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OSCILLATORY BEHAVIOR OF SECOND-ORDER NEUTRAL
DIFFERENCE EQUATIONS WITH POSITIVE AND NEGATIVE
COEFFICIENTS

ETHIRAJU THANDAPANI, KRISHNAN THANGAVELU,
EKAMBARAM CHANDRASEKARAN

ABSTRACT. Oscillation criteria are established for solutions of forced and un-
forced second-order neutral difference equations with positive and negative
coefficients. These results generalize some existing results in the literature.
Examples are provided to illustrate our results.

1. INTRODUCTION

Neutral difference and differential equations arise in many areas of applied math-
ematics, such as population dynamics [7], stability theory [13] [14], circuit theory
[], bifurcation analysis [3], dynamical behavior of delayed network systems [I6],
and so on. Therefore, these equations have attracted a great interest during the
last few decades. In the present paper, we focus on the neutral type delay difference
equation

A(an ATy + cntn_t)) + Puf(Zn-1) = @nf(Tn—m) =0, (1.1)
AlanA(zn = cnn—k)) + Puf(Tn1) = @nf(Tn-m) =0, (1.2)

where n € N(ng) = {ng,no+1, ...}, no is a nonnegative integer, k, [, m are positive
integers, {an},{cn},{pn}, {qn} are real sequences, f : R — R is continuous and
nondecreasing with wf(u) > 0 for u # 0.

Let 8 = max{k,l,m}. By a solution of equation ((1.2)) we mean a real
sequence {r,} which is defined for all n > ng — 6, and satisfies equation
((L.2)) for all n € N(ng). It is also known that equation (|1.1)) ((1.2)) has a unique
solution {z,} if an initial sequence {zo(n)} is given to hold z, = xo(n),n = ng —
O,ng—60+1,...,n9. A nontrivial solution {z,} of equation ((1.2)) is said to
be oscillatory if it is neither eventually positive nor eventually negative and it is
non-oscillatory otherwise.

Determining oscillation criteria for difference equations has received a great deal
of attention in the last few years, see for example [I] 2] and the references quoted
therein. Sufficient conditions for oscillation of solutions of first order neutral delay
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difference equations with positive and negative coefficients have been investigated
by many authors [2] 9], [0, 1T} [13]. On the other hand in the recent papers [5,[6] 8] [12]
the authors obtain some sufficient conditions for the existence of nonoscillatory so-
lutions and oscillation of all bounded solutions of second order linear neutral dif-
ference equations with positive and negative coefficients. To the best knowledge of
the authors, there are no results in literature dealing with the oscillatory behavior
of equations and . The purpose of this paper is to derive sufficient con-
ditions for every solution of equation and to be oscillatory. Our results
improve and generalize the known results in the literature.

In Section 2, we present sufficient conditions for oscillation of all solutions of
equations (|1.1)) and . In Section 3, we establish oscillation results for equations
and with forcing terms. Examples are provided in Section 4 to illustrate
the results.

2. OSCILLATION RESULTS FOR EqQuaTIONS (1.1)) AND ([1.2))

In this section, we obtain oscillation criteria for the solutions of ([L.1)) and (1.2).
We shall use the following assumptions in this article:

(H1) {an} is a positive sequence such that 377 L = o0;
H2) {c.}, {pn} and {g,} are nonnegative real sequences;

H4) pn — gn—m+1 = b > 0, where b is a constant;

H5) there exist positive constants M; and M, such that M; < @ < M, for
u # 0.

We begin with the following theorem.

(H2)
(H3) I > m;
(H4)
(H5)

Theorem 2.1. With respect to the difference equation (1.1)) assume (H1)-(H5). If

m+1>k, 0<c¢,<¢ fornéeN(ng), (2.1)
and

00 n—1
DD DR “L—j) (2.2)

n=ng s=n—Il+m

then every solution of (1.1)) is oscillatory.

Proof. Suppose that {z,} is a nonoscillatory solution of (1.1). Without loss of
generality, we assume that x, > 0 and z,_¢ > 0 for n > ny € N(ng). We set

n—1 1 s—1
Zn = Tp + CpnTp_k — Z ; Z qtf(xtfm)

s=ny O t=s—l+m
for n > ny + 0, then
Alan Azp) = Alan A + cnn—k)) = Gnf (Tn-m) = Ga—t4mf(@n—1)
= —puf(@n—1) + @n—t4mf(@n—1) (2.3)
= —(Pn — dn—t4m) [ (@n—1) < —bMizp,

for n > ny + 6. Thus, we have {a,Az,} nonincreasing and Az, > 0 or Az, < 0,
n > N for some N > ny + 6. We discuss the following two possible cases:
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Case 1: Az, >0 for all n > N. Summing (2.3) from N to n, we obtain

n
00 > aNnAzZN > —ap41A 2pp1 FanvAzy > DMy Z Ts—1
s=N

and therefore {z,,} is summable for n € N(N). Thus, from the condition (2.1f), we
have

Yn = Tp + CpTp_k (2.4)
is also summable. Further, it is clear that for n > N,
=,
Ayp =A@y + cpTpn_k) = Azp + - Z 05 f(Ts—m),
" s=n—I+m

which implies that {y,} is nondecreasing. Therefore, y,, > yn, n > N, which yields
that y,, is not summable, a contradiction.

Case 2: Az, <0 foralln > N. Summing a,Az, < ayAzy <0, from N ton—1,
we obtain

n—1
1
anZN+aNzNZ —, n>N,
s=N %
and we see from (H1) that lim,, o 2, = —o0. We claim that {z,,} is bounded from
above. If this is not the case, then there exists an integer N7 > N + 1 such that
zy, <0 and max &n = Zn,. (2.5)
N<n<N;
Then, we have
Ni—1
0> 2N, =N, +CN TN, -k — Z Z S (T1—m)
S t=s— I4+m
Ni—1
Z{1+CN1 M, Z Z Qt}!ENl—k
S t—s— I+m

>{14en, M Y ai 2_: g fon, — k20

n
n=ngo s=n—Il+m

which is a contradiction, so that {z,} is bounded from above. Hence for every
L > 0, there exists an integer Ny > Nj such that z,, < L for all n > Ny. We then
have

znZJ%LE: z: >_—L>—-00, n>Ns.
n= no s=n—Il+m
This contradicts the fact that lim,, .. z, = —0o. The proof is now complete. [

Next, we turn to the oscillation theorem for (1.2).
Theorem 2.2. With respect to the difference equation (1.2)), assume (H1)-(H5). If

0<ec,<ec<1, (2.6)

and

oo n—1
My Y Y gt (27)

a
n=ng n s=n—Il+m
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then every solution of (1.2)) oscillates or satisfies lim,,_, x,, = 0.

Proof. Let {x,} be a non-oscillatory solution of ([1.2)). Without loss of generality,
we may assume that x, > 0 and z,_¢ > 0 for all n < n; € N(ng). If we define

Zn = Tp — CpTp—k — Z Z Qtf Tt— m (2~8)

s=nq S p=s— I+m
then as in the proof of Theorem we have
AlanAzn) = —(pn — Gn—t1+m) f(Tn—1) < —bMy7) (2.9)

for n > ny + 0, and conclude that {Az,} is eventually non-increasing. Therefore,
Az, <0or Az, >0foralln>N >n; +6.

Case 1: Az, <0 for all n > N. Then lim, o 2, = —00. We claim that {x,} is
bounded from above. If it is not the case, there exists an integer N; > N such that
zn, <0 and maxy<n<n, Tn = Zn,. Then, we have

Ni—1
0> 2y, = 2N, — CN TN —k — Z Z @ f ()
S t—s— l+m
{1—C—Mzz Z qS}iUNlZO
n=ng s=n—Il+m
which is a contradiction, so that {z,} is bounded from above. From (2.6)-(2.8)) we
see that {z,} is bounded which contradicts the fact that lim,,_ 2, = —0c0.

Case 2: Az, > 0 for all n > n;. In this case, we see that L is a nonnegative
constant, where L = lim,_,o a,Az,. Considering (H4) and summing (2.9) from
ny to oo we obtain

o0

oo > an1Azn1 - L= Z (pn - qn_H_m)f(xn_l)
n=ni
el [
> M, Z (pn - Qn—l+m)xn—l > Mib Z Tyl
n=ni n=n,

which implies that {x,} is summable, and thus lim, . z, = 0. This completes
the proof. 0

3. OSCILLATION RESULTS FOR AND WITH FORCING TERMS
In this section, we consider and with forcing terms of the form
AlanA(zn + cntn—t)) + Pnf(Tn-1) — uf(Tn—m) = €n,n € N(ng) (3.1)
AlanA(zn — cntn—k)) + Pnf(Tn-1) = qnf(Tn—m) = en,n € N(ng) (3.2)
where {e,} is a sequence of real numbers.

Theorem 3.1. With respect to the difference equation (3.1), assume (H1)-(H5),
(2.1) and (2.2). If there exists a sequence {E,} such that

lim E, is finite and A(a, AE,) = e, for all n € N(ng), (3.3)

n—oo

then every solution of (3.1) is oscillatory or satisfies limy,_, o x, = 0.
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Proof. Suppose that {z,} is a nonoscillatory solution of (3.1 such that z, > 0 and
Zn—p > 0 for all n > ny € N(ng). If we denote

n—1 s—1
1
B, =2, +cpTy_i — E o E G f(@i—m) — En+A+1 (3.4)

s=nq ° t=s—Il4+m
where lim,,_,o, E,, = A, then from (3.1) we obtain
A(a,AB,) < —bMixp,—; <0, n>n3+6. (3.5)

By (3.5), there exists an integer ny > ny + 6 such that AB, > 0 or AB, < 0
for n > no. By hypotheses there exists sufficiently large integer n3 such that
—E,+A+1>0for all n > nz. Let N = max{ns,n3}.

Let AB,, < 0 for n > N. Then from (H1) and (3.5)), we have lim,, .o, B,, = —oc.
First we show that {z,} is bounded. If this is not the case, there exists an integer
N7 > N satisfying By, < 0 and maxy<n<n, n = Zn,. Then, we have

lel 1 s—1
0> By, = 2N, + NN -k — Z CTSt Zl:+ @ f(xe-m) — En, + A+ 1
S=ni =s— m

0o n—1
1
>{1ven -0 Y — Y abaw —k20.

n=no n t=n—Il+m

This contradiction shows that {x,,} must be bounded. Then there exists constant
L > 0 such that z,, < L for all n < N. It follows from and that {B,} is
bounded, which contradicts the fact that lim,, .., B, = —o0.

Let AB,, > 0 for n > N. Summing , we have

%)
oo > anA By > CLNABN — anABn > bM, Z Tn—1
n=N

which implies that {z,} is summable, and thus lim,,_,o, ,, = 0. This completes
the proof. O

Theorem 3.2. With respect to the difference equation (3.2), assume (H1)-(H5),
(2.6) and (2.7). If (3.3)) holds, then every solution of (3.2) is oscillatory or satisfies

lim, o x, = 0.

Proof. Suppose that {z,} is nonoscillatory solution of (3.2)) such that x, > 0 and
Zp—g > 0 for all n > ny € N(ng). Let us denote with

Whn=z,—E,+A+1 (3.6)
where z,, is defined by (2.8). Then, we have
Ala, AW,) < —bMixp—; <0, n>ng+6. (3.7)

Therefore, we have the following two cases: AW,, < 0 for n > N > n; + 6 which
implies that lim,,_,. W,, = —oo. It is not hard to prove that AW, < 0 is not
possible by following the arguments as in the proof of Theorem [3.1]

Therefore, AW,, > 0 for all n > N. From , we obtain {x,} is summable,
and thus lim,, .., £, = 0. The proof is now complete. O
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4. EXAMPLES

In this section, we present some examples to illustrate the results obtained in
the pervious sections.

Example 4.1. Consider the difference equation

2 Tp—a(l+23_y)

A(nA(xy, +22,-1)) + (6n +3+ (3n+2)) 2+a22_,)

4.1
> maa(l+a? ) (1)

ERCTEl T,

=0, n>1.

Here a, = n, ¢, =2, 1 =4, m =2, p, :6n—|—3+2(3n%), k=1, q, :2(:%%),
and f(u) = “0%0 . With My = L and M; = 1, all conditions (H1)-(H5) hold.
Further, we see that

and

n—1

I SN SECI B SER

Hence by Theorem all solutions of equation (4.1)) are oscillatory. In fact {z,,} =
{(=1)"} is one such solution of equation (4.1)).

Example 4.2. Consider the difference equation

1 3 1 (zp—s+a3_3)
A = gra)) + (504 1)+ 555) =

1 (Tn—1 + 25 _1)
3n+6 (247 _y)

(4.2)

=0, n>1.

Here a, = n, ¢, = %, =3, m=1,p, = %(271—1—1)4-3,,%, qn = 3,1%, and
2
flu) = ") With My = 1/2 and My = 1, it is easy to check that conditions

2+u?2

(H1)-(H5) hold. Further, we see that

and
o) 1 n—1 1 o) 1 n—1 1 1
C+¥1as:nz—2qs:§+;ﬁszn—2§(38+6)
1 1, 1 1
:§+21:g(3n+4+3n+5)
1

<*+*(§+3*5)<1.

Hence by Theorem [2.2 all solution of equatlon are oscillatory. In fact {z,} =
{(=1)"} is one such Solutlon of equation (4.2).
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Example 4.3. Consider the difference equation
n Tns(l4|zn-s)) 1 zpa(l+ |z

A?(xy, + 22, _2) + ( )

n+1" 24|z, 273 24 || (4.3)
_ 1 1 > 1 ’
= 9(n+1)(n+2)(n+3) +'2n+27 nz4
For this equation, we see that a,, = 1 cn=2,1= =1, k=2 p,=n/(n+1),
1
Gn = 557, €n = srarTtaraeTs + sorr and f(u) = ”(Q%llj‘) We may set M; = 1
and My = 1, we may have p, —ni2 = -2 — 5k > 35 > 0and B, = -4 — L — 0

as n — 00. It is not hard to see that

Z qu—zz 2§+3:7<3.

nsn2 s=n—2

Therefore, all conditions of Theorem 3.1 m are satisfied, and hence every solution of
equation (4.3]) are either oscillatory or tends to zero at infinity.

Example 4.4. Consider the difference equation

1 n? x _4(1—|-|JC _4‘) 1 =z _2(1+|17 _2|)
A A = _ n n _ n n
R S (A S o L Ea
~n—1 -1
= W, n -~ 1.
For this equation, a, = n, ¢, = 1/4,1 =4, m = 2, p, = ng—il, qn = 4”%,
en = ;ﬁlﬂ and f(u) = "(21%“5“) We may set M; = % and Ms = 1, we may have

pn—qn+2=n2—+1—ﬁ>%>OandEn:%—>Oasn—>oo. It is easy to see
that

DD WS IOV D D

n=1 " s=n—2 sn2
1 1,1 1 2
:1+21: (t o) <3<t

Therefore, all conditions of Theorem [3.2] are satisfied, and hence every solution of
equation (4.4]) are oscillatory or tends to zero at infinity.

Note that the results in [0l [8] cannot be applied to (4.1)), (4.4).
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