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THE FUCHSIAN CAUCHY PROBLEM

MALIKA BELARBI, MUSTAPHA MECHAB

ABSTRACT. This article presents a global version of the main theorem by
Baouendi and Goulaouic [I], in the space of differentiable functions with re-
spect to Fuchsian variable, and holomorphic with respect to other variables.
We have no assumptions on the characteristic exponents, and no hyperbolicity
conditions.

1. INTRODUCTION

Baouendi and Goulaouic [I] generalized the Cauchy-Kowalevsky and Holmgren
theorems for the Cauchy problem
Pu(t,z) = f(t,z), (t,z) € RxR?

Dl B (1.1)
w(0,2) =wi(z), 0<I<m—-k-—1

with
m—1 ] ) m—1 ] ]
P=t"DI"+ > aj(@)t " DI+ Y > aypt,a)m I DIDE (1.2)
jmmek =0 |B|<m—j

called Fuchsian operators with weight m — k with respect to t. Its associated
characteristic polynomial (or indicial polynomial) is defined by

Chz)=AXA=-1)...A=—m+1)+am1(@)X(A=1)...(A=(m—1)+1)
+- ot amp@AA=1)...(A=(m—k)+1)

and its m roots A1(z), ..., \g(z), Agr1 =0, ..., A =m —k — 1 are called charac-
teristic exponents (or characteristic index) of P at x. Under the condition

(C1) For any integer A > m — k, C(\,0) # 0,
they solve (1.1)) in the space of real-analytic functions in a neighborhood of the
origin. When the problem (|1.1)) is considered in the spaces of partial-analytic
functions (C;" """ class on the variable ¢ which will be defined in Section 2.), the
condition (C1) is not sufficient to solve this problem. In order to show the well-

posedness in these functional spaces, they imposed an additional assumption of the
form

(C2) ReMj(x) <m—k+h,forzeVand1<I<m,
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where V is a connected neighborhood of 0 in C9.

Yamane [I2] gave a global version of the main result of [I] for Fuchsian opera-
tors with polynomial coefficients, by using the condition (C1) and the method of
successive approximations. Mandai [6] has been interested in the assumptions of
characteristic exponents. Applying the method of Frobenius, he could omit them,
in particular for hyperbolic equations considered by Tahara in different functional
spaces.

When m = k, (case of weight 0), Lope [5] multiplied the coefficients a; 5(t, z)
by w(t)!Pl where u(t) is a weight function introduced by Tahara [I0], in order
to construct another class of Fuchsian operators slightly more general than the
ones given in [I]. After specifying some properties of this function, without the
condition (C1), he showed the very important role of the condition (C2) to invert
some operators for getting a unique local solution ofC?, class in ¢ and analytic in =
for the above problem. On the other hand, Tahara [9] used the condition (C1) for
any ¢ € R? as an essential argument under suitable hyperbolicity conditions on P
to prove C*° well-posedness of the Cauchy problem .

The goal of our work is to establish the existence and uniqueness of a solution of
(1.1) in spaces of partially holomorphic functions for Fuchsian operators with the
principal part whose coefficients are polynomial in non-Fuchsian variables with a
particular degree. The consideration of this type of operators is classic and natural
for global solution of the Cauchy problem. They have been considered by several
authors, in characteristic and non characteristic case, as [7, 12 [§]. Hamada [4]
gave an example of operators with polynomial coefficients for which the associated
Cauchy problem, with some polynomial data, does not admit any global solution.

The main result of this paper is obtained without the hyperbolicity condition
and other conditions related to the characteristic exponents. We use the same
techniques as in [3]. We construct some Banach spaces, following the idea developed
in [I1], where we reduce our differential problem into inversion of some operator.

Contrary to [5], our techniques allow us to give result of Nagumo’s type (see
Theorem for Fuchsian operators without the conditions (C1) and (C2). On
other hand, we use the condition (C1) in our main result.

2. NOTATIONS AND MAIN RESULT

Let ¢ € N* and 8 = (31,...,8q) € N, we denote |8] = >°7_, 3;. In what follows,
z=(1,...,24) €C for 1 <i<gq, D, = % is the partial differentiation with
respect to x;, Dy = (Dy,, ..., Dy, ) and we set

q
of =1, Df=D} . D,
i=1

= . T _ q .
|| lrgmgxq\xlh By ={ze€C?:|z| < R}.

For fixed positive integers s > m + 1 and s’ = s — 1, we set:
Apr={(t,x) eRxC": (pR)*/* (plt)™* + |a1| + - + lzq| < pR}
[Ap.rl = {(t], ) : (t,2) € By R}

Let C[[X]] be the space of formal series on X whose coefficients belong to C and
H(C?) be the space of entire functions in C?. For h € N, &/ C R and © C C? open
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sets, C"“(U x Q) denote the algebra of functions f(¢,z) of class C" in t on U and
holomorphic in z on ).

For m € N, we consider C/%* (U x ) the set of functions f € C™“(U x Q) such
that for every 0 <y < m, t7f € Ch*7 (U x Q).

The expression f = O(t) in C%* (R x C?) means

Jg € COAY(R x CY) : f(t,z) =t g(t,z).
Consider problem (|1.1)) for a Fuchsian operator P given in (1.2]). Assume that

the coefficients a;(x) = a; is a constant in C and a; g(t, z) € C> “(R x C9) satisfy
the following assumption

(HO) For any (j,3) such that j+|3| = m, the functions a; (¢, z) are polynomial
in & with ord, a;g(t,z) < |G| and their coefficients are of C* class in ¢ on
R.

Remark 2.1. The Fuchsian characteristic polynomial associated with operator P
given in (1.2)), is defined by the identity:
VAEN, t7MmEPR| = C(\ 1)

Remark 2.2. From the hypothesis a;(x) constant in C, we can write C(\,z) =
C(N).

According to this remark, the condition (C1) becomes:

(C1) For any integerA > m —k, C(\) # 0.
Under the above hypotheses on coefficients of P, our main result is as follows.
Theorem 2.3. Let P be a Fuchsian operator defined by (1.2)). If condition (C1)

holds, then for any functions f € C*¥(R x C%) and wy,...,wn—r—1 € H(C?),
there exists a unique solution u € C*¥(R x C?) of Cauchy problem (L.1)).

Remark 2.4. Take the expression of operator P given in (|1.2]) and look for solution
u of our Fuchsian Cauchy problem (1.1)) in the form

m—k—1

u(t,z) = Z wll('x) th 4+t Ry (L, 2)
1=0 ’

which satisfies the initial conditions, then problem ([1.1)) is equivalent to

m—k—1
Pt Ryt x) = f(t,x) — 73{ lz:% %tl] . (2.1)

Note that the right hand side is a known function belongs to C*“ (R x C?), and the
operator P; defined by P; = Pt"™*is also Fuchsian with weight 0 and its Fuchsian
characteristic polynomial C; satisfies

YA EN, C(\) =t Pt

=0
Since

)

VAEN, t APt = ¢ A moR)gmokpymokyA
=0 t=0

from remark 2.1] we have

YAEN, CGi(\)=CA+m—Fk).
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Then the condition (C1) implies
YAeN, Ci(A)#0. (2.2)

Hence, the transformation of problem (|1.1) to (2.1), allows us to limit our studies
for the case weight 0, with the condition (2.2)), in the functional space C>°* (R x C?).

3. FUuCcHSIAN CAUCHY PROBLEM WITH WEIGHT 0

Let P be a Fuchsian operator with Weight 0, expressed in the form

m—1
P=t"D/"+ > aj(x)t! D] + Z > tajs(t,x)t DIDY . (3.1)
Jj=0 J=0 0<|B|<m—j

We assume that a;(x) = a; are constants in C and a; g € C>“(R x C?) satisfying
(HO).

Theorem 3.1. Let P a Fuchsian operator with weight Odefined in (3.1). Under
above hypotheses, if its Fuchsian characteristic polynomial C(A\) # 0 for all A € N,
then for any functions f in C*% (R x C?), the following equation

Pu(t,x) = f(t,x) (3.2)
admits a unique solution u € C=*(R x C9).

The sketch of the proof is follows:

e We first give two decompositions of operator P.
e We solve (3.2)) in the spaces C%*(R x C9). For that, we transform our problem
to inversion of an operator (I + B).

e We introduce Banach spaces which cover C%* (R x C9) and prove that ||B| < 1.
e We complete the proof in the subsection [3.2.3

3.1. Decomposition of operator P. We have the following properties:

Lemma 3.2 ([1]). Let j € N. we have

-1
L J k
(1) ¥Di = (Dtt) + g Cr: (Dﬁ) , where ¢, € Z.

(2) For every u € C‘X’(?R), there exists a set of functions {u;}o<i<; C C¥(R)
such that

J
VYo €C®(R), tuDlv= ZtlDi[ulv] (3.3)
1=0
From this lemma, we can rewrite P in the following forms

m—1

= (Dyt)™ +Zb Dyt)? +Z > st x) (D)’ D (3.4)

7=0 0<|B|<m—j

where b; € C and b; 5 € C>“(R x C?), or

m—1 m—1
P=t"D"+ Y ajt!DI - > t'DIB,,_; (3.5)
7=0 3=0
where B,,_; = Z b 5(t,x)D? and b; 5 € C> (R x C9).

0<|Bl<m—j
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Remark 3.3. According to (H0), for all (j, 3) such that j+|8| = m, the coefficients
b;s(t,x) and b, g(t,x) are also polynomials in x with ord, b;(t,z) < |G| and
ord, b 5(t,x) < |B| whose coefficients are of class C* in ¢ on R.

3.2. Resolution of equation (3.2) in C%*(R x CY). Let P a Fuchsian operator
defined in (3.1]) with the same assumptions. Take a positive integer v enough large
such that

1 1
> bils < 3- (3.6)

j<m

Theorem 3.4. For any function f = O(t") in C%“(R x C9),there exists a unique
solution u = O(t) in C%¥ (R x C9) of the equation (3.2)

Proof. We start by seeking an equivalent problem. It is known that
Vu € CY¥(R x C1),  Dyt[t'u(t, z)] = ¥ (Dyt + v)u(t, )

then using the expression (3.4)) of the operator P and a change of unknown u(t, z) =
tv(t,x) with v € C%¥(R x C?), we transform (3.2) to

Piv(t,z) = g(t,z), (3.7)
where
m—1 ) m—1 . )
Pr=(Dit+v)"+ > bi(Dt+vy +> > ths(t,x)DI(Dit + v)!
=0 7=0 0<|B|<m—j

and g € CO*(R x C?) such that f(t,x) = t"g(t, ).

We also show the following proposition.
Proposition 3.5. For all j € N*, the operator (Dst + v)? is an isomorphism from

C;-J’w (R x C9) to C**(R x C9), and its inverse HJ is defined by

1
HI=H,...H,, whereHyu(t,z)= / c’u(ot,x)do .
N—— 0

j factors
Then we can look for a solution of (3.7) in the form
v(t,z) = H™(t,x) and ¢ € C¥“(R x C?)
which establishes the equivalence of (3.2]) with

(I+B)y=g (3.8)
where
m—1 ) m—1 . )
B=> bHI'+Y > ths(t,x)DIHI .
J= J=0 0<|B|<m—j

In the next subsection we construct a suitable Banach space, on which we solve

problem ({3.8]).
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3.2.1. The Banach spaces Ep R.a- Let
20
= wslt 5, Ut =) Us(t) 5y
dENT d€ENg

be two formal series in Ry [[z]]. We denote U(t,z) < ®(¢, ) if for all § € N9,

Vs(t) < ps(1).
For u € CO¥(A, r), u(t,z) << ®(t,z) means

v|t| < R, WGN%‘@MMMSW@.
Proposition 3.6. For u,v € C%“(A, r), we have the following:
(1) (u(t,x) K O(t,z) and P(t,z) K \I/(t,:c)) imply u(t,z) < V(t,z);
(2) If \,p € C, we have (u(t,x) &K ®O(t,z) and v(t,z) K \I/(tm)) implies
Nut, ) + oty 2) << [N®(t, ) + [ U(t, )
(3) (u(t, x) K P(t,z) and v(t,x) K \Il(t,x)) implies
u(t, z)v(t, ) KK D(t,2)V(t, x);
(4) u(t,x) <« O(t,z) if and only if ¥y € N, DYu(t,z) < DI®(t,z).
To construct our Banach spaces, we use the same formal series given in [8]. Let
7 and £ be one-dimensional variables. For all R,a € R* | we set
e

i) = 7= € Relle]

which converges in the open set {{ € C : || < R} and satisfies the following
properties.
Lemma 3.7 ([8, Lemma 1.4]). For all p,l € N, we have

(1) DPp% < a~ DP9

p' ! +1, a
( ) YR < ( l)' YR

We also put
#h(r6) = SR P e g
peN

which converges in the set {(7,£) € R x C : RS//S|T\1/S + |¢] < R} and satisfies the
following estimates

S S—— D%L(T,8), 3.9
R—(T+£)<< R(Tg) ( )
nRk n
vynp>1, ——0%(1,8) < ——8%(7,¢). 3.10
For parameters p,a > 1, for all t € R and & = (21,...,24) € C?, we set:

o T=plt], § =z 4 F g

o, D*
o OF p(t,x) = Pop(plt],§) = ZTP pR)* (gop)R(é-),
peN
. EOw ={ueC™(A,Rr), 3C >0:u(t,z) < CPY p(t, x)};
e |lu[| =min{C > 0:u(t,r) < C®; p(t,x)}
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Proposition 3.8. (Egjgya, | -1]) is a Banach space.

The proof of the above proposition follow the steps in [11, Proposition 6.1].

Remark 3.9 ([2]). Let p; > p2 and Ry > Ry, for all a;,a2 € R;. Then we have

0,w 0,w . . .. .
Ethha1 C Epz,Rz,a2 with continuous injection.

Proposition 3.10. Let Ry, p € R%. and f € C®*([—Ry, +Ro] x BSp,)s then for all
R 6]07 RO[:

pR

where C = SUP[_ Ry, + Ro]x Bl |f(t,z)]|.

Proof. For R €]0, Ro[, applying the Cauchy’s Estimate to holomorphic function
z — f(t,z) in By and bounded by C, we obtain

9!

V[t| < R, V6 € N9, |DSf(t,0)| < C . 3.11
t DEA(E.0)] < C s (3.11)
_ pR \l6l+1
>
Since (pR—T> > 1 and
R pR |o]! pR \I81+1
pi(__ P — pldl -
I(pR—(T-l-f)) =0 T <pR—T> (pR)I%I (pR—’T) ’
from (3.11)), we have
R
t s e NI, |DOf(t <cpi(—Pt
Vit < R, ¥§ € N1, D3f(0)] < O D (ot )
which implies
pR
flt,e) K C————+——. 3.12
N A 12
(Il

According to (3.9), we have the following result.

Remark 3.11. If f € C%“(R x C9), then for all R, p and a, f € Eg:ﬁ,a and ||f|| is

independent of parameter a. See [2, Proposition 3.6].

Corollary 3.12. Let p € N and let a polynomial F(t,x) = 3, <, f+(t)z" where
[y € C°(R), then for all p, R > 0 such that pR > 1,we have

pR

Ft,r) < M(R)(PR)pm7

where M(R) = card{y € N? : |y| < p} maxwgp{sup|t‘<R|f7(t)|}, with card A
denoting the cardinality of the set A.
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3.2.2. Resolution of equation (3.8) in Eg R

Proposition 3.13. Let ®(t,z) = > wg(t)% € Ri[[z]] and u € CO“(A, Rr) such
that u(t,z) <& @(t, ), then

VieN, Hiu(t,z) << HI®(t,x)
Proof. Let u € C%*(A, g) such that u(t,z) <€ ®(t, x), then
V|t| < R, V6 € N9, ‘Dgu(t,o)’ < os(t). (3.13)

By applying operator H7, to the function u, we obtain

HIu(t, ) / H ar)” Hal t,x Hdal (3.14)
[0,1)9 ;= =1

which implies

J
w6 e N, | DiHiu(r,0) g/ H(o—l)u D
0,17 -

From we obtain: V|t| < R, V§ € Nq

j j
u([J o t, 0)‘ [[dor.  (3.15)
=1 =1

J

‘WWtO </ HmwdﬁwH 5(1).
0,19 =

Hence, we have ‘ A
Hlu(t,x) << H,®(t,x).
|

Proposition 3.14. For all R > 0, there exists py such that, for any p > pg, there
exists a, > 0 such that for any a > a,, equation (3.8) admits a unique solution

0,w
VEE R

To prove this proposition, we show that ||B|| < 1 in Eg R.q- For that we establish
the intermediate results.

Lemma 3.15. For all u € E%% . we have

p,R,a’
1 ,, DIPTRlpa L (€)

DIHT T u(t, z) << Jlul Y P (pR)*P o) (3.16)
p

(vt p+ D

Proof. Let u € Eg;%a, then u(t,z) << |lul|®§ (¢, x). From Proposition and
the fourth majoration of Proposition [3.6, we obtaln

DIHP I u(t, x) < |Jul| DIHG T4 p(t,x). (3.17)
Using definitions of the formal series 7 R and the operator H” 77, we get
, DSPJrIﬁI(pa (6)
IWW%WEZH/WWMMWM——#L
peEN I=1 (SP)

ol S,pDSpHﬂ\ssz(g)
PPt (pR) e

By substituting this right hand side in (3.17]), we complete the proof. [

1
_pEZN(querl)m*j
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Lemma 3.16. Let u € Eg:%,a’ then
(1) If j + 18] < m, then
t DEH™ It z) < ||Jul|Cjs(R, p)a‘lézﬂ(t,m)
(2) For allj +|8| = m, we have
t DIHTu(t, x) << Collullp™ (pR) 17198 L (t, ),

where Cy € R and C; 3(R, p) is a positive constant independent of param-
eter a.

Proof. From Lemma [3.7] we have

1)!
DHIflge (¢) < a1(pR)s<|ﬁ|+1>%1)5@“>%(§) :

When we substitute this result in (3.15)), we get

i _ _ 1 / o
DIt ) < ]l (0B) Y e (R (pB)
€N p

o (ot 1B+ DI DTV R4(E)

(sp)! (s(p+1))!
(3.18)
Since % < (sp+ 8]+ 1)IPIF1 and the sequence
<(Sp+ 161 + 1)'5'“)
(v+p+1)m=7 Jp
converges for all (7, 3) : j + |5| < m, then there exists Cy > 0 such that
(sp+16]+1)! 1
Vp € N, - < C
g Gl EprmI
From (3.18)), we deduce
; spany DT e (€)
t DPHT I u(t, z) << |ul|Co a ' p~  (pR) 1P thrP(pR)S (Pt "pR\SJ
I ult) < [l Co oo™ (R) 1 S ol (o) ) = E

peN
<« ||ul|Co a™p~ (pR)P1®Y L(t, )

Similarly, using the second estimate of Lemma we prove the second part of
Lemma 3.6 ([l

Lemma 3.17. For all R and p > 0, there exists positive constants M (p, R),
dependent on p and R, and Ms(R), dependent only on R, such that

1 _ _ . w
18] < s+a Mi(p,R) + p ' My(R) in Eg;m.

Proof. We choose 17 > 1, then dependence on 77 will not be mentioned in all con-
stants of the below estimations. We denote by M;j(p, R) all positive constants
dependent on p and R, and by Ms(R) all positive constant dependent of R and
independent on p. These constants are independent of the parameter a.

From Proposition [3.10] remark [3.3] and corollary there exists positive con-
stants Mj(p, R) and Ms(R) such that:

npR

if j + |8 < m, then b; 5(t,x) << My (p, R) —————
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npR
npR — (1 +¢)
Substituting these results in Lemma we obtain: if j + |5 < m, then
npR
—_— t,x
WR—(r+ 9 ° (s 2);

if j + |8 = m, then b; g(t,z) << My(R) (pR)1PI=1

thy (t, ) DIHIIu(t, =) << M (p, R)||ulla™

if j 4+ |B| = m, then

- ) R
th; (t, &) DPHTIu(t, x) << My(R)||u -1 P ga t,x
J,ﬁ( ) z 'ty ( ) 2( )” ||,0 npR—(T+§) p,R( )
By (3.10), we get
if j +|8] < m, thentb; 5(t,2) DEHI u(t,z) < My(p, R)|ulla™®% f(t, );
if j + |8| = m, then tb; 5(t,x) DSHT ~Tu(t, x) << Ma(R)|ullp~'®% 5(t,z) .
Which in turn gives
S st ) DI T ult ) << ulla” Ma(p, R)G gt @), (3.19)
i<m0<|B|<m—j

> Z bj.5(t,2) DIHI Tu(t, o) < [Jullp Ma(R)D 1 (¢, ). (3.20)
Jj<m|p|=
According to the estimations (3.15) and (3.6)), the case 3 = 0 gives

> bHE Tt z) < ” ” ¢ g(t,@). (3.21)
j<m

Using the definition of the operator B and the estimations (3.19)), (3.20) and (3.21)),

we deduce
Bu(t, ) << ||u||( ta- lMl(p,R)+,0_1M2(R))<I>Z’R(t7m)

that means

1 . w
1B < 5 +a™ Mi(p. R)+p~ " Ma(R) in Ep .

O

Proof of Proposition If we take, in the Lemma[3.17 parameters a and p large
enough such that

Cl>3M1(p,R), p>3M2(R)a
we get ||B]| < 1, from which we deduce that operator (I 4+ B) is invertible in Eg Ra
then for all g € Ep R €quation (3.8) admits a unique solution u € E% O

p,R,a"
3.2.3. Final part in the proof of Theorem [3.4]

I. Existence of solution in C%*(RxC?). Let f(t,z) = t"g(t,z) with g € C"*(Rx
CY). By property g € Eg”]“%’a for all R, p,a € R%. Applying Proposition |§E
we can choose two increasing sequences (pn)n and (a,), such that for all n € N
there exists a unique solution ), of in B0« By property we have

PTG

0,w
wn"_l € Epn+1,(n+1) Apt1 - Epnanyan :

Since the uniqueness of solutions holds in E: onan s We deduce

wn+1:wn OnAnn
Prs
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which allows us to define a solution u of (3.8)) in C%*“(R x C%)by
=1, on A, , VneN*.

II. Uniqueness of this solution. Let 11,12 be two solutions in C%%(R x C%)

of (3.8]), then by property for all R,p,a > 0, the functions 1;/A, r and
Y2 /A, r are also solutions of (3.8) in Eg:;%’ .- By the uniqueness of the solution of
the problem in this Banach space, we obtain

R
V|t| < ?7 wl(ta ) = ¢2(t7 ) on BZ:R/QQ :

Using analytic extension theorem we get
R
VR > Oa v‘ﬂ < ;a '(/]l(tv ) = ’(/)Q(ta ) o1 (Cq

which implies the uniqueness of the solution of Problem in the functional
space CO¢(R x C9).

To complete the proof of the Theorem we note that the solution of
is the form u(t,x) = t"H™(t, ), where 1 is the unique solution of (3.8), then
u=0(t") in C%¥(R x CY), because HM1) € C%:* (R x C?). O

Remark 3.18. Theorem holds for any Fuchsian operator P with weight 0.
Hence it also holds for operator (D;t)"P for all h € N, which allows us to deduce
that: For all f = O(t¥) in Cg’w(R x C7), there exists a unique solution u = O(¢")
in C0%, (R x C9) of (3:2).

Proof of Theorem Let f € C>“(R x C?) and vy > 0 satisfies (3.6). For
v > vy, the Mac-Laurin expansion of f of order v gives

v—1 1
flt,z) = Zpgf(o,x)% ().
1=0 ’

By simple calculations we prove that f, € CO“(R x C?). We look for solution of
(3.2) in the form

v—1

v y o
UW(t,z) = ZDiU( )(O’I)ﬁ itV (t, @) .
1=0
By the decomposition (3.5)), problem ({3.2))) is equivalent to system:
0<i<r—1,
DUW(0,x) _ Dif(0,2) "~ 1 - »
) 1! = " ]_Z(:) mwt By, UM (t,2)] |,y
Pltru,(t, )] =t f,(t, ).
(3.22)

(a) Since C(1) # 0, for all I € N, then the functions DU (0,z) (I =0,...,v—1)
are determined uniquely.

(b) We have f, € CO*(R x CY). By remark there exists a unique solution
u, € Cot (R x C9) of (3.22), then t"u, € C*(R x C9).

From (a) and (b), we deduce there exists a unique solution U*) € C%*(R x C)
of (3:2). Since for any v, > vy, we have C4>“(R x C?) C Cx“(R x CY), by the
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existence and uniqueness of the solution of in C41% (R x C9) and C%0* (R x C9)
we deduce that
Vg > v, U™ e Chi(R x CY);
hence U0 € ¢« (R x C9).
For uniqueness, we remark that C*“ (R x C?) C C*“(R x C?) where the unique-
ness of solutions holds, then if U is solution of (3.2)) in C>*(R x C%), we deduce
that U = U™, which completes the proof of Theorem ([

Acknowledgements. The authors are grateful to Professor T. Mandai (Osaka
Electro-Communication University) for his various remarks and encouragement;
also to the anonymous referee for his/her comments that improved the final version
of this article.

REFERENCES

[1] Baouendi, M. S.; Goulaouic, C.; Cauchy Problems with Characteristic Initial Hypersurface,
Comm. Pure Appl. Math., 26 (1973), 455-475.

[2] Belarbi, M.; Mechab, M.; Holomorphic global solutions of the Goursat-Fuchs problem. Dif-
ferential Integral Equations 19 (2006), no. 12, 1413-1436.

[3] Belarbi M.; Mandai, T.; Mechab, M.; Global Fuchsian Goursat Problem in the class of
Holomorphic- Gevrey Functions, Osaka. J. Math., 44(2007), 255-283.

[4] Hamada Y.; Une remarque sur le probléme de Cauchy pour 'opérateur différentiel de partie
principale & coefficients polynomiaux, Tohoku Math. J. 52 (2000), 79-94.

[5] Lope, J. E. C.; Existence and uniqueness Theorem for a class of Linear Fuchsian Partial
Diffrential Equation, J. Math. Sci. Univ. Tokyo, 6 (1999), 527-538.

[6] Mandai, T.; The method of Frobenius to Fuchsian partial differential equations, J. Math.
Soc. Japan., vol. 52, 3 (2000), 645-672.

[7] Persson, J.; On the local and global non-characteristic Cauchy problem when the solutions
are holomorphic functions or analytic functionals in the space variables. Ark. Mat., 9, (1971).
171-180.

[8] Pongérard, P.; Probleme de Cauchy Caractéristique & Solution Entiere, J.Math.Sci. Univ.
Tokyo 8 (2001), 89-105.

[9] Tahara, H.; Singular hyperbolic systems, III. On the Cauchy problem for Fuchsian hyperbolic
partial differential equations, J. Fac. Sci. Univ. Tokyo, Sect. IA, 27 (1980), 465-507.

[10] Tahara, H.; On the uniqueness theorem for nonlinear singular partial differential equations,
J. Math. Sci. Uniw. Tokyo 5 (1998), 477-506.

[11] Wagschal, C.; Le probléme de Goursat non linéaire, J. Math. Pure et Appl., 58 (1979),
309-337.

[12] Yamane, H.; Global Fuchsian Cauchy Problem, J. Math. Sci. Univ. Tokyo, 7 (2000), 147-162.

LABORATOIRE DE MATHEMATIQUES, UNIVERSITE DJILALI LiABES, B.P. 89, 22000 Sipi BEL
ABBES, ALGERIA

E-mail address, M. Belarbi: mkbelarbi@yahoo.fr

E-mail address, M. Mechab: mechab@yahoo.com



	1. Introduction
	2. Notations and Main result
	3. Fuchsian Cauchy problem with weight 0
	3.1. Decomposition of operator P
	3.2. Resolution of equation (3.2) in C0,m(RCq)
	Proof of Theorem 3.1
	Acknowledgements

	References

