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DYNAMICS OF A NON-AUTONOMOUS THREE-DIMENSIONAL
POPULATION SYSTEM

TA HONG QUANG, TA VIET TON, NGUYEN THI HOAI LINH

ABSTRACT. In this paper, we study a non-autonomous Lotka-Volterra model
with two predators and one prey. The explorations involve the persistence,
extinction and global asymptotic stability of a positive solution.

1. INTRODUCTION

The dynamics of Lotka-Volterra models and their permanence, stability, global
attractiveness, coexistence, extinction have been studied by several authors. Takeu-
chi and Adachi [I0] showed that some chaotic motions may occur in the model of
three species. Krikorian [5] considered an autonomous system of three species and
obtained some results on global boundedness and stability. Korobeinikov and Wake
[6], Korman [7] investigated a model of two preys, one predator and another one of
two predators, one prey with constant coefficients, where direct competition is ab-
sent. Ahmad [3] obtained necessary and sufficient conditions for survival of species
which rely on the averages of the growth rates and the interaction of coefficients.
Besides, we also refer to [11, 2, [8, [I].

In this paper, we consider the following Lotka-Volterra model of two predators
and one prey

71 (t) = z1(t)[ar(t) — bi1(t)z1(t) — bi2(t)za(t) — bis(t)w3(t)],
[—az(t) + ba1(t)z1(t) — baz(t)Ta(t) — bas(t)w3(t)], (1.1)
[—a3(t) + bs1(t)x1(t) — baa(t)w2(t) — bas(t)xs(t)],

where x;(t) represents the population density of species X; at time t (i > 1),
X1 is the prey and X5, X3 are the predators and they interact with each other.
a;(t),bi;(t)(1 < 4,5 < 3) are continuous functions on R that are bounded above
and below by some positive constants. At time ¢, a1 (t) is the intrinsic growth rate
of X, and a;(t) is the death rate of X;(i > 2); 2118 denotes the coefficient in
conversion X; into new individual of the X;(i > 2); b;;(¢) measures the amount of
competition between X; and X; (i # j,4,j > 2), and b;(¢)(¢ > 1) measures the
inhibiting effect of environment on Xj.
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This article is organized as follows. Section 2 provides some definitions and
notations. In Section 3, we state some results on invariant set and asymptotic
stability for problem . In Section 4, we assume that the coefficients b;;(t)
(1 <4,7 < 3) are constants, then we give some inequalities, involving the average
of the coefficients, which guarantees persistence of the system. Section 5 is a special
case of Section 4 in which the coefficients a;(t) (i > 1) are constants. We also give
some inequalities which imply non-persistence; more specifically, extinction of the
third species with small positive initial values.

2. DEFINITIONS AND NOTATION

In this section we introduce some basic definitions and facts which will be used
in next sections. Let R3 = {(z1,22,23) € R3|z; > 0,4 > 1}. For a bounded
continuous function g(t) on R, we denote

v = t), ¢' =infg(t).
g igﬂgg() g ;rele()

The existence and uniqueness of the global solutions of system (|1.1)) can be found
n [I1]. From the uniqueness theorem, it is easy to prove the following result.

Lemma 2.1. Both the non-negative and positive cones of R? are positively invari-
ant for (1.1)).

In the remainder of this paper, for biological reasons, we only consider the solu-
tions (x1(t), z2(t), x3(t)) with positive initial values; i.e., z;(tg) > 0,7 > 1.

Definition 2.2. System is said to be permanent if there exist positive con-
stants J, A with 0 < § < A such that liminf; .. z;(t) > ¢, limsup,_, z;(t) < A
for all ¢ > 1. System is called persistent if limsup,_, . z;(t) > 0, and strongly
persistent if liminf;_, . x;(¢) > 0 for all 4 > 1.

Definition 2.3. A set A is called to be an ultimately bounded region of system
(1.1)) if for any solution (z1(t), x2(t), z3(t)) of (1.1]) with positive initial values, there
exists 71 > 0 such that (z1(¢), z2(t), z3(t)) € A for all t > to + T7.

Definition 2.4. A bounded non-negative solution (z3(t),z5(t), z5(t)) of (L.1) is
said to be global asymptotic stable solution (or global attractive solution) if any
other solution (z1(¢), z2(t), z5(t)) of (L.1) with positive initial values satisfies

3
lim ) |2i(t) — ()| = 0.
i=1

t—o0

Remark 2.5. It is easy to see that if the system (1.1)) has a global asymptotic
stable solution, then so are all solutions of (L.1J).
3. THE MODEL WITH GENERAL COEFFICIENTS
Let € be a positive constant. We put

u l U €
ay —ag + by M

Mi=dhve Mj= :
11 22
l u € l u € u €
Me— —% + bsy My e a3 — by M5 — b3 M3
3 bl ’ my = bu )
33 11
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u 1 € u €
—ag + byym§ — bys Mg
U b
b22

u l € U €
—ag + bzymi — by M3
n b
b33

€ __
moy =

€ __
m37

B; (t) = ax (t) — 2b11(t)m§ — blg(t)m§ - b13(t)m§ + bgl(t)MQE + b31 (t)M?f,
Bg(t) = —ag(t) + bgl(t)Mle — 2b22( 5 - bzg(t)mg + blg(t)Mf + bgg(t)Mgf, (31)
Bg(t) = 7(13(t) + bgl(t)Mle — 2b33( mg — b32(t)m§ + blg(t)Mle + bgg(t)MQE

We have the following theorems.

t)m

)
£)

Theorem 3.1. If m§ > 0 for all i > 1, then the set I'c defined by
Te = {(x1,20,23) €ER3| m§ <2< Mf,i>1}

is positively invariant with respect to system .

Proof. We know that the logistic equation
X'(t)y=AX#t)[B-X()] (A,BeR,B#0)

has a unique solution

BXoexp{AB(t —t9)}

X(t) - XO GXp{AB(t - to)} + B — Xo ’

where XO = X(to)
We now consider the solution of system (1.1)) with the initial values (29,29, 29)
€TI'.. By Lemma we have z;(t) > 0 for all t > o and 7 > 1. We have

24 (t) < z1(8)[ar(t) — bua (t)z1(¢)]
< a1 (t)[af — biyz1(1)]
= Oy (0)[MY — 21 (8)].
Using the comparison theorem, we obtain that
29 MY exp{al(t —to)}
a9 [exp{al(t — to)} — 1] + M?
2 M5 exp{a®(t —to)} .
~ 2 exp{al(t —to)} — 1] + Mg

Then, it follows from 29 < Mf that x1(t) < Mf for all t > ty. On the other hand,
from 29 < M$ and

w3 (t) < wa(t)[—aj + b3y My — bypwa(t)] = byps()[M5 — 2(t)),

it implies that xo(t) < MS for all ¢ > to. Similarly, we can prove that xz3(t) < M$
for all ¢ > ty. From the above results, we have

(1) 2 21 (t)[ay — biyMs — bisMs — by 21(1)] = by 21 (1) [mf — 21(t))-

It follows from x9 > mS that

I (t) S
(3.2)

€0 by (t—t
x1(t) > 5 mlxluexpe{ f1mi ( 0)} >mj for all t > to.
Ty [eXp{bnml(t —to)} — 1] +mi
Similarly, it is easy to see that x2(t) > m$,x3(t) > m§ for all t > ¢y. The proof is
complete. (I

Theorem 3.2. If m§ > 0(i > 1), then the set I'c is an ultimately bounded region,
i.e., system (1.1) is permanent.
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Proof. From we have limsup,_, . z1(t) < Mf. Thus, there exist ¢ > 0 and
t1 > to such that z1(t) < Mg for all ¢ > t;. By the same argument in Theorem
it can be shown that limsup,_, ., ;(t) < Mf and liminf;_, o z;(t) > m$(i > 2).
Then I'; is an ultimately bounded region with a sufficiently small € > 0. (]

In the following theorem, we give some conditions which ensure the extinction
of the predators

Theorem 3.3. If M? < 0 then lim;_ o z;(t) = 0,i > 2.

Proof. We see that if M? < 0 then Mf < 0 with a sufficiently small €. Similarly as
in the proof of Theorem [3.1] we get

xh(t) < bLai(t)[Mf — x;(t)] < 0,5 > 2. (3.3)

Therefore, 0 < z;(t) < x;(tg) for t > to and there exists ¢ > 0 with lim;—, o 2;(t) = c.
If ¢ > 0 then 0 < ¢ < z;(t) < w;(to),t > to. From (3.3), there exists v > 0
such that z(t) < —v for all t > t5. It follows z;(t) < —v(t — to) + zi(to) and
lim;_, oo ;(t) = —oo which contradicts the inequality z;(t) > 0 for all ¢ > t,.
Hence, lim; o z;(t) = 0. O

Now, to consider the global asymptotic stability of a solution, we need the fol-
lowing result, called Barbalat’s lemma (see [4])

Lemma 3.4. Let h be a real number and f be a non-negative function defined on
[h, +00) such that f is integrable on [h, +00) and uniformly continuous on [h,+00).
Then lim;_,o f(t) = 0.

Proof. We suppose that f(t) 4 0 as t — oo. There exists a sequence (t,),t, > h
such that ¢, — oo as n — oo and f(t,) > € for all n € N. By the uniform
continuity of f, there exists a 6 > 0 such that, for all n € N and ¢ € [t,,t, + 9],
|f(tn) — f(t)] < 5. Thus, for all ¢t € [t,,t, + 6] and n € N we have

FO) = 1F(tn) = [F(tn) = FON = [f ()] = [f(tn) = F(D)] > e — = = .

272
tn+0 tn+0 55

/ F(t)dt = / F(B)dt = o >0
t t

n n

Therefore,

for each n € N. By the existence of the Riemann integral f,fo f(t)dt, the left hand
side of the above inequality converges to 0 as n — oo yielding a contradiction. [

Theorem 3.5. Let (i (t),z5(t), z5(t)) be a solution of system (L.1). If m§ > 0
and limsup,_, ., Bf(t) <0 for all i > 1, then (x}(t), z5(t),x5(t)) is globally asymp-
totically stable.

Proof. From the assumptions, there exists {1 > o such that sup,>,, Bi(t) < 0,
1> 1. Let (z1(t),xz2(t), z3(t)) be any solution of positive initial value system (1.1).
Since I'c is an ultimately bounded region, there exists 77 > ¢; such, that for all
t 2 Tla

(1(8), 22(t), 23(1)), (21 (1), 25(t), x3(t)) € T'e.
Now, we consider a Liapunov function defined by V () = Zle |x; (t) =2 (t)|,t > Th.
For brevity, we denote z;(t), z}(t), a;(t) and b;;(t) by x;, «}, a; and b;;, respectively.
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A direct calculation of the right derivative DTV (¢) of V(¢) along the solution of

system (|1.1]) gives

3
DYV (t) = Z sgn(z; — )z — ']
i=1

3 3
=sgn(er — a)[er(a1 = Y_biyay) — ai(ar = Y biya})]
j=1 j=1
3 3
+ Z |:1‘7;(—ai + b“iL’l - Zbijl‘j)
=2 j=2

3
— x:(—ai + bﬂx}{ - Z bwl‘j)} sgn(xi — 1‘:)
j=1
=[ar — b (21 + 27)]|21 — 2]

3
—sgn(zy — x7) Z bij(z17; — 277])

Jj=2

3
+ Y [ai = bis(wi + 27w — 2]
=2

+ sgn(xe — x5)[bo1 (x122 — x]25) — bag(zaws — x525)]

+sgn(xs — 5)[bs1(z123 — x725) — bsa(zaws — x525)]
=[a1 — b1 (z1 + 27) — brawa — bizzs)|vr — 27|

+ [—az + ba1zy — baa(wa + 25) — bazwi][re — 23]

+ [—ag + b1y — baz(x3 + x5) — baaxs]|xs — 5]

3
—sgn(zy —2}) Y by (a; — )

=2
+ sgn(zz — @3)[ba125 (21 — 27) — bagwa(2s — 23)]
+ sgn(xs — x5)[bs1xs(x1 — 27) — bgaws(z2 — 23))
<lar = bii (w1 + 27) — biaxa — bizxz + bo125 + bz1a3]|w) — 27|
+ [—ag + barx1 — boa(w2 + 25) — bazxy + b12x] + bzaxs]|xs — 23]
+ [—ag + b1y — bag(ws + x5) — b2zl + bi3x] + bazwa]|xs — 5]
<[ar — 2byym] — biam§ — bigm§ + boy M5 + b3y Ms||z1 — x|
+ [—ag + bar M} — 2baym§ — bazm§ + bio M7 + bsa M3]|zo — 23]
+ [—ag + bs1 M7 — 2bzzm§ — bzam$ + bis My + bag Ms]|xs — 5]

3
=" BBl — a3,
i=1
From the above arguments, there exists a positive constant p > 0 such that

3
DV (t) < —,uz |z;(t) — 2z} (t)| for allt > Ty. (3.4)
i=1
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Integrating both sides of (3.4)) from Tj to ¢, we obtain

+ 3

V(t) +u/T [Z |z () — :c;‘(t)ﬂdt <V(Th) < 4o00,t > T1.

i=1
Then

/[;xz |}dt< V(1Y) < 400, t>T.

Hence, 20 [ai(t) — a7 (t)] € L*([T1, +00)).

On the other hand, the ultimate boundedness of z; and x} imply that both z; and
x} (¢ > 1) have bounded derivatives for ¢ > T;. As a consequence Z?:l | (t)—5 (1)
is uniformly continuous on [T}, —|—oo). By Lemma we have

E&le )] =0

which completes the proof. O

4. THE MODEL WITH CONSTANT INTERACTION COEFFICIENTS

In this section, we assume that the coefficients b;;, 1 < 4,j < 3 in system (1.1)
are positive constants and the limit

1 to+T
Mla;) = Tlgnm T / a;(t)dt

exists uniformly with respect to tg in (—o0, 00). First, we consider a predator-prey
system

z(t) = z1(t)[ar (t) — brrz1(t) — biaxa(t)],
z5(t) = wa(t)[—az(t) + barx1(t) — baawa(t)].
t()JrT

(4.1)

Put Z,(T) = z;(t)dt. We have the following theorem.

Theorem 4.1. Assume that by1biaal + by1bagal —biabaiat > 0. Then infy>q, 21 (¢)
> 0. Furthermore,

(i) If Mas] < b?—lM[al] then infy>q z2(t) > 0 and
M M M — b M
baaMa1] + b12 [az]’ lim Xo(T) = bar Ma1] — b11 M [as]
bi2b21 + b11bag T—o0 bi2ba1 + b11b22

i) If Mas] > %M[al] then

hm X(T) =

im Xy (1) = Ml ) =0

T—00 b11 T—o0
Proof. The proof for the first statement is similar to that of Theorem Let
e > 0 be a sufficiently small constant. From the comparison tPeorem and 2 () <
x1(t)[a} —brix1(t)], it is easy to see that limsup,_, . x1(t) < 1%11 Then there exists
Ty > to such that @1(t) < P{ = f- + ¢ for all t > T3. Thus

xh(t) < 2o (t)[—al + boy1 Pf — boga(t)] for t > Th. (4.2)

Let us consider two cases:
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Case 1. There exists ¢ > 0 such that —ab+bgy Pf < 0. From ([4.2), it follows that
lim; o x2(t) = 0. Therefore, there exists To > T3 such that a; () —biaxa(t) > %all.
It follows from the first equation of the system (4.1]) that

) (t) > z1(t) [%all — buxl(t)] for t > Tb.

Using the comparison theorem, we have lim inf; .., z1(t) > a}/2b;;.

Case 2. —ab + by PP > 0. It follows from (4.2) that limsup,_, . z2(t) < Ps =

1 €
%b;lpl. Then, we can choose a sufficiently small positive € and T3 > T7 such that

z1(t) < Pf,x5(t) < P§ for all t > T5. From the first equation of the system (4.1]),
we have o (t) > x1(t)[a} — bioPs — by121(t)] for t > Ts. Because of our assumption
b11612al2 + bllb22al1 —biaba1a} > 0, there exists a sufficiently small positive € such
that

b11b12al2 + b115226lll - 512521a7f _ 6512521

l €
.
R b11bas boo

> 0.

Then liminf; . x1(t) > 0.
The conclusions of two above cases implies that inf;>;, 21(¢) > 0. Then there
exists ¢; > 0 such that

c1 < Il(t) < dq for all t > tg. (43)
To prove Part i), first, we show that it is impossible to have
tlim x2(t) = 0. (4.4)

Assuming the contrary, from (4.3) and (4.4) we get
1 to+T
n [‘Tl( o+ )
z1(to)
Then, from the first equation of (4.1)) we have

1 to+T
lim —/ bi11z1(s)ds

1 to+T
] =0, :Fh—r»r<1>oT/tO xa(s)ds = 0.

1 fo T fot T z1(to +T) (4.5)
= lim — ds — b ds — In[————
= Ma]
It follows from (4.4) that L ln[wzz(;?t’; ;‘F)] < 0 for large values of T'. By (4.5)), we find
M[al] o 1 to+T to+T
—M[ag] + by bis = Thlgof[_ [0 ag(S)dS—Fle /;U Il(S)dS]
. 1 l’g(to + T) /t0+T
= lim —|In[————=|+b ds| <0
TI_I}?)O T[ Il[ .rg(to) }+ 22 to 1’2(8) S} -7

which contradicts our assumption. This contradiction proves that
limsup z3(t) = d > 0.
t—oo
If, contrary to the assertion of the theorem, inf;>, x2(t) = 0, then there exists a
sequence of numbers {s,}5° such that s, > tg, s, — 00 as n — oo and z2(s,) — 0
as n — oo. Put

T—o00

1 to+T
c¢= = liminf — / xo(t)dt.
t
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Since x5(t) > ¢ for arbitrarily large values of ¢ and since s,, — oo and x3(s,) —

0 as n — oo, there exist sequences {p,}3°,{¢,}3° and {7,}5° such that for all

n > Lty < pp < Tn < @n < Pnt1,T2(pn) = z2(qn) = ¢ and 0 < zo(7,) <

£ exp{—ba1din}. Further, there exist sequences {t,}7° and {t;,}7° such that for
n>1t, <1, <th,

c

c *

xa(ty) = x2(t)) = — xa(t) < - for t € [tn,t)]. (4.6)

Thus X

1 tn
0<7/ xg(t)dt§£—>0 as n — oo. (4.7

th—tn )y, n
We show that the following inequalities hold:

ty —tn >t —7, >n forn>1. (4.8)

In fact, .Z‘IQ(t) = Z‘Q(t)[—ag(t) + bgll‘l(t) - bggxg(t)] < bzldlxg(t) for all ¢ Z to, then
for t > 7,

t
T2 (t) =w2(70) exp{/ [—az(s) + ba1z1(s) — bagwa(s)|ds}
S% exp{—ba1din}exp{bo1di (t — )} (4.9)
c
= exp{bo1dy (t — 7, — n)}.
From (4.9) and (4.6)), we obtain ¢t} — 7,, > n. It follows from (4.8]) that

1 29
Mla;] = lim a;(t)dt, i=1,2.

tn
Using the first equation of system (4.1]) we get
1 £ 1 tn tn tn
In [‘Tl( n) = [/ aq (t)dt — bll / xl(t)dt — b12 / l’g(t)dt:| .
t ¢ t

tr —t, xl(tn)] ot —t,

n

n n n

Then, it follows from (4.3)), (4.7) and (4.8)) that
t:t M
/ oyt = Ml (4.10)

tn bll

lim
n—oo t¥ — 1y

Similarly, from the second equation of the system (4.1) we have

. " 1 e t tn
ln[xz( n)] _ {_/t a2(t)dt+b21/t xl(t)dt—bzz/t :Ez(t)dt]

t—t,  wa(ty)  th—t, ;

Taking into account the above relations, (4.6, and ([4.10) we get

b
—M]ag) + =~ M]ay] = 0.
b1
Since this contradicts our assumption, we obtain inf;>,, z2(¢) > 0. Therefore, there

exists ¢g > 0 such that

n

ca < x2(t) < dy forall t > tg. (4.11)
Now, by (4.1]), for all "> 0, we have
l X1 (to + T)

In

T 1 (o) = A1(T) — b11 X1 (T) — b12X2(T),
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1. xo(to+T
T 2;20(,50)) = —A(T) + b X1(T) — bpa Xo(T).
Then
x, () = 2T~ 2 S+ bl I ST + Ax(T)
b12b21 + b11b22 ’
b A T 1 1 ZEl(t(J"rT) b 1 1 12(t0+T) A T (412)
XQ(T): 21[ 1( )_T HW]_ 11[7 HW+ 2( )] .

b12b21 + b11b22

It follows from (4.3)) and (4.11]) that
1 ; T
~1n Ty (tO + )

i =0 =1, 2).
TEICI)O T Il(to) (Z ’ )
Then
. bao Mas1] + biaM|as]
lim X;(T) =
T—o0 (D) bi2ba1 + b11b22
) ba1 Ma1] — b1 M as]
lim X, (T) = .
T 00 2(7) b12ba1 + bi1bao

To prove Part (ii), first, we show that lim;_, o, 22(t) = 0. Assuming the contrary we
can find § > 0 and a sequence of numbers {T,,}5°,7,, > 0,7,, — oo(n — o0) such
that § < z5(to + Ty,) < ds for all n. Then, from the second equation of (4.12)), we
get

. ba1 M[a1] — bi1 M|as]
lim X5(7T,) =
n—o0 2(Tn) b12ba1 + b11bao
which contradicts Xo(T) > 0 for all T > 0. This implies that lim;_. x2(t) = 0
and then limp_,o, Xo(T) = 0. It follows from the first equation of (4.12) that

limy oo X1 (7) = 214l 0

<0,

Now, we consider the system
2y (t) = 1(t)]ar(t) — brrza(t) — biawa(t) — bizzs(t)],
2h(t) = wa(t)[—az(t) + bawi( ( ®)l, (4.13)
25(t) = z3(t)[—as(t) + ba11 ( ( ()]

Proposition 4.2. If

—ag t) — b22.’E2 t) — b23$3

t) — b32x2 t) — b33(E3

b11b12al2 + b11b22al1 — bigba1a} > 0,

M[ag] < %M[CHL (4_14)

(b31b22 — b3aba1)Ma1] + (b31big + bi1bs2) M [as]
b12b21 + b11b2g

M[ag] <

)

then lim sup,_, . x3(t) > 0.
Proof. We assume that lim; o z3(¢t) = 0. Then
lim X3(T) = 0. (4.15)

T—o0
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Replacing tg by a larger number, if necessary, we may assume that a;(¢)—bizzs(t) >
0 for t >ty — 1. We put,

a1(t) — bisws(t), t > to,
a*{(t) = al(t) (t —to + )b13$3(t), to — 1<t <ty,
al(t)j t<t071,
az(t) + bazws(t), t = 1o,
a§(t) = ag(t) (t —to + )b231‘3(t), to — 1<t <tg,
CLQ(t), t<tog—1.
Then a} is continuous on R,a;! > 0,a/* < oo for i = 1,2. Moreover, since
lim; o0 23(t) = 0, the limit
1 AT L+ T
M) = Jim 7 [ a0 = Jim 5 [T a0t = Mo

exists uniformly with respect to ¢, € R and ¢ = 1,2. Then for ¢ > to, (z1(t), x2(t))
is a solution of the following competitive system

2y (t) = z1(t) [a3 (t) — bryay (t) — brawa(t)],
x’Q(t) = $2(t) [ — a;(t) — bglxl(t) — b22$2(t)} .

By condition (.14 and Theorem [4.1] we have
bQQM[al] + blgM[dQ]

1 X.(T

e 1) = b12b21 + b11b22a (4.16)
lim X (T) _ bglM[al} — bllM[ag]
oo 2 biobor + bi1bay

From the third equation of the system (4.13) we have
x3(to +T
—In [M} = —A3(T) 4 b1 X1 (T) — b3 Xo(T) — bsz X(T).
T z3(to)
Then —As(T )—|—b31X1( )— b32X2( )—b33X3(T") < 0 for T sufficiently large. Letting
T — oo and using and ( we obtain
(531522 - b32b21)M[ 1] + (b12b31 + b11bz2) M(as]

—Mlas] + <0,
laz] bi2ba1 + b11b22
which contradicts (4.14]). This proves the proposition. O
Proposition 4.3. If the following conditions hold
biibisal + biibssal — bisbsial > 0,
bs1
M[ag] < EMWlL (417)

(b31b33 — bazbs1)Ma1] + (b31big + bi1bas) Mas]
b13b31 + b11b33

M[ag} <

then lim sup,_, . z2(t) > 0.

The proof of the above proposition is similar to that of Proposition and it
is omitted.

Theorem 4.4. If conditions (4.14)) and (4.17)) hold, then system (4.13)) is persis-

tent.
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Proof. From Propositions [£.2] and [I.3] we have
limsupx;(t) >0, =2,3. (4.18)

t—o0
Now, we show that limsup,_, ., z1(¢f) > 0. Assume the contrary, then there exist
t1 > to and two positive numbers bs, b3 such that
—a; + bﬂl’l(t) < —bi, for all t > t1,0 = 2,3.
Then for ¢ = 2,3 and ¢ > t1, xi(t) < z;(t)[-b; — biz;(t)]. By the comparison

7

theorem, it follows that lim; ..o z;(t) = 0 which contradicts (4.18). The proof is
complete. (Il

5. THE MODEL WITH THE CONSTANT INTRINSIC GROWTH RATES

In this section, we consider system ([1.1)) under the condition a;,b;;,1 < 4,5 <3
are constants, then (|1.1)) becomes

21 (t) = x1(t)[ar — bryz1(t) — brawa(t) — bizws(t)],
Z‘/Q(t) = xg(t)[—a@ + ba11 (t) — bggxg(t) — b23$3(t)], (51)
.Té(t) = .Tg(t)[—ag + bglxl(t) — bgzdfg(t) — b33333(t)].
Put
«  G1baa + ashia «  G1ba1 —asbiy
= ry=
b11b22 + b12bo1 b11b22 + bi2bo1
Theorem 5.1. If
b1 . .
as < b—al and — a3+ bglxl - b321‘2 <0,
11

then the stationary solution (z7,z5,0) of 1s locally asymptotically stable. It
means that if (x1(t),x2(t), x3(t)) is a solution of such that (z1(to),x2(to)) is
close to (a7, %) and x3(to) is sufficiently small and positive, then lim;_ o x1(t) =
xf, lmy oo w2 (t) = 3, limy o0 23(t) = 0.

Proof. Tt is easy to see that x > 0,23 > 0 and (27, z5,0) is a stationary solution
of system . Put
Ji(w1, 22, 23) = 21(a1 — biizy — bi2w — bi3x3),
fa(w1, 22, 23) = 22(—ag + ba171 — baawa — basxy),
f3(w1, 22, 73) = 23(—a3 + bz171 — b3awa — b3zx3),
then system becomes x; = fi(x1,22,23) and f;(«7,23,0) =0, ¢ > 1. Consider
ofr  9fr Of1

Oy z2 O —buzy  —biax] —bi3x]
A= 78."5? 781‘2 781‘:23 (IT, JZ;, 0) = b21x§ —b22.’b§ —bggZL';
Ofs  Ofs Ofs 0 0 —ag + ba1x] — b3ax}

83?1 8332 6373
Since
det(Af)\I) = (fa3+b31xf 71)32%;7)\) [/\2+(b11x*1‘+b22x§))\+(b11b22+b12b21)x1‘m§} s

it follows that all eigenvalues of A are less than zero. Therefore, (27, x5, 0) is locally
asymptotically stable. (I
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