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EXISTENCE OF SOLUTIONS FOR FOURTH-ORDER PDES
WITH VARIABLE EXPONENTS

ABDELRACHID EL AMROUSS, FOUZIA MORADI, MIMOUN MOUSSAOUI

ABSTRACT. In this article, we study the following problem with Navier bound-
ary conditions
A2 = AuP) 20 4 f(z,u) i@,
u=Au=0 on 0N.
Where Q is a bounded domain in RN with smooth boundary 8Q, N > 1,
Ai(x)u = A(|AuP(®*)=2Aq), is the p(z)-biharmonic operator, A < 0, p is

a continuous function on Q with inf, cgp(x) >1land f: QXR — Risa
Caratheodory function. Using the Mountain Pass Theorem, we establish the
existence of at least one solution of this problem. Especially, the existence of
infinite many solutions is obtained.

1. INTRODUCTION

The study of differential and partial differential involving variable exponent con-
ditions is a new and an interesting topic. The main references in this field can be
found in an overview paper [13].

Fourth order elliptic equations arise in many applications such as: Micro Electro
Mechanical systems, thin film theory, surface diffusion on solids, interface dynamics,
flow in Hele-Shaw cells, and phase field models of multiphase systems (see [I6],
[11]) and the references therein. There is also another important class of physical
problems leading to higher order partial differential equations. An example of
this is Kuramoto-Sivashinsky equation which models pattern formation in different
physical contexts, such as chemical reaction -diffusion systems and a cellular gas
flame in the presence of external stabilizing factors (see [20]).

This paper is motivated by recent advances in mathematical modeling of non-
Newtonian fluids and elastic mechanics, in particular, the electro-rheological fluids
(smart fluids). This important class of fluids is characterized by the change of
viscosity which is not easy and which depends on the electric field. These fluids,
which are known under the name ER fluids, have many applications in elastic
mechanics, fluid dynamics etc.. For more information, the reader can refer to
[12, 17].
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These physical problems was facilitated by the development of Lebesgue and
Sobolev spaces with variable exponent. The existence of solutions of p(x)-Laplacian
problems has been studied by several authors (see [5, [6] [8], 9] [T4]).

The purpose of the present article is to study the existence of weak solutions of
a elliptic fourth order equation with variable exponent. This is a new topic.

Consider the following problem with Navier boundary conditions

Al pyu = MulP@ =2y + f(z,u) inQ,
u=Au=0 on JQ

2
ple (1.1)
where Q is a bounded domain in RY with smooth boundary 9Q, N > 1, A < 0,
p is a continuous function on Q with inf__gsp(z) > 1 and f : QX R—>R is a
Caratheodory function.

The operator A?)(x)u = A(|Au|P®2Au), with p(z) > 1 is called the p(x)-
biharmonic which is a natural generalization of the p-biharmonic (where p > 1
is a constant). When p(z) is not constant, the p(x)-biharmonic possesses more
complicated nonlinearity that the p-biharmonic, say, it is inhomogeneous.

In the constant case (p(z) = p), there are many papers devoted the existence of
solutions of the above problem; see for example [4] [I8] and the references therein.

Recently, in [2], the authors interested to the spectrum of a fourth order ellip-
tic equation with variable exponent. They proved the existence of infinitely many
eigenvalue sequences and sup A = +00, where A is the set of all eigenvalues. More-
over, they present some sufficient conditions for inf A = 0.

In this paper, we start by proving the following results.

Theorem 1.1. If f(z,u) = f(z), f € L*®)(Q) with a € C(Q) satisfies
L + . <1, VzeqQ,
a(z)  p3(z)

then, for all A <0, problem has a unique weak solution.

Theorem 1.2. Suppose that f satisfies the condition
If(z,8)| < a(z)+bls]" P V(z,s)eQxR,

a(z) I
with a(z) >0, a(zx) € L®-1(Q),b >0, a € C1(Q), a(z) < pi(x) and1 < G < p~.
Then, for all A <0, problem (L.1) admits at least one weak solution.

The second purpose of this paper is to show the existence of at least one nontrivial
solution of problem (1.1]) via Mountain Pass Theorem and the following assumptions
of the function f.

(H1) |f(z,s)| < a(z) + bls|*®) = for all (z,s) € Q x R, with a(z) > 0, a(z) €
La1(02), 5> 0, a € C1(Q) and a(z) < pi(x).
(H2) There exist M > 0, > p™ such that for all |s| > M and z € Q,
0< F(z,s) < %f(x,s)

(H3) f(z,s) =o(|s|P" 1) as s — 0 and uniformly for z € €, with a~ > p*.

We can state the following result.

Theorem 1.3. If f satisfies (H1)—(H3), then, for all A < 0, problem (L.1) has at
least a nontrivial solution.
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Next, we obtain an infinite many pairs of solutions.

Theorem 1.4. Suppose that | satisfies the conditions (H1)—(H2) and the following
condition

(H4) f(z,—s)=—f(z,s), x €Q, seR.
Then, problem (1.1) has infinite many weak solutions.

Remark 1.5. (1) Condition (H1) indicates that the nonlinearity f is subcritical
and (H2) indicates f is “superlinear”. These two conditions enable us to use a varia-
tional approach for the study ; they also provide the Palais-Smale compactness
condition.

(2) Beginning with [I], many authors have obtained non trivial solutions of su-
perlinear problems, —A,u = f(z,u) in Q; u = 0 on 052, under various assumptions
of the behavior of f near zero, in the semilinear case p = 2 and quasilinear p # 2.

Our work is motivated by [1L 3] [8 [2].

This paper is divided into four sections, organized as follows: In section 2, we
introduce some basic properties of the Lebesgue and Sobolev spaces with variable
exponent. In the third section, we present some important properties of the p(x)-
biharmonic operator. In section 4, we proves our main results.

2. PRELIMINARIES

To study p(z)-Laplacian problems, we need some results on the spaces L”(m)(ﬂ)
and W*P()(Q), and properties of p(x)-Laplacian, which we will use later.
Define the generalized Lebesgue space by

Lp(””)(Q) = {u : Q@ — R measurable and / |u(x)|p(m)dx < oo},
Q

where p € C4(Q2) and
Ci(Q):={peC(Q):p(x) >1 Vzeh}.
Denote

pt =maxp(z), p~ =minp(z),
TEQ €N

and for all x € Q and k > 1,
Np(z) -
pr(a) =  Nor P <N
~+o0 if p(x) > N,

Np(z) ;
pi(x) = 4 N @) if kp(x) < N
' ~+o0 if kp(z) > N.

One introduces in LP(®)(Q) the norm
|u\p(z) = inf {)\ >0: / ‘@lp(w)d‘x < 1} )
Q

The space (LP®)(Q), |.| () is a Banach.
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Proposition 2.1 ([I0]). The space (LP®)(Q),|.|,()) is separable, uniformly convex,
reflexive and its conjugate space is L9 (Q) where q(x) is the conjugate function of
p(z), ie
1 1
——+t——=1, Vze
p(z)  q(z)
For u € LP®)(Q) and v € L™ (Q) we have

1 1
y/u(x)v(x)dm| < (= + =) tlp() Vlg(a) -
0 P g

The Sobolev space with variable exponent W*?(®)(Q) is defined as
WP (Q) = {u € LP™)(Q) : D*u € LF™)(Q), |a| < k},

alel

[e P P—
where D%u = 8w;¥18x;2‘..

5w U, (the derivation in distributions sense) with a =
N

. .. _ N ) k, (x) .
(a1,...,ay) is a multi-index and |of = Y., a;. The space W*P\¥)(Q), equipped

with the norm
el ooy = D 1D ulpo),
lo| <k
also becomes a Banach, separable and reflexive space. For more details, we refer
the reader to [7, 10} [15] 19].

Proposition 2.2 ([I0]). For p,r € C+(Q) such that r(z) < pi(x) for all z € Q,
there is a continuous and compact embedding

WEP@(Q) — L7@(Q).
We denote by Wg’p(x)(Q) the closure of C§°(€2) in WFr®)(Q).

3. PROPERTIES OF p(x)-BIHARMONIC OPERATOR

Note that the weak solutions of the problem ([1.1)) are considered in the general-

ized Sobolev space
X = W) 0wy P (@)
equipped with the norm
A
ul| = inf {a >0 / (|M|p<$> - )\|M|p(z)>dx < 1}.
Q « «

Remark 3.1. (1) According to [21], the norm ||.||3 (), cited in the preliminar-
ies, is equivalent to the norm |A.|,) in the space X. Consequently, the norms
l-l2,p(2)s ||| and |A.|,) are equivalent.

(2) By the above remark and proposition there is a continuous and compact
embedding of X into L) (Q), where q(z) < p5(z) for all z € Q.

We consider the functional
T(u) = / (JAuP@ — AulP@)da,
Q
and give the following fundamental proposition.

Proposition 3.2. For u € X we have
(1) flull < (=>1) & J(u) < (=>1),
@) flull <1 =ullr < J(uw) < lul”,
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(3) JJull > 1= [lul|P” < J(w) < ul?", for all u, € X we have
(4) [unll = 0 J(uy) — 0,
(5) lunll = 00 & J(uy) — oo.

The proof of this proposition is similar to the proof in [I0, Theorem 1.3].
It is clear that the energy functional associated to (L.1)) is defined by

1
U (u :/— AulPE) — \|y|P(®) dx—/Fx,u dx.
()= [ (1 Nl de — [ Fla
where F(z, s) fo x,t)dt. Let us define the functionals

w) = wlP@ — AlulPENde
7 (u) /Qp()m\ AulP®)d

(u) = /Q Pz, u)de

It is well known that v is well defined, even and C' in X. For the operator T, if
the function f satisfies condition (H1). Then we have the following result.

Proposition 3.3. (i) T € CYX,R) and for u,v in X, we have

/fwuvdx

(ii) The operator T" : X — X' is completely continuous.

Proof. (i) By condition (H1), we have
b
|F(z, )] < a(z)|s| + ol )l s*) < A(x) + Bls[*®)

where A(x) > 0, A € L*(Q), B > 0 and a < p5. Then the Nemytskii operator
properties implies that I' is a C' operator in L*(®)(Q). Since there is a continuous
embedding of X into L*(®)(Q), the function T is also C* in X and

v) :/Qf(x,u(x))v(x)dx.

(ii) Let (un)n C X be a sequence such that w, — wu. Using the compact em-
bedding of X into L**)(Q), there exists a subsequence, noted also (uy),, such
that u,, — u in L*®)(Q). According to the Krasnoselki’s theorem, the Nemytskii
operator

a(z)

Np: L@ - Ls@-=1
u o f(u)

a(x)
is continuous. Hence, Ny (u,) — Ny(u) in L=®-1(Q). Also in view of the Holder’s
inequality and the continuous embedding of X into L*(*) (Q), we obtain

(T () — T (), )] = | / (s un) — fo, w))o(z)dz|

< 2N (n) = Ny ()| _ater [[olace)
< CINp () = Ny (@) _scor o]

Thus, I'(u,) — I"(u) in X’. Which completes the proof. O
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Consequently, the weak solutions of (L.1)) are the critical points of the functional

\Il(u):/ L(|Au\p(‘”)—)\|u|p(’i))alac—/ F(z,u)dz.
Q

p(z) Q
Moreover, the operator L :=~' : X — X’ defined as

(L(u),v) = /(|Au|p(z)_2AuAv — NulP®"2uw)de Vu,v € X
Q

satisfies the assertions of the following theorem.

Theorem 3.4. (1) L is continuous, bounded and strictly monotone.

(2) L is of (Sy) type.
(3) L is a homeomorphism.

Proof. (1) Since L is the Fréchet derivative of v, it follows that L is continuous and
bounded. Let us define the sets

Up={zeQ:plx)>2}, V,={zeQ:1<px) <2}
Using the elementary inequalities

|z —y[? < 27|z Pe — [y Py).(z —y) ify>2,

2 —yf* < (2l + D> (Ja 22 = [y 2y)(z —y) 1<y <2

1
(v=1)
for all (z,y) € (RY)2 | where z.y denotes the usual inner product in RY, we obtain
for all u,v € X such that u # v

(L(u) — L(v),u —v) > 0,

which means that L is strictly monotone.
(2) Let (un)n be a sequence of X such that

up, = u inX and limsup(L(uy),u, —u) <O0.

n—-+00

From proposition [3.2] it suffices to shows that
/(|Aun — AulP@ — Nu, — u|P®)dz — 0. (3.1)
Q

In view of the monotonicity of L, we have
(L(upn) — L(u), upn —u) >0,
and since u, — u in X, it follows that

lim sup(L(uy,) — L(u), u, — u) = 0. (3.2)

n—-+o0o

Put
on(2) = (|Aun PP 2 Au,, — [AuPP 2 Aw).(Au, — Au),
En(2) = (Jun P~ 2un — [uP@~2u). (uy —w).
By the compact embedding of X into LP(*)(Q), it follows that
U, —u in LP@(Q),

|un|p(m)72un—> |u|p(m)*2u in Lq(w)(Q)



EJDE-2009/153 EXISTENCE OF SOLUTIONS FOR A p(z)-BIHARMONIC PROBLEM 7

where ﬁ + L. =1 for all z € Q. It results that

p(z)
/Qé“n(m)dw — 0. (3.3)
It follows by and that
limsup/ on(z)dr = 0. (3.4)
n—+oo J

Thanks to the above inequalities,

/ | Ay, — Aug|P® dz < or" / on(z)dz,

Up Up
/ |t — ug [P da < or" / &n(x)da.
Up Uy
Then
(| Ay — AuP® — Nu, — u[P@)dz — 0 as n — +oo. (3.5)

U,
On the other hand, in V},, setting d,, = |Auy,| + |Au|, we have

|Auy, — AufP@dz < 1 / (wn)p(;) (5n)%z)(2—p(m))dx'
p-—1 v,

Ve

By Young’s inequality,

d [ 18— BuP@ds < [ () )0,) " ¢,
" ” ] (3.6)
§/ san(d)mdgw/ (6,)P® daz.
V;

p VP
From ((3.4) and since ¢,, > 0, one can consider that

OS/ ppdr < 1.
v,

p

If fvp ©ndx = 0 then fvp |Au, — AulP®)dz = 0. If not, we take

d= /V pn()d) 12 > 1,

P

and the fact that % < 2, inequality Gi becomes

1
/ |Aw, — Au|p(m)dx < 7</ ondidr + 5ﬁ(m)dx),
Vp d Vp Q

1/2
< (/ wndm) (1 —|—/ 5ﬁ(x)dx).
v, Q
Note that, fQ 5£(x)dx is bounded, which implies
/ |Au, — AulP@dz — 0 as n — +oo.
Ve
A similar method gives

/ [y, — ulP@dz — 0 as n — +oo.
v,
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Hence, it result that

/ (|Au, — AuP® — Nu,, — u|P®)dz — 0 as n — +oc. (3.7)
Finally, (3.1) is given by combining (3.5)) and (3.7]).

(3) Note that the strict monotonicity of L implies this injectivity. Moreover, L
is a coercive operator. Indeed, since p~ — 1 > 0, for each v € X such that ||ul| > 1
we have

(Luw),u) _ J(w)
[

> [ull” = — 00 as [|ul| — .
[l

uf

Consequently, thanks to a Minty-Browder theorem [22], the operator L is an sur-
jection and admits an inverse mapping. It suffices then to show the continuity of

L. Let (fn)n be a sequence of X’ such that f, — f in X’. Let u, and u in X
such that

L7 Yf)) =u, and L7'(f)=u.

By the coercivity of L, one deducts that the sequence (u,) is bounded in the
reflexive space X. For a subsequence, we have u, — u in X, which implies

lim <L(un)7L(u)aun7a>: EI}rl <fn7fvun7a>:0'

n—-+4oo

It follows by the second assertion and the continuity of L that
up, —u inX and L(u,)— L(@)=L(u) in X'

Moreover, since L is an injection, we conclude that v = @. This completes the
proof. (I

4. PROOF OF MAIN RESULTS
Proof of theorem[I-1l Let A be the linear function

A X — R
v — [, f(@)vde.

A is a continuous function , indeed, let 8 € C'(2) such that
1 1

o(@) " B

thus, we have 3(x) < pi(x) for all z € Q. Using the second assertion of remark

there is a continuous embedding X < LA®)(Q) which implies that there exists
C > 0 such that

=1,Vx € Q,

[v]gy < Cllv|| for all v € X.
By proposition [2.1) we conclude that

1 1
1A = (5= + g2 la@ lse)

1 1
< C(OT_ + 67_)|f|a(w)”v”'
Therefore, A is continuous. Since the operator L, in theorem [3.4] is an homeomor-
phism, there exists a unique u € X verifies L(u) = A. The proof is complete. [
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Proof of theorem[I.3 From the condition of theorem [1.2] we have for all (z,s) €
Q xR,

b
|F(2,5)] < a(x)]s] + B|S|B < A(z) + Bls|”
where A(x) >0, A(z) € L'(Q2) and B > 0. It follows that

1
U(u :/ —— (|AulP®) — \|u|P®) dac—/ F(x,u)dx
(u) Qp(x)(\ | |ulP*7) Q( )
1
p
Note that for ||u|| large enough we have J(u) > ||u||” , on the other hand, the fact
that 8 < p~ < p3(z) gives that there exists C’ > 0 such that |ulg < C'|u].
Hence,

Y

J(u) — B/ |u\5dx — | A]lL1-
Q

1 _
(u) = pTIIUIIP — Ci[|ul)” = Cs,

and this approaches 400 as ||u|| — +o00. Since ¥ is weakly lower semi-continuous,
¥ admits a minimum point v in X. Then u is a weak solution of (1.1)). This
completes the proof. O

Proof of theorem For the proof of the above theorem, we will use the
Mountain Pass Theorem. We start by the following lemmas.

Lemma 4.1. Under assumption (H1)-(H2), the functional ¥ satisfies the Palais
Smale condition (P.S).

Proof. Let (un)n be a (P.S) sequence for the functional ¥: ¥(u,) bounded and
U’ (uy,) — 0. Let us show that (uy ), is bounded in X. Using hypothesis (H2), since
U(uy,) is bounded, we have

1 U
C 2/— AulP@) — )|y P dm—/—n T, Uy )dx + C
> 1y tn dz + C.
> 2 dw) — | GG ) + O,

where C7 and Cy are two constants. Note that

(U (1), ) = / (1At P@ — Ay [PV — / F(, ) und,
Q Q
which implies
11 1,
e g)J(Un) + 5(\1/ (un), un) + Cs. (4.1)
Suppose, by contradiction that (uy,), unbounded in X, so ||u,|| > 1 for rather large
values of n and it results that

- +
[un[[” < J(un) < [lunl”

for rather large values of n. Furthermore, ¥'(u,) — 0 assure that there exists
C3 > 0 such that

Cr > (

—Cslunll < (V' (un), un) < Cslun|
for rather large values of n. Consequently,

1 1 - Cs
Cy > a(uy) = (pj - @)Huan - 7||Un|| + Ca.
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Since p~ > 1 and (p% — 4) > 0, we have a(u,) — +0o as n — +oo, what is a

contradiction. So (u,)n is a bounded sequence in X. O

Lemma 4.2. There exist r,C > 0 such that ¥(u) > C for all w € X such that
Jul = 7.

Proof. Conditions (H1) and (H3) assure that
|F(z,s)| <elslP" + C(e)|s|*™® for all (z,5) € Q x R.

For ||u|| small enough, we have

U(u) > %J(u)f/F(x u)dz,

1
> Sl = [ = cte) [ .

By condition (H1), it follows that
p<p<pt<a<a<p;

then X C Lp+(Q) X c L*®)(Q), with a continuous and compact embedding, what
implies the existence of Cy, Cs > 0 such that

[ull o+ < Callull and Jul|paw < Csllull
for all w € X. Since ||u|| is small enough, we deduce
_ N _
[ 10 < e (Jul o o) < Callul
Replacing in (4.2)), it results that

1 + + + -
W) = ol —eCy ull? = Crllul|*

with C; are positives constants. Let us choose ¢ > 0 such that 5C'f+ < 2’%, we
obtain
1 ,
Ww) 2 5 lul” = Crlpull®
1 -+
> full” (5 = Crllul "),

Since p™ < a~, the function t +— (21.% — C7t™ P is strictly positive in a neigh-
borhood of zero. It follows that there exist r > 0 and C > 0 such that

U(u) >C YueX:|ul=r
The proof is complete. O
Proof of theorem|[1.5 To apply the Mountain Pass Theorem, we must prove that
U(tu) — —o0  ast — 400,
for a certain v € X. From condition (H2), we obtain

F(z,s) >¢|s|® forall (x,s) € Q xR.
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Let uw € X and t > 1 we have

) (@) (@)
U (tu) /p(x) [|[AuP'™) — A|ulP ]da?f/F(x,tu)dx

< tp+/ (1 )“Au‘p(z) — Mu[P®da — et / u|®dz.
p(z

The fact § > p*, implies
U(tu) — —oo  as t — +oo.

It follows that there exists e € X such that ||e]| > r and ¥(e) < 0. According to the
Mountain Pass Theorem, ® admits a critical value ¢ > C which is characterized by

u=inf sup ®(h(t
heA tefo,1] (h(£))

where
A={heC(]0,1],X) : h(0) =0 and h(1) = e}.
This completes the proof. (Il

Proof of theorem[I.J, We use the Bartsch’s fountain theorem [3]. The space X is
a Banach reflexive and separable, then there exists {e;} C X and {f;t} C X’ such
that

X =(e;i €N*), X'=(fi,i e N*), Aei, f;) =i,
where d; ; denotes the Kroneker symbol. For k¥ € N*. Put
k 0o
Xp=Rep, Yp= 00Xy, Zp= @Xj,
i=1 i=k

Br = sup{|u|a@)/|lull =1, u € Zx}.

We have the following lemma.
Lemma 4.3. If a € C(Q) and a(x) < p3(x) for all x € Q, then limy_ o0 B = 0.

Proof. 1t is clear that 0 < fBgy1 < Bk, so, B converges to > 0. Let u € Z such
that

lug[| =1 and 0 < By — |up]a@) <

%.
Then, there exists a subsequence, noted also by (ug )k, such that ur — v in X and
7 = 1 () =
{fiu) = lim (fi,up) =0

for all i € N*. Thus, v = 0 and u — 0 in X. According to the remark [3.1] there is
a compact embedding of X into L*(®*)(Q), which assure that uj, — 0 in L) (Q).
Hence, it results that 8 — O. O

Proof of theorem[I.7} From conditions (H2) and (H4), ¥ is an even function satis-
fies the Palais-Smale condition. We will prove that for k large enough, there exists
Pk > Y, > 0 such that

(A1) by :=inf{¥(u)/u € Zy, ||u|| = v} — +o0 as k — +oo,

(A2) ap :=max{¥(u)/u € Yy, |lul]| = pr} < 0.
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The assertion of theorem [I.4]is then obtained by the fountain theorem.
(Al): For u € Zj, such that ||u|| = v, > 1, we have by the condition (H1)

U(u) = /Zﬁ [\Au|p(””) - )\|u|p(“)} dx — /F(m,u)dx

> J(u)—B/|u|°‘(’”)dx— 1Al

1

pt
1 - alx

>l —cz/m @ gz — O,

If |u|a@) < 1 then [|u[*@dx < ul§,) < 1. However, if |u[o) > 1 then
Jul*@dz < 2l < (Bkllul)®". So, we conclude that

(e

L||lul|P - (C2+C if |l <1
s [BIP ~(C2 ) i <
arllull? = Ca(Bellul)® = Cr if |ula@) > 1

1 - ot
z ol = CoBellul)® = Cs,

For yj, = (Coat B2 )1/ @™ =) it follows that

Since B — 0 and p~ < p* < a™, we have v, — +oo  as k — +oco. Consequently,
U(u) — +oo  as |ul]]| = +oo,u € Zy

and the assertion (Al) is true.
(A2): Condition (H2) implies

F(x,s) > C|s|® — Cy.

Let u € Yy, such that ||ul| = p > v, > 1. Then

U(u) < L_J(u) — /F(x,u)dx
p
< pi_nunp+ e / ul?dz — Cs.

Note that the space Yj has finite dimension, then all norms are equivalents and we
obtain

1
wwé;ﬂwf—@mW—@.

Finally
U(u) — —oco as |jul| = +oo,u € Yy

because § > p*. The assertion (A2) is then satisfied and the proof of theorem
is complete. O
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