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EXISTENCE OF ALMOST PERIODIC SOLUTIONS FOR
HOPFIELD NEURAL NETWORKS WITH CONTINUOUSLY
DISTRIBUTED DELAYS AND IMPULSES

YONGKUN LI, TTANWEI ZHANG

ABSTRACT. By means of a Cauchy matrix, we prove the existence of almost
periodic solutions for Hopfield neural networks with continuously distributed
delays and impulses. An example is employed to illustrate our results.

1. INTRODUCTION

Let R be the set of real numbers RT = [0,00), @ C R, Q # (. The set of
sequences that are unbounded and strictly increasing is denoted by B = {{7x} €
R:7 < Tk+1,k S Z,limk*,:too’rk = :|:OO}

Recently, Stamov [I] investigated the generalized impulsive Lasota-Wazewska

model .

P (1) = —alta(t) + 3 A0 TN, b,
i=1
Ax (1) = apa(T) + vk,
where t € R, a(t), 5;(t),v:(t) € C(R,RT), i = 1,2,...,n, £ is a positive constant,
{m:} € B, with ay,v; € R for k € Z. By means of the Cauchy matrix he obtained
sufficient conditions for the existence and exponential stability of almost periodic
solutions for (L.1)). In this paper, we consider a more general model; that is, the
following impulsive Hopfield neural networks with continuously distributed delays

2y (t) = —ci(t)x(t) + Z aij(t) fi(x;(t — &)

(1.1)

n

#3000 [ " Ky gy (ay(—w) du+ L), 1 £,

j=1

(1.2)

Az (1) = inwi(Tr) + Vik,

where i =1,2,...,n, k € Z, z;(t) denotes the potential (or voltage) of cell 7 at time
t; ¢;(t) > 0 represents the rate with which the ith unit will reset its potential to the
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resting state in isolation when disconnected from the network and external inputs
at time ¢; a;;(t) and b;;(t) are the connection weights between cell ¢ and j at time ¢;
¢ is a constant and denotes the time delay; K;(t) corresponds to the transmission
delay kernels; f; and g; are the activation functions; I;(t) is an external input on
the ith unit at time ¢. Furthermore, {7} € B, with the constants «;; € R, 7, € R,
keZ,i=1,2,...,n.

Remark 1.1. If i = 1, fi(z;(t — &) = e WO p.(t) = L) = 0, j =
1,2,...,n, then (1.2) reduces to (L.1J).

Our main am of this paper is to investigate the existence of almost periodic
solutions of system . Let tg € R. Introduce the following notation:

PC(tp) is the space of all functions ¢ : [—00,tp] — € having points of disconti-
nuity at 1,6, -- € (—o0,tg) of the first kind and left continuous at these points.

For J C R, PC(J,R) is the space of all piecewise continuous functions from .J
to R with points of discontinuity of the first kind 7, at which it is left continuous.

The initial conditions associated with system are of the form

x;(8) = ¢i(s), s € (—o0,to],

where ¢; € PC(tg),i=1,2,...,n.

The remainder of this article is organized as follows: In Section 2, we will intro-
duce some necessary notations, definitions and lemmas which will be used in the
paper. In Section 3, some sufficient conditions are derived ensuring the existence
of the almost periodic solution. At last, an illustrative example is given.

2. PRELIMINARIES

In this section, we introduce necessary notations, definitions and lemmas which
will be used later.

Definition 2.1 ([2]). The set of sequences {7} }, 7/ = 71 — 7k, k,j € Z, {m} € B
is said to be uniformly almost periodic if for arbitrary e > 0 there exists a relatively
dense set of e-almost periods common for any sequences.

Definition 2.2 (]2]). A function z(t) € PC(R,R) is said to be almost periodic, if
the following hold:
(a) The set of sequences {7} }, 7} = Thyj — Tk, k,j € Z, {7} € B is uniformly
almost periodic.
(b) For any € > 0 there exists a real number § > 0 such that if the points ¢’
and t” belong to one and the same interval of continuity of z(¢) and satisfy
the inequality [t/ —t"| < ¢, then |x(t') — z(t")| < e.
(¢) For any € > 0 there exists a relatively dense set T such that if 7 € T, then
|x(t+7)—x(t)| < e for all t € R satisfying the condition |t — 74| > €, k € Z.

The elements of T are called e-almost periods.
Together with the system (|1.2)) we consider the linear system

zi(t) = —ci(t)wi(t), t# m, 2.1)
Axi(Tk) = aikxi(Tk), ke Z, '
where t € R, i =1,2,...,n. Now let us consider the equations

zi(t) = —ci(t)zi(t), Tho1 <t <7, {7} eB
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and their solutions

2i(t) = wils) exp { — / (o) do}

forme 1 <s<t<m,i=12,...,n
As in [3], the Cauchy matrix of the linear system is
Wilt, s)
exp{fftci )do}, Tho1 < 8§ <t < Ty
_{HkH (1+ ayj) exp{ f ci(o)do}, Tmo1<s<Tm <7k <t < Thqa

The solutions of system ([2.1)) are of the form
l‘i(t; to; xi(to)) = Wi(f,, to)l‘i(to), toeR,i=1,2,...,n.
For convenience, we introduce the notation

?=$£UWL f=mf[f(®)].

In this article, we use the following hypotheses:
(H1) ¢;(t) € C(R,R*) is almost periodic and there exists a positive constant c
such that ¢ < ¢;(t), t € R, 1_1,2,...,
(H2) The set of sequences {Tk}, T, = Thyj — Tk k € Z, j € Z, {Tk} € Bis
uniformly almost periodic and there exists @ > 0 such that infyez 7t = 0 >

0.

(H3) The sequence {a;;} is almost periodic and 1 —e? < a < e —1, k € Z,
i=1,2,....n

(H4) The sequence {v;x} is almost periodic and v = supyey Vi, k € Z, i =
1,2,...,n

(H5) The functions a;;(t), b;;(t) and I;(t) are almost periodic in the sense of
Bohr and |I;(t)| < oo, t €R, 4,7 =1,2,...,n

(H6) The functions f;(t) and g;(t) are almost periodic in the sense of Bohr and
£j(0) =¢;(0) =0, j =1,2,...,n. There exist positive bounded functions
Ls(t) and Lgy(t) such that for u, v € R

max |fj(u) = fj(v)] < Ly(t)fu —v|,  max [g;(u) - g;(v)| < Ly(t)[u —v].

1<j<n 1<j<n
(H7) The delay kernels K;; € C(R,R) and there exists a positive constant K
such that

—+o00
/ |Kij(s)|ds < K, i,j=1,2,...,n.
0

Lemma 2.3 ([2]). Assume (H1)-(H6). Then for each € > 0, there exist €1, 0 <
€1 < €, relatively dense sets T of real numbers and @ of whole numbers, such that
the following relations are fulfilled:
(a) leit+7)—cit)| <e, teR, 7T, i=1,2,...,n;
(b) lai;(t+7) —a”( N <eteR, 7eT, t—m| >, k€Z,i,j=1,2,...,n;
(€) |bij(t+71)=bij(t)| <e, teR, 7€T, |[t—T| >€, k€Z, i,j=1,2,...,n;
@) |Lt+7)— (t)\<e,t€R,T€T, [t—7k|>€e k€Z,i=1,2,...,n;
e Ifit+1)—fi)|<e,teR, 7eT, [t—m| >, k€Z, j=1,2,...,n;
() lgjt+7)—g;@) <e,teR, 7T, t—T| >, k€Z, j=1,2,...,n;
(g) |az(k+q) 7O‘ik| <€ g€ Q} k€ Z: i= 1,2,...7TL,'
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(h) |Vi(k+q)_’/ik| <€,q€eQ,keZ,i=1,2,...,n;
i) |7l —7l<ea,qeQ,7eT, keZ,i=12,...,n.

Lemma 2.4 ([2]). Let {7} € B and the condition (H2) hold. Then for 1 > 0 there
exists a positive integer A such that on each interval of length 1, we have no more
than A elements of the sequence {11}, i.e.,

i(s,t) < A(t — s) + A,
where i(s,t) is the number of the points Ty, in the interval (s,t).

Lemma 2.5. Assume (H1)-(H3). Then for the Cauchy matriz W;(t, s) of system
(2.1), we have
[Wi(t,s)| < e*e =9 t>5 t,seR, i=1,2,...,n,
where a« = ¢ — 2A, A is determined in Lemma(2.]).
Proof. Since the sequence {«;} is almost periodic, then it is bounded and from
(H3) it follows that |1 + a| < €%, k € Z, i = 1,2,...,n. From the expression of
Wi (t, s) and the above inequality it follows that
Wit s)| = |1+ ag, |/ e o i@ d0
< ‘1 + aik|A(tfs)+Aefc(tfs)
< eQAe—(c—2A)(t—s)

— €2Ae—a(t—s)

)

where t > s, t,s € R, i =1,2,...,n. The proof is complete. O
From [3, Lemma 3], we obtain the following lemma.

Lemma 2.6. Assume (H1)-(H3) and the condition

(H8) a=c—2A>0.
Then for any e > 0,t > s, t,s €R, [t — 7| > €, |s — k| > €, k € Z there exists a
relatively dense set T of the function ¢;(t) and a positive constant T' such that for
T € T it follows that

Wit +7,s+7)— Wi(t,s)| <ele 3079 t>s t,seR, i=12,...,n.

3. MAIN RESULTS

Let
T,e24 24

P = max { + e }
1<i<n o 1—e @
Theorem 3.1. Assume (H1)-(H8) and

2A

(H9> T = maxlgign {%(Z?:l Eijff + Z?:l EUZQK)} < 1.
Then (1.2) has a unique almost periodic solution.

Proof. Set X = {¢(t) € PC(R,R") : p(t) = (p1(t), p2(t), ..., pn(t)T, where p;(t)
is a almost periodic function satisfying ||¢| = maxi<;<n{supcg |pi(t)]} < N =
£, i=1,2,...,n} with the norm [|¢|| = max;<;<,{sup,cg |i(t)|}. We define an

map ¢ on X by

(PR)(t) = ((P1) (1), (R29) (D), - -, (Prip) (1)),
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where t € R,
(@i0)()
+ n
— [ Wit (S ase)less - ©)
—0o0 j=1 (3.1)
+ Zb” / K;j(u)g;(p;(s —u))du+ I;(s) ) ds + Z Wi(t, Tk )Vik,
j=1 TR <t
where k € Z, i =1,2,...,n. And let X* be a subset of X defined by
rP
* = N — <
x*={peX:lp—ol < 1,
where ¢ = ((blv ¢27 DR ¢H)T and
¢; = / W dS-i-ZWtTk)VZk, kelZ, i=1,2,.
TE<t
We have
t
H¢|| = 1%??71{?2]%‘/700 Wl(t S) ( d8+ z<:tW t Tk)ljzk }
Tk
t
< 5 . . . .
< ax {sup ([ W )T ds D Wit el ) |
T <t (32)
Yoo (t—5)F 24 —a(t—m1)
< 3 —a(t—s)T. —a(t—T .
_1%%)("{3211%(/_006 e Ilds—l—z;te e l/lk>}
Tk
T .24 24
< max {Ile e }: P.
1<i<n o l1—e«

Then for arbitrary ¢ € X* from (3.1)) and ( we have
P

<
lell < lle — ol + lloll < =1

Now we prove that @ is self-mapping from X* to X*. For arbitrary ¢ € X* it follows
that

00— 0l = o {suo| [ wite.o)( Zam (55— ©)

teR

+ Zl bn(S)/O Kij(u)g;(p; (s —u)) du) ds‘}

=
t n n
2A —a(t—s) — T . H.. T
1?%xn{sup([me e (Zlaz,Lf + 3 bk ) ds) el
i

<
teR —
24, _ "o
< max {*( E a;; Ly + E bingK)}H‘P”
<i<n (0% - N
j=1 Jj=1
el < -2
=T .
Pl = 1—r
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Moreover, we get

t n
gl = max {sup [ W0 35 ) st~ 9)

}

#3009 [ K lgyleits = ) dut 1) ds - 30 Wit mva

Jj=1 T <t
< p

1—r

P
= = N.

1—r

(3.4)
On the other hand, let 7 € T, ¢ € @, where the sets T and @ are determined in
Lemma 2.3 Then

[(@ip)(t +7) = (Ricp) ()]

ttr n
[m Wi(t + T, s)(Zaij(s)fj(@j(s —9))

£ 2 0bg(e) [ Kyl (s - w)du 169 ds

+ Y Wilt+ 7 mvie — ) Wilt,m)vin
T <t+T <t
t n

- [ wies) (X eu (e -9)

Jj=

+ i bi;(s) /OOO Kij(u)gj(¢;(s —w)) du + Ii(s)) ds‘

< ‘/_OO Wi(t+T,s+7)<zn:aij(8+7')fj(%(3+T—f))

Jj=1

£ Dbl ) [ Koo+ 7 ) dut I ) ds

j=1
+ > Wilt + 7, oo Witk rq) — D Wilts )vin
TR <t TE<t
¢ n
= [ wite ) (X aue) et - €) (35)
. 2

+ zn: bij(S) /OO<> Kij(u)gj(apj(s —u))du + Ii(S)) ds‘

j=1

< /_ (Wt +7,s4+7)— Wz(t7s)|‘ Zaij(s—i—T)fj(cpj(s—i—T - %))

Jj=1
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+was+7'/ Kij(w)g;(pj(s+7—w))du+ L(s+7)|ds
Jj=1

[ s Y asts + nsests 47— €)

— 0 i=1

*Zaw )il wa ) [ Kty or(s — w)

+me s+¢/ Kij(u)g;(p;(s+7—u))du

Jj=1
+Li(s+71)— Ii(s)’ ds + Z (Wit T [Vichsq) — vit]
TR <t
+ Z Wit 47, Traq) — Wilt, 7) || Vi(kt-q)|
TE<t
< Ck,
where
¢ { i]ﬂ Lj 4 2Th;; LK + Lye** + L,e* K)N + e 4+ 2I'T;
N 1r£7ﬁa<xn a = QgL f ij € e -
R AT 024
— iiLs+bi; LK _ }
+ ;(aj £t 0Ly )+1—e—5+1_€—a

From (3.3)-(3.5), we obtain that ®p € X*. Let ¢ € X*, ¢ € X*. We have

o~ @ul = pax (o] [ Wit Za” (3)f5(sp5(5 — ©))

teR

+ ;:1 bij (s / Kij(u)g;(p;(s —u)) du) ds
[ me (et o)
oo ~

+ ; bij(s) /Ooo Kij(u)gj(¥j(s —u)) d“) ds‘}

< max {0 (Sa,Ts + ShTK) e — vl

=rle =9

<lle =9l
From this inequality, it follows that ® is contracting operator in X*. So (|1.2)) has a
unique almost periodic solution. This completes the proof. O

Remark 3.2. In [I], oy, k € Z are required to take values in [—1,0], which is a
more strict requirement (H2) in this article.
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4. AN EXAMPLE

Consider the impulsive Hopfield neural network

2 (0) = ~clt)alt) + Flolt = 5) + g5 [ Klulg(alt = ) dut 1)t

Ax(ry) = oagx(mi) + v, k€ Z,

(4.1)
where (H2) and (H4) hold with A = 2, ¢(t) = €® + cost, f(t) = |t|, K(t) = e~
g(t) = Lsin®¢, I(t) = 2 + sint, the sequence {oy} is almost periodic and 1 — e?
ar < e?2 -1, k € Z. Obviously, 0268—1,6:1,5:Tlo,ffzfg:%,l(:
Then a =e® —5 >0, r = e§i5(1 X &4 55 x $ x 5) <1, so (H8)-(H9) hold. It is
easy to verify that (H1)-(H7) is satisfied. According to Theorem has one
unique almost periodic solution.

AN

—
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