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UPPER SEMICONTINUITY OF RANDOM ATTRACTORS FOR
NON-COMPACT RANDOM DYNAMICAL SYSTEMS

BIXIANG WANG

ABSTRACT. The upper semicontinuity of random attractors for non-compact
random dynamical systems is proved when the union of all perturbed random
attractors is precompact with probability one. This result is applied to the
stochastic Reaction-Diffusion with white noise defined on the entire space R™.

1. INTRODUCTION

In this paper, we study the limiting behavior of random attractors of non-
compact random dynamical systems as stochastic perturbations approach zero. In
particular, we will establish the upper semicontinuity of random attractors for the
stochastically perturbed Reaction-Diffusion equation defined on the entire space
R™:

du+ (A — Au)dt = (f(x,u) + g(x))dt + ehdW, (1.1)

where € is a small positive parameter, \ is a fixed positive constant, g and h are
given functions defined on R™, f is a smooth nonlinear function satisfying some con-
ditions, and W is a two-sided real-valued Wiener process on a complete probability
space.

By a random attractor we mean a compact and invariant random set which
attracts all solutions when initial times approach minus infinity. The concept of
random attractor was introduced in [12} [13] as extension to stochastic systems of the
concept of global attractor for deterministic equations found in [2} 14} 2], 24], 25], for
instance. In the case of bounded domains, random attractors for stochastic PDEs
have been studied by many authors, see, e.g., [6, [7} [8] 9} 10} 111 12} 13, [17, 18] 19} 20,
22, 23] BT, [32] and the references therein. In these papers, the asymptotic compact-
ness of random dynamical systems follows directly from the compactness of Sobolev
embeddings in bounded domains. This is the key to prove the existence of random
attractors for PDEs defined in bounded domains. Since Sobolev embeddings are not
compact on unbounded domains, the random dynamical systems associated with
PDEs in this case are non-compact, and the asymptotic compactness of solutions
cannot be obtained simply from these embeddings. This is a reason why there are
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only a few results on existence of random attractors for PDEs defined on unbounded
domains. Nevertheless, the existence of such attractors for some stochastic PDEs
on unbounded domains has been proved in [4] 27, 28] [29] [30] recently. The asymp-
totic compactness and existence of absorbing sets for the stochastic Navier-Stokes
equations on unbounded domains were established in [5].

In this paper, we will examine the limiting behavior of random attractors for the
stochastically perturbed Reaction-Diffusion equation defined on R™ when ¢ —
0, and prove the upper semicontinuity of these perturbed random attractors. In the
deterministic case, the upper semicontinuity of global attractors were investigated
in [I4] [15] 16} 25] and many other papers. For stochastic PDEs defined in bounded
domains, this problem has been studied by the authors of [9, 10} [19] 20, 22]. To
the best of our knowledge, there is no result reported in the literature on the upper
semicontinuity of random attractors for stochastic PDEs defined on unbounded
domains. The purpose of this paper is to prove such a result for equation
on R™. Of course, the main difficulty here is the non-compactness of Sobolev
embeddings on R™. In this paper, we will overcome the obstacles caused by the
non-compactness of embeddings by using uniform estimates for far-field values of
functions lying in the perturbed random attractors. Actually, by a cut-off technique,
we will show that the values of all functions in all perturbed random attractors are
uniformly convergent to zero (in a sense) when spatial variables approach infinity
(see the proof of Lemma for more details).

The outline of this paper is as follows. We recall the basic random attractors the-
ory in the next section, and prove a result on the upper semicontinuity of random
attractors in Section 3. This result works for non-compact random dynamical sys-
tems corresponding to stochastic PDEs defined on unbounded domains. In Section
4, we define a continuous random dynamical system for equation in L?(R").
The uniform estimates of solutions for the equation are given in Section 5. Finally,
we prove the upper semicontinuity of random attractors for (1.1]) in the last section.

We denote by || - || and (-,-) the norm and the inner product in L?(R™) and use
|| - |, to denote the norm in LP(R™). Otherwise, the norm of a general Banach
space X is written as || - || x. The letters ¢ and ¢; (i = 1,2,...) are generic positive
constants which may change their values from line to line or even in the same line.

2. RANDOM ATTRACTORS

We recall some basic concepts related to random attractors for stochastic dy-
namical systems. The reader is referred to [II, B (11l [13] for more details.

Let (X,] - ||x) be a Banach space with Borel o-algebra B(X), and let (2, F, P)
be a probability space.

Definition 2.1. (Q,F, P, (0;):cr) is called a metric dynamical system if 6 : R x
Q — Qis (B(R) x F, F)-measurable, 0 is the identity on €, 654; = 6; o 65 for all
s,t € Rand ;P = P for all t € R.

Definition 2.2. A continuous random dynamical system (RDS) on X over a metric
dynamical system (9, F, P, (0:):cr) is a mapping

Rt xQOx X - X, (tw,z)+— ¢(t,w,m),
which is (B(RT) x F x B(X), B(X))-measurable and satisfies, for P-a.e. w € Q,
(i) ¢(0,w, ) is the identity on X;



EJDE-2009/139 UPPER SEMICONTINUITY 3

(ii) p(t+ s,w,) = &(t,0sw,-) o p(s,w, ) for all t,s € RT;
(iii) ¢(t,w,-): X — X is continuous for all ¢t € R™.

Hereafter, we assume that ¢ is a continuous RDS on X over (Q, F, P, (0;):cr)-

Definition 2.3. A random bounded set {B(w)}wecq of X is called tempered with
respect to (0;)icr if for P-a.e. w € Q,

Jim e PYBO_w)||x =0 forall 3> 0,

where || Bl|x = sup,cp [|z]/x-

Definition 2.4. Let D be a collection of ranc}om su~bsets of X. The~n D is called
inclusion-closed if D = {D(w)}ueq € D and D = {D(w)}weo with D(w) € D(w)
for all w € Q imply that D € D.

Definition 2.5. Let D be a collection of random subsets of X and {K (w)}ueq € D.
Then {K(w)}ueq is called a random absorbing set for ¢ in D if for every B € D
and P-a.e. w € ), there exists T(B,w) > 0 such that

¢(t,0_tw, B(l_4w)) C K(w) for all t > T(B,w).

Definition 2.6. Let D be a collection of random subsets of X. Then ¢ is said to be
D-pullback asymptotically compact in X if for P-a.e. w € Q, {¢(tn, 0, w, Tn) 1,
has a convergent subsequence in X whenever ¢, — oo, and z,, € B(0_;, w) with
{B(w)}wea € D.

Definition 2.7. Let D be a collection of random subsets of X. Then a random set
{A(w)}peq of X is called a D-random attractor (or D-pullback attractor) for ¢ if
the following conditions are satisfied, for P-a.e. w € €,

(i) A(w) is compact, and w — d(z, A(w)) is measurable for every z € X;
(ii) {A(w)}weq is invariant, that is,
(i) {A(w)}weq attracts every set in D, that is, for every B = {B(w)}wecq € D,

Jim dist(¢(t, 04w, B(0_w)), A(w)) =0,
where dist(-, -) is the Hausdorff semi-metric dist(Y, Z) = sup,cy inf.ez [y —
z||x forany Y C X and Z C X.

The following existence result for a random attractor for a continuous RDS can
be found in [3, [4 [13].

Proposition 2.8. Let D be an inclusion-closed collection of random subsets of X
and ¢ a continuous RDS on X over (0, F, P, (0t)icr). Suppose that {K(w)}uek
is a closed random absorbing set for ¢ in D and ¢ is D-pullback asymptotically
compact in X. Then ¢ has a unique D-random attractor { A(w)}weq which is given
by

.A(w) = ﬂTZQUtzT(Z)(t, H_tw, K(H_tw)).
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3. UPPER SEMICONTINUITY OF RANDOM ATTRACTORS

In this section, we establish the upper semicontinuity of random attractors when
small random perturbations approach zero. Let (X, || - ||x) be a Banach space and
® be an autonomous dynamical system defined on X. Given € > 0, suppose P,
is a random dynamical system over a metric system (2, F, P, (6;):cr). We further
suppose that for P-a.e. w € Q,¢t >0, ¢, — 0, and x,,, z € X with z,, — z, the
following holds:

lim & (t,w,z,) = O(t)z. (3.1)

n—oo
Let D be a collection of subsets of X. Given ¢ > 0, suppose that ®. has a random
attractor Ac = {Ac(w)}weq € D and arandom absorbing set E. = {E(w)}weq € D
such that for some deterministic positive constant ¢ and for P-a.e. w € (Q,

limsup || Ec(w)||x < ¢, (3.2)
e—0
where || Ee(w)||x = sup,eg, () |7l x. We also assume that there exists €9 > 0 such
that for P-a.e. w € (,
Uo<e<epAe(w) is precompact in -~ X. (3.3)

Let Ay be the global attractor of ® in X, which means that Ag is compact and
invariant and attracts every bounded subset of X uniformly. Then the relationships
between A, and A( are given by the following theorem.

Theorem 3.1. Suppose (3.1)-(3.3) hold. Then for P-a.e. w € €,
dist(Ac(w), Ag) = 0, as €—0. (3.4)

Proof. We argue by contradiction. If (3.4]) is not true, then there 6 > 0 and a
sequence {z,}>2, with x,, € A, (w) and €, — 0 such that

dist(z,, Ag) > 0. (3.5)
It follows from (3.3) that there are yop € X and a subsequence of {z,}52, (still
denoted by {z,}22 ;) such that

lim z, = yo. (3.6)

n—oo
Next we prove yg € Ag. To this end, we take a sequence {t,,}5°_; with ¢, — oco.
By the invariance of A, we find that there exists a sequence {z1,,}52; with x1,, €
Ae, (0_t,w) such that
Ty =D, (t1,0_p,w,21,), Y > 1 (3.7)

By (3.3) again, there exist y; € X and a subsequence of {z1,,}52; (still denoted
by {z1,,}22) such that

lim z;, = y1. (3.8)
By (3.1) and (3.8)) we find that
nh—{lgo (I)en (tl,O,tlw,an) = (I)(tl)yl (39)

It follows from (3.6)-(3.7) and (3.9) that yo = ®(t1)y1. Since z1, € A, (0_4,w)
and Aﬁn (Q*tlw) - Eﬁn (eftlw)a by " we get

limsup ||z1,,]|x < limsup ||E., (0_,w)|lx <c. (3.10)
n—oo

n— oo
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By (3.8) and (3.10) we find that ||y1||x < ¢. Similarly, for each m > 2, repeating
the above procedure, we can find that there is y,, € X such that

Yo = P(tm)ym, Vm=>2, (3.11)
[Ymllx <e, Vm>2. (3.12)

Since t,, — 00, (3.11) and (3.12) imply that yo € Ag. Therefore, by (3.6) we have
dist(xy,, A) < dist(zn,yo) — 0,
a contradiction with (3.5). This completes the proof. d

We remark that the upper semicontinuity of random attractors for stochastic
PDEs as perturbations of autonomous, non-autonomous and random systems was
first proved by the authors in [9], [I0] and [22], respectively. The conditions (3.1])-
of this paper are close but different from that given in [9, 10, 22]. For instance,
the following condition is essentially assumed in [9] 10, 22] (see Theorem 2 on page
1562 in [9], Theorem 3.1 on page 496 in [10], and Theorem 2 on page 655 in [22]):
there exists a compact set K such that, P-a.s.

lir% dist(A(w), K) = 0. (3.13)

For parabolic PDEs defined in bounded domains, the solution operators are com-
pact, which follows from the regularity of solutions and the compactness of Sobolev
embeddings. In that case, the existence of the compact set K satisfying condition
can be obtained by the existence of bounded absorbing sets in a space with
higher regularity (see [9], 10, 22]). However, this method does not work for PDEs
defined on unbounded domains because Sobolev embeddings are no longer compact.
Therefore, in the case of unbounded domains, it is difficult to find a compact set K
which satisfies . In this paper, we require condition rather than .
As proved in Section 6 of this paper, the condition is indeed fulfilled for the
parabolic equation defined on the unbounded domain R™, and hence the upper
semicontinuity of the random attractors follows from Theorem immediately.

4. STOCHASTIC REACTION-DIFFUSION EQUATIONS ON R"™

In this paper, we will investigate the upper semicontinuity of random attractors
of the stochastic Reaction-Diffusion equation defined on R™. Given a small positive
parameter €, consider the following stochastically perturbed equation:

du+ (A — Au)dt = (f(z,u) + g(x))dt + ehdW, z€R" t>0, (4.1)
with the initial condition:
u(z,0) =up(z), =eR"™ (4.2)

Here € and ) are positive constants, g is a given function in L?(R"), h € H2(R™) N
W?2P(R™) for some p > 2, W is a two-sided real-valued Wiener process on a complete
probability space (€2, F, P), where P is the Wiener distribution, € is a subset of
{w e C(R,R) : w(0) =0} with P(Q) =1, and F is a o-algebra. In addition, the
space (2, F, P) is invariant under the Wiener shift:

Qw(’) =w(-+1t) —w(t), we, telR

This means that (Q, F, P, (0;)icr) is a metric dynamical system (see, e.g., [9, 23]
for existence of this space).
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Consider the one-dimensional Ornstein-Uhlenbeck equation:
dy + Aydt = dW (t). (4.3)
One may easily check that a solution to (4.3]) is given by

0

y(Ow) = —/\/ AT (Qw)(1)dr, tER.
— 00

Note that the random variable |y(w)| is tempered and y(f;w) is P-a.e. continuous.

Therefore, it follows from Proposition 4.3.3 in [I] that there exists a tempered

function r(w) > 0 such that

[y(@)* + ly(W)P < r(w), (4.4)
where r(w) satisfies, for P-a.e. w € Q,
r(fw) < eélt‘r(u}), teR. (4.5)
Then it follows from — that, for P-a.e. w € (),
y(0:w)? + [y(Ow)P < e2r(w), teR. (4.6)

Let z(0;w) = hy(6iw) and v(t) = u(t) — ez(6;w) where u is a solution of problem

(4.1)-(4.2). Then v satisfies

% + v — Av = f(z,v + ez2(6w)) + g + eAz(Ow). (4.7)

In this paper, we assume that the nonlinearity f satisfies the following conditions:
For allz € R™ and s € R,

f(l‘,S)S < _al‘s‘p + ¢1($),
f (@, )] < aolsP~ + 4a(2),

Z*JSC(%S) < B, (4.10)
\%(%S)I < ¢3(), (4.11)

where a1, ap and 3 are positive constants, 1; € LY(R") N L>®(R"), and 1 €
L?(R™) N LY(R™) with é + % =1, and 93 € L*(R"™).

It follows from [4] that, under conditions (4.8)-(£.11), for P-a.e. w € Q and
for all vg € L?(R"), has a unique solution v(-,w,vy) € C([0,00), L2(R™)) N
L2((0,T), H*(R™)) with v(0,w, vg) = v for every T' > 0. Furthermore , the solution
is continuous with respect to vy in L#(R™) for all t > 0. Let

u(t,w,ug) = v(t,w,vg) + ez(fiw), where vy = ug — ez(w). (4.12)

We can associate a random dynamical system @, with problem (4.1)-(4.2) via u for
each € > 0, where ®. : RT x Q x L?(R") — L%(R") is given by

P (t,w,ug) = u(t,w,ug), forevery (t,w,ug) € RT x Q x L*(R™). (4.13)

Then &, is a continuous random dynamical system over (Q, F, P, (6;)icr) in L?(R™).
In the sequel, we always assume that D is a collection of random subsets of L?(R™)
given by

D ={D = {D(w)}wea, D(w) C L*(R") and eiéMHB(ﬂ_tw)H — 0 ast— oo},
(4.14)
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where
[B(O—w)l = sup |lu].
uEB(0_1w)

In [], the authors proved that ®. has a D-pullback random attractor if D is the
collection of all tempered random subsets of L?(R™). Following the arguments of [4],
we can also prove that ®. has a unique D-pullback random attractor {A(w)}wen
when D is given by (the existence of {A.(w)}ueq in this case is also implied
by the estimates given in Section 5 of this paper). When e = 0, problem —
defines a continuous deterministic dynamical system ® in L?(R™). In this case, the
results of [4] imply that ® has a unique global attractor A in L?(R") (see also [26]
for existence of global attractors for deterministic parabolic equations in L?(R™)).
The purpose of this paper is to establish the relationships of {Ac(w)}weq and A
when € — 0.

5. UNIFORM ESTIMATES OF SOLUTIONS

In this section, we derive uniform estimates of solutions with respect to the
small parameter €. These estimates are useful for proving the semicontinuity of
the perturbed random attractors. Here and after, we always assume that D is the
collection of random subsets of L?(R") given in ([{.14).

Lemma 5.1. Let 0 < e < 1, g € L*(R") and ([4.8)-(.11) hold. Then for every
B = {B(w)}weq € D and P-a.e. w € Q, there is T(B,w) > 0, independent of €,
such that for all vo(O_iw) € B(O_w),

lv(t, 0_sw,vo(0_w))||> < e |lug(0_1w)||® + ¢+ ecr(w), Yt >0,

t
/ AT Vo (T, 0w, vo(0_sw))||2dT < e M|Jvg(0_w)||? + ¢ + ecr(w), Y t>0,
0

t
/ e)‘(Tft)Hu(T, G_tw,uo(ﬂ_tw))ﬂgdr <c+ecr(w), Vt>T(B,w),
0

where ¢ is a positive deterministic constant independent of €, and r(w) is the tem-

pered function in (4.4]).

Proof. The idea of proof is similar to that given in [4], but now we have to pay
attention to how the estimates depend on the parameter €. Multiplying (4.7) by v
and then integrating over R™, we find that
1d
2 dt
For the nonlinear term, by (4.8)-(4.9) we obtain

o2+ Mv)|?+ | Vo|* = /Rn f(z,v+ez(bw)) vdr+(g,v)+e(Az(biw),v). (5.1)

flz, v+ ez(Ow))vdx
RTL

= flz,v+ ez(0iw)) (v + e2(Oiw)) dax — € flz, v+ ez(0w))z(0;w) dx
R R (5.2)

< - / |u|? dx + Y1(z)dx — € f(z,u) z(6w) dx
R™ R™ R™

1
< —garflullp + eca(ll2(O)[] + [12(000) %) + s,



8 B. WANG EJDE-2009/139

where co and c3 do not depend on e. Similarly, the remaining terms on the right-
hand side of (5.1)) are bounded by

1 1 1 1
lgllllv]l + e V2(@:) [ Vo] < 5)\||v||2 + ﬁllgH2 + §6||VZ(9M)H2 + §HVUH2' (5.3)
Then it follows from (5.1)-(5.3)) that

d

ol + Mol + Vol + enllullf < eca(llz(@w) ]+ [12(0w) [ + [V 2(8:0)]%) + 5.
(5.4)

Note that z(f,w) = hy(6,w) and h € H2(R™) N W?2P(R™). Then we have

12(0:0) |15 + 12(0:)]|* + IV 2(0:0) I < es(ly(0:w) [P + |y(0:w)*) = p1(8iw). (5.5)
By (4.6), we find that for P-a.e. w € €,

p1(6;w) < cgezNlr(w), V7 eR. (5.6)
It follows from (5.4))-(5.5) that, for all ¢ > 0,
d
ol 4 Moll® + Vol + ax [[ullf < ecapr () + e5. (5.7)

Multiplying (5.7) by e* and then integrating the inequality, we get that, for all
t>0,

t
ot @I+ [ A Vo(rw,v0(w) Fdr
0
t
—|—oq/ eA(Tft)||u(7,w,uo(w))\|£d7' (5.8)
0

t
< e_’\t||v0(w)||2 + 604/ e’\(T_t)pl(HTw)dT + cr.
0

By replacing w by 6_;w, we get from (5.8) and (5.6) that, for all ¢ > 0,
t
[v(t, 0w, vo(—_sw))||? +/ ATV (T, 0_yw, vo(0_w))||*dr
0
t
+ o / 0 |Ju(T, 0w, ug(0—yw)) ||Bdr
0

< e Mvg(f_w)|)* + €cq /Ot AT (0, _yw)ds + ¢r

< e Moo (0—w)||? + ecor(w) + c7.

Since vg(f_w) € D, there is T' = T'(B,w), independent of €, such that for all t > T,
e Mvo(6-w) | < 1,

which along with (5.9)) implies the lemma. ([

As a consequence of Lemma [5.1] we have the following estimates for u.

Lemma 5.2. Let 0 < e < 1, g € L*(R") and (4.8)-(4.11)) hold. Then for every
B = {B(w)}wea € D and P-a.e. w € Q, there is T(B,w) > 0, independent of e,
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such that for allt > T(B,w) and up(f_w) € B(0_w),
l|wu(t, 0w, uo(0_w))||* < ¢+ ecr(w),
t+1
/ V(T 01w, up(_¢—1w))||?dT < ¢+ ecr(w),
t
where ¢ is a positive deterministic constant independent of €, and r(w) is the tem-
pered function in (4.4]).
Proof. Tt follows from (4.12)) and Lemma [5.1] that
[ut, 0w, uo(O-w))|I* < 2[Jo(t, 01w, uo(0-1w) — e2(0—w))|* + 2€*||z(w)*

< e M (|lug(0—w)[I* + [|2(0-w)1?) + ¢ + ecr(w),
(5.10)
where we have used (4.4) and the fact 0 < e < 1. Since up(f_1w) € B(H_w)
and [|z(w)||? is tempered, there is T'(B,w) > 0, independent of €, such that for all
t >T(B,w),

e M (luo(B-w)[|* + | 2(0—w)|*) < 1, (5.11)
which along with (5.10]) implies that, for all ¢ > T'(B,w),
lw(t, 0_yw, uo(0_1w))||* < 4+ c + ecr(w). (5.12)

Similarly, we have
VT, 01w, uo(0—s-1w))[|?
= | Vu(r,0_¢ 1w, up(0_¢1w) — ez(0_4_1w)) + eVz(0,_s_1w)|]? (5.13)
< 2|V, 01w, up(0—t—1w) — ez(0_s_1w))||> + 262 V2(0, _s—1w)]|?
For 7 € (t,t+ 1), by we find that
IV 2(0,——1w)||* < cly(Br—i—1w)|> < ce? r(w). (5.14)
By and , we get
IV u(r, 0—t-10, uo(0—e—1w)) ||
< 2|V, 01w, up (0t 1w) — ez(0_s_1w))||> + ecr(w).

Integrating the above expression with respect to 7 in (¢,¢ 4+ 1) we obtain

t+1
/ HVU(T, H—t—lwvuo(e—t—lw))HQdT
t

o (5.15)
< 2/ V(7,0 1w, up(0_;—1w) — e2(0_¢—1w))||%dT + ecr(w).
t
Given ¢ > 0, replacing ¢ by ¢ + 1 in Lemma [5.1] we find that
t+1
A(r—t—1) 2
e Vou(r, 0__qw,ug(0_i_1w) — ez(0_y_1w dr
/ V00701, 0 (O-1-160) = (01| 516)

< 26D ((Jug (- 1-10) |12 + |2(0——10) %) + ¢ + ecr(w).

Replacing ¢ by t+ 1 in (5.11)), we find that the first term on the right-hand side of
(5.16]) is less than 2 when ¢t > T'(B,w). Therefore, we have, for all t > T(B,w),

t4+1
/ AT Vo7, 0w, up(0_1w) — ez(0_4_1w))||2dr < 2 + ¢ + ecr(w).
t
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Since et~ > ¢~ for 7 € (¢,t+ 1), the above implies that, for all t > T(B,w),
t+1
/ Vo (7, 0_¢ 1w, up(0_s_1w) — ez(0_¢_1w))||%dr < e 2+ ¢+ ecr(w)). (5.17)
¢
It follows from (5.15) and (5.17) that, for all t > T'(B,w),
t+1
/ 1 Vu(r, 01w, uo(0_i—1w))||%dr < ¢+ ecr(w),
¢

which along with (5.12)) concludes the proof. O

We are now in a position to establish the uniform estimates of solutions in
H(R").

Lemma 5.3. Let0 < e <1, g € L*(R") and ([4.8)-([.11) hold. Then for every B =
{B(w)}wea € D and P-a.e. w € Q, there is T(B,w) > 0, independent of €, such
that for allt > T(B,w), ug(f—w) € B(0_w) and vg(0_w) = ug(f_1w) — ez(w),

IV (t, 0_tw,vo(0_1w))||* < ¢+ ecr(w),
([Vu(t, O_tw, up(6— ))||2 < c+ ecr(w),

where ¢ is a positive deterministic constant independent of €, and r(w) is the tem-

pered function in (4.4).
Proof. Taking the inner product of (4.7) with Av in L?(R"), we get that

2dt||VU||2—|—)\HVvH2+HAUH2 / f(z,uw)Avdz — (g + eAz(0:w), Av). (5.18)
R’!L

By (4.9)-(4.11)), the first term on the right-hand side of (5.18) satisfies

f(z,u) Avdx
R"'L
=— r,u) Audr + € z,u) Az(0w) dr
[t [ ) st 10
= o1 =—(z,u) Vudz + or = (z,u) |Vu*dz +¢ | f(z,u)A2(0;w)dx
R a R a Rn

<ef

where we have used the fact 0 < € < 1. For the last term on the right-hand side of

(5.18), we have

(9, Av)| + €| (Az(Oyw), Av)| < 5 IIAv||2+ lgl* + ell Az (Bew) . (5.20)

Vull? + [[ullp) + ec ([|A2(0w)[1* + [Az(Bw)[I}) + ¢,

It follows from - ) that, for all t > 0,

d
@HVUH2 < c(IVull® + [[ullp) + ec (|Az(0,w)|1” + [[Az(6:w)]B) + ¢
<c(|Vul®+ [ullB) + ecpa(frw) + c,

(5.21)
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where ps(0iw) = [|Az(0,w)[|> + [|Az(,w)[5. Let T'(B,w) be the constant in Lemma
fix t > T(B,w) and s € (t,t+ 1). Integrating (5.21)) in (s,t+ 1) we find that

t+1
Vot 4 1,w, vo(w))||? < || Vo(s,w, vo(w))||> + ec/ " pa2(0rw)dr
t+1 ’
+ c/ (HVU(T,w, ug(w))||* + ||u(7',w,u0(w))|\g) dr +c.
’ t+1
< ||[Vo(s,w, vo(w)) |1 + ec/t po(0rw)dr

t+1
+C/t (IVu(r, w, uo(@))I* + [lu(r, w, uo(w))[[}) dr + c.

Integrating the above expression with respect to s in (¢,¢ + 1), we have

t+1 t+1
Vot + 1w, v0(w))|* < / IV (s, w, vo(w))[*ds + 60/ p2(0rw)dr
t

t
t+1
+ 0/ (IVau(r,w, uo(W)I* + [lu(r, w, ug(w))Ih) dr + c.
t
Now replacing w by 0_;_jw, we get that
||VU(t + ]., Q,t,lw, U(](97t71W))|‘2

t+1 t+1
< / Vu(s, 01w, vo(0_¢_1w))||*ds + ec/ p2(0r_t_w)dr
¢ t
t+1 (5.22)
+c/ (||Vu(7', 01w, u0(0__1w))]|?
t

+ u(r, 9,t,1w,u0(9,t,1w))||g)d7 te

Replacing ¢ by t + 1 in Lemma we find that there exists 77 = T1(B,w) > 0,
independent of €, such that for all ¢t > T,

t+1
/ AT | Vo7, 01w, vo(0_ 1)) ||PdT < ¢+ ecr(w), (5.23)
t

t41
/ AT (7, 0w, uo(0—t—1w))|[hdr < ¢ + ecr(w). (5.24)
t

Since eM7t1) > e~ for 7 € (¢, + 1), we obtain from (5.23)-(5.24)) that, for all
t> T17

t+1
/ (IV0(r, 01100, 00 (s )II? + [[u(r, 0110, g (B—r—10)) |2
t

< ce*(1 + er(w)).

(5.25)
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It follows from (5.22), (5.25) and Lemma [5.2] that, there is Tp = Tx(B,w) > 0,
independent of ¢, such that for all ¢ > T5,

Vot + 1,611, v9(0_1— 1))

0
<1+ ecor(w) + ec/ po(0rw)dT
-1

(5.26)
0 A
<1 + ecor(w) + 603/ e 2Tr(w)dr < c1 + ecyr(w),
-1
where we have used (4.6)). From (4.12)) and (5.26)) we have, for all t > T5,
[Vu(t +1,0_¢—1w, uo(ﬁ_t_lw))HQ < ¢5 + ecgr(w). (5.27)
The lemma then follows from (5.26)) and (5.27] - (Il

Next, we derive uniform estimates of solutions for large space and time variables.
Particularly, we show how these estimates depend on the small parameter e.

Lemma 5.4. Let 0 < ¢ < 1, g € L?(R") and ([4.8)-(.11)) hold. Suppose B =
{B(w)}weq € D and up(w) € B(w). Then for every n > 0 and P-a.e. w € €, there
exist T =T (B,w,n) >0 and R = R(w,n) > 0 such that for all t > T,

/| 0 w00 ) @) e <
z|>R

where T(B,w,n) and R(w,n) do not depend on e.
Proof. Let p be a smooth function defined on R* such that 0 < p(s) < 1 for all

s € RT, and
() 0 for0<s<1;
S) =
p 1 for s > 2.

Then there exists a positive constant ¢ such that |p'(s)| < ¢ for all s € R*. Taking
the inner product of (4.7) with p(lx‘ )v in LQ(R") we obtain

1d ‘$|2 2 2 2 |zl
33 | o dx+/\/ 255 ) dx+/ Vol ol do
= f(z u)p(@)vdm‘—/ vp(|x|2)2x Vuvdx (5.28)
e TP 2PV 2 '
|22
+ i (g + eAz(6w)) p(ﬁ)v dz.
By (4.8) and (4.9), the first term on the right-hand side of (5.28]) satisfies
2
x
Fle. o yv e
Rn
l2y g — 2l
e yudr — e [ 1wl )(0w) du
e et o
S_76”/ [ulPp(Sz)de+ [ 4up (x ) d
2% Jou o
1 x|? z|?
= §p<'k—‘2>dx+ec [ (0 + 1200)2) o)
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Note that the second term on the right-hand side of ([5.28) is bounded by

2
2

/
= vp (=5 )5 - Vodx 5.30
| k<|z|<v/3k (k2 )kQ | (5.30)
2v/2 | |?
<= [ol 17" (52 Vol da < (||v||2 + [ Vol?).
k<|z|<V2k
For the last term on the right-hand side of ((5.28)), we have
jz/?
| g+eAz (6rw))p(—= 12 Jv d|
2 9 (5.31)
*A |Jf| 2d 1 2 2 Az(0 |1’| d
< PGl de+ < | (9% + E|Az(0)*)p( ) da.
2" Jen X Jan k
It follows from (/5.28] —m that
2\, o >
o dm+)\/ B of?
< E 2 2 2 4 ) o7 g 5.32
_k<|\wn e [ (ol 4ot @) pEh e 6

T 2
+ GC/Rn (|AZ(9tw)|2 + |Z(9tw)|2 + |Z(0tw)|p) p(|k‘7|2

Then using Lemmas and following the process of [4], after detailed calcula-
tions we find that, given > 0, there exist T'= T'(B,w,n) and R = R(B,n), which
are independent of ¢, such that for all t > T and k > R,

/ [o(t, 0_sw, vo(0_w)) > dx < n,
|z| >k

which along with (4.12]) implies the lemma. O

)dx.

6. UPPER SEMICONTINUITY OF RANDOM ATTRACTORS FOR
REACTION-DIFFUSION EQUATIONS ON R"™

In this section, we prove the upper semicontinuity of random attractors for the
Reaction-Diffusion equation defined on R™ when the stochastic perturbations ap-
proach zero. To this end, we first establish the convergence of solutions of problem
— when € — 0, and then show that the union of all perturbed random
attractors is precompact in L?(R").

To indicate dependence of solutions on ¢, in this section, we write the solution
of problem — as u¢, and the corresponding cocycle as ®.. Given 0 < € < 1,
it follows from Lemma [5.2] that, for every B = {B(w)}wco € D and P-a.e. w € Q,
there exists T = T(B,w) > 0, independent of €, such that for all t > T,

|Pc(t,0_tw, B(O_sw))|| < M + eMr(w), (6.1)

where M is a positive deterministic constant independent of €, and r(w) is the
tempered function in (4.4). Denote by

K(w) = {ue LR : [u]l <M +eMr(w)}, (6.2)
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and

K(w)={ue L*R"): |ju]| <M+ Mr(w)}, (6.3)
where M is the constant in (6.1]). Then for every 0 < € < 1, {K (w)}weq is a closed
absorbing set for ®. in D and

Uo<e<1Ke(w) € K(w). (6.4)
It follows from the invariance of the random attractor {A¢(w)},eq and (6.4) that
Up<e<1Ae(w) € Upce<i Ke(w) € K(w). (6.5)

On the other hand, by Lemmas [5.2] and [5.3] we find that, for every 0 < e <1 and
P-ae. w € Q, there exists T = T1(w) > 0, independent of €, such that for all
t 2 T17
||q)6(t, G,tw, K(aftw))”Hl(]R") S M1 + EMl’f‘((.U) S M1 + er(w), (66)
where K (w) is given in (6.3)) and M is a positive deterministic constant independent
of e. By (6.5) and (6.6) we obtain that, for every 0 < ¢ < 1, P-a.e. w € Q and
t> T17
H(I)E(t, G_tw, Ae(ﬁ_tw))HHl(Rn) < M1 + er(w). (67)
By invariance, Ac(w) = ®(¢,0_1w, A (0_4w)) for all £ > 0 and P-ae. w € .
Therefore, by we have that, for P-a.e. w € Q,
H’U,”Hl(]Rn) < M; + er(w), Vue U0<6§1A6(w). (68)
We remark that is important for proving the precompactness of the union
U0<5§1.A6(w) in L2(Rn)

Lemma 6.1. Let g € L*(R") and (4.8)-({.11)) hold. Then the union Up<c<iAc(w)
is precompact in L*(R™).

Proof. Given n > 0, we want to show that the set Up<.<1.Ac(w) has a finite covering
of balls of radii less than 7. Let R be a positive number and denote by

Qr={z€R": |z| < R} and Q% =R" \ Q.

Let {K(w)}weq be the random set given in (6.3). By Lemma we find that,
given n > 0 and P-a.e. w € Q, there exist T = T'(w,n) > 0 and R = R(w,n) > 0
(independent of €) such that for all t > T and ug(0_w) € K(0_w),

2

€ ) n
/leR | (t, 0w, up(O_1w)) ()] de < % (6.9)

By (6.5)), uo(0_tw) € A (f_w) implies that ug(f_w) € K(0_;w). Therefore it
follows from that, for every 0 < e < 1, P-a.e. w € Q,t > T and up(f_w) €
Ac(0_1w),

2
/ U (t, 0w, uo(0—w)) (2) 2 dz < -,
o[> R 16

which along with the invariance of {A¢(w)}weq shows that, for P-a.e. w € Q,
2
/ lu(z)|? do < n—, YV u € Upce<t Ac(w),
| 16 B

that is for P-a.e. w,

lall 2 < Z Y u € UpcestAc(w). (6.10)



EJDE-2009/139 UPPER SEMICONTINUITY 15

On the other hand, implies that the set Up<c<1.Ac(w) is bounded in H'(Qr)
for P-a.e. w € Q. By the compactness of embedding H'(Qr) C L*(Qgr) we find
that, for the given 7, the set Up<e<1.Ac(w) has a finite covering of balls of radii less
than 7 in L*(Qr). This along with (6.10) shows that Up<e<1.Ac(w) has a finite
covering of balls of radii less than n in LZ(R"™). O

Next, we investigate the limiting behavior of solutions of problem (4.1])-(4.2])
when ¢ — 0. We further assume that the nonlinear function f satisfies, for all
r € R"” and s € R,

af p—2
|E(‘T’S>| < asls[P™7 + Ya(2), (6.11)
where ag > 0, thy € L®(R") if p =2, and 4 € L7 2 (R") if p > 2.

Under condition (6.11), we will show that, as € — 0, the solutions of the per-

turbed equation converge to the limiting deterministic equation:

%—l—x\u—Au:f(x,u)—i—g(x), x € R™ t>0. (6.12)

Lemma 6.2. Suppose g € L>(R"), (4.8)-(.11)) and (6.11) hold. Given 0 < e <1,

let u¢ and u be the solutions of equation (4.1) and (6.12)) with initial conditions uf
and ug, respectively. Then for P-a.e. w € Q and t > 0, we have

[ (t,w, uh) — u(t, uo)||* < ce[luf — uoll* + ece™ (r(w) + [|ug]|* + [[uol®) .

where ¢ is a positive deterministic constant independent of €, and r(w) is the tem-

pered function in (4.4).

Proof. Let v¢ = u®(t,w,u§) — ez(Ow) and W = v¢ — u. Since v and u satisty (4.7
and (6.12)), respectively, we find that W is a solution of the equation:

8871;[/ + AW — AW = f(z,u) — f(x,u) + eAz(O:w).
Taking the inner product of the above with W in L?(R") we get
ld 2 2 2
g W+ AW+ VWi
(6.13)
:/ (f(z,u®) — f(z,u))Wdx +e Az(0:w)W dz.
n R’!L

For the first term on the right-hand side of (6.13]), by (4.10) and (6.11)) we have

[ () = flaupWw da
o1

= g(x, s)(u — u)Wdx
R’IL

= %(:ﬂ, s)\W?2dx + e %(m, $)z(0rw)W dx (6.14)
Rn ]Rn

< BIWIP +ean [ (ucl+ lu) a0 Wldo - [ unls(0) W] de
R™ R™

< BIWI? + e (Jully + ully + 12(0u) 5+ IWI2 + el %2 )
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By the Young inequality, the last term on the right-hand side of (6.13]) is bounded
by

1
el Az(0ww)* + S [
(6.15)

DN =

1 1
e/ |Az(O;w)W|dx < 56\\Az(9tw)||2 + §e||W||2 <

It follows from (6.13])-(6.15]) that

d €
TNV < e WP + ec+ ec ([} + ey + 12(0)I1F + 1A2(8:)]* + W)
< WP + ec+ ee (Jullp + lullf + 2(@w)I} + | Az(0iw) )

< el WP +ec+ec (Jufllp + [lullp) + ece? (),
(6.16)
where we have used W = u(t,w, u§) — ez(0;w) — u, the fact 0 < ¢ < 1 and (4.6).

Integrating (6.16) on (0,t) we obtain

t
WP < e WO + et cer(wle [ ePds
0

t
+w/eWﬂuW@wmmm+wmwm@@
0

< BCt”W(O)H2 +ecy + ecyr(w)e?!

(6.17)

t
+wﬂA(M%wwM$+M®wmﬁw

It follows from (j5.8]) that

t t
e s < ()12 e [N (0 e
0

which together with (5.6 implies that, for all ¢ > 0,

¢ ¢
/0 e)‘s||ue(s,w,u6)||gds < ||v5(u))||2 + ec/o eAspl(QSw)ds + ceM

< JJos (W) + er(w) /t e2Mds + ce (6.18)
0
< Ju§ — ez(w)||* + ear(w)est + cet.
Since e** > 1 for all s € [0,], we obtain from that
/t (s, 0, uf)Ipds < 2[lu||® + 2[|z(W)|* + csr(w)e! + ce*. (6.19)
0
Similarly, by for ¢ = 0, we can also get that
/Ot (s, uo)|lhds < cllug)® + ce. (6.20)

By (4.4), (6.17) and (6.19)-(6.20) we find that for all ¢ > 0,
[W(@B)* < e [W(0)[ + ece®” (r(w) + [lugl® + lluol?) - (6.21)
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Finally, by and we have, for all t > 0,
[u(t,w, ug) — ult,uo) | = [W(t) + ex(,w)|>
<2W()||* + cgeer(w)
< 2| W(0)[|* + ece®™* (r(w) + [ug|® + [[uoll?)
< 26 uf — up — ez(w)|* + ece®™ (r(w) + [[ug||* + uoll*)
< deluf — uo|* + ecoe®™ (r(w) + [ug|® + [luol|?) -
This completes the proof. (]

We are now in a position to establish the upper semicontinuity of the perturbed

random attractors for problem (4.1f)-(4.2).
Theorem 6.3. Let g € L*(R"), [@.8)-(4.11) and (6.11) hold. Then for P-a.e.

w e Q,
111% diStLQ(Rn)(AE(w), ./4) = 0, (622)

where

dist 2 () (Ac(w), A) = inf [la — b 2 gn).
istiaen (Acw), A) = sup - inf fla = bllzaqee)

Proof. Note that {K.(w)}weq is a closed absorbing set for @, in D, where K, (w) is
given by (6.2). By (6.2)) we find that
limsup || K(e)|| < M, (6.23)
e—0

where M is the positive deterministic constant in (6.2]). Let €, — 0 and g, — ug
in L2(R™). Then by Lemma 6.2 we find that, for P-a.e. w € Q and t > 0,

., (t, W, U«O,n) - (I)(ta UO)~ (6.24)

Notice that (6.23])-(6.24) and Lemma [6.1]indicate all conditions (3.1))-(3.3]) are sat-
isfied, and hence (6.3)) follows from Theorem immediately. d
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