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TWO COMPONENT REGULARITY FOR THE NAVIER-STOKES
EQUATIONS

JISHAN FAN, HONGJUN GAO

ABSTRACT. We consider the regularity of weak solutions to the Navier-Stokes
equations in R3. Let u := (uy,us2,u3) be a weak solution and @ := (u1,uz2,0).
We prove that u is strong solution if Vu satisfy Serrin’s type criterion.

1. INTRODUCTION

In this article we study the regularity of the weak solutions of the Navier-Stokes
equations:

u+u-Vu+ Vp—Au=0, (1.1)
divu =0 in (0,00) x R3, (1.2)
ult=0 = ug, divug=0 in R3 (1.3)

where u := (u1, ug, uz) represents the velocity and p represents the pressure.

The existence of global weak solutions for any initial data with finite energy is
known since the work of Leray [9]. The smoothness of Leray’s weak solution is not
known. While the existence of a regular solution is still an open problem, there are
many interesting sufficient conditions which guarantee that a given weak solution is
smooth. A well-known condition states that if u € L™(0,T; L*(R?)) with 2+ 2 =1
and s € [3,00], then the solution u is actually regular [4, Bl [6], 12], T3] 14, 15]. A
similar condition w = curlu € L"(0,T; L*(R?)) with 2 + 3 = 2 where 2 < s < 00
also implies the regularity as shown by Beiao da Veiga [2]. Chae and Choe [3] proved
that if @ = (w1, ws,0) € L7(0,T; L*(R?)) with % + % =2 and % < 8 < 00, then the
solution is regular. Kozono and Yatsu [7] showed that if & € L*(0,T; BMO), then
the solution remains smooth. Zhang and Chen [I7] proved that u is regular if @ €
LY(0,T; B, ). Bae and Choe [I] proved that u is strong if @ € L"(0, T; L*(R?))
with 2 + 2 = 1 with s > 3. In [3], the authors also proved that u is strong if
Vu e L™(0,T; L) with %Jr% <1,2<r <ooand 3 < s < 0o, which is not optimal
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from the scaling argument. Here we would like to improve the regularity criterion
on Vu in such a way that it undergoes the correct scaling.

There have been many efforts to show that analogous conditions on only one
component of the velocity or the gradient of velocity imply the regularity of solutions
but all the results are partial, see [§], citez2, z3 and the references there in.

We say that a function belongs to the multiplier spaces M (H 7 L?) if it maps,
by point-wise multiplication, H” in L2:

X, = MU, L2) = {f € 8, 6]z < Cllol . }- (1.4)
Similarly we can define Y, :== M(H", H~') and YQ(O) denotes the closure of the
Schwartz class S in Ya. We denote A := (—=A)?, then Y, = A2BMO [10], X, and

Y1, have been characterized in [10} [T1].
Now we are in a position to state the main result in this paper.

Theorem 1.1. Let ug € H'. Assume that one of the following four conditions
holds:

Vu e L%(O,T; X,) for somer € [0,1), (1.5)
Vu e L%(O,T; Yiir) for somer € [0,1), (1.6)
vi e ([0, T); V), (1.7)
Vi e L'(0,T; BY, ). (1.8)
Then
we L0, T; HY) N L*(0,T; H?). (1.9)

Here and thereafter, B;q stands for the homogeneous Besov space, see below for
the definition.

Remark 1.2. Since L C BMO C BY L? ¢ L»>® c X, and LT C

00,00

LT C Yi4r, our results improve that given in [3].

2. PRELIMINARIES

We introduce the Littlewood-Paley decomposition. Let S(R?) be the Schwartz
class of rapidly decreasing function. Given f € S(R3), its Fourier transform .7 f =

f is defined by
_ —ix€ d
flo) = [ e s,

and its inverse Fourier transform .# ~!f = fV is defined by
£y = a7 [ e pepa.
Let us choose a nonnegative radial function ¢ € S(R3) such that
- - 1, if g <1,
0< <1, =
<O <L 9 {O’ .

and let
(@) = 6(2) —27%0(3),  6;(@) = 296(2a), y(a) = 2Y(2n), jEL.
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For j € Z, the Littlewood-Paley projection operators S; and A; are, respectively,
defined by

Sif =% . (2.1)

Ajf =5+ f. (22)

Observe that A; = S; — Sj_1. Also, if f is an L? function, then S;f — 0 in

L? as j — —oc and Sjf — f in L? as j — oo (this is an easy consequence of

Parseval’s theorem). By telescoping the series, we thus have the Littlewood-Paley
decomposition

+oo
f= Z Ajf? (23)

j=—oc0

for all f € L?, where the summation is in the L? sense. Notice that

Jj+2 Jj+2
ANif= " AA) =D iy f,
1=j—2 I=j—2

then from the Young inequality, it follows that
1

1A;fllze < C29G= A f| o, (2.4)

where 1 <p < ¢ < oo, C is a constant independent of f,j.
Let s € R,p,q € [1,00], the homogeneous Besov space B, , is defined by the
full-dyadic decomposition such as

By, =/ € Z/®): | fl5, < oo},

where
+oo

. 1/q
1ls, = (2 218005,
Jj=—00
and Z’(R?) denotes the dual space of Z(R3) = {f € S(R?) : D*f(0) = 0; Vo € N3}.
We refer to [16] for more detailed properties.

3. PROOF OF THEOREM [I.1]

We set
|Vul? = Z |Ohus)®,  |VZul? = Z |0k Oju; |
ik i,5,k
Differentiating both sides of equation (1.1)) with respect to zj, taking the scalar

product with dpu, adding over k and, finally, integrating by parts over R"™, we show

that
1d 2 212
s | |Vulde+ [ [VPulde = — [ V[(u-V)u] - Vude

= Z /akui azuj . 8kUjd.’E.

i,k
Following [I], we consider separately the three cases i # 3; ¢ = 3 and j # 3;
1 = j = 3. We only need to deal with the case i = j = 3. Since O3u3z = —d1u1—0xus,
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it readily follows that
/8kui - Opuj - Opudr = —/6ku?, - (O1u1 4 Oqug) - Ousdx
< 2/ V| - |Vul?d.

And thus we get
Ld
2dt

Now we assume that (1.5 holds. Then

I<2[[Vull> - || [Vul - [Vul |-
<2/ Vullzz - [Vl x, [[Vull g
< ClIVullzz - [IVall ¢, [IVull ="Vl 7
by the interpolation inequality
lwll 7 < Cllwllz="[Vewlz., (3.2)

/|Vu|2d:v+/|v2u|2dx < 2/|va| |Vuldr = 1. (3.1)

whence
_2
I < el V2ullz: + CIIVall 3 (IVullZs,

for any € > 0 by Young’s inequality. Inserting the above estimates into (3.1) and
taking € small enough and the Gronwall’s inequality yield (1.9).
Next we assume that (|1.6)) holds. Then

I <2|Vull gl [Vl - [Vul [
< ClIVull g I Vally, ,, [[Vull g
2 ~ 1—r 2, T
< O|IV2ull = | Vally, , IVull 2" IV2ull7. (by (3-2))

_2
< e Vullz: + CVally " [IVuls

for any € > 0 by Young’s inequality. Inserting the above estimates into and
taking € small enough and the Gronwall’s inequality give .

Now we assume that holds. For any € > 0, then there exist o and ( such
that Vi = o+ 6, ||| Lo (0,13v2) < € and § € L>((0,T) x R?),

[<2 / o] - [Vuldz +2]8] o< || Vul 2

< 2/Vull g lll af - Vaul gy + C|Vull7

< 2Vl g llelly, [Vl g1 + ClIVullZ2

< 2¢|[V2ul|72 + O Vul|72.
Inserting the above estimates into and taking e small enough and then the
Gronwall’s inequality show (|L1.9)).

Finally we assume that (|1.8]) holds. Then using the Littlewood-Paley decompo-
sition ([2.3)), we decompose Vu as follows:

+oo N
Vii= Y A(VE) = Y A(VE)+ Y AfVE)+ Y A(Va).
{=—N

{=—o00 {<—N >N
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Here N is a positive integer to be chosen later. Substituting this into I, we have

1<2 >y /|AZ V)| |Vul?dz + 2 Z /|Az V)| |Vul?dz

{<—N

+2Z/|A@ (V)| |Vul2dz

(>N
= Il + IQ + 13.

For I, from the Holder inequality and ([2.4)), it follows that

L<2 Y [ AVD)] =] Va2
{<—N

<2YVulia Y 22| A(VE)| .
{<—N
_3 ~ _3
< C272N||Vul|7. |Vall: < C272Y|[VulZ..
For I5, from the Holder inequality, it follows that

N

L <2|Vula Y 1AVl
{=—N

< C|[Vull3s - N Vil _
= ON|[Vull3: |Vl 5o

(3.3)

For I3, from the Holder inequality and ([2.4)), it follows that

Is < 2| Vul3s 3 AV 1o
>N
< CIVul3s Y 28| Al(Va)|

>N

<ovult (2 (X v )

>N >N
< C|[Vul[fs2~ % V22
< 0277 | Vul7a ]| Vul 2
< 0277 |Vl 2 | V2ul 3
by the Gagliardo-Nirenberg inequality
IVulls < ClIVallr2 [Vl 2.
Inserting the above estimates into , we find that
1< 023N |[Vul}e + ON|Vill gy [Vulfe + C27 % Vul 12| V?ul 2.

Now we choose N so that C27 % | Vul| g2 < 1iie

21log™ (20| Vu| 2)

N >2
== log 2

Then )
I<C+ C||Vu||2L2 + C||Vu|\%2 log(e + [|Vu||z2) + §HV2u||2L2
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Insetting the above estimates into (3.1)) and the Gronwall’s inequality give (1.9)).
This completes the proof.
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