uo, belongmg to P(y, '), of . such that

a < aluy) with O(ur) < b'7 b < O(uz) with (ug) < .

In analogy to Theorem [A.1] we have the following result.

Theorem 4.2. Assume that there are positive numbers a’ < b < ¢ such that
cCy ,
T—Clc .
Assume further that f(t,u) satisfies the following conditions:

() £(t,w) < pplc'Cy) for (t,u) € [0,T]x x [0, Z¢],

(ii) f(t,u) > @u(b'C2) for (t,u) € [n, T]r x [V, %b’],

(iii) f(t,u) < @p(a’Ch) for (t,u) € [, T]r x [0, La].
Then — has at least two positive solutions uy and ug such that

O<a’<%b/<

a' < max uy(t) with max ui(t) <V,
te(0,c|r te[0,m]r

b < max wus(t) with max wus(t) <.
te(0,n]r te€[n,clr

Corollary 4.3. Assume that f satisfies conditions
() fot) > ¢p(Ch), t € [0.T)r and foo(t) = liminfy—co L5 > 0(Cy), t €
[, Tx;
(ii) there exists a’ > 0 such that f(t,u) < ¢,(a’Ch) for (t,u) € [0,T]r %[0, %a’].

Then (1.1)-(1.2) has at least two positive solutions.

Corollary 4.4. Suppose that f satisfies conditions

(1) fo(t) <¢p(3C1), [0, Tlr and foo(t) < p(7Ch), t € [¢, Tlr;
(ii) there exists b’ > 0 such that f(t,u) > ¢, (b/Cs), for (t,u) € [n, T]rx [V, %b/],

Then (1.1)-(1.2)) has at least two positive solutions.

By applying Theorems [.1] and [£.2] it is easy to prove that Corollaries [£.3] and
hold, respectively.
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5. EXISTENCE OF THREE SOLUTIONS

Let the nonnegative continuous concave functional ¥ : P — [0, c0) be defined by

U(u) = min u(t) =u(n), uée€P
t€[n,Tlr

Note that for u € P, ¥(u) < ||ull.

Theorem 5.1. Suppose that there exist constants 0 < d' < a’ such that

(i) f(t,u) < pp(d'Ch), (t,u) €[0,T)r x [0,d'];
(i) f(t,u) = @p(a'Ca), (t,u) € [0, T]p x [a’, Td'];
(iii) one of the following conditions holds:
(D1) limsup,, _, ., maxe(o, 7], % < p(Ch);
(D2) there exists a number ¢’ > %a’ such that f(t,u) < ¢,(c'Cy) for
(t,u) € [0,T)r x [0,c].

Then (L.1)-(1.2) has at least three positive solutions.

Proof. By the definition of operator A and its properties, it suffices to show that
the conditions of Lemma, [2.6] hold with respect to A.
We first show that if (D1) holds, then there exists a number I’ > %a’ such that

A: Py — Py. Suppose that

t
limsup max f(t,w) < p(Ch)

u—oo t€[0,Tlr pp(u)

holds, then there are 7 > 0 and § < C such that if u > 7, then

max
t€(0.T]r @p(u)

That is to say,
flt,u) < @p(u), (t,u) € [0,T]r x [, 00).
Set A = max{f(t,u) : (t,u) € [0,T]r x [0,7]}, then
ftu) <A+ @p(0u),  (t,u) €[0,T]r x [0, 00). (5.1)

Take

A

o0 — () (5:2)

T
> max{ga', ©q(
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If u € Py, then by (3.1} , and (5.2)), we obtain
|| Aul| = (T)
T T
)TV As + Byl 1) f (s u(5) V)

s 0

T

+ 'Y(Pq h )VS)
n

< (T + B+ ) / h(s)f(s,u(s))Vs)
T
< (T + 6+ / h(s) (A + p(3u(s)) Vs)

T
< (T + B+ 7)paX + (61 )04 / h(s)Vs)

1
= pg(A+ SDp((;l/))a <.

Next we verify that if there is a positive number ' such that if f(¢,u) < ¢, (r'/N)
for (t,u) € [0,T)y x[0,7’], then A : P — P,.
Indeed, if u € P,., then

[Aul] = Au(T)

<@+a+e( | b5 u() V)

< ;V(T+6+v)<pq</0T h(s)Vs) =,

thus, Au € P,.. Hence, we have shown that either (D1) or (Ds) holds, then there
exists a number ¢ with ¢’ > %a' such that A : Py — P.. It is also note from (i)
that A: Py — Py.

Now, we show that {u € P(¥,d, %a’) :W(u) > a'} # 0 and U(Au) > o for all
u€ P(WU,d, %a’). In fact,

For u € P(V,d, %a’), we have

IA
=14

a' < min u(t) = < ult
< i u(t) = uln) < ()
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for all ¢ € [n, T)|r. Then, in view of (ii), we know that

U(Au) = min Au(t) = Au(n)
ten,T]r
T

= /071 <pq</TT h(T)f(T,U(T))VT)AS + ﬁgpq(/o h(s)f(s,u(s))Vs)
e [ ) (s, u(5) V)

>+ 8+ ) [ M)
> (n+pB+7)d Capy ( /T h(S)VS) =d.

n

Finally, we assert that if u € P(V,a’,¢') and ||Aul|| > %a’, then U(Au) > a'.
Suppose u € P(¥,a’, ') and ||Au|| > %a'. Then

U(Au) = min Au(t) = Au(n)
te€n, Tt

Ui Ui ’
> —Au(T) = =||A .

To sum up, the hypotheses of Lemma are satisfied, hence (1.1))—(1.2]) has at
least three positive solutions uq,us, us such that

luil| < d’;a’ < min us(t) and |usl| >d with min us(t) <a'.
te[n,Tlr ten,Tlr

O

From Theorem we see that, when assumptions such as (i), (ii), (iii) are
imposed appropriately on f, we can establish the existence of an arbitrary odd

number of positive solutions of (1.1]), (1.2).
Theorem 5.2. If

T T
0<d)<a)<—ad)<dy<ay<—ay<dy<..<d,, neN,
n n

(i) f(t,u) < pp(diCh), (t,u) € [0, Tr x [0,dj];

(11) f(t’u) > SOQD(G‘QCQ): (t,u) € [naT]T X [agv %aﬂ;
then (L.1))-(1.2]) has at least 2n — 1 positive solutions.
Proof. When n = 1, it is immediate from condition (i) that A : Fdi — Py C ?di ,
which means that A has at least one fixed point u; € Pdi by the Schauder fixed

point theorem. When n = 2, it is clear that Theorem 4.1 holds (with ¢; = d}).
Then we can obtain at least three positive solutions ui, us, and wug satisfying

llur]| < dy, min wug(t) >a} and ||lugl| > dy with min wus(t) < aj.
te[n,T]r t€[n,Tr

Following this way, we complete the proof by induction. (I
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6. EXAMPLE

Let T = {1 — (1/2)N} U {1}, where Ny denote the set of nonnegative integers.
TakeTzl,p:%76:7:%17:%,0:%. If we let h(s) = 1, then by 1}
and (3.2]) we have

4 2
C, = (T+5+7)‘190p(/ 1Vs) =3
0
r 4
Cy = (77—|—ﬁ+7)_1<pp(/ IVS) =55
" 3
Suppose
6+ 9u
t = = —(2 i te|0,1 >0
ft0) = Flu) = oo (2 sin Vi, e (0.1 w0

then fo = ' =4, foo = 35, /% = &,
Firstly, by easy calculation, it is easy to get

64

2 T
Ci)=1/=-=~1224 —(C5) =4/ —= ~0.431
o= 2m1 o= [ S soum,

So the condition (H3) of Corollary holds. Thus by Corollary the boundary-
value problem

—3 v 76 +9u(t) sin u u(t) =
(lu® (@) 2u (1)) 2001+ u(®)) 2+ (t)V/u(t) =0, (6.1)
u(0) — %UA(O) = %uﬁ(%), u®(1) =0, (6.2)

has at least one positive solution.
Secondly, since

3 n \/3 9 c /11
fo=— = =4/=~0.791, foo=— — =1/-— = 0479.
0 5 < <pp(TC'1) 3 0.791, 00 20 < <pp(TC'1) 3 0.479

If we choose b’ = 0.7, then

min f(t, u) ~ 0.800 > gop(blcl) ~ 0.683.
te[0,T)r,uelb’,15b’]

So all the assumptions of Corollary [£.4] are satisfied. Therefore by Corollary [£:4]
the boundary value problem (5.1)—(5.2) has at lest two solutions u; and wus with
0 < JJur|] < 0.7 < |ug||-
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