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RENORMALIZED ENTROPY SOLUTIONS FOR DEGENERATE
NONLINEAR EVOLUTION PROBLEMS

KAOUTHER AMMAR

Abstract. We study the degenerate differential equation

b(v)t − div a(v,∇g(v)) = f on Q := (0, T )× Ω

with the initial condition b(v(0, ·)) = b(v0) on Ω and boundary condition v = u

on some part of the boundary Σ := (0, T ) × ∂Ω with g(u) ≡ 0 a.e. on Σ.

The vector field a is assumed to satisfy the Leray-Lions conditions, and the
functions b, g to be continuous, locally Lipschitz, nondecreasing and to satisfy

the normalization condition b(0) = g(0) = 0 and the range condition R(b+g) =

R. We assume also that g has a flat region [A1, A2] with A1 ≤ 0 ≤ A2.
Using Kruzhkov’s method of doubling variables, we prove an existence and

comparison result for renormalized entropy solutions.

1. Introduction

Let Ω be a C1,1 bounded open subset of RN with regular boundary if N > 1 and
let p > 1. We consider the initial-boundary value problem of parabolic-hyperbolic
type: (Problem Pb,g(v0, u, f))

∂b(v)
∂t

− div a(v,∇g(v)) = f on Q := (0, T )× Ω

v = u on a part of Σ := (0, T )× ∂Ω

b(v)(0, ·) = v0 := b(v0) on Ω,

(1.1)

where b, g : R → R are nondecreasing, locally Lipschitz continuous such that b(0) =
g(0) = 0 and R(b+ g) = R. We assume also that:
• The function g has a flat region around 0; i.e., there exists A1 ≤ 0 ≤ A2 such

that g(x) = 0 for all x ∈ [A1, A2] and g is strictly increasing in ]−∞, A1[∪]A2,+∞[.
• The data v0 : Ω → R and f : Q → R are measurable functions with b(v0) ∈

L1(Ω) and f ∈ L1(Q). Moreover the boundary data u : Σ → R is assumed to be
continuous with g(u) = 0 a.e. in Σ.
• The vector field a : R → RN is assumed to be continuous, to satisfy the growth

condition

|a(r, ξ)− a(r, 0)| ≤ C(|r|)|ξ|p−1 for all (r, ξ) ∈ R× Rn (1.2)
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with C : R+ → R+ non-decreasing and the weak coerciveness condition

(a(r, ξ)− a(r, 0)) · ξ ≥ λ(|r|)|ξ|p for all r ∈ R, ξ ∈ RN (1.3)

where λ : R+ →]0,∞[ is a continuous function satisfying for all k > 0, λk :=
inf{r; |b(r)|≤k} λ(r) > 0.
• To prove the uniqueness of a solution, we assume that a satisfies the additional

condition
(a(r, ξ)− a(s, η)) · (ξ − η) + (B(g(r)−B(g(s)))(1 + |ξ|p + |η|p)

≥ Γ(r, s) · ξ + Γ̃(r, s) · η,
(1.4)

for all r, s ∈ R, ξ, η ∈ RN , for some continuous function B : R × R → R which
is locally Lipschitz continuous on R \ [A1, A2] and some continuous fields Γ, Γ̃ :
R×R → RN . In particular, Hypothesis (1.4) implies Γ(r, r) = Γ̃(r, r) = 0 for every
r ∈ R.

The above formulation involves a large class of problems such as Stefan problems,
filtrations and flows through porous media, etc. Since b and g are not assumed to
be strictly increasing, the problem can behave differently: it is of elliptic-parabolic
type when g is not partially degenerate, purely hyperbolic when g ≡ 0 and the three
aspects coexist when b and g degenerate partially on some regions of R. Remark
that the problem can not be totally degenerate thanks to the range condition on
b+ g. It is well known that in the elliptic-parabolic case, the boundary conditions
are satisfied in the Dirichlet sense; i.e. pointwise. Existence and uniqueness results
for this type problems are now well known (see [1, 13, 6]). It is not the case for
the hyperbolic problems which can be over determined when we impose a condition
on “all the boundary”. A simple example which illustrates this ambiguity is the
Burger’s equation on an interval [a, b] ⊂ R. In [8], the authors have given a “right
formulation” of a solution for the Burger’s equation on a bounded domain, where
the boundary condition is read as an entropy condition on the boundary. However,
their formulation involves the trace of the entropy solution which means that it is
restricted to the BV -framework. This in turn implies some strong regularity on
the flux and the boundary data itself. An other integral formulation of the entropy
condition is given by Otto [28] and guarantees existence and uniqueness in the
more general case where the flux is Lipschitz continuous and the data are in L∞.
These results were extended to the L1 setting and for merely continuous flux (see
among others [17], [10]). For hyperbolic problems with nonhomogeneous boundary
conditions on the boundary, we refer to [7, 4, 20, 3, 5, 32, 33, 34], etc.

The boundary condition is not the unique difficulty when dealing with hyperbolic
problems. Indeed, even when the problem is posed on the whole space RN , the usual
variational formulation is ill-posed in the sense that a weak solution is usually not
unique. In order to have a good theory of existence and uniqueness, Kruzhkov has
introduced the first notion of entropy solution (see [22, 23]) which is obtained by
comparison with particular test functions and which coincides with the physical
solution obtained by regularization methods.

In the parabolic-hyperbolic case, the problem is more complicate because the two
behaviour parabolic and hyperbolic coexist. This means that the boundary condi-
tion is satisfied in the Dirichlet sense in the regions where g is strictly increasing
but has to be read as an entropy condition when g is degenerate.

Carrillo [14] has given a formulation which conciliates between the two aspects
(hyperbolic and parabolic) for the problem (Pb,g) : b(v)t−∆g(v)+div Φ(v) = f with
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homogeneous boundary conditions. The author has also studied the related Cauchy
problem from the point of view of semi-group theory. Under an extra condition
on the flux Φ, known as the “structure condition”, he has proved existence and
uniqueness results for the stationary and the evolution problems.

In a recent work [26], the authors have studied the same problem (Pb,g) with
nonhomogeneous conditions on the boundary in the particular case, where b ≡ IR.
They have proved the existence and uniqueness of a “weak entropy solution” and
consistency with viscosity approximations. The boundary condition is given by
means of a limit expressed by “boundary layer” and can be viewed as a generaliza-
tion of the condition proposed by Felix Otto in [28].

In an earlier work [2], we have studied the problem Pb,IR with nonhomogeneous
boundary conditions and without assuming the structure condition on the flux Φ.
Using monotonicity and strong penalization methods, we have proved existence of
a renormalized entropy solution and uniqueness results.

Here, using another method of approximation, we prove an existence and unique-
ness result for the problem with “g-homogeneous” boundary conditions. The plan
of the paper is as follows: In section 2, we introduce some notations and define
the renormalized entropy solution of (1.1) in the general setting described in the
introduction, then we announce our main results. Section 3 is devoted to the proof
of the comparison principle and section 4 to the proof of the existence result.

2. Definitions, notation and main results

• For any k, l ∈ R, for a.e. (t, x) ∈ Σ, let

ω+((t, x), k, l) := max
k≤r,s≤l∨k

|(a(r, 0)− a(s, 0)) · ~η(x)|,

ω−((t, x), k, l) := max
l∧k≤r,s≤k

|(a(r, 0)− a(s, 0)) · ~η(x)|,

where ~η(x) denotes the unit outer normal to ∂Ω in x.
• For k > 0, Tk is the truncation function at level k; i.e.,

Tk(r) =

{
r ∧ k := min(r, k) for r ≥ 0,
r ∨ (−k) := max(r,−k) for r ≤ 0.

• By T 1, T 1,2 and T 2, we denote the truncation functions defined successively
by

T 1(r) = r ∧A1, T 1,2(r) = A1 ∨ r ∧A2, T 2(r) = r ∨A2.

• The operators Hδ, δ > 0 and H0 are defined by

Hδ(s) := min(
s+

δ
, 1), H0(s) =

{
1 if s > 0,
0 if s ≤ 0.

• By sign+, we denote the multivalued function

+
sign(r) =


0 if r < 0,
[0, 1] if r = 0,
1 if r > 0.
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• The proof of the comparison result involves also sequences of mollifiers (ρn)n

which are defined as follows:

ρn(t) = nρ(nt) where ρ ∈ C∞c (−1, 0) such that
∫ 0

−1

ρ(t) dt = 1. (2.1)

Definition 2.1. A measurable function v : Q→ R is said to be a renormalized en-
tropy solution of (1.1) if b(v) ∈ L1(Q) and for all k > 0, g(Tkv) ∈ Lp(0, T,W 1,p(Ω))
with g(Tkv) = 0 in the sense of traces in Lp(0, T,W 1,p(Ω)), and there exists some
families of non-negative bounded measures µl := µl(v) and νl = νl(v) on Q such
that

‖µl‖, ‖ν−l‖ → 0, as l→∞,

and the following entropy inequalities are satisfied:
For all k ∈ R, for all ξ ∈ C∞0 ([0, T )×RN ) such that ξ ≥ 0 and (g(u∧l)−g(k))+ξ =

0 a.e. on Σ, for all l ≥ k,∫
Σ

ω+((t, x), k, u ∧ l)ξ +
∫

Q

(b(v ∧ l)− b(k))+ξt +
∫

Ω

(b(v0 ∧ l)− b(k))+ξ(0, ·)

−
∫

Q

χ{v∧l>k}(a(v ∧ l,∇g(v ∧ l))− a(k, 0)) · ∇ξ +
∫

Q

χ{v∨l>k}fξ

≥ −〈µl, ξ〉
(2.2)

and for all k ∈ R, for all ξ ∈ C∞0 ([0, T ) × RN ) such that ξ ≥ 0 and (g(k) − g(u ∨
l))+ξ = 0 a.e. on Σ, for l ≤ k,∫

Σ

ω−((t, x), k, u ∨ l)ξ +
∫

Q

(b(k)− b(v ∨ l))+ξt +
∫

Ω

(b(k)− b(v0 ∨ l))+ξ(0, ·)

−
∫

Q

χ{k>v∨l}(a(k, 0)− a(v ∨ l,∇g(v ∧ l)) · ∇ξ −
∫

Q

χ{k>v∨l}fξ}

≥ −〈νl, ξ〉.
(2.3)

Remark 2.2. (i) The notion of renormalized entropy solution in already intro-
duced in [17] for the purely hyperbolic problem (g ≡ 0 and b = IR ). It allows
usually to prove existence and uniquenes results in the L1-setting. Here, due to the
degeneracy of b and g, the existence of a weak solution in Lp(0, T,W 1,p

0 (Ω)) can
not be proved even in the case of L∞-data (see for example [6]).

(ii) In the case where the function b is strictly increasing and the data v0 ∈
L∞(Ω), f ∈ L∞(Q) and u ∈ C(Σ), using integration by parts tools, it is easily
proved that the renormalized entropy solution corresponding to L∞-data is also in
L∞(Q). In this case, it can be equivalently characterized as follows: A function
v ∈ L∞(Q) is a weak entropy solution of (1.1) if

g(v) ∈ Lp(0, T,W 1,p(Ω)) and g(v) = g(0)

in the sense of traces in Lp(0, T,W 1,p(Ω)), and for all k ∈ R, for all ξ ∈ C∞0 ([0, T )×
RN ) such that ξ ≥ 0 and (−g(k))+ξ = 0 a.e. on Σ,∫

Σ

ω+((t, x), k, a)ξ +
∫

Q

(b(v)− b(k))+ξt +
∫

Ω

(b(v0)− b(k))+ξ(0, ·)

−
∫

Q

χ{v>k}(a(v,∇g(v))− a(k, 0)) · ∇ξ +
∫

Q

χ{v>k}fξ} ≥ 0
(2.4)
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and for all k ∈ R, for all ξ ∈ C∞0 ([0, T ) × RN ) such that ξ ≥ 0 and (g(k))+ξ = 0;
a.e. on Σ,∫

Σ

ω−((t, x), k, a)ξ +
∫

Q

{(b(k)− b(v))+ξt +
∫

Ω

(b(k)− b(v0))+ξ(0, ·)

−
∫

Q

χ{k>v}(a(k, 0)− a(v,∇g(v)) · ∇ξ −
∫

Q

χ{k>v}fξ} ≥ 0.
(2.5)

(iii) If we penalize the problem (1.1) by a suitable strong perturbation ψ, then
the renormalized entropy solution is also in this case in L∞(Q), hence a weak
entropy solution.

The main results of this paper are the following:

Theorem 2.3. For any (v0, f) ∈ L1(Ω) × L1(Q) with b(v0) ∈ L1(Ω), for any
u : Σ → [A1, A2] continuous, there exists a renormalized entropy solution of (1.1).

Corollary 2.4. For any (v0, f) ∈ L∞(Ω) × L∞(Q) with b(v0) ∈ L∞(Ω), for any
u : Σ → [A1, A2] continuous, there exists a unique w ∈ L∞(Q) with w = b(v) a.e.
in Q and v is a weak entropy solution of (1.1).

Remark 2.5. • By approximation, the existence result holds true also for a mea-
surable boundary data u : Σ → [A1, A2] satisfying a(u, 0) ∈ L1(Σ) without any
additional assumption on the regularity of u. Here, we define the function a :
R× ∂Ω → R by

a(s, x) := sup{|a(r, 0) · η(x)|, r ∈ [−s−, s+]}.

• The uniqueness result follows as a consequence of a comparison theorem (see
Theorem 3.1 below).

3. Proofs of the comparison and uniqueness results

We first prove a comparison result in the L∞-setting.

Theorem 3.1. Let (v0i, fi) ∈ L∞(Ω)×L∞(Q) and ui ∈ L∞(Σ) such that g(ui) = 0
a.e. on Σ, i = 1, 2 with u1 ∈ C(Σ). Let vi ∈ L∞(Q) be a weak entropy solution
of Pb,g(v0i, ui, fi). Then there exists κ ∈ L∞(Q) with κ ∈ sign+(v1 − v2) a.e. in Q
such that, for any ξ ∈ D([0, T [×RN ), ξ ≥ 0,

−
∫

Σ

ω−((t, x), u1, u2)ξ ≤
∫

Q

(b(v1)− b(v2))+ξt +
∫

Q

κ(f1 − f2)ξ

−
∫

Q

χ{v1>v2}(a(v1,∇g(v1)− a(v2,∇g(v2)) · ∇ξ

+
∫

Ω

(b(v01)− b(v02))+ξ(0, ·).

(3.1)

Remark 3.2. If v1 ∈ L∞(Q) satisfies the entropy inequalities (2.2) and (2.3)
for the data f1, v01, u1 and for b, g and a vector field a, then −v1 satisfies the
same inequalities with data −f1, −v01, −u1 and for −b(−.), −g(−.), −a(−.,−.).
Consequently under the assumptions of Theorem 3.1, one also has existence of
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κ̃ ∈sign+(v2 − v1) such that for all ξ ∈ D([0, T )× RN ), ξ ≥ 0

−
∫

Σ

ω−((t, x), u1, u2)ξ ≤
∫

Q

(b(v2)− b(v1))+ξt +
∫

Q

κ̃(f1 − f2)ξ

−
∫

Q

χ{v2>v1}(a(v2,∇g(v2)− a(v1,∇g(v1)) · ∇ξ

+
∫

Ω

(b(v02)− b(v01))+ξ(0, ·).

(3.2)

Summing up (3.1) and (3.2), it follows that∫
Ω

|b(v1)− b(v2)|(t)

≤
∫ t

0

∫
Ω

|f1 − f2|+
∫

Ω

|b(v01)− b(v02)|

+
∫ t

0

∫
∂Ω

max
{min(u1,u2)≤r,s≤max(u1,u2)}

|(a(r, 0)− a(s, 0)) · ~η(x)|

(3.3)

a.e. in [0, T ).

The result being already known in the purely hyperbolic and parabolic case
respectively, we will assume in the following that g has at least a flat region i.e.
A1 6= A2. In the proof, we need the following estimations:

Lemma 3.3. Let f ∈ L∞(Q), v0 ∈ L∞(Ω), u ∈ L∞(Σ) such that g(u) = 0 a.e. on
Σ and v ∈ L∞(Q) be a weak entropy solution of (1.1). Then, there exists a positive
constant C depending only on ‖f‖L∞(Q) ‖v‖L∞(Q) and ‖b(v0)‖L∞(Ω) such that∫

Q∩{0≤g(v)≤δ}
|∇g(v)|p ≤ δC, (3.4)∫

Q∩{−δ≤g(v)≤0}
|∇g(v)|p ≤ δC. (3.5)

Proof. As v is a weak solution of (1.1), using Tδ(g(v))+ ∈ Lp((0, T ),W 1,p
0 (Ω)) as

test function, we get∫
Q

ã(v,∇g(v)) · Tδ(g(v))+

≤ ‖b(v0)‖L∞(Ω) + |
∫

Q

|f ||Tδ(g(v))+|+ |
∫

Q

a(v, 0) · ∇Tδ(g(v))+|.

Hence, by the usual chain rule argument (see for example [1] and [16]), applying the
Green-Gauss formula and the growth condition (1.2), we obtain (3.4). The second
estimation (3.5) can be proved in a similar way. �
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Lemma 3.4. Let (v0, u, f) ∈ L∞(Ω)×C(Σ)×L∞(Q) and v be a weak solution of
Pb,g(v0, a, f) . Then∫

Q

χ{v>k}(a(v,∇g(v))− a(k, 0)) · ∇ξ

+
∫

Q

χ{v>k}{(b(k)− b(v))ξt − fξ} dx dt−
∫

Ω

(b(v0)− b(k))+ξ dx

= − lim
δ→0

∫
Q

(a(v,∇g(v))− a(v, 0)) · ∇g(v)H ′
δ(g(v)− g(k))ξ dx dt

(3.6)

for any (k, ξ) ∈ R×D+([0, T )× RN ) such that (−g(k))+ξ = 0 a.e. on Σ.
Moreover,∫

Q

χ{k>v}(a(v,∇g(v))− a(k, 0)) · ∇ξ

+
∫

Q

χ{k>v}{(b(k)− b(v))ξt − fξ} dx dt+
∫

Ω

(b(k)− b(v0))+ξ dx

= lim
δ→0

∫
Q

(a(v,∇g(v))− a(v, 0)) · ∇g(v)H ′
δ(g(k)− g(v))ξ dx dt

(3.7)

for any (k, ξ) ∈ R×D+([0, T )× RN ) such that (g(k))+ξ = 0 on Σ.

The proof of the above lemma follows the same lines as in the proof of [14,
Lemma 5].

Proof of Theorem 3.1. Let (Bi)i=0...m be a covering of Ω satisfying B0∩∂Ω = ∅,
and such that, for each i ≥ 1, Bi is a ball contained in some larger ball B̃i with
B̃i ∩ ∂Ω is part of the graph of a Lipschitz function. Let (Pi)i=0...m denote a
partition of unity subordinate to the covering (Bi)i and denote by ξ an arbitrary
Function in D((0, T )× RN ), ξ ≥ 0.

As usual, we use Kruzhkov’s technique of doubling variables in order to prove the
comparison result (see [22], [23], [17], [3], etc): We choose two pairs of variables (t, x)
and (s, x) and consider v1 as a function of (s, x) and v2 as a function of (t, x) ∈ Q.
Define the test function ξi

m,n : (t, x, s, y) 7→ Pi(x)ξ(t, x)%n(x − y)ρm(t − s), where
(%n)n is a sequence of mollifiers in RN such that x 7→ %n(x − y) ∈ D(Ω), for all
y ∈ Bi, σn(x) =

∫
Ω
%n(x − y) dy is an increasing sequence for all x ∈ Bi, and

σn(x) = 1 for all x ∈ Bi with d(x,RN \ Ω) > c/N for some c = c(i) depending on
Bi. Then, for m,n sufficiently large,

(s, y) 7→ ξi
m,n(t, x, s, y) ∈ D(]0, T [×RN ), for any (t, x) ∈ Q,

(t, x) 7→ ξi
m,n(t, x, s, y) ∈ D([0, T [×Ω), for any (s, y) ∈ Q

supp y(ξi
m,n(t, s, x, .)) ⊂ Bi, for any (t, s, x) ∈ [0, T )2 × supp(Pi).

For convenience, we sometimes omit the index i and simply set P = Pi, B = Bi

and ξi
m,n = ξm,n.

The main idea of our proof is to compare locally two solutions on each suffi-
ciently small ball B((t, x), r) such that B((t, x), r) ∩ Σ 6= ∅ and maxΣ∩B((t,x),r) u −
minΣ∩B((t,x),r) u ≤ ε. To this end, for all η > 0, let

(Bη
j := B((tj , xj), η))j=0,...,pη

be a finite covering of [0, T )× Ω (3.8)
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such that ([0, T ) × Ω) ⊂ ∪jBη
j =: Oη and |Oη\([0, T ) × Ω)| ≤ cη, for a positive

constant c independent of η. Let

(ϕη
j )j=0,...,pη

be a partition of unity subordinate to (Bη
j )j (3.9)

and define

ζm,n := ζj,η
m,n : (t, x, s, y) 7→ ξm,n(t, x, s, y)ϕη

j (t, x).

Obviously, ζm,n satisfies the following properties: for m and n sufficiently large,

(s, y) 7→ ζm,n(t, x, s, y) ∈ D(]0, T [×RN ), for any (t, x) ∈ Q,
(t, x) 7→ ζm,n(t, x, s, y) ∈ D([0, T [×Ω ∩ Bη

j ), for any (s, y) ∈ Q
supp y(ζm,n(t, s, x, .)) ⊂ B, for any (t, s, x) ∈ [0, T )2 × supp(P).

Moreover, the function

ζ̂n(t, x) :=
∫

Q

ξm,n(t, x, s, y)d(s, y)

= ξ(t, x)P(x)ϕη
j (t, x)

∫
R
%n(x− y)d y

∫ T

0

ρm(t− s)ds

= ξ(t, x)P(x)ϕη
j (t, x)

∫
R
%n(x− y)dy

= ξ(t, x)P(x)ϕη
j (t, x)σn(x)

(3.10)

satisfies ζ̂n ∈ D([0, T [×Ω ∩ Bη
j ), 0 ≤ ζ̂n ≤ ξ, for all n ∈ N. Let

Q1 := {(s, y) ∈ Q/v1(s, y) ∈ [A1, A2]}, Q2 := {(t, x) ∈ Q/v2(t, x) ∈ [A1, A2]}.

Then, ∇yg(v1) = 0 a.e in Q1 and ∇xg(v2) = 0 a.e in Q2 . Moreover, H0(v1−v2) =
H0(g(v1)− g(v2)) a.e in (Q \Q1)×Q ∪Q× (Q \Q2).

First inequality: From now on, we denote by ã : R × RN → RN the vector
field defined by:

ã(r, ξ) = a(r, ξ)− a(r, 0) (3.11)

Let kη
j := max{Bη

j ∩Σ} u1. We first prove the following inequality

0 ≤
∫

Q

(b(v1 ∨ kη
j )− b(v2 ∨ kη

j ))+(ξϕη
j )tP

−
∫

Q

χ{v1∨kη
j >v2∨kη

j }(a(v1 ∨ k
η
j ,∇g(v1 ∨ k

η
j ))

− a(v2 ∨ kη
j ,∇g(v2 ∨ k

η
j )) · ∇x(ξϕη

jP)

+
∫

Q

κ1χ{v1>kη
j }(f1 − χ{v2≥kη

j }f2)ξϕ
η
jP

+
∫

Ω

(b(v01 ∨ kη
j )− b(v02 ∨ kη

j ))+ξ(0, x)ϕη
j (t, x)P(t, x)

+ lim
n→∞

Lkη
j
(ξϕη

jPσn),

(3.12)

where κ1 ∈ L∞(Q), κ1 ∈ sign+(v1 − v2 ∨ kη
j ) and Lα, α > 0 is a linear operator

which will be defined later (see (3.24)).
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As v1 satisfies (2.4) and (3.6) (with v = v1, v0 = v01, f = f1 ), choosing k =
v2(t, x) ∨ kη

j and ξ(s, y) = ζm,n(t, x, s, y), integrating ( 2.4) in (t, x) over Q2 and
(3.6), over Q \Q2, using the same arguments as in [3] and [14], we find

lim
δ→0

∫
{Q\Q1}×{Q\Q2}

ã(v1,∇yg(v1)) · ∇yg(v1)H ′
δ(g(v1)− g(v2 ∨ kη

j ))ζm,n

= lim
δ→0

∫
Q×{Q\Q2}

ã(v1,∇yg(v1)) · ∇yg(v1)H ′
δ(g(v1)− g(v2 ∨ kη

j ))ζm,n

≤
∫

Q×Q

(b(v1)− b(v2 ∨ kη
j ))+(ζm,n)s

+
∫

Q×Q

χ{v1>v2∨kη
j }(a(v1 ∨ k

η
j , 0)− a(v2 ∨ kη

j , 0)) · ∇yζm,n

−
∫

Q×Q

H0(v1 ∨ kη
j − v2 ∨ kη

j )ã(v1 ∨ kη
j ,∇yg(v1 ∨ kη

j )) · ∇yζm,n

+
∫

Q

χ{v1>v2∨kη
j }f1ζm,n.

(3.13)

Now, since : (t, x) 7→ ζm,n(t, x, s, y)Hδ(g(v1 ∨ kη
j ) − g(v2 ∨ kη

j )) ∈ D([0, T ) ×
Ω) for a.e. (s, y) ∈ Q, we have∫

Q×Q

ã(v1∨kη
j ,∇yg(v1∨kη

j ))·∇x(Hδ(g(v1∨kη
j )−g(v2∨kη

j ))ζm,n) dx dt = 0. (3.14)

Therefore, going to the limit on δ, we get

lim
δ→0

∫
{Q\Q1}×{Q\Q2}

ã(v1 ∨ kη
j ,∇yg(v1 ∨ kη

j )) · ∇xg(v2 ∨ kη
j )

×H ′
δ(g(v1 ∨ k

η
j )− g(v2 ∨ kη

j ))ζm,n

=
∫

Q×Q

H0(g(v1 ∨ kη
j )− g(v2 ∨ kη

j ))ã(v1 ∨ kη
j ,∇yg(v1 ∨ kη

j )) · ∇xζm,n

=
∫

Q×Q

H0(v1 ∨ kη
j − v2 ∨ kη

j )ã(v1,∇yg(v1 ∨ kη
j )) · ∇xζm,n.

(3.15)

Arguing as in [14], inequality (3.13) can be written as follows∫
Q×Q

{−ã(v1 ∨ kη
j ,∇yg(v1 ∨ kη

j )) · ∇x+yζm,nH0(v1 ∨ kη
j − v2 ∨ kη

j )

+
∫

Q×Q

{(a(v1 ∨ kη
j , 0)− a(v2 ∨ kη

j , 0)) · ∇yζm,n

+ (b(v1 ∨ kη
j )− b(v2 ∨ kη

j ))(ζm,n)s + f1ζm,n}H0(v1 ∨ kη
j − v2 ∨ kη

j )

≥ lim
δ→0

∫
{Q\Q1}×{Q\Q2}

{ã(v1 ∨ kη
j ,∇yg(v1 ∨ kη

j )) · ∇yg(v1 ∨ kη
j )

− ã(v1 ∨ kη
j ,∇yg(v1 ∨ kη

j )) · ∇xg(v2 ∨ kη
j )

×H ′
δ(g(v1 ∨ k

η
j )− g(v2 ∨ kη

j ))ζm,n}

(3.16)

with ∇x+y(·) := ∇x(·)+∇y(·). Now, as v2 is an entropy solution of Pb,g(v02, u2, f2),
choosing k = v1(s, y) ∨ kη

j , ξ(t, x) = ζm,n(t, x, s, y) in (2.5) and (3.7) (with v = v2,
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v0 = v02, f = f2 ), integrating (2.5) in (s, y) over Q1 and (3.7) over Q\Q2, we find

lim
δ→0

∫
{Q\Q1}×Q

ã(v2,∇xg(v2)) · ∇xg(v2)H ′
δ(g(v1 ∨ k

η
j )− g(v2))ζm,n

= lim
δ→0

∫
{Q\Q1}×{Q\Q2}

ã(v2,∇xg(v2)) · ∇xg(v2)H ′
δ(g(v1 ∨ k

η
j )− g(v2))ζm,n

≤
∫

Q×Q

(b(v1 ∨ kη
j )− b(v2))+(ζm,n)t

−
∫

Q×Q

χ{v1∨kη
j >v2}f2ζm,n +

∫
Ω×Q

(b(v1 ∨ kη
j )− b(v02))+ζm,n(0, x, s, y)

+
∫

Q×Q

χ{v1∨kη
j >v2}(a(v1 ∨ k

η
j , 0)− a(v2,∇xg(v2))) · ∇xζm,n

(3.17)
It is easily verified that

∫
{Q\Q1}×{Q\Q2}

ã(v2,∇xg(v2)) · ∇xg(v2)H ′
δ(g(v1 ∨ k

η
j )− g(v2))ζm,n

=
∫
{Q\Q1}×{Q\Q2}

ã(v2 ∨ kη
j ,∇xg(v2 ∨ kη

j )) · ∇xg(v2 ∨ kη
j )

×H ′
δ(g(v1 ∨ k

η
j )− g(v2 ∨ kη

j ))ζm,n

+
∫
{Q\Q1}×{Q\Q2}

ã(v2 ∧ kη
j ,∇xg(v2 ∧ kη

j )) · ∇xg(v2 ∧ kη
j )

×H ′
δ(g(v1 ∨ k

η
j )− g(v2 ∧ kη

j ))ζm,n

(3.18)

Moreover, the right hand side of (3.17) is equal to

∫
Q×Q

(b(v1 ∨ kη
j )− b(v2 ∨ kη

j ))+(ζm,n)t

−
∫

Q×Q

χ{v1∨kη
j >v2∨kη

j }χ{v2≥kη
j }f2ζm,n

−
∫

Q×Q

H0(v1 ∨ kη
j − v2 ∨ kη

j )ã(v2 ∨ kη
j ,∇xg(v2 ∨ kη

j )) · ∇xζm,n

+
∫

Q×Q

χ{v1∨kη
j >v2∨kη

j }(ag(g(v1 ∨ kη
j ), 0)− ag(g(v2 ∨ kη

j ), 0)) · ∇xζm,n

+
∫

Q×Ω

(b(v1 ∨ kη
j )− b(v02 ∨ kη

j ))+ζm,n(0, x, s, y)

+
∫

Q×Q

(b(kη
j )− b(v2))+(ζm,n)t −

∫
Q×Q

χ{kη
j >v2}f2∇yg(v1 ∨ kη

j ) · ζm,n

+
∫

Ω

(b(kη
j )− b(v02))+ζm,n(0, x, s, y),

+
∫

Q×Q

χ{kη
j >v2}(a(k

η
j , 0)− a(v2,∇xg(v2))) · ∇xζm,n.

(3.19)
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Since (s, y) 7→ ζm,n(t, x, s, y)Hδ(g(v1 ∨ kη
j ) − g(v2 ∨ kη

j ))) ∈ D([0, T ) × Ω) for a.e.
(t, x) ∈ Q, we have∫

Q×Q

ã(v2 ∨ kη
j ,∇xg(v2 ∨ kη

j )) · ∇y(Hδ(g(v1 ∨ kη
j )− g(v2 ∨ kη

j ))ζm,n) = 0. (3.20)

Therefore,

− lim
δ→0

∫
{Q\Q1}×{Q\Q2}

ã(v2 ∨ kη
j ,∇xg(v2 ∨ kη

j ))) · ∇yg(v1 ∨ kη
j )H ′

δ(g(v1 ∨ k
η
j )

− g(v2 ∨ kη
j ))ζm,n

=
∫

Q×Q

H0(g(v1 ∨ kη
j )− g(v2 ∨ kη

j ))ã(v2 ∨ kη
j ,∇xg(v2 ∨ kη

j ))∇yζm,n.

The second term in the right hand side of (3.18) being nonnegative, inequality
(3.17) can be equivalently written as∫

Q×Q

(b(v1 ∨ kη
j )− b(v2 ∨ kη

j ))+(ζm,n)t −
∫

Q×Q

χ{v1∨kη
j >v2∨kη

j }χ{v2≥kη
j }f2ζm,n

−
∫

Q×Q

H0(v1 ∨ kη
j − v2 ∨ kη

j )ã(v2 ∨ kη
j ,∇xg(v2 ∨ kη

j )) · (∇yζm,n +∇xζm,n)

+
∫

Q×Q

(a(v1 ∨ kη
j , 0)− a(v2 ∨ kη

j , 0)) · ∇xζm,nH0(v1 ∨ kη
j − v2 ∨ kη

j )

+
∫

Q×Q

(b(v1 ∨ kη
j )− b(v02 ∨ kη

j ))+ζm,n(0, x, s, y) +
∫

Q×Q

(b(kη
j )− b(v2))+(ζm,n)t

+
∫

Q×Q

χ{kη
j >v2}f2ζm,n +

∫
Ω

(b(kη
j )− b(v02))+ζm,n(0, x, s, y),

+
∫

Q×Q

χ{kη
j >v2}(a(k

η
j , 0)− a(v2,∇xg(v2))) · ∇xζm,n

≥ lim
δ→0

∫
{Q\Q1}×{Q\Q2}

ã(v2 ∨ kη
j ,∇xg(v2 ∨ kη

j )) · (∇xg(v2 ∨ kη
j )−∇yg(v1 ∨ kη

j ))

×H ′
δ(g(v1 ∨ k

η
j )− g(v2 ∨ kη

j ))ζm,n.

(3.21)
Summing up inequalities (3.16) and (3.21), we get

lim
δ→0

∫
(Q\Q1)×(Q\Q2)

(a(v1 ∨ kη
j ,∇yg(v1 ∨ kη

j )− a(v2 ∨ kη
j ,∇xg(v2 ∨ kη

j )))

× (∇yg(v1 ∨ kη
j )−∇xg(v2 ∨ kη

j ))H ′
δ(g(v1 ∨ k

η
j )− g(v2 ∨ kη

j ))ζm,n

− lim
δ→0

∫
(Q\Q1)×(Q\Q2)

(ag(g(v1 ∨ kη
j ), 0)− a(g(v2 ∨ kη

j ), 0))

× (∇yg(v1 ∨ kη
j )−∇xg(v2 ∨ kη

j ))H ′
δ(g(v1 ∨ k

η
j )− g(v2 ∨ kη

j ))ζm,n

≤
∫

Q×Q

(b(v1 ∨ kη
j )− b(v2 ∨ kη

j ))+(ξϕη
j )tP%nρm

+
∫

Q×Q

χ{v1∨kη
j >v2∨kη

j }χ{v1>kη
j }(f1 − χ{v2≥kη

j }f2)ζm,n (3.22)

+
∫

Q

∫
Ω

(b(v1 ∨ kη
j )− b(v02 ∨ kη

j ))+ζm,n(0, x, s, y)
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−
∫

Q×Q

(a(v1 ∨ kη
j ,∇yg(v1 ∨ kη

j ))− a(v2 ∨ kη
j ,∇xg(v2 ∨ kη

j )))

× (∇x+yζm,n)H0(v1 ∨ kη
j − v2 ∨ kη

j ) +
∫

Q×Q

(b(kη
j )− b(v2))+(ζm,n)t

−
∫

Q×Q

χ{kη
j >v2}f2ζm,n +

∫
Q

∫
Ω

(b(kη
j )− b(v02))+ζm,n(0, x, s, y)

−
∫

Q×Q

χ{kη
j >v2}(a(k

η
j , 0)− a(v2,∇xg(v2)) · ∇xζm,n.

Denote the integrals on the right hand side of (3.22) by I1, . . . , I8 successively. Using
similar estimations as in [3] and [5], going to the limit with m and n respectively,
one gets

lim
m,n→∞

I1 =
∫

Q

(b(v1 ∨ kη
j )− b(v2 ∨ kη

j ))+(ξPϕη
j )t,

lim sup
m,n→∞

I2 ≤
∫

Q

κ1χ{v1>kη
j }(f1 − χ{v2≥kη

j }f2)ξ(t, x)Pϕ
η
j (t, x)

for some

κ1 ∈ L∞(Q) with κ1 ∈
+

sign(v1 − v2 ∨ kη
j ) a.e. in Q, (3.23)

lim sup
m,n→+∞

I3 ≤
∫

Ω

(b(v01 ∨ kη
j )− b(kη

j ∨ v02))
+ξ(0, x)ϕη

j (t, x)P,

lim sup
m,n→+∞

I4 =
∫

Q

H0(v1 ∨ kη
j − v2 ∨ kη

j )(a(v1,∇g(v1 ∨ kη
j ))

− a(v2,∇g(v2 ∨ kη
j ))) · ∇(ξϕη

jP).

Next, applying Fubini’s theorem and taking into account (3.10), we find

I5 + I6 + I7 + I8 =
∫

Q

(b(kη
j )− b(v2))+(ζ̂n)t −

∫
Q

χ{kη
j >v2}f2ζ̂nd(t, x)

−
∫

Q

χ{kη
j >v2}(a(k

η
j , 0)− a(v2,∇x(g(v2))) · ∇x(ζ̂n)

+
∫

Ω

(b(kη
j )− b(v02))+ζ̂n(0, x)dx.

Following [14], we define the functional Lkη
j

on D([0, T [×Ω) by

Lkη
j
(ζ) =

∫
Q

(b(kη
j )− b(v2))+ζt − χ{kη

j >v2}f2ζ)

−
∫

Q

χ{kη
j >v2}(a(k

η
j , 0)− a(v2,∇xg(v2))) · ∇xζ

+
∫

Ω

(b(kη
j )− b(v02))+ζ(0, x)dx.

(3.24)

As v2 is an entropy solution, we have Lkη
j
(ζ) +

∫
Σ
ω−(x, kη

j , u2)ζ ≥ 0 for all
ζ ∈ D([0, T ) × Ω), ζ ≥ 0, a.e. Lkη

j
is the sum of the positive linear functional

ζ ∈ D([0, T ) × RN ) 7→ Lkη
j
(ζ) +

∫
Σ
ω−(x, kη

j , u2)ζ and the linear functional: ζ 7→∫
Σ
ω−(x, kη

j , u2)ζ. Since (ζ̂)n = (ξσnϕ
η
j )n ⊂ D([0, T )×Ω) is an increasing sequence
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satisfying 0 ≤ ξσnϕ
η
jP ≤ ξϕη

jP, (Lkη
j
(ζ̂n) +

∫
Σ
ω−(x, kη

j , u2)ζ̂n) is a bounded and

increasing sequence and thus converges and (−
∫
Σ
ω−(x, kη

j , u2)ζ̂n converges also.
As a consequence, I5 + I6 + I7 + I8 = Lkη

j
(ξPσnϕ

η
j ) converges as n→∞.

To estimate the terms in the left hand side of inequality (3.22), we use our
assumption on the diffusion function g: As ã(r, 0) = 0, for small δ > 0, we have∫

(Q\Q1)×(Q\Q2)

(ã(v1 ∨ kη
j ,∇yg(v1 ∨ kη

j ))− ã(v2 ∨ kη
j ,∇xg(v2 ∨ kη

j )))

× (∇yg(v1 ∨ kη
j )−∇xg(v2 ∨ kη

j ))H ′
δ(g(v1 ∨ k

η
j )− g(v2 ∨ kη

j ))ζm,n

=
1
δ

∫
(Q×Q)

(ã(v1 ∨ kη
j ,∇yg(T 2(v1 ∨ kη

j )))− ã(v2 ∨ kη
j ,∇xg(T 2(v2 ∨ kη

j ))))

× (∇yg(T 2(v1 ∨ kη
j ))

−∇xg(T 2(v2 ∨ kη
j )))χ{v1∨kη

j ,v2∨kη
j ∈]A2,+∞(,0<g(v1∨kη

j )−g(v2∨kη
j )≤δ}ζm,n

+
1
δ

∫
(Q×Q)

(ã(v1 ∨ kη
j ,∇yg(T 2(v1 ∨ kη

j )))− ã(T 1(v2 ∨ kη
j ),∇xg(T 1(v2 ∨ kη

j ))))

× (∇yg(T 2(v1 ∨ kη
j ))

−∇xg(T 1(v2 ∨ kη
j )))χ{v1∨kη

j ∈]A2,+∞(,v2∨kη
j ∈]−∞,A1(,0<g(v1∨kη

j )−g(v2∨kη
j )≤δ}ζm,n

:= S1 + S2.

We estimate S2 and split this term as follows:

S2 :=
1
δ

∫
(Q×Q)

ã(T 2(v1 ∨ kη
j ),∇yg(T 2(v1 ∨ kη

j )))ζm,n

×∇yg(T 2(v1 ∨ kη
j ))χ{0<g(v1∨kη

j )−g(v2∨kη
j ))≤δ}χ{v2∨kη

j ∈]−∞,A1(}ζm,n

− 1
δ

∫
(Q×Q)

ã(T 2(v1 ∨ kη
j ),∇yg(T 2(v1 ∨ kη

j )))ζm,n

×∇xg(T 1(v2 ∨ kη
j ))χ{0<g(v1∨kη

j )−g(v2∨kη
j ))≤δ}ζm,n

+
1
δ

∫
(Q×Q)

ã(T 1(v2 ∨ kη
j ),∇xg(T 1(v2 ∨ kη

j )))ζm,n

×∇xg(T 1(v2 ∨ kη
j ))χ{0<g(v1∨kη

j )−g(v2∨kη
j ))≤δ}χ{v1∨kη

j ∈]A2,+∞(}ζm,n

− 1
δ

∫
(Q×Q)

ã(T 1(v2 ∨ kη
j ),∇xg(T 1(v2 ∨ kη

j )))ζm,n

×∇yg(T 2(v1 ∨ kη
j ))χ{0<g(v1∨kη

j )−g(v2∨kη
j ))≤δ}ζm,n

:= S1
2 + S2

2 + S3
2 + S4

2 .

By the weak coerciveness condition (1.3),

S1
2 ≤

1
δ

∫
(Q×Q)

ã(T 2(v1 ∨ kη
j ),∇y(g(T 2(v1 ∨ kη

j )))

×∇yTδ(g(T 2(v1 ∨ kη
j ))+ζm,nχ{0<−g(v2)≤δ}

≤ 1
δ

∫
(Q×Q)

ã(T 2(v1),∇yg(T 2v1)) · ∇yTδ(g(T 2(v1))))+ζm,nχ{0<−g(v2)≤δ}
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≤ δC(‖f1‖L∞(Q), ‖b(v01)‖L∞(Ω), ‖ũ1‖L∞(Q), ‖v1‖L∞(Q))
∫

Q

χ{0<−g(v2)≤δ}.

In the above inequality we use (3.4) and (3.5). Hence, limδ→0 S1
2 = 0 and Si

2,
i = 2, 3, 4 can be estimated in the same way. Dealing with S1, we use the additional
hypothesis (1.4) on the vector field a to get

S1 ≥ −1
δ

∫
(Q×Q)

χ{v1∨kη
j ,v2∨kη

j ∈]A2,+∞(,0<g(v1∨kη
j )−g(v2∨kη

j )≤δ}ζm,n

×B(g(T 2(v1 ∨ kη
j )− g(T 2(v2 ∨ kη

j )))

× (1 + |∇yg(T 2(v1 ∨ kη
j ))|p + |∇xg(T 2(v2 ∨ kη

j ))|p)

+
1
δ

∫
(Q×Q)

Γ(T 2(v1 ∨ kη
j ), T 2(v2 ∨ kη

j )) · ∇yg(T 2(v1 ∨ kη
j ))

× χ{v1∨kη
j ,v2∨kη

j ∈]A2,+∞(,0<g(v1∨kη
j )−g(v2∨kη

j )≤δ}ζm,n

+
1
δ

∫
(Q×Q)

Γ̃(T 2(v1 ∨ kη
j ), T 2(v2 ∨ kη

j )) · ∇xg(T 2(v2 ∨ kη
j ))

× χ{v1∨kη
j ,v2∨kη

j ∈]A2,+∞[,0<g(v1∨kη
j )−g(v2∨kη

j )≤δ}ζm,n

− 1
δ

∫
(Q×Q)

(a(T 2(v1 ∨ kη
j ), 0)− a(T 2(v2 ∨ kη

j ), 0))

×∇yg(T 2(v1 ∨ kη
j ))χ{v1∨kη

j ,v2∨kη
j ∈]A2,+∞[,0<g(v1∨kη

j )−g(v2∨kη
j )≤δ}ζm,n

×−1
δ

∫
(Q×Q)

(a(T 2(v1 ∨ kη
j ), 0)− a(T 2(v2 ∨ kη

j ), 0))

×∇xg(T 2(v2 ∨ kη
j ))χ{v1∨kη

j ,v2∨kη
j ∈]A2,+∞[,0<g(v1∨kη

j )−g(v2∨kη
j )≤δ}ζm,n

:= S1
1 + S2

1 + S3
1 + S4

1 + S5
1 .

Applying the divergence theorem, we get

S4
1 =

∫
Q×Q

( ∫ γ(v1,v2)

0

(ag(g(T 2(v2 ∨ kη
j )) + δr, 0)

− ag(g(T 2(v2 ∨ kη
j )), 0)) dr

)
∇yζm,n

(3.25)

and

S5
1 = −

∫
Q×Q

( ∫ γ(v1,v2)

0

(ag(g(T 2(v1 ∨ kη
j )), 0)

− ag(g(T 2(v1 ∨ kη
j ))− δr, 0)) dr

)
∇xζm,n

(3.26)

where ag(r, ξ) = a(g−1(r), ξ) and

γ(v1, v2) := inf (g(T 2(v1 ∨ kη
j ))− g(T 2(v2 ∨ kη

j )))+/δ, 1).

Due to the continuity of ag(r, ξ) in r ∈]A2,+∞[, it follows that

lim
δ→0

S4
1 = lim

δ→0
S5

1 = 0. (3.27)

The terms S2
1 and S3

1 can be estimated in a similar way, finally as B is locally
Lipschitz in g(]A2,+∞[),

lim
δ→0

S1
1 ≥ c lim

δ→0

∫
(Q×Q)

χ{v1∨kη
j ,v2∨kη

j ∈]A2,+∞[,0<g(v1∨kη
j )−g(v2∨kη

j )≤δ}ζm,n
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×B(g(T 2(v1 ∨ kη
j )− g(T 2(v2 ∨ kη

j )))

× (1 + |∇yg(T 2(v1 ∨ kη
j ))|p + |∇xg(T 2(v2 ∨ kη

j ))|p) = 0

for some constant c depending on ‖v1‖L∞(Q), ‖v2‖L∞(Q) and ‖u‖L∞(Σ). Combining
all the estimates, we get

0 ≤
∫

Q

(b(v1 ∨ kη
j )− b(v2 ∨ kη

j ))+(ξϕη
j )tP

−
∫

Q

(a(v1 ∨ kη
j ,∇xg(v1 ∨ kη

j ))− a(v2 ∨ kη
j ,∇g(v2 ∨ k

η
j )))

×∇x(ξϕη
jP)χ{v1∨kη

j >v2∨kη
j }

+
∫

Q

κ1χ{v1>kη
j }(f1 − χ{v2≥kη

j }f2)ξϕ
η
jP

+
∫

Ω

(b(v01 ∨ kη
j )− b(v02 ∨ kη

j ))+ξ(0, x)ϕη
j (t, x)P(t, x)

+ lim
n→∞

Lkη
j
(ξϕη

jPσn).

(3.28)

Second inequality: We are going to prove the inequality

−
∫ T

0

∫
∂Ω∩B

ω−((t, x), kη
j , u2)ξϕ

η
j

≤
∫

Q

(b(v1 ∧ kη
j )− b(v2))+(ξϕη

j )tP

−
∫

Q

χ{v1∧kη
j≥v2}(a(v1 ∧ k

η
j ,∇xg(v1 ∧ kη

j ))− a(v2,∇xg(v2))) · ∇x(ξϕη
jP)

+
∫

Ω

(b(v01 ∧ kη
j )− b(v02))+ξ(0, x)ϕ

η
j (t, x)P

+
∫

Q

κ2χ{v2<kη
j }(χ{v1≤kη

j }f1 − f2)ξϕ
η
jP

+
∫

Ω

(b(v01 ∧ kη
j )− b(v02))+ξ(0, x)ϕ

η
j (t, x)P

(3.29)
for some κ2 ∈ sign+(v1 ∧ kη

j − v2). Then, summing up (3.29) and (3.12), we find
in the final step the desired comparison result. To this aim, we choose as a test
function

ζm,n := ζi,j
m,n : (t, x, s, y) 7→ Pi(y)ξ(s, y)%n(y − x)ρm(s− t)ϕη

j (s, y).

Then, for m,n sufficiently large,

(s, y) 7→ ζi,
m,n(t, x, s, y) ∈ D(]0, T [×Ω), for any (t, x) ∈ Q,

(t, x) 7→ ζi,j
m,n(t, x, s, y) ∈ D([0, T [×RN ), for any (s, y) ∈ Q

supp
x

(ζi,j
m,n(t, s, y, .)) ⊂ Bi, for any (t, s, y) ∈ [0, T )2 × supp(Pi).

As v1 = v1(s, y) satisfies (2.4) and (3.6), choosing k = v2(t, x) ∧ kη
j and ξ =

ζm,n(t, x, ·, ·), integrating (2.4) in (t, x) over Q2 and (3.6) over Q\Q2 (note that, due
to the new choice of the test function, this choice is admissible), for a.e. (t, x) ∈ Q,
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we get

− lim
δ→0

∫
Q

ã(v1,∇yg(v1)) · ∇yg(v1)H ′
δ(g(v1)− g(v2 ∧ kη

j ))ζm,n

≤
∫

Q

(b(v1)− b(v2 ∧ kη
j ))+(ζm,n)s

+
∫

Q

(a(v1, 0)− a(v2 ∧ kη
j , 0)) · ∇yζm,nχ{v1>v2∧kη

j }

+
∫

Q

χ{v1>v2∧kη
j }f1ζm,n +

∫
Ω

(b(v01)− b(v2 ∧ kη
j ))+ζm,n(t, x, 0, y)

−
∫

Q

χ{v1>v2∧kη
j }ã(v1,∇yg(v1) · ∇yζm,n

=
∫

Q

(b(v1 ∧ kη
j )− b(v2 ∧ kη

j ))+(ζm,n)s

−
∫

Q

(a(v1 ∧ kη
j , 0)− a(v2 ∧ kη

j , 0)) · ∇yζm,nχ{v1∧kη
j >v2∧kη

j }

+
∫

Q

χ{v1∧kη
j >v2∧kη

j }χ{v1≤kη
j }f1ζm,n

+
∫

Ω

(b(v01 ∧ kη
j )− b(v2 ∧ kη

j ))+ζm,n(t, x, 0, y)

+
∫

Q

(b(v1)− b(kη
j ))+(ζm,n)s

−
∫

Q

χ{v1>kη
j }{(a(v1,∇yg(v1))− a(kη

j , 0)) · ∇yζm,n + f1ζm,n}

+
∫

Ω

(b(v01)− b(kη
j ))+ζm,n(t, x, 0, y),

where for the last equality we have used the fact that (r − s ∧ k)+ = (r ∧ k −
s ∧ k)+ + (r − k)+, χ{r>s∧k} = χ{r∧k>s∧k}χ{r≤k} + χ{r>k}, for all r, s, k ∈ R.
Let η be sufficiently small so that for all (s, y), (t, x) ∈ Σ with d((s, y), (t, x)) ≤ η,
u1(s, y)− u1(t, x)| ≤ ε

2 .
As v2 = v2(t, x) is an entropy solution, choosing k = v1(s, y)∧ kη

j , ξ = ζm,n (this
choice is admissible because g(kη

j ) = 0), integrating (2.5) over Q1 and (3.7) over
Q \Q1, we obtain

− lim
δ→0

∫
(Q\Q2)×Q

(a(v2,∇g(v2))− a(v2, 0)) · ∇g(v2)H ′
δ(g(v1 ∧ k

η
j )− g(v2)

−
∫

Σ

ω−((t, x), v1(s, y) ∧ kη
j , u2)ζm,n

≤
∫

Q

(b(v1 ∧ kη
j )− b(v2))+(ζm,n)t

+
∫

Q

χ{v1∧kη
j >v2}{(a(v1 ∧ k

η
j , 0)− a(v2,∇xg(v2)) · ∇xζm,n −

∫
Q

f2ζm,n}

for a.e. (s, y) in Q. The integral on the left is ≥ −
∫
Σ
ω−((t, x), kη

j , u2)ζm,n. More-
over, obviously, (r ∧ k − s)+ = (r ∧ k − s ∧ k)+ for all r, s, k ∈ R. Therefore,
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integrating the preceding inequalities in (t, x) resp. (s, y) over Q, summing up,
using the same type of arguments as above, passing to the limit with m,n → ∞
successively, for some κ2 ∈ L∞(Q) with κ2 ∈ sign+(v1 ∧ kη

j − v2), we obtain

−
∫

Σ

ω−((t, x), kη
j , u2)ξPi

≤
∫

Q

(b(v1 ∧ kη
j )− b(v2 ∧ kη

j ))+ξtPiϕ
η
j

−
∫

Q

χ{v1∧kη
j≥v2∧kη

j }(a(v1 ∧ k
η
j ,∇g(v1 ∧ k

η
j ))

− a(v2 ∧ kη
j ,∇g(v2 ∧ k

η
j ))) · ∇x(ξPiϕ

η
j )

+
∫

Q

κ2χ{v2<kη
j }(χ{v1≤kη

j }f1 − f2)ξPiϕ
η
j

+
∫

Ω

(b(v01 ∧ kη
j )− b(v02 ∧ kη

j ))+ξ(0, x)Pi(x)ϕ
η
j + lim

n→∞
L̃(ξσnPiϕ

η
j ),

(3.30)

where

L̃k := L̃k(v1) : ζ ∈ D([0, T [×RN ) 7→
∫

Q

(b(v1)− b(k))+ζs

+
∫

Q

χ{v1>k}{(a(v1,∇g(v1))− a(k, 0)) · ∇yζ + f1ζ}

+
∫

Ω

(b(v01)− b(k))+ζ(0, y).

Using the same arguments as above, we can prove that L̃k(ξσnPiϕ
η
j )) converges (as

Lk(ξσnPiϕ
η
j )) with n. Note also that (r∨k−s∨k)++(r∧k−s∧k)+ = (r−s)+, for

all r, s, k ∈ R. Moreover, if we define κ := κ1χ{v1>kη
j } + κ2χ{v2<kη

j }χ{v1≤kη
j }, then

κ = κ1χ{v2≥kη
j }χ{v1>kη

j } + κ2χ{v2<kη
j } ∈ sign+(v1 − v2). Therefore, summation of

(3.28) and (3.30) yields

−
∫

Σ

ω−((t, x), kη
j , u2)ξPiϕ

η
j

≤
∫

Q

(b(v1)− b(v2))+ξtPiϕ
η
j

−
∫

Q

χ{v1≥v2}(a(v1,∇g(v1))− a(v2,∇g(v2))) · ∇x(ξPiϕ
η
j )

+
∫

Q

κ(f1 − f2)ξPiϕ
η
j +

∫
Ω

(b(v01)− b(v02))+ξ(0, x)Piϕ
η
j (x)

+ lim
n→∞

L(ξPiϕ
η
jσn) + lim

n→∞
L̃(ξPiϕ

η
jσn),

(3.31)

for any ξ ∈ D([0, T [×RN ), ξ ≥ 0, for all i ∈ {1, . . . , p}, j ∈ {1, . . . , pη}.

Remark 3.5. For ξ ∈ D([0, T ) × Ω), the method of doubling variables allows to
prove the following local comparison result:
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There exists κ ∈ L∞(Q) with κ ∈ sign+(v1 − v2) a.e. in Q such that, for any
ζ ∈ D([0, T [×Ω), ζ ≥ 0,

0 ≤
∫

Q

(b(v1)− b(v2))+ζ +
∫

Q

κ(f1 − f2)ζ

−
∫

Q

χ{v1>v2}(a(v1,∇g(v1))− a(v2,∇g(v2)) · ∇ζ

+
∫

Ω

(b(v01)− b(v02))+ζ(0, ·).

(3.32)

The proof in this case is easier as the global comparison result. Indeed, as ξ = 0
on Σ, we can choose k = v2(t, x) (resp k = v1(s, x)) in (2.4) (resp in 2.5) and we
have only to add the obtained inequalities, then to go to the limit on m,n in order
to get (3.32).

As ξ = ξ(1−σm)+ξσm and ξσm ∈ D([0, T [×Ω) for m sufficiently large, applying
the local comparison principle (3.32) with ζ = ξσm, the global estimate (3.31) with
ξ(1− σm), we obtain∫

Q

(b(v1)− b(v2))+ξtPiϕ
η
j − χ{v1≥v2}(a(v1,∇g(v1))− a(v2,∇g(v2))) · ∇x(ξPiϕ

η
j )

+
∫

Q

κ(f1 − f2)ξPiϕ
η
j +

∫
Ω

(b(v01)− b(v02))+ξ(0, x)Piϕ
η
j (x)

≥
∫

Q

(b(v1)− b(v2))+(ξ(1− σm)ϕη
j )tPi

−
∫

Q

χ{v1≥v2}(a(v1,∇g(v1))− a(v2,∇g(v2))) · ∇x(ξ(1− σm)Piϕ
η
j )

+
∫

Q

κ(f1 − f2)ξ(1− σm)Piϕ
η
j +

∫
Ω

(b(v01)− b(v02))+ξ(0, x)(1− σm)Piϕ
η
j (x)

≥ −
∫

Σ

ω−((t, x), kη
j , u2)ξPiϕ

η
j (1− σm)− lim

n→∞
L(ξPiϕ

η
j (1− σm)σn)

− lim
n→∞

L̃(ξPiϕ
η
j (1− σm)σn)

= −
∫

Σ

ω−((t, x), kη
j , u2)ξPiϕ

η
j − lim

n→∞
L(ξPiϕ

η
j (σn − σmσn))

− lim
n→∞

L̃(ξPiϕ
η
j (σn − σmσn)).

Note that Piϕ
η
jσnσm = Piϕ

η
jσm for n sufficiently large. Therefore,

lim
m→∞

lim
n→∞

L(ξPiϕ
η
j (σn − σmσn)) = lim

m→∞
lim

n→∞
L̃(ξPiϕ

η
j (σn − σmσn)) = 0,

and thus, passing to the limit with m→∞ in the preceding inequality yields∫
Q

(b(v1)− b(v2))+(ξϕη
j )tPi − χ{v1≥v2}(a(v1,∇g(v1))− a(v2,∇g(v2))) · ∇x(ξPiϕ

η
j )

+
∫

Q

κ(f1 − f2)ξPiϕ
η
j +

∫
Ω

(b(v01)− b(v02))+ξ(0, x)Piϕ
η
j (x)

≥ −
∫

Σ

ω−((t, x), kη
j , u2)ξPiϕ

η
j
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for all j = 1, . . . , pη. Summing over j = 0, . . . , pη, we find∫
Q

(b(v1)− b(v2))+ξtPi − χ{v1≥v2}(a(v1,∇g(v1))− a(v2,∇g(v2))) · ∇x(ξPi)

+
∫

Q

κ(f1 − f2)ξPi +
∫

Ω

(b(v01)− b(v02))+ξ(0, x)Pi

≥ −
pη∑

j=1

∫
Σ

ω−((t, x), kη
j , u2)ξPi

≥ −
pη∑

j=1

∫
Σ

ω−((t, x), u1 +
ε

2
, u2)ξPi

= −
pη∑

j=1

∫
Σ∩∂Bi

ω−((t, x), u1 +
ε

2
, u2)ξ

By continuity of ω , letting ε→ 0, and after summation over i, we get (3.1).

Remark 3.6. (i) In the proof of Theorem 3.1, we have only used the fact that v1
verifies the following “local entropy inequalities”: For all ξ ∈ D+([0, T )×RN ) and
all k ∈ R with k > maxΣ∩supp(ξ) u1,

0 ≤
∫

Q

(b(v1)− b(k))+ξt +
∫

Ω

(b(v01)− b(k))+ξ(0, x)

+
∫

Q

χ{v1>k}(f1ξ − (a(v1,∇g(v1))− a(k, 0)) · ∇ξ
(3.33)

and for all k ∈ R with k < minΣ∩supp(ξ) u1,

0 ≤
∫

Q

(b(k)− b(v1))+ξt +
∫

Ω

(b(k)− b(v01))+ξ(0, x)

−
∫

Q

χ{k>v1}(f1ξ + (a(v1,∇g(v1))− a(k, 0)) · ∇ξ.
(3.34)

4. Existence of an entropy solution

Let Ω̃ denote some Lipschitz domain strictly larger than Ω, Q̃ = (0, T )× Ω̃. We
define the trivial extension by 0 of the data u0, f on the larger domain

ũ0 :=

{
u0 on Ω
0 on Ω̃\Ω,

, f̃ :=

{
f on Q
0 on Q̃\Q.

Let p, q ∈ N (the penalization parameters) and define the penalization term
βp,q(t, x, r) := χQ̃\Q(p(r− ũ(t, x))+ − q(ũ(t, x)− r)+, ∀r ∈ R, a.e. (t, x) ∈ Q̃ where
ũ is some extension of u on Q̃ \Q with g(ũ) ∈ Lp(0, T,W 1,p(Ω)). Multiplying ũ if
necessary by a smooth function χ such that χ ≡ 0 on the boundary Σ̃ and χ ≡ 1
on Σ we can assume that ũ = 0 on Σ̃ := (0, T ) × ∂Ω̃. Note that βp,q is Lipschitz
continuous in r, uniformly in (t, x). Moreover, for all p, p′, q, q′ ∈ N with q ≤ q′,
p ≤ p′,

βp,q(t, x, r)− βp,q′(t, x, r) ≥ 0, βp,q(t, x, r)− βp′,q(t, x, r) ≤ 0,
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for all r ∈ R, a.e. (t, x) ∈ Q̃, and

lim
m,n→∞

βp,q(t, x, r) =


0 if r ∈ R, (t, x) ∈ Q
R if r = ũ(t, x), (t, x) ∈ Q̃\Q
∅ otherwise.

The proof of the existence result consists of three steps: In the first step, we prove
existence of a bounded entropy solution of the doubly penalized problem with ho-
mogeneous boundary conditions and L∞-data v0 and f : (Problem P p,q

bα,g(v0, 0, f, ψ))

bα(v)t − div a(v,∇g(v)) + ψ(v) + βp,q(v) = f̃ on Q̃

“v = 0′′ on some part of Σ̃,

bα(v(0, .)) = b(ṽ0) in Ω̃,

where bα(r) = bα(r)+αr, ψ : R → R is increasing, Lipschitz continuous with ψ(0) =
0 and ψ(R) = R. This is done via approximation with the non-degenerate evolution
problems with homogeneous boundary conditions: (problem P p,q

bα,gε
(v0, 0, f, ψ))

bα(v)t − div a(v,∇gε(v)) + ψ(v) + βp,q(v) = f̃ on Q̃

v = 0 on Σ̃,

bα(v)(0, .) = bα(ṽ0) in Ω̃,

where gε(r) = g(r) + εr. In the second step, we let p, q → ∞ and prove the
existence of an entropy solution of the degenerate problem Pbα,g(v0, u, f, ψ). Then
in a third step, we let α→ 0. Finally, in the last step we pass to the limit with the
perturbation term ψ to 0 and prove the existence result for L1-data. We only give
the details of the proof for the first and the second steps which are crucial. In the
last steps, we use similar arguments as in [6] and [3].

4.1. First step. In this step, we assume that u : Σ → [A1, A2] is continuous with
on Σ, ũ ∈ C(Q̃), ũ = u on Σ and bα(ũ)t ∈ L1(Q̃). The existence of a unique weak
solution v of P 0,0

bα,gε
(v0, 0, f, ψ) is rather a classical result. Indeed the problem can

be equivalently formulated as follows: (Problem (EP)(v0, f, ψ, ε))

((bα ◦ g−1
ε )(v))t − div a(g−1

ε (v),∇v) + ψ(g−1
ε (v)) = f̃ in Q̃

v = 0 on Σ

bα(v(0, .)) = bα(ṽ0) in Ω̃

As (r, ξ) 7→ a(g−1
ε (v), ξ), r ∈ R, ξ ∈ RN satisfies the same hypothesis as the vector

field a thanks to the strict monotonicity of gε, the classical theory of Leray-Lions
applies and one can prove as in [14] that the weak solution satisfies the entropy
inequalities:

For all k ∈ R, for all ξ ∈ C∞0 ([0, T )× RN ) such that ξ ≥ 0 and (−gε(k))+ξ = 0
a.e. on Σ̃,

0 ≤
∫

Q̃

{(bα(vε)− bα(k))+ξt +
∫

Ω

(bα(ṽ0)− bα(k))+ξ(0, ·)

+
∫

Q̃

χ{vε>k}((f̃ − ψ(vε))− (a(vε,∇gε(vε))− a(k, 0)) · ∇ξ
(4.1)
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and for all k ∈ R, for all ξ ∈ C∞0 ([0, T ) × RN ) such that ξ ≥ 0 and (gε(k))+ξ = 0
a.e. on Σ̃,

0 ≤
∫

Q̃

{(bα(k)− bα(vε))+ξt +
∫

Ω̃

(bα(k)− bα(ṽ0))+ξ(0, ·)

−
∫

Q̃

χ{k>vε}((f̃ − ψ(vε))ξ − (a(vε,∇gε(vε))− a(k, 0)) · ∇ξ).
(4.2)

Now, we want to go the limit with ε → 0. Let f̃ ∈ L∞(Q̃), ṽ0 ∈ L∞(Ω̃) and
v ∈ L∞(Q̃) be the unique entropy solution of P 0,0

bα,gε
(ṽ0, 0, f̃ , ψ). Due to the Lips-

chitz continuity of βp,q, using Banach’s fixed point theorem, applying the compar-
ison result Theorem 3.1, there exists a unique entropy solution vε of the penalized
problem (problem P̃ p,q

bα,gε
(ṽ0, 0, f̃ , ψ))

∂bα(v)
∂t

− div a(v,∇gε(v)) + ψ(v) = φ on Q̃

v = 0 on Σ̃

v(0, ·) = ṽ0 on Ω̃

with right hand side φ = f̃ − βp,q(vε) a.e. vε ∈ L∞(Q̃), gε(vε) ∈ Lp(0, T,W 1,p
0 (Ω̃))

and vε satisfies the following entropy inequalities:
For all k ∈ R, for all ξ ∈ C∞0 ([0, T )× RN ) such that ξ ≥ 0 and (−gε(k))+ξ = 0

a.e. on Σ̃,

0 ≤
∫

Q̃

{(bα(vε)− bα(k))+ξt +
∫

Ω

(bα(ṽ0)− bα(k))+ξ(0, ·)

+
∫

Q̃

χ{vε>k}((f̃ − ψ(vε)− βp,q(vε))− (a(vε,∇gε(vε))− a(k, 0)) · ∇ξ
(4.3)

and for all k ∈ R, for all ξ ∈ C∞0 ([0, T ) × RN ) such that ξ ≥ 0 and (gε(k))+ξ = 0
a.e. on Σ̃,

0 ≤
∫

Q̃

{(bα(k)− bα(vε))+ξt +
∫

Ω̃

(bα(k)− bα(ṽ0))+ξ(0, ·)

−
∫

Q̃

χ{k>vε}((f̃ − ψ(vε)− βp,q(vε))ξ − (a(vε,∇gε(vε))− a(k, 0)) · ∇ξ).
(4.4)

By a particular choice of test functions, one can prove (see [6]) that (vε)ε and
(|∇gε(vε)|)ε are uniformly bounded in L∞(Q̃) and Lp(Q̃) respectively. Thanks
to the growth condition (1.2) on a, it follows that (a(vε,∇gε(vε)))ε is bounded
in Lp′(Q̃)N as well. Following classical arguments, extracting a subsequence if
necessary, we can prove that as ε→ 0,

gε(vε) converges weakly to some w ∈ L∞(Q̃) ∩ Lp(0, T,W 1,p
0 (Ω̃)) (4.5)

in Lp(0, T,W 1,p
0 (Ω̃)) and

a(vε,∇gε(vε)) converges weakly in Lp′(Q̃)N to some χ ∈ Lp′(Q̃)N . (4.6)

Now, we use the L∞ uniform bound on (vε) in order to deduce the weak-∗ conver-
gence of (vε) to a function v. Then, going to the limit in the approximate entropy
inequalities, we prove that v is an entropy process solution of P p,q

b,g (v0, 0, f, ψ) (see
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Definition 4.3 below). Finally using a “stronger” principle of uniqueness, we show
that v is the entropy solution of P p,q

b,g (v0, 0, f, ψ) and that the convergence is strong.

Definition 4.1. Let Ω be an open subset of RN (N ≥ 1), (un) be a bounded
sequence of L∞(Ω) and u ∈ L∞(Ω× (0, 1)). The sequence (un) converges towards
u in the “nonlinear weak-∗ sense” if∫

Ω

φ(un(x))ψ(x) dx→
∫ 1

0

∫
Ω

φ(u(x, µ))ψ(x) dx dµ, as n→∞, (4.7)

for all ψ ∈ L1(Ω), for all φ ∈ C(R,R).

Lemma 4.2. Let Ω be an open subset of RN (N ≥ 1) and (un) be a bounded
sequence of L∞(Ω). Then (un) admits a subsequence converging in the nonlinear
weak-∗ sense.

For a proof of the above lemma, see [21] or [18]). According to Lemma 4.2, the
sequence (vε) is convergent in the nonlinear weak-∗ sense to some v ∈ L∞(Q ×
(0, 1)). We will prove that the weak-∗ limit is a weak entropy process solution of
P p,q

b,g (ṽ0, 0, f̃ , ψ) in the following sense.

Definition 4.3. Let v0 ∈ L∞(Ω) and f ∈ L∞(Q). A function u ∈ L∞(Q̃× (0, 1))
is a weak entropy process solution of P p,q

b,g (v0, f, ψ) if
• g(u) ∈ Lp(0, T,W 1,p

0 (Ω)), g(u(t, x, µ)) = g(u(t, x)) a.e. in Q̃× (0, 1);
bullet for all k ∈ R, for all ξ ∈ C∞0 ([0, T )×RN ) such that ξ ≥ 0 and (−g(k))+ξ =

0 a.e. on Σ̃,

0 ≤
∫ 1

0

(
∫

Q̃

{(b(u)− b(k))+ξt) dµ+
∫

Ω

(b(v0)− b(k))+ξ(0, ·)

+
∫ 1

0

(
∫

Q̃

χ{u>k}((f − ψ(u)− βp,q(u))ξ − (a(u,∇g(u))− a(k, 0)) · ∇ξ) dµ

(4.8)
and for all k ∈ R, for all ξ ∈ C∞0 ([0, T ) × RN ) such that ξ ≥ 0 and (g(k))+ξ = 0
a.e. on Σ̃,

0 ≤
∫ 1

0

(
∫

Q̃

{(b(k)− b(u))+ξt) dµ+
∫

Ω̃

(b(k)− b(v0))+ξ(0, ·)

−
∫ 1

0

(
∫

Q̃

χ{k>u}((f − ψ(u)− βp,q(u))ξ − (a(u,∇g(u))− a(k, 0)) · ∇ξ) dµ).

(4.9)

Obviously, the sequence a(vε, 0)ε also converges in the weak∗ sense, to a(v, 0).
To prove the strong compactness of g(vε) in L1(Q), we estimate

∫ T−h

0

∫
Ω̃
|g(vε)(t+

h, x) − g(vε)(t, x)| for all h small enough: Let Lq◦b−1
α

> 0 be a Lipschitz constant
of g ◦ b−1

α on [−L,L] with L ≥ ‖vε‖L∞(Q) for all ε > 0. Then, for all r, s ∈ [−L,L]

|g(r)− g(s)|2 ≤ 1
Lg◦b−1

α

|bα(r)− bα(s)||g(r)− g(s)|.

It follows that∫ T−h

0

∫
Ω̃

|g(vε)(t+ h, x)− g(vε)(t, x)|
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≤ |Q̃|1/2
( ∫

Ω̃

|g(vε)(t+ h, x)− g(vε)(t, x)|2
)1/2

≤ 1
Lg◦b−1

α

|Q̃|1/2
( ∫

Ω̃

|g(vε)(t+ h, x)− g(vε)(t, x)||bα(vε)(t+ h, x)

− bα(vε)(t, x)|
)1/2

.

Now, as vε is a weak solution of P p,q
bα,g(v0, f, ψ), taking g(vε)(t+ h, .)− g(vε)(t, .) ∈

W 1,p
0 (Ω̃) as test function, we get∫

Ω̃

|g(vε)(t+ h, x)− g(vε)(t, x)||bα(vε)(t+ h, x)− bα(vε)(t, x)|

≤
∫ T−h

0

∫ t+h

t

∫
Ω̃

a(vε,∇gε(vε)) · ∇(g(vε)(t+ h, x)− g(vε)(t, x))

+
∫ T−h

0

∫ t+h

t

∫
Ω̃

(f̃ − ψ(vε)− βp,q(vε))(g(vε)(t+ h, x)− g(vε)(t, x))

≤ hM

for some M > 0 independent of ε. It follows that∫ T−h

0

∫
Ω̃

|g(vε)(t+ h, x)− g(vε)(t, x)| → 0 when h→ 0, (4.10)

uniformly with respect to ε.
Taking into account (4.5) and (4.10), as vε → v weak−∗, it follows that up to a

sequence

gε(vε) converges strongly and a.e. to g(v) ∈ L1(Q̃) (4.11)

(vεχ{g(v) 6=0}) converges strongly in L1(Q) and a.e. to vχ{g(v) 6=0}, (4.12)

gε(vε) converges weakly to g(v) ∈ L∞(Q̃) ∩ Lp(0, T,W 1,p
0 (Ω̃)) (4.13)

in Lp(0, T,W 1,p
0 (Ω̃)). In particular, it follows that g(v) is independent of µ. Now,

in view of the above estimates, it remains only to identify χ with the weak limit of
a(vε,∇gε(vε)) in Lp(Q̃)N . Let us note first that∫

{v∈[A1,A2]}
|ã(vε,∇gε(vε))|

=
∫
{v∈[A1,A2],vε∈[A1,A2]}

|ã(vε,∇gε(vε))|

+
∫
{v∈[A1,A2]}

|ã(vε,∇Tδ(gε(A1)− g(vε))+))|+
∫
{v∈[A1,A2]}

|ã(vε,∇Tδ(g(vε))|

+
∫
{v∈[A1,A2],gε(vε)<−δ}

|ã(vε,∇Tδgε(vε)|+
∫
{v∈[A1,A2],gε(vε)>δ}

|ã(vε,∇gε(vε)|.

The first term in the right hand side can be estimated as follows:∫
{v∈[A1,A2],vε∈[A1,A2]}

|ã(vε,∇gε(vε))|

≤
∫
{εA1≤gε(vε)≤εA2}

|ã(vε,∇(TεA2g(vε)− TεA1g(vε))|
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≤ C(|A1|+ |A2|)
∫
{εA1≤gε(vε)≤εA2}

|∇(TεA2g(vε)− TεA1g(vε))|p−1.

As vε is a weak solution of P p,q
bα,g(ṽ0, 0, f̃ , ψ), taking TεA2(g(vε)) − TεA1(g(vε)) as

test function, we get∫
Q̃

|∇(TεA2(g(vε))− TεA1(g(vε))|p ≤ ε|A2 −A1|c(‖f̃‖L∞(Q̃) + ‖b(ṽ0)‖L∞(Ω̃)).

Passing to the limit with ε→ 0 and δ → 0 successively, the second and third term
can be estimated as in Lemma 3.3. The two last terms go also to 0 with ε→ 0 for
fix δ thanks to the a.e. convergence of gε(vε) to g(v). Combining all the estimates,
it follows that

χ = 0 a.e. on the set {∇g(v) = 0}. (4.14)

Now, we use the regularization method of Landes [24] in order to prove that χ =
ã(v,∇g(v)). For ν ∈ N, we define the regularization in time of the function g(v(t, x))
by

(g(v))ν(t, x) :=
∫ t

−∞
eν(s−t)g(v)(s, x) ds

for a.e. (t, x) ∈ Q and for s < 0, we extend v(t, x) by a function ṽν
0 (x) ∈ L∞(Ω̃) ∩

W 1,p
0 (Ω̃) with ‖b(ṽ0)− b(ṽν

0 ))‖1 ≤ ν−1. Observe that (g(v))ν ∈ Lp(0, T ;W 1,p
0 (Ω̃))∩

L∞(Q̃) and, moreover, is differentiable for a.e. t ∈ (0, T ) with ∂
∂t (g(v))ν = ν(g(v)−

(g(v))ν) ∈ Lp(0, T ;W 1,p
0 (Ω̃)) ∩ L∞(Q̃), (g(v))ν(0, x) = g(ṽν

0 )(x) a.e. in Ω̃, and
(g(v))ν → g(v) in Lp(0, T ;W 1,p

0 (Ω̃)) as ν → ∞. Let σ ∈ D+([0, T )). The main
estimate is:

lim inf
ν→∞

lim
ε→0

〈b(vε)t, σ(g(T 2vε)− (g(T 2v))ν)〉 ≥ 0,

where 〈., .〉 is the duality pairing between Lp′(0, T ;W−1,p′(Ω̃)). Indeed, by the
integration-by parts-formula, (see [3]),

〈b(vε)t, σ(gε(T 2vε)− (g(T 2v))ν)〉

= −
∫

Q̃

σt

∫ vε

A2

gε(T 2r)dbα(r)−
∫
σ(0)

∫ ṽ0

A2

gε(T 2r) dbα(r)

+
∫

Q̃

σtbα(vε)(g(T 2v))ν +
∫

Q̃

σν(g(T 2v)− (g(T 2v))ν)bα(vε)

+
∫

Ω̃

bα(ṽ0)σ(0)g(T 2vν
0 )

=: I1 + I2 + I3 + I4 + I5.

It is not difficult to pass to limit with ε → 0 in Ii, i = 1, 2, 3, 5. Dealing with the
term I4, we have

I4 =
∫

Q̃

σν(g(T 2v)− (g(T 2v))ν)(bαg−1(g(T 2vε)))− bα(g−1((g(T 2v))ν)))

+
∫

Q̃

σν(g(T 2v)− g(T 2vε))(bαg−1(g(T 2vε)))− bα(g−1((g(T 2v))ν)))

+
∫

Q̃

σν(g(T 2v)− (g(T 2v))ν)bα(g−1((g(T 2v))ν))
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+
∫

Q̃

σν(g(T 2vε)− (g(T 2v))ν)(bα(vε)− bα(T 2vε)))

=: I1
4 + I2

4 + I3
4 + I4

4 .

It is clear that I1
4 ≥ 0 and I4

4 = 0. Moreover,

I3
4 =

∫
Q̃

σν(g(T 2v)− (g(T 2v))ν)bα(g−1((g(T 2v))ν))

=
∫

Q̃

σ
∂

∂t
(g(T 2v))νbαg

−1((g(T 2v))ν)

×
∫

Q̃

σ
∂

∂t

∫ (g(T 2v))ν

0

(bα(◦g−1)(r) dr

= −
∫

Q̃

σt

∫ (g(T 2v))ν

0

(bα ◦ g−1)(r) dr −
∫

Ω̃

σ(0)
∫ (g(T 2v0))ν

0

bα ◦ g−1)(r) dr

= −
∫

Q̃

σt

∫ g−1((g(T 2v))ν

A2

bα(r)dg(r)−
∫

Ω̃

σ(0)
∫ g−1(g(T 2ṽ0

ν)

A2

bα(r) dg(r) dr.

Thus, as limε→0,α→0 I
2
4 = 0,

lim inf
ν→∞

lim
ε→0

〈bαvε)t, σ(g(T 2vε)− (g(T 2v))ν)〉

≥ −
∫

Q̃

σt

∫ T 2v

A2

g(r) dbα(r)−
∫
σ(0)

∫ T 2v0

A2

g(r) dbα(r)

+
∫

Q̃

σtbα(v)g(T 2v)−
∫

Q̃

σt

∫ T 2v

A2

bα(r) dg(r)

−
∫

Ω̃

σ(0)
∫ T 2v0

A2

bα(r) dg(r) +
∫

Ω̃

bα(v0)σ(0)g(T 2ṽ0)

Next, note that

lim sup
ν→∞

lim sup
ε→0

∫
Q̃

(ψ(vε) + βp,q(vε))σ(gε(T 2vε)− (g(T 2v))ν) = 0.

Therefore, using σ(g(T 2vε)−(g(T 2v))ν) as a test function in the differential equality,
we obtain

lim sup
ν→∞

lim sup
ε→∞

∫
Q̃

σa(vε,∇gε(T 2vε)) · ∇(g(T 2vε)− (g(T 2v))ν) ≤ 0. (4.15)

As

lim sup
ν→∞

lim sup
ε→∞

∫
Q̃

σa(vε, 0) · ∇(g(T 2vε)− (g(T 2v))ν) = 0, (4.16)

by the divergence theorem, it follows that

lim sup
ν→∞

lim sup
ε→∞

∫
Q̃

σã(vε,∇gε(T 2vε)) · ∇(g(T 2vε)− (g(T 2v))ν) ≤ 0. (4.17)

This in turn implies (by the same arguments as in the proof of (4.14)) that

lim sup
ν→∞

lim sup
ε→∞

∫
Q̃

σã(vε,∇gε(vε)) · ∇(g(vε)− (g(v))ν) ≤ 0. (4.18)
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By the pseudo-monotonicity argument, we deduce that

divχ = div ã(v,∇g(v)) in D′(Q̃) for all k > 0. (4.19)

Indeed, for ξ ∈ D(Ω̃), ξ ≥ 0, α ∈ R, we have

α

∫
Q̃

σχ∇ξ

= lim
ε→0

∫
Q̃

ασã(vε,∇gε(vε)) · ∇ξ

≥ lim sup
ν→∞

lim sup
ε→0

∫
Q̃

σã(vε,∇gε(vε)) · ∇(gε(vε)− (g(v))ν + αξ)

≥ lim sup
ν→∞

lim sup
ε→∞

∫
Q̃

σã(vε,∇((g(v))ν − αξ)) · ∇(gε(vε)− (g(v))ν + αξ)

≥
∫

Q̃

ασã(v,∇(g(v)− αξ)) · ∇ξ.

Dividing by α > 0 resp. < 0, passing to the limit with α→ 0, we obtain (4.19). As
a further consequence of (4.15),

lim
ν→∞

lim
ε→0

∫
Q̃

σ(ã(vε,∇gε(vε))− ã(vε,∇(gε(vε))ν)) · ∇(gε(vε)− (g(v))ν) = 0.

By the diagonal principle, there exists a sequence ε(ν) such that the (non-negative)
function

σ(a(vε(ν),∇gε(vε(ν)))− a(vε(ν),∇(g(v))ν)) · (∇gε(vε(ν))−∇(g(v))ν) → 0

strongly in L1(Q̃) as ν →∞.
By standard arguments we first deduce that

σ(a(vε(ν),∇gε(vε(ν))) · (∇gε(vε(ν))−∇(g(v))ν) → 0

weakly in L1(Q̃) and then, using (4.19), that∫
Q̃

σ(a(vε(ν),∇gε(vε(ν))) · ∇gε(vε(ν)) →
∫

Q̃

σa(v,∇g(v)) · ∇g(v)

as ν →∞ for all σ in L∞(Q̃).
Combining all estimates, for some appropriately chosen subsequence (still de-

noted by vε for simplicity) we can pass to the limit in the entropy inequalities; i.e.,
using ξ ∈ D(Q̃) as a test function in P p,q

b,gε
(ṽ0, 0, f̃ , ψ), passing to the limit in (4.1)

and (4.2), we get for all k ∈ R, for all ξ ∈ C∞0 ([0, T ) × RN ) such that ξ ≥ 0 and
(−g(k))+ξ = 0 a.e. on Σ̃,

0 ≤
∫ 1

0

∫
Q̃

(bα(v)− bα(k))+ξt +
∫

Ω̃

(bα(ṽ0)− bα(k))+ξ(0, ·)

+
∫ 1

0

∫
Q̃

χ{v>k}(f̃ − ψ(v)− βp,q(v))ξ − (a(v,∇g(v))− a(k, 0)) · ∇ξ)
(4.20)
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and for all k ∈ R, for all ξ ∈ C∞0 ([0, T ) × RN ) such that ξ ≥ 0 and (g(k))+ξ = 0
a.e. on Σ̃,

0 ≤
∫ 1

0

∫
Q̃

(bα(k)− bα(v))+ξt +
∫

Ω̃

(bα(k)− bα(ṽ0))+ξ(0, ·)

−
∫ 1

0

∫
Q̃

χ{k>v}(f̃ − ψ(v)− βp,q(v))ξ − (a(v,∇g(v))− a(k, 0)) · ∇ξ).
(4.21)

Now, to prove that v is the week entropy solution of P p,q
b,g (ṽ0, 0, f̃ , ψ), we use the

following “reinforced” comparison principle.

Proposition 4.4. Let vi
0 ∈ L∞(Q̃), fi ∈ L∞(Q̃) and ui ∈ L∞(Q̃× (0, 1) be a weak

entropy process of P p,q
b,g (ṽi

0, 0, f̃i, ψ) i = 1, 2. Then, there exists κ ∈ L∞(Q̃× (0, 1))
with κ ∈ sign+(u1 − u2) a.e. in Q̃× (0, 1) such that, for any ξ ∈ D([0, T [), ξ ≥ 0,

0 ≤
∫ 1

0

∫
Q̃

(b(u1(t, x, α)− b(u2(t, x, µ)))+ξt dx dt dα dµ

+
∫ 1

0

∫
Q̃

κ(f1 − f2)ξ dx dt dα dµ

+
∫

Ω̃

(b(v1
0)− b(v2

0))+ξ(0, .) dx.

In particular, in the case where f1 = f2 and v1
0 = v2

0 , we have

u1(t, x, α) = u2(t, x, µ) a.e. (t, x, α, µ) ∈ Q̃× (0, 1)× (0, 1).

Defining w(t, x) =
∫ 1

0
u1(t, x, α) dα, we have w(t, x) = u1(t, x, α) = u2(t, x, β) a.e.

(t, x, α, β) ∈ Q̃× (0, 1)× (0, 1).
The proof of Proposition 4.4 follows the same lines as those of Theorem 3.1

and is omitted here because it does not contain new ideas. The reader is referred
to [18], in order to verify the technical tools needed to deal with measure-valued
functions. By corollary 3.3 it follows that v is the unique weak entropy solution of
P p,q

b,g (ṽ0, 0, f̃ , ψ) and the first step of the proof is complete.

4.2. Second step. In the first step, we have proved the existence of an entropy
solution vp,q corresponding to the problems P̃ p,q

b,g (ṽ0, 0, f̃ , ψ). By Theorem 3.1, a
comparison principle holds. In particular, entropy solutions for different penaliza-
tion parameters can be compared: for any p, p′, q ∈ N with p ≤ p′, there exists
κ ∈ L∞(Q̃) with κ ∈ sign+(vp′,q − vp,q) a.e. on Q̃ such that, for a.e. t ∈ (0, T ),∫

Ω̃

(b(vp′,q)(t, ·)− b(vp,q)(t, ·))+ +
∫

Q̃

(ψ(vp′,q)− ψ(vp,q))+

≤
∫ t

0

∫
Ω̃

κ((f̃ − βp′,q(vp′,q)− (f̃ − βp,q(vp,q)))

=
∫ t

0

∫
Ω̃

κ(βp,q(vp,q)− βp,q(vp′,q)− χQ̃\Q(p′ − p)(vp′,q − ũ)+)

≤
∫ t

0

∫
Ω̃

κ(βp,q(vp,q)− βp,q(vp′,q))+ ≤ 0.

Consequently,
vp′,q ≤ vp,q a.e. (t, x) ∈ Q̃.



28 K. AMMAR EJDE-2009/147

In the same way, one can prove that, for all p, q, q′ ∈ N with n ≤ n′,

vp,q ≤ vp,q′ a.e. (t, x) ∈ Q̃.

This comparison result already ensures the a.e. convergence of the solutions vp,q

as, successively, p→∞ and q →∞.
To obtain an L∞-bound on the approximate solutions, we compare vp,q with

C ∈ R such that ψ(C) = ‖f‖L∞(Q̃ + ‖b(ṽ0)‖L∞(Ω̃) + ‖ũ‖L∞(Q̃) + 1 as classical
solution of Pb,g(C,C, ψ(C) + βp,q(C), ψ) (resp with C̃ ∈ R such that ψ(C̃) =
−(‖f‖L∞(Q̃)+‖ṽ0‖L∞(Ω̃)+‖ũ‖L∞(Q̃)+1). Thanks to the strong perturbation ψ, we
prove that (vp,q)p,q is uniformly bounded in L∞(Q̃). As a consequence, passing to
a subsequence if necessary and using the diagonal principle, there exists a sequence
vq = vp(q),q which converges in L1(Q̃) as q → ∞ to some function v ∈ L∞(Q̃). In
order to prove that v is a weak entropy solution of Pb,g(ṽ0, u, f, ψ), it is sufficient
to prove that v satisfies the family of entropy inequalities: for all k ∈ R, for all
ξ ∈ C∞0 ([0, T )× RN ) such that ξ ≥ 0 and (−g(k))+ξ = 0 a.e. on Σ

−
∫

Σ

ω+((t, x), k, u)ξ ≤
∫

Q

(b(v)− b(k))+ξt +
∫

Ω

(b(v0)− b(k))+ξ(0, ·)

+
∫

Q

χ{v>k}((f − ψ(v))ξ − (a(v,∇g(v))− a(k, 0)) · ∇ξ)

(4.22)
and for all k ∈ R, for all ξ ∈ C∞0 ([0, T ) × RN ) such that ξ ≥ 0 and (g(k))+ξ = 0
a.e. on Σ,

−
∫

Σ

ω−((t, x), k, u)ξ

≤
∫

Q

(b(k)− b(v))+ξt +
∫

Ω

(b(k)− b(v0))+ξ(0, ·)

−
∫

Q

χ{k>v}((f − ψ(v))ξ − (a(v,∇g(v))− a(k, 0)) · ∇ξ).

(4.23)

Let us remark first that ũ is a weak entropy solution of P̃ p,q
b,g (ũ0, 0, b(ũ)t −

div a(ũ,∇g(ũ)) + ψ(ũ), ψ). Then, by the comparison principle, there exists κ, κ̃
in L∞(Q̃) with κ ∈ sign+(vp,q − ũ), κ̃ ∈ sign+(ũ− vp,q) a.e. on Q̃ such that for a.e.
t ∈ (0, T ),

∫
Q̃

(ψ(vp,q)− ψ(ũ))+ξ

≤
∫

Q̃

(b(vp,q)− b(ũ))+ξt +
∫

Ω̃

(b(ṽ0)− b(ũ0))+ξ(0, x)−
∫

Q̃\Q
χ{vp,q>ũ}βp,q(vp,q)ξ

+
∫

Q̃

κ(f̃ − ψ(ũ))ξ − b(ũ)tξ + div a(ũ,∇g(ũ))ξ)

(4.24)
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and∫
Q̃

(ψ(ũ)− ψ(vp,q))+ξ

≤
∫

Ω̃

(b(ũ)− b(vp,q))+ξt +
∫

Ω̃

(b(ũ0)− b(ṽ0))+ξ(0, x) +
∫

Q̃\Q
χ{ũ>vp,q}βp,q(vp,q)ξ

−
∫

Q̃

κ̃(f̃ − ψ(ũ)ξ − b(ũ)tξ + div a(ũ,∇g(ũ))ξ).

(4.25)
This implies in particular that∫

Q̃\Q
p(vp,q − ũ)+ ≤ c and

∫
Q̃\Q

q(ũ− vp,q)+ ≤ c,

where c := c(f, ũ) is independent of p, q. Hence, by Fatou’s Lemma,∫
Q̃\Q

(v − ũ)+ ≤ 0,
∫

Q̃\Q
(ũ− v)+ ≤ 0. (4.26)

Thus
v = ũ a.e. on Q̃ \Q. (4.27)

Arguing as in [2], we prove that

g(v) = g(ũ) = 0 on Σ in the sense of traces in Lp([0, T ),W 1,p(Ω)).

Next, applying as in the first step the regularization method of Landes, we can
prove that a(vp,q,∇g(vp,q)) converges weakly in (Lp′(Q))N to a(v,∇g(v)).

Now, we prove that v is an entropy solution of Pb,g(ṽ0, a, f, ψ): As ũ is continuous,
for all ε > 0, there exists δ > 0 such that maxQδ

ũ ≤ k + ε
2 , where Qδ := {(t, x) ∈

[0, T [×RN ; dist((t, x), Q) ≤ δ}. Let (t, x) ∈ Q̃, 0 < r < δ, ξ ∈ D([0, T ) × RN )+

with supp(ξ) ⊂ B((t, x), r) ∩ Qδ. We apply the comparison principle Theorem
3.1 to vp,q solution of P̃ p,q

b,g (ṽ0, 0, f̃ , ψ) and k ≥ maxΣ∩B((t,x),r) u + ε as solution of
P̃ p,q

b,g (k, k, ψ(k) + βp,q(k), ψ) on Q̃ to get for some κp,q ∈ sign+(vp,q − k)

−
∫

Σ̃

ω+((t, x), u, k)ξ +
∫

Q̃

(ψ(vp,q)− ψ(k))+ξ

≤
∫

Q̃

(b(vp,q)− b(k)))+ξt +
∫

Q̃

κp,qfξ +
∫

Ω̃

(b(ṽ0)− b(k))+ξ(0, x)

+
∫

Q̃

χ{vp,q≥k}(a(vp,q,∇g(vp,q))− a(vp,q, 0)) · ∇ξ −
∫

Q̃\Q
χ{vp,q>k}βp,q(vp,q)ξ

=
∫

Q

(b(vp,q)− b(k)))+ξt +
∫

Q

κp,qfξ +
∫

Ω

(b(ṽ0)− b(k))+ξ(0, x)

+
∫

Q̃∩Qδ\Q
(b(vp,q)− b(k)))+ξt +

∫
Q

χ{vp,q≥k}(a(vp,q,∇g(vp,q))− a(vp,q, 0)) · ∇ξ

+
∫

Q̃∩Qδ\Q
χ{vp,q≥k}(a(vp,q,∇g(vp,q))− a(vp,q, 0)) · ∇ξ

−
∫

Q̃∩Qδ\Q
χ{vp,q>k}βp,q(vp,q)ξ.

(4.28)
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As −
∫

Q̃∩Qδ\Q χ{vp,q>k}βp,q(vp,q)ξ ≤ 0, we can neglect the last term in the above
inequality. Using also (4.26), it is clear that

lim sup
p,q→∞

∫
Q̃∩Qδ\Q

χ{vp,q≥k}(a(vp,q,∇g(vp,q))−a(vp,q, 0))·∇ξ+(b(vp,q)−b(k)))+ξt = 0.

Hence, passing to the limit with p, q →∞ in (4.28), we find∫
Q

(ψ(v)− ψ(k))+ξ ≤
∫

Ω

(b(v0)− b(k))+ξ(0, x) +
∫

Q

(b(v)− b(k)))+ξt

+
∫

Q

χ{vp,q≥k}(fξ + (a(vp,q,∇g(vp,q))− a(vp,q, 0)) · ∇ξ)

(4.29)
for any k ≥ maxΣ∩B((t,x),r) u + ε. As ε is arbitrary, the above inequality holds for
any k ≥ maxΣ∩B((t,x),r) u. Thanks to Remark 3.6, we can apply the comparison
principle for v as a function satisfying the “local property” (4.29) and any k ∈ R
with (−g(k))+ξ = 0 as classical solution of Pb,g(k, k, ψ(k), ψ) in Q to get for all
ξ ∈ D+([0, T )× RN with (−g(k))+ξ = 0 and for some κ ∈ sign+(v − k),

−
∫

Σ

ω+((t, x), u, k)ξ +
∫

Q

(ψ(v)− ψ(k))+ξ

≤
∫

Q

(b(v)− b(k)))+ξt +
∫

Ω

(b(v0)− b(k))+ξ(0, x)

+
∫

Q

χ{v≥k}(a(v,∇g(v))− a(k, 0)) · ∇ξ +
∫

Q

κfξ.

Choosing (kn)n ⊂ R with kn ↓ k as n → ∞, passing to the limit in the above
inequality written with k replaced by kn, using the fact that, for any κn ∈ sign+(v−
kn) a.e. in Q, limn→∞ κn ∈ sign+

0 (v − k), we obtain (4.22). In the same way, we
prove (4.23).

Hence, the limit function v satisfies the first entropy inequality for any k ∈ R
and any ξ ∈ D([0, T ) × RN ) such that (−g(k))+ξ = 0 and with similar arguments
we prove that v verifies the second entropy inequality. The rest of the proof follows
the same lines as in [2].
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