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ERROR EVALUATION OF APPROXIMATE SOLUTIONS FOR
SUM-DIFFERENCE EQUATIONS IN TWO VARIABLES

BABURAO G. PACHPATTE

ABSTRACT. This article presents estimates for the approximation of solutions
of certain sum-difference equations in two independent variables with given
initial conditions. A fundamental finite difference inequality with explicit es-
timate is used to establish our results.

1. INTRODUCTION

The method of approximation provides a very useful and important technique in
the study of qualitative properties of solutions for mathematical models of various
dynamic phenomena (see [2, [, [5]). This paper focuses on the study of initial value
problem (IVP, for short)

AgAju(m,n) = f(m,n,u(m,n), Gu(m,n)), (1.1)
with
u(m,0) = a(m), u(0,n)=p8(m), neNyp
0(0) = 4(0) -
where Cnd
Gu(m,n) := Z Zg(m,n,o’, T,u(o, 7)), (1.3)
o=0 7=0

f, g are given functions and w is the unknown function to be found. Let R denote
the set of real numbers, Ry = [0,00), Ny = {0,1,2,...} be the given subsets of R.
For the functions z(m),w(m,n), m,n € Ny, we define the operators

Az(m)=z(m+1) —z(m), Ajw(m,n)=w(m+ 1,n) —w(m,n),
Asw(m,n) =w(m,n+1) —w(m,n), AsAjw(m,n) = As(Ajw(m,n)).

We denote by D(S,S2) the class of discrete functions from the set S to the set
So and use the usual conventions that empty sums and products are taken to be
0 and 1 respectively. We assume that f € D(NZ x R% R), g € D(N§ x R,R),
a, 8 € D(Ng, R).

When dealing with the discrete event dynamical systems the basic questions to
be answered are: (i) under what conditions the systems under considerations have
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solutions? (ii) how can we find the solutions or closely approximate them? (iii)
what are their nature?. The study of such questions gives rise to new results and
need a fresh outlook for handling such problems for —. We note that the
equation under the conditions admits a unique solution. In this paper
we offer the conditions for the error evaluation of approximate solutions of equation
by establishing some new bounds and convergence properties on solutions of
approximate problems. We also study the dependency of solutions of equations of
the forms on parameters. The main tool employed in the analysis is based on
the application of a certain finite difference inequality with explicit estimate given
in [g].

2. MAIN RESULTS

The following is a variation of the finite difference inequality established in [8]
Theorem 5.3.2] and [7, Theorem 4.3.2], and is crucial in the proof of our main
results.

Lemma 2.1. Letu,a,p € D(N3,R,), ¢, A1q, Aaq, AsA1q € D(NS,R,). If a(m,n)
is nondecreasing in each variable m,n € Ny, and

m—1n—1 s—1t—1
w(m,n) < almn)+ > 3 pls, ) [u(s )+ 30 als o Tule )], (21)
s=0 t=0 o=071=0
for m,n € Ny, then
m—1n—1 s—1 t—1
u(m,n) < alm,n) |1+ p(s: O T [1+ Y & m + Tate,mi]], 22)
s=0 t=0 £=0 n=0
for m,n € Ny, where
m—1
Tq(m,n) :=q(m+1,n+1,m,n)+ Z Ajg(myn+1,0,n)
o=0
n—1 m—1n—1 (23)
+ Z A2Q(Tn + 1? n,m, 7-) + Z Z A2AIQ(m7 n,o, T)'
7=0 o=0 7=0

Let uw € D(N3,R) and AxAju(m,n)(m,n € Np) exist and satisfy the inequality
‘AQAlu(ma n) - f(ma n, u(m, ’I’L), Gu(m7 ’I’L))| < 2h
for a given constant £ > 0, where it is assumed that (1.2) holds. Then we call

u(m,n) an e-approximate solution of (1.1)).
Our main result estimates the difference between the two approximate solutions

of (T1).
Theorem 2.2. Suppose that f,g in (L.1)) satisfy the conditions
|f(m7 TL,U,’U) - f(m,n,ﬂ,f))| < p(m, n)[lu - ’a‘ + |U - ’D”’ (2.4)
lg(m,n,o,7,u) — g(m,n,o,7,a)| < q(m,n,o,7)|u—al, (2.5)
where p € D(Ng,R,), ¢ € D(N§,R;) with A1q, Aag, AsA1q € D(N§,R,). For
i=1,2, let u;(m,n) (m,n € Ng) be respectively ¢;-approximate solutions of (1.1)

with
u’i(m? 0) = ai(m)v uz(ovn) = ﬂz(n)v n e N07

ai(0) = 6,(0), (26)
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where «;, B; are in D(Ng, R) satisfy
a1 (m) — az(m) + B1(n) — B2(n)| < 0, (2.7)
in which § > 0 is a constant. Then

ur(m,n) = ug(m,n)
“in—

< ((e1 +e2)mn +9) [14— Z p(s,t) H [1+Z (€,m) + Tql€, 77)]“ (2.8)
s=0 0

t= £=0
for m,n € Ny, where Tq(m,n) is given by (2.3).

Proof. Since u;(m, n) (i=1 2) for m,n € Ny are respectively ¢;-approximate solu-
tions of equation (|1.1)) with (| we have

|[AsAju;(m,n) — f(m,n,u;(m,n), Gu;(m,n))| < e;. (2.9)

Now keeping m fixed in (2.9), setting n = ¢t and taking sum on both sides over ¢
from 0 to n — 1, then keeping n fixed in the resulting inequality and setting m = s
and taking sum over s from 0 to m — 1 and using (2.6]), we observe that

m—1n—1
g;mn > Z Z [AsAqu;(s,t) — f(s,t,ui(s, t), Gui(s,t))]
s=0 t=0
m—1n—1
> )Y {A A ui(s,t) — f(s, b uils, 1), Guq(s, 1))}
s=0 t=0
—1n—1
:‘{ui(mv”) [ovi(m) + Bi(n ZZ}" s, tui(s,t), Gui(s,t)) }‘
s=0 t=0

(2.10)
From this inequality and using the elementary inequalities |v — z| < |v| + |z], [v| —
|z| < |v— 2], for v,z € R, we observe that

(€1 + e2)mn

> ‘{Ul(m,n) [a1(m) + B1(n Z Zf s, t,u1(s, t), Gua (s, t))}’

2 ‘{ul(mvn) - [al(m) + Bl(n)] - Z f( ’t7u1(3’t)7Gu1(57t))} (2'11)
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Let u(m,n) = |ui(m,n) — ug(m,n)| for m,n € Ny. From the above inequality and
using the hypotheses, we observe that

u(m,n) < (g1 +e2)mn + 4
m—1n—1

+ Z Z \f(s,t,ul(s,t),Gul(s,t)) - f(S,t7u2(Sat)vGu2(svt))|
s=0 t=0
m—1n—1 s—1t—1

< (er+eamn+ 3+ 30 Y pls,t)|uls, )+ D als,t.orule, 7))

s=0 t=0 o=071=0
(2.12)

Now an application of Lemma [2.1] - ylelds
Consider the initial-value problem (1.1 1-) together with
Ay Ayv(m,n) = f(m,n,v(m,n),Gv(m,n)), (2.13)
v(m,0) = a(m), v(0,n) =pB(n), n € Ny,
a(0) = p(0),
where G is given by and f € D(N2 x R R), a, 3 € D(Ng,R). O

(2.14)

The following theorem concerns the closeness of solutions of ([L.1)-(1.2]) and of
ED)- &),

Theorem 2.3. Suppose that f,g in (L1) satisfy (2.4), (2.5) and there exist con-
stants € >0, § > 0 such that

|f(m7na u7w) - f(m,n, ’U,,U.))| < g, (215)
la(m) — @(m) +ﬂ(n) —B(n)] <9, (2.16)
where f,o, 3 and f,a, 3 are as in l and - 4 . Let u(m,n) and
v(m,n) be respectively the solutions of 1 and of (2.13] 1 - form,n €
Ng. Then
lu(m, n) —v(m,n)|
m—1n—1 s—1 t—1 217
< (emn+9)[1+ s [T 1+ e + Taen]]. 17
s=0 t=0 £=0 n=0

for m,n € Ny.

Proof. Let e(m,n) = |u(m,n) —v(m,n)| for m,n € Ny. Using the fact that
u(m,n),v(m,n) are the solutions of (1.1)-(1.2)), and of (2.13))-(2.14)), and the hy-
potheses, we observe that
e(m,n) < |a(m) — a(m) + B(n) — B(n)|
m—1n—1
+ 3 1 f (s touls,t), Gu(s, 1) — f(s,t,0(s, 1), Gu(s, 1))]
s=0 t=0

m—1n—1 _ (218)
+ Z Z |f(87ta ”U(S,t), G”U(S,t)) - f(s,t,v(s,t),Gv(s,t)ﬂ
s=0 t=0
m—1n—1 s—1t—1

< (Emn+8)+ 3 pls,1) [e(s, )+ 3> als,t,0,m)e(o, T)} .

s=0 t=0 o=071=0
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Now an application of Lemma [2.1] yields ([2.17)). O

Remark 2.4. The result given in Theorem E relates the solutions of ( . .
and of (| - in the sense that if f is close to f, « is close to @, [ is close to

3, then the solutlons of (1.1] . . ) and of (2.13] are also close to each other.
Now we consider — and sequence of initial-value problems
AgAlw(m,n) = fr(m,n,w(m,n), Gw(m,n)), (2.19)
w(m,0) = ax(m), w(0,n) = pFr(n), n € Ny,
i (0) = B (0),
for m,n € Ny, (k = 1,2,...) where G is given by (1.3) and f;, € D(NZ x R? R),
Ozk,ﬁk S D(NO,R).
As an immediate consequence of Theorem [2.3] we have the following corollary.
Corollary 2.5. Suppose that f,g in (1.1) satisfy (2.4 , and
|f(m,n,u,v) _fk(mvnaua 'U)| < Eks (22]‘)
la(m) — ag(m) + B(n) — Br(n)| < o, (2.22)
with e, — 0 and 0 — 0 as k — oo, where f,a, 8 and fi, o, Ok are as in (L.1)-
(1.2) and in (2.19)-(2.20). If wr(m,n) (k=1,2,...) and u(m,n) are respectively
the solutions of (2.19)-(2.20) and of (1.1)-(1.2) for m,n € Ny, then wi(m,n) —
u(m,n) as k — co.

Proof. For k = 1,2,..., the conditions of Theorem hold. An application of
Theorem [2.3] yields

|wg(m,n) —u(m,n)]

(2.20)

m—1n—1
2.23
< (egmn + 0y) [1+ZZpstH[l+Z (& mn) —I—qun)]” (223)
s=0 t=0
for m,n € Ng and k =1,2,.... The required result follows from ([2.23). (I

Remark 2.6. We note that the result obtained in Corollary provides sufficient
conditions that ensures, solutions of (2.19))-(2.20) will converge to the solutions to

-,

3. DEPENDENCY ON PARAMETERS

In this section, we present results on the dependency of solutions of equation
and its variants on given initial conditions and pure parameters.

The following theorem shows the dependency of solutions of on given initial
conditions.

Theorem 3.1. Suppose that f,g in (L.1)) satisfy (2.4] , . Let u(m,n) and

z(m,n) be respectively the solutions of (1.1)) with the zmtwl conditions and
Z(ma 0) = Olo(m), Z(Ovn) = /BO(TL)v ne I\TO (3 1)
ao(0) = Bo(0), '

where g, fo € D(Ng,R) and
la(m) — ao(m) + B(n) — Bo(n)| < k, (3:2)
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in which k > 0 is a constant. Then

—

n—1

fu(m.n) — =(m.m) < K[1+ 30 3" p(s.1) ﬁ[HZ pl.n) + Ta(e.n)l] ]

=0

3

i
(=}
~+

S

(3.3)
for m,n € Ny.

Proof. Using the facts that u(m,n) and z(m,n) are respectively the solutions of
(1.1)-(1.2) and of (1.1)-(3.1]) and the hypotheses, we have

lu(m,n) — z(m,n)]

< la(m) — ao(m) + B(n) — Bo(n)|
m—1n—1
+ |f(s,t,u(s,t), Gu(s,t)) — f(s,t,z(s,t), Gz(s,t))]|
s=0 t=0
m—1n—1 s—1t—1
<k+ p(s,t) [|u(s7 t) — z(s,t)| + Z Z q(s,t,o,7)|u(o,7) — z(o, 7)@
s=0 t=0 o=071=0
(3.4)
Now a suitable application of Lemma yields (3.3]), which shows the dependency
of solutions of (1.1]) on the given initial values. [l
We now consider the sum-difference equations
AsAju(m,n) = f(m,n,u(m,n), Gu(m,n), u), (3.5)
AQAlu(m7n) = f(m7nau(m7n)aGu(m7n)uu0)7 (36)

with the initial conditions (I.2), where G is given by (L.3)), f € D(N§ x R? x R,R)
and p, po are parameters.

The next theorem shows the dependency of solutions of (3.5)-(L.2) and of (3.6)-
(1.2) on the parameters u, .

Theorem 3.2. Suppose that g, f in (3.5), (3.6) satisfy respectively (2.5) and
|f(m7 n,u,v, /14) - f(m7 n,u,?, M)l < p(m7 ’I’L)H’LL - ﬁ| + |U - 17”7 (37)
|f(m7 n,u,v, /J/) - f(ma n,u,v, /’LO)‘ < r(m, ’I’L)|M - /”'0') (38)

where p,r € D(N3,R.). Let ui(m,n) and uz(m,n) be the solutions of (3.5))-(1.2)
and of (3.6)-(1.2)) respectively. Then

|ur(m, n) = uz(m,n)]

m—1n—1
mn[l—&—ZZpstH[l—t—Z (&mn) —I—Tqﬁn)]“ (3:9)
s=0 t=0 £=0
for m,n € Ny, where
m—1n—1
d(mvn) = |FL - /1'0| Z ZT’(S,t), (310)
s=0 t=0

for m,n € Np.
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Proof. Let h(m,n) = |ui(m,n) —ua(m,n)| for m,n € Ny. Using the facts that
ui(m,n) and us(m,n) are respectively the solutions of (3.5)-(L.2) and of (3.6)-
- and the hypotheses, we observe that

m—1n—1
Z Z |f U1 S t) G’ul(S,t),,U)*f(S,t,’UQ(S,t),GUQ(S,t),,LL”
s=0 t=0
m—1n—1
+ Z Z |f u2 S t) GUQ(S,t),,LL)ff(S,t,UQ(S,t),GUQ(S,t)huON
s=0 t=0
m—1n—1 s—1t—1
§&(m,n)+22p( [ (s,t) JrZqutch (O’,T):|.
s=0 t=0 o=071=0
(3.11)
Now an apphcatlon of Lemma - yields 7 which shows the dependency of
solutions of (3.5 and of (3.6 . on the parameters (i, fo. O

Remark 3.3. We note that the results given in this paper can be extended very
easily to study the sum-difference equation

AsAju(m,n) + Ag(b(m, n)u(m,n))

= f(m,n,u(m,n), Gu(m,n), Hu(m,n)),

with the given initial conditions in (1.2]), where G is given by (1.3)) and H is given

by

o0 o0

Hu(m,n) := Z Z h(m,n,o,1,u(c, 1)),

o=07=0
under some suitable conditions on b, f, g, h involved in (3.12) by making use of the
finite difference inequality given in [8, Theorem 5.2.3].

For further results on the qualitative properties of solutions of various finite

difference equations, see [11 [, [7, [8, [A].

(3.12)
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