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EXISTENCE OF WEAK SOLUTIONS FOR DEGENERATE
SEMILINEAR ELLIPTIC EQUATIONS IN UNBOUNDED
DOMAINS

VENKATARAMANARAO RAGHAVENDRA, RASMITA KAR

ABSTRACT. In this study, we prove the existence of a weak solution for the
degenerate semilinear elliptic Dirichlet boundary-value problem
Lu — pugr + h(u)g2 = f  in Q,
u=0 ondN
in a suitable weighted Sobolev space. Here the domain Q C R™, n > 3, is not

necessarily bounded, and h is a continuous bounded nonlinearity. The theory
is also extended for h continuous and unbounded.

1. INTRODUCTION

Let @ C R™, n > 3, be a domain (not necessarily bounded) with boundary 0f2.
Let L be an elliptic operator in divergence form

0

Lu(z) = = ) Dj(aij(z) Dyu(z)) with D; = da;’

ij=1
with coefficients a;;/w € L>(§2) which are symmetric and satisfy the degenerate
ellipticity condition
MePw(z) < ) aij(2)6i€; < AefPw(z), ae z e, (1.1)
i,j=1
for all ¢ € R” and w is an Ag-weight (A > 0,A > 0). Let f/w € L*(Q,w) and h
be a real valued continuous function defined on R. Recently Cavalheiro [2] studied

the BVP
Lu — prugy + h(u)ge = f in €,

u=0 on 0f,

where g1/w € L>®(Q), p > 0, h is a bounded continuous function and where 2 is
bounded. In general, the Sobolev spaces W’“’(Q) without weights occurs as spaces
of solutions for elliptic and parabolic PDEs. For degenerate problems with various
types of singularities in the coefficients it is natural to look for solutions in weighted
Sobolev spaces; for example, see [1L [3], 4 5] [6l [7].

(1.2)
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The treatment of problem has not been effective since the usual compact-
ness arguments for bounded domains may not extend to unbound domains. One
natural approach is to approximate a solution of by a sequence of solutions
in bounded subdomains of 2. The present work is a generalization of the work by
Cavalheiro [2], for unbounded domain €2 such that, Q = U, Q;, Q; C Q;14, for each
i > 1. Section 2 deals with preliminaries and some basic results. Section 3 contains
the existence of a sequence of solutions {u;} of in each bounded subdomains
Q; and a uniform bound for them. The main result is about the extraction of a
solution for from {u;}. Finally section 4 deals with extension for a class of
continuous function h, not necessarily bounded.

2. PRELIMINARIES

We need the following preliminaries for the ensuing study. Let Q@ C R", n > 3
be an open connected set. Let w : R® — R¥ be a locally integrable non negative
function with 0 < w < oo a.e. We say that w belongs to the Muckenhoupt class
Ap, 1 < p < oo, or that wis an Ap-weight, if there is a constant ¢ = ¢, such that

1 1 1 p—1
(51 [, «@) (g [ w5 @an) ™ <

for all balls B in R™, where |.| denotes the n-dimensional Lebesgue measure in R™.
We assume that w belongs to Muckenhoupt class A,, 1 < p < oo (i.e. w is an
Ap-weight). For more details on A,-weight, we refer the reader to [9] 1], 16]. We
shall denote by LP(Q2,w) (1 < p < oo) the usual Banach space of measurable real
valued functions, f, defined in Q2 for which

£l = ( [ 15@)Pata)dn) " < (2.1)

For p > 1 and k a non-negative integer, the weighted Sobolev space W*P(Q, w) is
defined by
WHEP(Q,w) = {u € LP(Q,w) : D*u € LP(Q,w),1 < |a] <k}

with the associated norm

pt Y ID%ulp0. (2.2)
1<]a|<k

If w € A, then W*P(Q,w) is the closure of C*°(Q) with respect to the norm (2.2)

and the space Wok’p(ﬂ,w) is defined as the closure of C5°(2) with respect to the

norm
lullogpo= D ID%ulpa.
1<]a|<k
For details we refer the reader to [4, Proposition 3.5]. We also note that W*2(Q, w)

and WéC ’Q(Q, w), are Hilbert spaces. At each step, a generic constant is denoted by
c or kg in order to avoid too many suffices. We need the following result.

[ellkp.0 = llul

Lemma 2.1. Let Q C R™, n > 3 be a bounded domain and let w be As weight.
Then

Wy (Qw) —— L2(Q,w) (2.3)
(i.e the inclusion is compact) and there exists Cq > 0 such that

lullz.0 < Callullorz.0, Yue Wi2(Q,w), (2.4)
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where Cq may be taken to depend only on n,2 and the diameter of ().
A proof of the above statement can be found in [7, Theorem 4.6].

Definition 2.2. Let 2 C R™ be an open connected set. We say that u € Wol’2 (Qw)
is a called a weak solution of (1.2)) if

/QaijDiu(x)ngb(m)dx—/Q;Lu(a:)gl(x)gb(x)dqu/Qh(u(x))gg(m)gb(:c)d:p
~ [ @iz
Q

for every ¢ € W, 2(Q,w).

In section 3, we use the following result.
Theorem 2.3. Let BN : X — X* be operators on the real separable reflexive
Banach space X.

(1) the operator B : X — X* is linear and continuous;
(2) the operator N : X — X* is demicontinuous and bounded;
(3) B+ N is asymptotically linear;
(4) foreachT € X* and for eacht € [0, 1], the operator Ay(u) = Bu+t(Nu—T)
satisfies condition (S) in X.
If Bu = 0 implies u = 0, then for each T € X*, the equation Bu+ Nu =T has a
solution 1 X.

For a detailed proof of the above Theorem, we refer to [12] or to [I7, Theorem

29.).

Definition 2.4. Let B : X — X* be an operator on the real separable reflexive
Banach space X. Then, B satisfies condition (S) if

up, = u and lim (Bu, — Bulu,, —u) = 0, implies u,, — u, (2.5)
n—oo
where (f|z) denotes the value of linear functional f at x.

We need the following hypotheses for further study.

(H1) Let h: R — R be a continuous and bounded function;
(H2> w € Asy;
(H3) Assume g;/w € L®(Q), go/w € L*(Q,w) and f/w € L*(Q,w).

Remark 2.5. If u; € W&’Q(Qk,w) is a solution of |i (see below) on Q, then,
for any k > ¢, ug is also a solution of (2.6)) on §2;, which has been used in Lemma
2.0l

Lemma 2.6. Assume (H1)-(H3). Let u >0 not be an eigenvalue of
Lu — pu(x)w(x) =0 in Q,
u=0 on 0
fori=1,2,3,... Then, the BVP
Lu — pugy + h(u)ge = [ in Q,
u=0 on 9%;
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has a solution w = u; € W(}’Q(Qi,w). In addition, if
Z|

2.7)

00,02’

then for k >, ||ukllo1,2,0, < ko, where ko is independent of k.

Proof. We define the operators By, Bs : Wol’z(Ql-,w) X Wol’Q(Qi7w) — R by

Bmw&{/mﬂW@) Umflgwmmmamm

Q;
Also define T : W, %(Q;,w) — R by

:memm

A function u = u; € WOI’Q(QZ-7 w) is a solution of 1) if
Bi(u,®) + B(u,6) = T(6), Vo € Wy *(s,w).
Using the identification principle [I8, Theorem 21.18], we have W(}’Q(Qi,w) =
(W, 2 (94, w)]* and (u,v) = (ulv), where (.,.) denotes the inner product on a Hilbert
space. We define the operators B, N : Wo ' (€, w) — Wi'?(Q;,w) as
(BU|¢) :Bl(u7¢)7 (NU|¢) :BQ(U7¢)7 for u,qi)E WOLQ(inw)'

Then, problem is equivalent to operator equation Bu+Nu =T, u € W(}’Q(Qi, w).
The proof of the existence for is similar to that given in [2]. The proof of the
latter part of the theorem (which is not in [2]) is given below. Let |h(t)] < A,t € R.
Let uy € W&’Q(Qk,w) be the solutions of . Then, from the hypotheses, with
the help of Lemma [2.I] and from the Remark 2.5 we note that, for k& > 1,

1)

| B (g, ug )| < (

s Ly LRk s Ly LR b

| Ba (wg, ug)| <

T (ur)| <

0,1,2,Q;

where Cq, (is the constant of Lemma and A are constants independent of k.
Also, Bi(.,.) is a regular Garding form [I8] p.364]. In fact, we obtain, for k > i

By (ug, ug) > /|Duk|2wd:c7u|| ||OOQ/uiwdx
Q

i

= )\ — —_
Huk||0,1,2,9i MH o

Now, by Lemma we have

B (uk,uk) (

)

Since, A > Cq, 1| Z+|| 0,0, , We obtain

1
2
<
||Uk||0,1,2,§2i = ()\ — CQiHH%HOO, l)

B (ug, ug) (2.8)
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Also, we note that

B (s, ui)| < Ca, {AI 2] 01,2, (2.9)

By (2.8) and (2.9)), we have

f
2.0, + ||w||2,ﬂi}\|uk

4 f
Co { Al %220, + [ Ll20.}
(A = Co, |2 || o,02,)
f
Co, { Al 220+ 1520}

||ukHO,1,2,Qi =

= ko,
T - ol len) ’
where kg is independent of k. Hence,
||’LLk||071’2,Qi é ko, Vk 2 ) (210)

O

Corollary 2.7. Under the hypotheses of Lemma[2.6, let M be any open bounded
domain in © such that M C Q;, for some i. For k > i, let uy be a solution of

Lu — pugy + h(u)ge = f in Qi,
u=0 on 0Q

Then, there exists a constant ko > 0 such that ||ukllo12.m < ko, where ko is
independent of k.

The proof of this result is similar to that of Lemma [2.6] and hence omitted.

Remark 2.8. Corollary[2.7 is needed in the main result stated in §3. Lemma[2.0]
is a “modification” of the result in [2], which gives a uniform uy, k > i at the cost

of the restriction on p as given by .

3. MAIN RESULTS

In this section, we dispense with the condition (2.7)) when g; does not change
sign. We consider a BVP
Lu — pugr; + h(u)ga = f in G,

u=0 on0G (3.1)

where G C R"” is an open bounded set, n > 3. The two results are related to the
cases when ¢g; > 0 with u < 0 and g; < 0 with g > 0. These results are similar to
that found in [2] but with suitable changes.

Proposition 3.1. Let G C Q be an open bounded set in R™, n > 3. Suppose that
(H1)-(H3) hold. Let g1 > 0 and p < 0, then the BVP

Lu — pug + h(u)gs = f in G,

u=0 ondG (32)
has a solution u € Wy (G, w).

Proof. As in Lemmal|2.6] the basic idea is to reduce the problem (3.2)) to an operator
equation Bu+ Nu = T with the help of the Theorem To do proceed, we define
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B,N, and T with €; replaced by G, as in Lemma [2.0] and after a little bit of
computation, we have

g1
1Bi(u, 9)| < (¢ + Calulll” llso,c)l[ullor2.cl9lo2.6

[Ba(u, 8)| < CaAl| 2 |a.clé

0,1,2,G

7(8)| < Call L I l19l,1 26

where ¢ (a generic constant), A are constants depending on n, p and the constant
Cg comes from Lemma With these preliminaries, (3.2]) is equivalent to

Bu+Nu=T, ueW}*G,uw).

The compact embedding of W01’2(G7 w) —— L?(G,w), shows that Bi(.,.) is a strict
regular Garding form. Also, u < 0 and g; > 0 yields

&mmzjﬁﬂmwwﬂwmf/uﬁMmmmzwwam; (3.3)
G G

Next, we also show that B+ N is asymptotically linear and N strongly continuous.
The proof is similar to the one in [2] and we omit the same for brevity. Since p is
not an eigenvalue of

Lu — pu(x)w(x) =0 in G,

u=0 on 9G, (3-4)

Bu = 0implies u = 0. By Theorem Bu+Nu = T has a solution u € Wol’Q(G,w)
which equivalently shows the BVP (3.2)) has a solution u € WO1 ’Q(G, w). |

We consider the boundary-value problem

Lu — pugr + h(u)ges = f in Q;,

u=0 on 0% (3.5)

where ; C R™, n > 3 is an open bounded set, for i > 1.

Corollary 3.2. Let the hypotheses of Proposition[3-1] hold for Q; in place of G, for
i > 1. Then, there exists u; € W&’Q(Qi,w) which satisfies (3.5)) and in addition, for
k>1,
lurllo1,2.0, < ko, (3.6)
where ko is a constant independent of k.
The proof of the above corollary is similar to the later part of the Lemma [2.6]

and hence omitted. With suitable changes in the proof of Proposition 3.1} we arrive
at the following result.

Theorem 3.3. Let the hypotheses of Proposition[3.1] hold, except that g1 < 0 and
w > 0. Let p not be an eigenvalue of
Lu — pu(x)w(z) =0 in G,

u=0 ondG (3.7)

Then the [3.2) has a solution u € Wy (G, w).
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Corollary 3.4. Let the hypotheses of Proposition[3-1] hold for Q; in place of G, for
1 > 1. Then, there exists u; € Wol’z(Qi,w) which satisfies (3.5)) and in addition, for
k>i,

llullo,1,2.0, < ko,

where kg is a constant independent of k.
The proof of the above corollary is similar to Corollary and hence omitted.

Theorem 3.5. Let Q = U2,Q;,Q; C Q41 be open bounded domains in Q. Let
1> 0 not be an eigenvalue of
Lu — pu(z)w(x) =0 in L,

u=0 on 09 (3.8)

for i = 1,2,3,... and in addition the condition A > Cq,p||%||s.q be fulfilled.
Under the hypotheses (H1)-(H3), (.2) has a weak solution u € Wy (2, w).

Proof. A part of this proof follows from [I0l 14} [I5]. Let {uy} be the sequence of
solutions for (3.5) in Wy (%, w), (k > 1). Let @ ( for k > 1) denote the extension
of uy by zero outside i, which we continue to denote it by wug. From (2.10), we
have

llukllo,2,0 < ko, for k> 1.
Then, {uy} has a subsequence {u1 } which converges weakly to ul, as m — oo,
in W,*(Qy,w). Since {ug1, } is bounded in Wy 2(2,w), it has a convergent sub-
sequence {uy2 } converging weakly to u?® in WO1 2(Qy,w). By induction, we have
{uyi-1} has a subsequence {uy: } which weakly converges to ul in Wy (Q,w), ie
in short, we have up — ul in W01’2(Ql,w), [ > 1. Define u: Q — R by

u(z) == ul(x), forz e Q.

(Here there is no confusion occurs since u'(z) = u™(x) for x € Q for any m > ).
Let M be any fixed (but arbitrary) bounded domain such that M C Q. Then
there exists an integer [ such that M C ;. We note that, the diagonal sequence
{upm;m > 1} converges weakly to u = u' in Wy (M,w), as m — co.
What remains is to show that w is the required weak solution. It is sufficient to
show that u is a weak solution of for an arbitrary bounded domain M in €.

Since ugm — u! in Wy'?(M,w), we have
/ V(ugm —u).Vowdr — 0, asm — oo,
M
implies
/ Dj(upm —u)Djpwdr — 0, as m — oo.
M
From (1.1)), for a constant ¢, we have |a;;| < cw.

| aisitung Dy < [ oy IDitung; — w1yt
M M

< || Di(ugm — u)ll2,ml|Dj¢ll2,m — 0,

(3.9)
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as m — oo. Also, by Lemma 2.1} ugm — u in L*(M,w). We have
| [ (g — wgr0da] < [ (s~ wllgalolae
M M

g
< [ M0ty — 0| Zllolods
M w

g1
< I oo nallungy = ullzaaeli@ll2,ae-

So we have now
u/ Upm g1pdr — ,u/ ugy pd . (3.10)
M M

A little computation shows that

/Mh(uk(x)) - /M h(u(z)), (3.11)

which follows from dominated convergence theorem, if needed through a subse-
quence. Since M is an arbitrary bounded domain in €2, it follows from ([3.9)), (3.10)

and (3.11)),
/al-jDiu(x)Djd)(x)dx—/uu(m)gf)(x)gl(x)dx—i—/ h(u(z))p(x)ge(x)
Q Q Q

- [ ot
which completes the proof of the theorem. (I

Theorem 3.6. Let Q = U2,Q;, Q; C Q41 be open bounded domains in . Let
g1 > 0 and p < 0. Under hypotheses (H1)-(H3), (1.2) has a weak solution u €
We2(Q,w).

The proof is similar to that of Theorem [3.6] and hence omitted. We remark that
the above theorem is also true when g; < 0 and g > 0 is not an eigenvalue of (3.8)).

4. EXTENSIONS

In section 3, the nonlinearity h is assumed to be continuous and bounded. In this
section, we extend these results for a class of functions kA which are continuous only.
Generalized Holder’s inequality comes handy for establishing suitable estimates.
Below, we consider the problem

Lu — pugy + h(u)ge = f in Q,
uw=0 on 09,

where Q@ C R™ n > 3 is an open and connected set and h : R — R be defined by
h(t) = |t|5,0 < € < 1. We establish the existence of weak solution in a bounded
domain G.

Again, we consider the cases g1 < 0 and g; > 0 separately. Although the proofs
are similar to the ones in section 3, we restrict ourselves to sketch the differences
wherever needed. The result of [2] is not applicable here since h is not bounded.
We collect the common hypotheses for convenience.

(H1’) Suppose that h: R — R defined by h(t) = [t|,t € R,0 < € < 1;
(H2") g1/w € L>®(R), ga/w € L>®(Q) and f/w € L*(Q,w), where w is an A
weight.

(4.1)
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Theorem 4.1. Let G C R", n > 3 be any open bounded set. Let the hypotheses
(HY’), (H2’) hold. Let g1 > 0 and p < 0 then the problem

Lu — pugr + h(u)ga = f  in G,

4.2
u=0 ondG (42)
has a solution u € Wy (G, w).

Proof. We give only a sketch of the proof as it is similar to the proof of Proposition
From the hypotheses and by Lemma and for u € Wol’Q(G,cu)7 we note that

By (u, )] < (c+ Cclulll ~[loo.2)

IR]

(4.3)
T(¢)] < Callallm,clléllo,l,z,a,

where ¢ is a generic constant and the constant C comes from Lemma Again,
by Lemma [2.1] and generalized Holder’s inequality [8, p.67], we have

|Ba(u |</|h NG

We also observe that B satisfies condition (S) by a similar argument as in [2] (also
refer to [I7, Proposition 27.12]). We observe that

[(Nul§)] = [Ba(u, ¢)| <

which implies

I*II 2

le’

s dy

a < CCGHUHO 1,2,G»

g2
INul| < Cellullg,1.2.617 1l 2

le’

So
([Nl cCallull§ 2.6

ullo2,c = llullo2,6

This shows that B + N is asymptotically linear. Also, u € L?(Q2,w) implies h(u) €
L?(Q,w) and define the Nemyckii operator

hy : LA(Q,w) — L (Q,w) (4.5)

by hy(z) = h(u(x)); we have h,, is continuous (by [I3, Theorem 2.1]). Let u,, — u
in Wy*(G,w), then

I(Nun\¢)—(NU\¢)|S/Glh(un)— h(u )H 2 |p|wda

— 0 as ullo,12,6 — oo (4.4)

< Callh(un) = h(u)| 2, GH 22 clldllor2a-
Hence we have
INu, — Nu|| =0 asn— oo (4.6)

By a similar argument as in [2], the operator A;(u) = Bu + t(Nu — T') satisfies
condition (S). If 4 < 0 is not an eigenvalue of the linear problem

Lu — pu(x)w(z) =0 in G,
u=0 ondG

shows that the operator equation Bu + Nu = T has a solution u € W&’Q(G,w),
which completes the proof. [
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An immediate consequence is the following result.

Corollary 4.2. Let Q be any open set in R™ such that Q = U72,€Q,;,Q; C Q41,8
is an open bounded subset of R™ for each i =1,2,3.. Let the hypotheses of Theorem
hold. Let g1 > 0 and p < 0 then, the problem

Lu — pugr + h(u)gz = f in

u=0 on 09 (4.7)

has a solution u = u; € Wy > (Qi,w), fori=1,2.. in addition |juy|
all k > i, where kg is independent of k.

0,1,2,0; < ko for

IREEt)

Remark 4.3. Theorem and Corollary [£.2] hold if g; < 0 and g > 0 with the
remaining intact. But when g > 0 and g; changes sign, we need additional condi-
tions on p and g;(stated below) to obtain a uniform bound kg for ||ug||, kK = 1,2.
where kg is independent of k. This uniform boundedness is essential to establish
the existence of solution when 2 is not necessarily bounded. We state these results
below in Theorem [£:4] and Corollary [£5] but we give a sketch of the proof. We note
that in the required asymptotic linearity of B + N is a consequence of € lying
between 0 and 1.

Theorem 4.4. Let G be an open bounded set in R™ n > 3. Let the hypotheses
(H1"), (H2") hold. Also, let p > 0 not be an eigenvalue of (5.4). Then the BVP

Lu — pugy + h(u)ge = f  in G,

u=0 ondG (4.8)

has a solution u € Wy*(G,w).

The proof is omitted since it is along the same lines of the proof of Theorem [£.1]
As a consequence of Theorem [£.4] we have the following result.

Corollary 4.5. In addition to the hypotheses of Theorem let A > Co, ptl| 2| o 02-
Then (4.7) has a solution u = u; € W01’2(Qi,w), fori=1,2... and in addition

||’U/]€||071,27Qi < kg, forallk>i.
where ko is a constant independent of k.

Proof. The proof for existence of solutions u = u; € Wy*(Q;,w) for (7)) is similar
to the proof of Theorem [I.I] and hence omitted. We note that on ;, for k > 1,

g1
(A = Ca, ull " Mloo, ) k| 01,20,

g2
SCni{IIUkIIB,l,z,QiIIZII 2, + 1= ll2.0: Hluk|

1—e€’

0,1,2,9;»

w
where Cq, is independent of k. Since A > Cq, pl| 2 ||o 0, We obtain

Ca, (

urll§ 120120 2 0, + 1 5ll20:)

lukllo,2.0 <
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Case 1: If |Jugllo,1,2,0; <1, then from (4.9), we have
Co, (12| 2 g, + 15 l2.9.)
(A = Co,pll % Nloo,02:)
Co, (12| 2 o + 1 5ll2.0)

T (A= CopllE x0)
where ¢* is a constant independent of k. Hence, we obtain

lukllo1,2.0, <

:C’

lukllo,2,0, <c*, forall k> i.

Case 2: If |Jugllo,1,2,0, > 1, from (4.9)), we have

[ < Co, (Ilunllg 00,1 % 2 0. + 1 l20.)
u .
Hi = (A - C(LMH gwl ‘ OO,SL’,)

Co, (1% 2 ot ||£||29) urll§ 1 2.0,

= O Co 2 o)
where Cgq, is independent of k. This implies
k15,0, <0< e<l, fuklogzn, <cm =¢,

where ¢ and ¢’ are constants independent of k. Since Q; C 2,11,V i > 1, we have

llukllo,2,0, < ¢, forall k> i.
Let ko = max{c*,c¢'}. Hence, we have

llukllo,2,0, < ko, forall k>, (4.10)
where kg is independent of k. O

Now we state the main result of this section.

Theorem 4.6. Let Q = U2,Q;,Q; C Qi1 be open bounded domains in Q. Let
@ > 0 not be an eigenvalue of
Lu — pu(x)w(z) =0 in
u=0 on 0
fori=1,2,3,... and in addition let X > Cq, || Z||cc,0. Under hypotheses (H1'),
(H2), has a weak solution u € Wy *(Q,w).
Proof. Let {uy} be the sequence of solutions for in Wy(Q,w), (k> 1). Let

Uy (for k > 1) denote the extension of uy by zero outside 2, which we continue to
denote it by ug. From (4.10), we have

llullo,1,2,0, < ko, for k>1.

Then, {uy} has a subsequence {u1 } which converges weakly to ul, as m — oo,

(4.11)

in W,?(Qy,w). Since {ug: } is bounded in Wy 2(2,w), it has a convergent sub-
sequence {uyz } converging weakly to u? in I/VO1 ’Q(QQ,w). By induction, we have
{uyi-1} has a subsequence {uy: } which weakly converges to ul in Wy 2 (Q,w), ie
in short, we have uyp — u! in W§’2(Ql7w), [ > 1. Define u: Q — R by

u(z) == ul(z), forxzeQy.

(Here there is no confusion occurs since u!(z) = u™(x) for € Q for any m > [).
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Let M be any fixed (but arbitrary) bounded domain such that M C Q. Then
there exists an integer [ such that M C ;. We note that, the diagonal sequence
{urm;m > 1} weakly converges to u = ul in W2 (M,w), asm — oo.

What remains is to show that u is the required weak solution. It is sufficient to
show that w is a weak solutlon of (| . ) for an arbitrary bounded domain M in €.
Since ugm — ul in Wy 3(M,w), we have

/ V(ugm —u).Vowdr — 0, asm — oo,
which implies "
/ Dj(upm —u)Djpwdr — 0, as m — oo.
From (1.1), for a constant ¢, we have |a;;| < cw.
| auDitug —u)Ds6dn < [ JaylIDi(ugy — wl|D;0lds

< o[ Di(urg = w2l Djoll2,nr — 0, asm — oo.
(4.12)
Also, by Lemma., {upm} — win L*(M,w). We have

y/ ukm_uglqbdx\</ (s _u)||g1||¢\dm</ (utgg — |22 o

So we have
u/ ugm g1 pdr — ,u/ ugy pdx (4.13)
M M
By (4.5)) and generalized Holder’s inequality, we obtain
/ () — )H 2||plwda < [|h(urg) = h(u)||2 MII

Hence, we have

/ h(uk(x))g2gpdr — / h(u(zx))gagpda . (4.14)
Since M is an arbitrary bounded domain in £, it follows from (4.12)), (4.13)) and

(4.14), that
/aijDiu(x)quS(x)d;v—/uu(x)¢(x)g1(x)dx+/ h(u(z))p(x)gz(x)
Q Q

Q
- [ @tz
which completes the proof of the theorem. ([l

Theorem 4.7. Let Q = U2,9Q,;,Q; C Q41 be open bounded domains in Q. Let
g1 > 0 and pp < 0. Under the hypotheses (Hj)-(HS), {4.1) has a weak solution
ue Wy (Q,w).

The proof is similar to Theorem [£.6] and hence omitted. Above theorem is also
true when, g1 < 0 and p > 0 is not an eigenvalue of (4.11)).

Remark 4.8. The main results Theorem [3.5]and Theorem [4.6] hold, if 4 is contin-
uous, |h(t) — h(s)| < |t —s|%, 0 < e <1 and h(0) = 0.
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