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POSITIVITY AND STABILITY FOR A SYSTEM OF
TRANSPORT EQUATIONS WITH UNBOUNDED BOUNDARY
PERTURBATIONS

CIRO D’APICE, BRAHIM EL HABIL, ABDELAZIZ RHANDI

ABSTRACT. This article concerns wellposedness, positivity and spectral prop-
erties of the solution of a system of transport equations with unbounded bound-
ary perturbations. In particular we obtain that the rescaled solution converges
to the unique steady-state solution as time approaches infinity on a weighted

L'-space.

1. INTRODUCTION

Inspired from a queueing network model studied by [4], [6], [8], [10], we propose
in this paper to study the qualitative and the quantitative properties of the system

of partial differential equations

1
onl) Dy [ (e, 20,0 € 0.1),
0

ot or
opi(z,t)  Opi(z,t)
5 + e —(a+ p(x))p1(z,t), t>0,2€(0,1),
Opn(z,t)  Opn(x,t) B
o T g = —(at p(@)pa(wt) + apni (2, 1), (1.1)

fort >0, z€(0,1), 2<n<N+1,

2 B 0 t
pralnnl) | O] a)pia(et) + ap(0,0),

fort >0, z € (0,1),

with the boundary conditions
po(0,t) = po(1,t), t=>0,
p1(0,2) = apo(1,t) + qap1 (1, 1) + Ep2(1,1), >0,
pn(0,) = qfipn(1,t) + nfippia(L,t), 2<n<N+1,t>0,
pn+2(0,t) = qiipn+2(1,t), >0,

(1.2)
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and the initial values

po(z,0) = fo(z), x€(0,1),
p1($>0) f1(fL'), T e (071)7
pn(2,0) = fo(z), 2<n<N+1, z€(0,1),
pN+2(I7O) = fN+2(‘T)’ S (071)7

where f; € L'(0,1) for i € {0,1,...,N + 2}. Using the language of operator
matrices we see that equations (1.1])-(1.2) are equivalent to

(1.3)

Po Po Po Po
b1 b1 b1 b1
o | . +0: | . =Q| . |+R| . (1.4)
PN+2 PN+2 PN+2 PN+2
p0(07t) po(lvt)
p1(07t) pl(lat)
. =P . , (1.5)
pn+2(0,7) pn+2(1,1)
where @) is the multiplication operator
0 0 0 O 0 O 0
0 D 0 0 0 O 0
0 «a D O 0 0 0
0 0 a D 0 0 0
@= . . 0 0 0 ’
0 0 0 O D 0 0
0 0 0 O a D 0
0 0 0 O 0 o —u()

and R the integral operator

0 n¢ 0 O 0 0 0
0O 0 00 0 0O
0 0 0 O 0 0 O
0 0 0 O 0 0 O
R=1 . 0 00
0 0 0 O 0 00
0O 0 0O 0 0O
0 0 0 O 0 0 O
with U(yp) = fol o(z)p(z)dz and Dy = —(a + u(.))p for ¢ € L1(0,1). The (N +

3) x (N + 3)-matrix ® is

1 0 0 O 0 0 O
a qg n 0 0 0 O
0 0 ¢qg 7 0 0 O
0 0 0 ¢ 0 0 O
¢ = . 0 0 0
0 0 0 O 0 0
0 0 0 O 0 ¢ n
0 0 0 O 0 0 g¢q
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Here and in the sequel we suppose that p € L>=((0,1),Ry), n € (0,1), g:=1—mn,
Ao > 0 and take without loss of generality fol w(x)dz = i = 1. Hence, equations
— are similar to a model describing the growth of a cell population proposed
by Rotenberg [II] (see also [1], [2]).

On the Banach space X := [L'(0,1)]¥*3, N > 1, endowed with the usual norm

N+2
lell =Y lleillzion, ¢ € X,
i=0

one can see that Q, R € L(X). Then the problem (|1.3)-(1.5) can be written as the
Cauchy problem
P'(t) = A,,P(t)+ BP(t) :== L, P(t), t>0,
[oP(t) = ®T P(t) := ®P(t), (1.6)
P(O) = (f07 .. '7fN+2)T S X7
where B = R + @, the operator A,, and the trace application I'y and I'; are
respectively defined by
0
Am = —a—ldx, Fo=90ldx, I't=mldx,
x
where ; : L1(0,1) :— C, v;() = (i) for i € {0,1} and ¢ € L*(0,1).

In Section 2 below we construct the semigroup solution Sg(-) of the Cauchy
problem ([1.6]) and give the explicit expression of the unperturbed semigroup To(+)
corresponding to A, (i.e. B=0).

In Section 3 we prove the irreducibility of the semigroups Se¢(-) and To(+), and
show that the growth bound of T (:) is wo(Te) = 0.

In the last section we investigate the spectrum of the generator L¢ of the semi-
group S (-) and we prove in particular that the spectral bound s(Lg) of Lg is a
dominant eigenvalue and a first order pole of the resolvent of Lg. As a consequence
we obtain that the rescaled semigroup (e™*(*®)Sg(t));>0 converges to the unique
steady-state solution as t goes to infinity on a weighted L'-space.

2. CONSTRUCTION OF THE SEMIGROUP SOLUTION OF
In this section we prove that the operator
Loy = (Ae + B)p = (Am + B)e,
D(Ls) = D(As) := {p € W0, )]V*?, Top = @T'1p = B}

generates a Cp-semigroup Sg () on X. Thus the Cauchy problem (1.6) is wellposed.
Here W(0,1) = { € L'(0,1) : 92 € L'(0,1)} is the first Sobolev space equipped
with the norm

dp
lelwr oy = llellzion + 5 lrio-
First, it is known that the operator Ay, defined by
AO@ = AmgO, D(AO) = {90 € [W1(07 1)]N+37 FO(;O = 0}7
generates the positive Cy-semigroup (Tp(t))¢>0, given by

To(H)p(x) = X(t,1)(@)p(x — 1)
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. 1, ifx>t,
with X(t’l)(x) = 0, otherwise.

We show now that the operator Ag generates a Cop-semigroup (To(t))i>0 on X.
To this purpose we give the expression of the resolvent of Ag.
Lemma 2.1. For A > log(1 + ), the resolvent R(\, Ag) of Ag is given by
R\ Ag)g = (A—Ag) lg=e M (Id—e*®) 71O (A\—-Ag) Lg+(A—Ap) " tg, (2.1)
forge X.

Proof. Let A > log|®| = log(1 + a), v» € C¥*3 and g € X. The general solution of
the equation

Ap + gw =g
ox ’ (2.2)
Cop = .
1S
o(z) = e MY+ (A — Ag)'g(a). (2.3)

We have to show that the solution of (2.2)) satisfies the boundary condition ¢ =
®T'1p. So, by (2.3) we obtain
Y =e M Pih 4+ B (N — Ag) g

Hence, [Id — e *®]ip = ®T'1(A — Ag)~1g. Since e *|®| < 1, it follows that the
equation (2.2) with the boundary condition T'g¢ = ®I'1¢ has a unique solution
given by

p(x) = e M(Id— e )1 (A — Ag) 'g+ (A — Ao) 'g(a).
Moreover, ¢ is in (W1(0,1))¥*3 which implies that ¢ € D(Ag) and this proves
2. 0

Now, we show that operator Ag generates a Cy-semigroup on X.

Theorem 2.2. On X the operator Ag generates a Co-semigroup (T (t))i>o satis-
fying
T ()]l 2x) < (14 a)e 80+, (2.4)

Proof. On X we define a new norm

1
mww=[j1+®ﬂwmua peX

Since

lell < lllelll < X+ a)llell, ¢ € X, (2.5)
these two norms are equivalent. Take A > log(1+a), g € X and set ¢ = R(\, As)g.
Multiplying (2.2]) by (1 4+ «)*sign(¢)(x) and integrating by parts, we find

1
WWMZAA(1+®ﬂmew
1 a 1
<- [ arargle@ldst [ 1+ aflg@)ds
0 Oz 0
< gl + log( + Wlllglll + Tog| — (1 + )T

= [llgllf + log(1 + a)ll¢ll] + Tow| — [®[[T1¢|
< llgllf +log(1 + a)ll¢ll]-

A
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Consequently,

1
A <
1B Aol < o

Since D(Ag) is dense in X, the Hille-Yosida theorem implies that Ag generates a
Co-semigroup T (+) satisfying

1 To(6)]]] < eloet+) ¢ > 0.
Now the estimate (2.4]) follows from (2.5)) and this completes the proof. O

Since B € L(X), by the bounded perturbation theorem (cf. [3, Theorem III.1.3])
we obtain the following generation result for the operator L.

lglll-

Theorem 2.3. The operator Le generates a Co-semigroup (So(t))i>0 on X satis-

fying
1Se ()]l xy < (1+ o)etllog(+a)+(+a)lIBl)

In the remainder part of this section, we give an explicit formula for the semi-
group Tp(-). For this purpose we define, on the space [W!(0,1)]¥*3, the linear
operator 7g(t) by

T@(t)(p(x) = XJ0,t] (.’II)(I)FlTo(t - l‘)(p7 HAS <Oa 1)) 0<t<1 (26)
for ¢ € [W1(0,1)]VF3, where xjo 4 is the characteristic function of the interval [0, ]

defined by
(2) 0, ift<ux,
xTr) =
XDt 1, otherwise.

For ¢ € [W1(0,1)]V*3 we have

1
1 Ta ()]l = / X (£) 0 T (t — )| d
0

t
<1+ a)/ T To(t — )| dx
0

< (1 +a)/0 Ix(1,t —2)p(1 —t +z)| dz 27)

<(1+a) [ loll—a)ldr

=1+l
Since [W1(0,1)]V*3 is dense in X, the operator 73(t), t € [0,1], can be extended
to a bounded linear operator on X which will be also denoted by 7 (t).
Lemma 2.4. The family (75(t))o<t<1 satisfies:
(i) 75(0) =0, and ||Te(t)| z(x) < (14 @) for all t € [0,1],

(ii) for all t,s € [0,1] such that s+t € [0,1], To(t)To(s) = 0.
Proof. (i) It is easy to see that 73(0) = 0. The estimate has been proved above

(see ([2:7)).
(ii) Let o € [W1(0,1)]¥+3, ¢, 5 € [0, 1] such that s+t € [0, 1], and set ¢ = To(s)¢p.
Then
(@) = Xj0,5) (1)@ (To (s — x))(1)
= X[0,5] (%) Pp(1 — 5+ x)
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=: X[o,s] (%) Py(z)
with y(z) := p(1 — s +2) € CVN*3. Hence,

T5 ()¢ () = (To(t) X0, PY(-)) (2)
= X0, () 2T To (t — 2)X[0,5 Py (")
= X0, () ®x[0,5)(1 =t + 2)Py(1 —t + ) =0,
since x[o,s](1 —t+ ) = 0 for all z € (0,1). The denseness of [W!(0,1)]¥+3 in X
completes the proof. O

To show the main result of this section, we define some auxiliary operators. For
any t > 0 there exists n € N and r € [0, %) such that t = § + r. We define the
operators Bg(t), t > 0, by

Bo(t) := (Ba(1/2))" Ba(r),
where By (t) = To(t) + To(t) for ¢ € [0,1].
Lemma 2.5. The family (Bo(t))i>0 is a Co-semigroup on X.

Proof. The uniqueness of the decomposition ¢ = § +r with n € N and r € [0, %)
implies that the operators Bg(t), t > 0, are well defined. Moreover, from the
boundedness of Bg(t) follows that Bg(t), t > 0, are bounded linear operators on
X, and the following holds

Bg(0) = Ba(0) = Ty(0) + 75(0) = Id.
We propose now to show the semigroup property. First, we start with the case
t,s € [0,1] with s +¢ € [0, 1] and prove that
Ba(t)Ba(s)p = Ba(t + 5)p (28)
for ¢ € X. In fact, for ¢ € [W(0,1)]V*3 (and hence by density for ¢ € X), we
have
By (t)Ba(s)p(z)
= (To(t) + To (1)) (To(s) + Ta(s)) ()
=To(t + s)p(x) + To(t)To(s) () + To(t) To(s)e(x)
=To(t + s)p(x) + X0, () PT1 To (t + 5 — x) o + X[t,1)(2) To (8)p(x — 1)
=To(t + s)e(x) + X106 (%)X (145,11 (%) + X[0, (T)X[0,445] (@) ] PT1To (¢ + s — z)p
+ X211 (T) X045 (2)PT1 To (¢ + 5 — 2)
= Bo(t + s)p(z).

Next, by an easy computation one sees that

(T To()e + To(r)Ta(3)¢) (@) = (To(3)Ta(r)e + Ta(H)To(r)e) (2)

1
= X[O,T+%]($)®F1T0(T’ + 5 - (E)QD

for all ¢ € X. This shows that

L (2.9)

B@(T)B@(I/Q) = B(I)(I/Z)B.:I)(T) for all r € [0, 5
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Now, the semigroup property
Bs(t+s) = Bo(t)Ba(s), t,5>0

follows from |i and 1) For the strong continuity, let us consider ¢ € (0, %)
and ¢ € X. Then Be(t)p — o = (To(t)p — ) + Ta(t)p — 0 as t — 0T, since Tp(+)
is strongly continuous and ||7s(t)¢]| < (1 + @) f117t |o(2)] de. O

Theorem 2.6. The semigroups Ty () and Bg(-) coincide.

Proof. We denote by C the generator of the Cp-semigroup Bg(:). Let ¢ € D(Ag),
t € (0,1) and set ) = ¢ — T'p. Then
1 —

T(Ba(t)p — @) + ¢’

= 2Tt — )+ 9 + 10t () — Dlog + 1 Talt)e

1 1 1
= ;(To(t)w —) +9 — ;X(o,t)(')FOSO + ;X(o,t)(')‘b@(l —t+-).
Since 1 € D(Ap) and Top = Py, it follows that
1 —
lim —(Bg(t)p — "=0.
Jim —(Ba(t)e — ) + ¢
Hence, D(Ag) C D(C) and C|p(a,) = As. Since C' and Ag are both generators,
we deduce that Ag = C and therefore Ty (-) = Ba(-). O
3. IRREDUCIBILITY AND SOME SPECTRAL PROPERTIES

In this section we study the irreducibility of the semigroups T () and Sg(-), and
we characterize the growth bound wy(7Te). We begin by proving the irreducibility.
To this purpose we need the following lemma.

Lemma 3.1. Assume that A generates an irreducible Cy-semigroup T(-) on a Ba-
nach lattice X and B € L(X) is such that e!® > 0,¢t > 0. Then the perturbed
semigroup S(-) is irreducible.

Proof. Since the semigroup (e'B);>¢ is positive, it follows that B + || B||Id > 0 (cf.
[9) Theorem 1.11.C-II]). Hence the semigroup generated by A+ B+ || B||Id satisfies

Bty > T(t), t>o.

Thus the irreducibility of 7(-) implies that the semigroup (el S(t));>q is irre-
ducible. Hence, S(-) is irreducible too. O

As a consequence we obtain the following result.
Proposition 3.2. The semigroups (To(t))i>0 and (So(t))i>o are irreducible.
Proof. Let A > In(1 + ) and ¢ > 0. By Lemma [2.1] we have
(A= Aa) o= (Id =7 @) TIBI (A — Ao) o+ (A — Ag) 'y
>e MId—e 20) IO (A — Ag) Lo
> e*’\‘i(e”‘@)"@lﬁ(}\ — Ag)

n=0

> e MO (N — Ag) Lo
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1
= e_’\@(/ AN p(s) ds) >0,
0

since (A — Ag) " to(z) = [y 5= p(s)ds and ® > 0. Hence (A — Ag)~ ! is irre-
ducible and therefore Tg(+) is irreducible.
Now, we decompose B as B = By + B; with

0 n¢ 0 0 0 0 0
0 0 0 0 0 0 0

0 a 0 0 0 0 0

0 0 «a 0 0 0 0

Bo = .o 0 0 0]
0 0 0 0 0 0 0

0 0 0 0 a 0 0

0 0 0 0 a 0

00 0 0 0 0 0
0D 0 0 0 0 0
00 D 0 0 0 0

0 0 0 D 0 0 0
Bi=f(_ 0 0 0
00 0 0 D 0 0
00 0 0 0 D 0
00 0 0 0 0 —pu()

Since By is a real multiplication operator on X, it follows that (e!B1),> is a positive
semigroup on X. Thus, by the positivity of By, we get the positivity of (e!?);>0
on X. Hence, the irreducibility of Sg(-) follows now from Lemma [3.1] O

Proposition 3.3. The growth bound of the semigroups Te(-) satisfies
wo(Te) = 0.
Proof. Since o(Ag) = 0, it follows from the proof of Lemma that
A€ o(Ag) <= 1€ a(e D).
An easy computation shows that
det(Id — e @) = (1 —e M) (1 — ge MHN+2,

Hence, 1 € o(e™*®) < e* = 1 or e* = ¢. This implies that {R\ : A\ € 0(As)} =
{0,1log ¢} and thus

s(Ae) = wo(Te) =0,
since ¢q € (0, 1). O

4. THE SPECTRAL BOUND OF THE GENERATOR OF Sg(+)

In this section we are interested in studying some spectral properties of the
generator Lg of the semigroup S (-) on X. In particular we show that 0 < s(Lg) =
wo(Se) > 0 is a dominant eigenvalue and a first order pole of the resolvent of L.
Here, as in [10], we use an abstract framework developed by Greiner [5].

On the product space X := X x CN*3, we define the operators

Ay = <_Lfno g) with D(Ag) := D(Ln) x {0},
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0 0 . N+3
B:= 3 0 with D(B) := D(L,,) x C"™°,

L, O

A:AO—’_B:(@—FO O

) with D(A) := D(L,,) x {0}.

Set Xy := X x {0} = D(Ap). Since I'y € L(D(A,,),CN*3) is surjective one can
define for v € p(Lg) the operator D,, := <F0|kcr('nym))_1 € L(CN+3 ker(y — Ly,))
called the Dirichlet operator. Moreover,

Ry, Ao) = (RW(»)Lo) %y) |

The part A|x, of Ain X} is given by

D(Alxy) = D(La) x {0} and  Alx, = (Loq> 8) '

Thus, A|y, can be identified with the operator (Le,D(Lg)). Furthermore, for
v € p(Lo), the following characteristic equation holds (cf. [I0, Page 11])

v € op(Le) & 1€ 0,(D,) =0 (®D,) (4.1)
and if in addition there exists 3 € C such that 1 € p(®Dg), then
v€oa(Le) & 1€ a(PD,). (4.2)

Let us consider the operators Dy, Dy and Dy defined on W;'(0,1) := {p €
WH(0,1) : ¢(0) = 0} by Doy = —¢', Dip = —¢' — (a + u()p and Dyp =
—¢' — u(-)p, € Wy (0,1). Then, for any v € C, we have

(RG Do) = [ " () ds,

(R(y, Dy)p) () = e~ 1+ (o) / OIS B o) g,
0

(R(v, Da)g) () = e~ 1= J wlo)de / eI M7 o (5)ds
0

for ¢ € L'(0,1) and x € [0, 1]. Set
1= R(’Yu D0)7
T1,2 = WR(V,DO)‘I’R(% Dl>7
rig =" FR(y, D)7 2< k< j < N+2,
rntak = oV TER(y, Do) R(y, Dy)Y TR, 2 <k <N +3.

Then the resolvent of Ly can be computed explicitly as the following lemma shows.
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Lemma 4.1. For the operator (Lo, D(Lg)) we have p(Lg) = C and

T1,1 T1,2 0 0 0 0
0 72,2 0 0 0 0
0 73,2 73,3 0 0 0
0 T4,2 74,3 74,4 0 0
R(77L0) = .
0 7rNi22 TN423 TN424 ... TN42N42 0
0 7”N432 TN432 TN434 --- TN43,N+2 TN43,N+3

One can also characterize ker(y — L,,) for any v € C and therefore one obtains
an explicit formula for the Dirichlet operator D,. To this purpose, for v € C, set

k T
e (x) = L pke—(rta)e—Jg we)ds 0 < k<N,

k!
1
=20 =) [ o) (o)iz,
’ Y 0
. N+l—k
di 3y = exp(—7- 7/ u(s)ds) — Z €, 1<k<N+1,
0 n=0

d7v+3,N+2 = exp(—7 - */0 p(s)ds).

Lemma 4.2. For v € C, the Dirichlet operator D, is given by

e T dll 0 0 . 0 0
0 € 0 0 .. 0 0
0 €] eg 0 . 0 0
0 €y €] € 0 0

D, =
0 67\[ 67\,_1 67\,_2 e eg 0
y
0 d7v+3,1 d7v+3,2 dyyss - d7v+3,N+1 d7V+3,N+2
By setting

az,jzoif 0<k<Nandj>k+2,
ag,o =e 7,
alo =ae 7,
ag,l = d’{,l(l)v
a¥,1 = O‘dll(l) + qeg (1) +nef (1),
ab = neg(1),
a3y = q€g (1) +nef (1),

agy = qe)_ (1) +nel(1), 2<k<N if N>2,
Ao n = Ay 3,(1), 1<k<N+2
b’zy\r+1,k =qey (1) + nd7V+3,k(1)v 1<kE<N+1,
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b’JY\7+1,N+2 = 77d7v+3,N+2(1),
one deduces the expression of 67)7.

Lemma 4.3. For v € C, the matrix 5@7 s equal to

ago a9y 0 0 0 0 0
alo aiy’l a¥’2 0 0 0 0
0 a;)l a;’g a1’72 0 0 0
0 a3, as a3 0 0 0
0 az’l ag’l a;”l 0 0 0
0 a}y\,_l’l ) ) . ag,z alQ 0 0
0 a?v’l a]vim ) . a;,l a;’z aY,Q 0
0 Ddyirn DNgre bAais oo o BNy DNpiner Dhginae
0 a} a’ a} . . al a} a’
N+2,1 ONy22 ONy23 N+2. N ONj2Nt+1 ONy2,N+42

Remark 4.4. By setting ®D., = (QE?))lgi’j§N+3, v > 0, we have lim,_, 4 ozl(?) =
0. Hence, there is 8 > 0 such that r(®Dg) < 1. This implies that 1 € p(®Dg). So,
by (4.1), (4.2) and Lemma we get, for any v € C,
vy€a(Ls) = 1€ a(PD,) =0,(PD,) & v € 0,(La). (4.3)
In particular we obtain
o(Le) =op(Lo)

and if 1 € p(®D,,), then

R(v,Ls) = R(7, Lo) + D, (Iden+s — ®D,) "' ®R(y, Lo) (4.4)
(cf. [10, Proposition 1.8]).

The following result shows that s(Lg) > 0.

Proposition 4.5. There exists o > 0 such that 1 = r(®D,,) and therefore
s(Lg) =0 > 0.
Proof. Since @Dy = (agg))1§i7j§N+3 is an irreducible matrix, it follows from [I3]
Proposition 6.3., Chap.I] that r(®Dg) > max;<i<n+3 agio)' In particular,
r(®Do) > agy = 1. (4.5)

On the other hand, by the explicit expression of 5@5 one can see that the function
0 < 8 7(®Djp) is decreasing and limg_, ;o 7(®Dg) = 0. Thus, by continuity and
(4.5)), there exists a unique o > 0 such that 7(®D.,) = 1 € ¢(®D,,). Hence, from
(4.3) we get o € o(La).
Now, take A > v and set ®D) = (ag;)
aﬁ) < aﬁo), it follows from [I3] Page 22] that
r(®D,) < r(®D,,) = 1.

Then, by the positivity of ®Dy and (4.4)), we obtain A € p(Lg) and R(\, Lg) > 0.
Since s(Lg) = inf{y € p(Ls) : R(p,Le) > 0} (cf. [12, Remark 2.3.5]), we get
s(Lg) < A and hence s(Lg) < 79. Thus, since vy € o(Lg), it follows that s(Le) =
Yo- g

)i<i,j<N+3. Since 0 < 0%(‘;) < ozl(»]‘]) and
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The first main result of this paper shows that the spectral bound of Lg is a
dominant spectral value.

Theorem 4.6. The spectral bound s(Le) of Le is a first order pole of the resolvent
and the boundary spectrum of Le is given by

oo(Le) = 0(La) N {RA = s(Le)} = {s(La)}.
Proof. Tt follows from (4.4)) and the compactness of ®R(v, Lg), Ry > s(Lg), that

Tess(R(7; La)) = ress(R(7, Lo)), Ry > s(La).
Since o(Lgp) = 0, we deduce from the spectral theorem for the resolvent (cf. [3])
that 7ess(R(7, Lo)) = 0 and hence

Tess(R(7,La)) =0, Ry > s(Lg).
This implies that ﬁ@@) is a pole of finite algebraic multiplicity for any A > s(Lg).
By [9l Proposition 2.5.A-IIT] we deduce that s(Lg) is a pole of finite algebraic
multiplicity and the first assertion is proved by applying [9, Proposition 3.5.C-III],
since Sg(-) is irreducible (see Proposition [3.2)). For the second assertion we note
first that, by
Proposition s(La) = o > 0. Let us consider a € R such that

42
la| > \/(160%)2—’702 =:&o-

Then, it is easy to see that

i ()] < diy (1)
Hence,
) < 0l and o) < af))
forall 4,7 =1,..., N 4+ 3, where (ag))léi,jSN-s-S = ®D,, v € C. So, by [13, Page
22] and Proposition we obtain
T(6D70+ia) < T(EID’YU) =1

Thus, by (4.3]), we get vo +ia € p(Lg) for any a € R with |a| > &. This means
that o,(Lg) is bounded. On the other hand, using [9, Proposition 2.9.C-IIT] and [9,
Proposition 2.10.C-III], we obtain that o},(Lg) is cyclic, i.e., if a+ib € o,(Ls), a,b €
R, then a + ikb € o,(Ls) for all k € Z. Now, the boundedness of o,(Lg) gives the
second assertion. (]

Now, we deduce the asymptotic behavior of the semigroup (Se(t)):i>o0-

Theorem 4.7. There erists 0 < w € [L>°(0,1)]N¥+3 such that the rescaled semi-
group (e‘S(L‘P)tS@(t))tZO converges to the unique steady-state solution ast goes to
infinity in the weighted space L. := [L'(0,1;wdx)|N*3; i.e., there is 0 < ¢ € LY
and 0 < @ € (LL)* such that

lim ¢~ #)Sg (1) = (@, ) L1, 9

t—oo

for all € LY, where the limit is in L. equipped with the weighted norm

w?

N+2

lelloi= 3 / 1) () d.
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Proof. Since, by Theorem s(Lg) is a first order pole of the resolvent, it follows
from [9 Proposition 3.5.C-III] that there is a strictly positive eigenvector w of L}
corresponding to s(Lg). Hence, e 5(L2)tSg (t)*w = w and therefore

e *E2) Sy ()]l <1 forall t > 0.

On the other hand, we know from Theorem[£.6] Remark[4.4and Proposition[4.1]that
s(Lg) € 0,(La) and S(-) is irreducible. So, we deduce that the set {e~5(L®)tSg (t) :
t > 0} is relatively weakly compact in L. (cf. [8, Lemma 3.10]). Now, the assertion
follows as in [8, Theorem 3.11]. O
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