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EXISTENCE OF SOLUTIONS TO QUASILINEAR FUNCTIONAL
DIFFERENTIAL EQUATIONS

SYED ABBAS, DHIRENDRA BAHUGUNA

ABSTRACT. In this article we use the theory of Cp-semigroup of bounded linear
operators to establish the existence and uniqueness of a classical solution to a
quasilinear functional differential equation considered in a Banach space.

1. INTRODUCTION

In this article we study the the existence and uniqueness of a classical solution
to the following quasilinear functional differential equation, considered in a Banach
space X,

du(t)
dt

+ A(t,u(t)u(t) = F(t,w), tel0,T), (1.1)

u=¢ on [—,0],
where u.(6) = u(t+6), 0 € [—7,0]. For t € [0,T], we denote by C; the Banach space
of all continuous functions from [—7,¢] to X endowed with the supremum norm

Idle. = _sup_lIx(@)llx. x €Cr.

up
—7<6<
The function F'(¢,1) is defined on [0,T] x Cy to X. Here we see that u; € Cy. We
assume that for u € Cr, F(-,u()) : [0,7] — X is a bounded L' function. Further
we assume that there is a subset B of X such that for (t,u) € [0,7] x Cr with
u(t) € B for t € [0,T], A(t,u(t)) is a linear operator in X. Also ¢ € Cy is Lipschitz
continuous with Lipschitz constant L.

Quasilinear evolution equations forms a very important class of evolution equa-
tions as many time dependent phenomena in physics, chemistry and biology can
be represented by such evolution equations. For more details on the theory and
applications of quasilinear evolution equations we refer to |4, 9} [T1].

Kato [6] considered the quasilinear evolution equation

du(t)
dt

+ At u(t))u(t) = G(t,u(t)), te€(0,T],
u(0) = ug,
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in a Banach space and shown the existence of a strong solution under suitable
assumptions on A and G. The various cases of equation have been treated
by Amann [I] in the interpolation spaces using the theory of analytic semigroups.
Bahuguna [2] has shown the existence of a classical solution of the following inte-
grodifferential equation considered in a Banach space,

du(t)
dt

+ A u(t)u(t) = K(u)(t) + f(t), tel0,T],
u(0) = z,

(1.3)

where
K(u)(t) = /0 a(t — s)k(s,u(s))ds,

and A(t,w) is a linear operator in X for each (¢,w) € [0,T] x W, W being an open
subset of X. In this paper we strengthen the result of [2] for a functional differential
equation. We show the existence and uniqueness of a classical solution of (1.1)).

2. PRELIMINARIES

Let B(X,Y) be the set of all bounded linear operators from X to Y. B(X,Y)
is a Banach space with the norm

HA”B(X,Y) _ sup ”A‘r”Y
vexao |1T]x
We denote B(X,X) by B(X). Let B be a subset of Y, where Y is densely and
continuously embedded in X. Since Y is continuously embedded in X so it is a
subset of X too. A family {A(¢,w), (t,w) € [0,T] x B} of infinitesimal generators of
a Co-semigroup Sy ., (s), s > 0 on X is called stable if there exist constants M > 1
and w, known as stability constants, such that

p(A(t,w)) D (w,00) (t,w) €[0,T] x B,
where p(A(t,w)) is the resolvent set of A(¢,w) and

k
M
TR A e s < g Tor A>w

j=1
and every finite sequence
0<t <ty <, <T, wj;€B.

Let S;w(s), s > 0 be the Cp-semigroup generated by A(f,w). A subspace Y of
X is called A(¢,w)-admissible if Y is an invariant subspace of Sy .,(s),s > 0, and
the restriction of Sy ., (s) to Y is a Cp-semigroup in Y. We will use the following
hypothesis on A(¢,w):
(H1) There is a subset B in X such that the family {A(¢, w), (t,w) € [0,T] x B}
is stable.
(H2) Y is A(t,w)-admissible for all (¢,w) in [0,7] x B and the family
{A(t,w), (t,w) € [0,T] x B} of parts of A(t,w) in Y is stable in Y.
(H3) For (t,w) € [0,T] x B, A(t,w) is a bounded linear operator from Y to X
and A(-,w) is continuous in B(Y, X) i.e. A(-,w) € C([0,T], B(Y, X)) also
D(A(t,w)) D Y.
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(H4) There exists a positive constant L 4 such that
|A(t,w1) — A(t,w2)|| Bey,x) < Lallwr — wally
for all (¢,w1), (t,w2) € [0,T] x B.

Next we define an evolution family as follows.
Definition 2.1. A two parameter family of bounded linear operators U(t,s),t >
5 >0, on X is called an evolution system if

(i) U(s,s) =1 and U(t,r)U(r,s) =U(t,s), t >r >s>0;

(i) (¢t,s) — U(t, s) is strongly continuous for ¢ > s > 0.

If u e C([0,T],X) and the family {A(t,w), (t,w) € [0,T] x X} of operators
satisfies (H1)—(H4) then there exists an evolution system U, (¢,s) ([10, Theorem
4.6]) in X satisfying:

(i) |Uu(t,s)Bx) < Me®@=2) for t > s > 0, where M and § are the stability
constants;
(i) %Uu(t, s)w|i=s = A(s,u(s))w for w € Y;
(iii) aa—sUu(t, S)w|i=s = —Uy(t, ) A(s,u(s))w for w € Y.
Moreover there exists a constant Cy > 0 such that for every u,v € C([0,T], X') with
values in B and every y € Y we have

t
1Uu(t, s)y — Us(t, s)yllx < Co||y||Y/ [[u(€) = v(&)llx dE.
Now we mention some additional hypotheses.
(H5) For each u € C(R, X), we have
Uu(t,s)Y CY, steRs<t,

and U,(t, s) is strongly continuous in Y.
(H6) Every closed convex and bounded subset of Y is also closed in X.
(H7) There exists a constant Ly > 0 such that

1E(t, ¢1) = F(s,d2)lx < Lr(t = 5[+ [|é1 — pallc,)

for all (t,¢1), (s,¢2) € [0,T] x Co.

We note that the condition (H6)) is always satisfied if X and Y are reflexive
Banach spaces.

Definition 2.2. A function u € Cr with values in B satisfying

t
ult) = Ua(t,0)(0) +/ Ua(t,5)F(s,u,)ds, ¢ € [0,T]
0
Ug = d) on [*Ta O]a
is called a mild solution to (|1.1)) on [0, T].

Definition 2.3. A function u € Cr such that u(t) € Y N B for t € (0,7] and
u € CH((0,T), X) satisfying the equation in X is called a classical solution to
on [0, T]. Where C'([0, 7], X), space of all continuously differentiable functions
from [0,7] to X and Y is a A(t, w)-admissible subspace of X.
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3. MAIN RESULT

In this section we prove the existence and uniqueness result for a classical solution

to (T.I). Let ¢ € Cr be given by ¢(t) = ¢(t) for t € [—7,0] and ¢(t) = ¢(0) for
t € [0,T]. Denote

Br(9(0)) = {z € X : |lz = ¢(0)||x <7},
Ba,(¢0) = {x € Co : IIx — dolle, < 2r}.
Theorem 3.1. Let B and V' be open subsets of X and Cy, respectively, and the fam-
ily {A(t,w)} of linear operators fort € [0,T] and w € B, (¢(0)) satisfy assumptions
(H1)-(H6) and A(t,w)p(0) € Y with
1A, w)$(O0)]ly < €

for all (t,w) € [0,T] x B. Suppose F(t,us) satisfies (H7). Then there exists a
unique local classical solution of (L.1)).

Proof. From assumption (H5) for t > s, ¢,s € [0,7] and u € C([0,T]; X') with values
in B, we have

[Uu(t, $)llBovy < Ch.
Take 7 > 0 such that B,(¢(0)) C B and Ba,(¢g) C V. Choose

1
TO:min{ r r r r}

Ta I Y A T
2010||¢(0)HX Lr 201(2LF7“+N) nA L¢,
where A = Co||¢(0)|x + C1Lp + Co(2Lpr + N)Z2, n > 1 is any natural number

and || F'(s,u0)||x < N, where N is a positive constant.
Define the set
S=A{¢ €Cp o =09, fort € [-7,0],4(t) € B(4(0)), t € [0,To]}.

We easily deduce that S is a closed, convex and bounded subset of Cr;,. Take ¢ € S.
Now for 6 € [—7,0] we have the following two cases.
Case 1: If t + 60 < 0 we have
14:(8) = do(0)llx = [[(t +0) — $(0)]| x
=||¢(t+0) — ¢(0)||x (by the definition of S)
S L¢TO S T.
Case 2: If t + 6 > 0 we have

1%:(0) = G0 (0)l|x = [[4(t +6) — $(0)| x
< lo(t+0) — ¢(0)[|x +[|6(0) — ¢(0) | x
<14 Ly(-0) (since ¥(t +6) € B,(6(0)))
<1+ Lgt
<r+ LTy <2r (since —0 <t <Tp).

Thus, for ¢ € S, ¥ € By, (¢). Define G: S — S by

Gu(t) = Uu(t,0)$(0) + fg Uu(t,s)F(s,us)ds, te [(i Tol,
(1), te[-7,0].
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First we show that G is well defined and Gu(0) = ¢(0). For ¢ > 0, we have

Gu(t) — 6(0) = U (t,0)6(0) — 6(0) + / U (t, ) (s, us)ds.

Taking the norm, we get

1Gu(t) = $(0)l[x < IUu(t,0)6(0) — &(0)[Ix +/0 1Uu(t, 8)F (s, us)| x ds.

Integrating (iii), we obtain

U (£,0)6(0) — 6(0) = / Un(t, ) A(s, u())6(0)ds.

Thus we have

—~

1Uu(t,0)6(0) — ¢(0)[|x S/O [Uu(t, ) A(s, u(s)) || x [|9(0)]| x ds

< CiCTolle(0)][x <

N3

Also, we have

[ 10t ) (s s < G [ (1P (s, = Pl + [1F(s,u0) x)ds
0 0

< 01/0 (1F (s, us) = F(s, d)llx + [1F'(s, @) x)ds

e /Ot(LF|us ~ dllx + N)ds
< Ci(2Lpr + N)Ty < 3,
using the result that for u € S, us € Ba,(¢). Thus, for u € S and t > 0, we get
1Gu(t) — ¢(0)[Ix <.
So G is well defined. For u,v € S, we consider
Gu(t) — Gu(t) = Uu(t,0)$(0) — Uy(t,0)9(0)
+ /Ot(Uu(t, $)F(s,us) — Uy(t, 8)F(s,vs))ds.

Let
Iy = [|Uu(t,0)9(0) — Uy(t,0)6(0)[| x

(3.1)

< Co\ltb(())ll/0 [[u(s) —v(s)l|xds (3-2)

< Collp(0)l|x [lu = vller, To-
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Also let

I = H/O (Uu(t, 5)F (s, 13) = Uy(t, 5)F(5,05))ds||

< [ (IO 9Ps0) = Ut )P0 x

+ || Uu(t, 8)F(s,vs) — Uy(t, S)F(s,vs))HX)ds
t t t
<CiLp / s — valleods + Co / 1P (5,0 1 x / lu(€) — ()| xdéds
t
< ClLF/ sup |lu(s + 0) — v(s + )| xds (3.3)
0 0
t t
Co(2L N — déd
T Co(@Lpr + >/0 / u(€) — ()| xdéds

t S
< CiLeTallu = vler, + Co(2Ler +N) [ [ ul) — v(©)lLxdeds
0 0
it
< CiLrTollu = vlier, + Co2Lpr + N)llu = vlier, ="

T2
< (CiLp + Co(2Lpr + N))%Hu —vlles, -

Hence from (3.2)) and (3.3)) we get
I + I = ||Gu(t) — Gu(t)||x

T2
< (Collo(0)l1xTo + (C1Lr + Co2Ler + N)) 7 ) = ller,

(3.4)
< ATollu = vlleg,

1
< —fu—vller,.

Thus G is a contraction from S to S. So, by the Banach contraction mapping
theorem, G has a unique fixed point v € S which satisfies the integral equation.
Hence it is a mild solution of . Now, we consider the following evolution
equation
du(t)
dt

+ A(t,u(t))v(t) = F(t,u), te][0,Tol,

u(0) = ¢(0).

Denote A(t) = A(t,u(t)) and F(t) = F(t,u;), then equation (3.5) can be written
as

(3.5)

+ A(t)v(t) = F(t), te[0,Tp),

(3.6)

where u is the unique fixed point of G in S.
Now we show that F(-,x) € Cr, for t,s € [0,Tp]. By assumption (H7) we have

Hence for each € > 0 there exists a § > 0 such that if |t — s| < 4, implies || F'(¢, x) —
Fls,x)lx <e
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Thus, F(t,x) € Cr, for a fixed x. Hence from Pazy [10, Theorem 5.5.2], we get
a unique function v € C*((0, Tp], X) satisfying (3.6) in X and v given by

v(t) = Uy(t,0)¢(0) —l—/o Uu(t, s)F(s,us)ds, t€[0,Tp].

Where U,(t,5),0 < s <t < Tp is the evolution system generated by the family
{A(t,u(t))}, t € [0,Tp]). The uniqueness of v implies that v = w on [0, Tp]. Thus u
is a unique local classical solution of (|1.1)). O

4. EXAMPLE

Let us consider the equation
du(t)
dt

+ At u(t))u(t) = K(u)(t), tel0,T7, (4.1)
where ,
K(u)(t) = /0 k(t —s)f(s,u(s))ds

and A(t,u(t)) satisfies all the required conditions of Theorem |3.1, Further let
k:[0,T] = Rand f:[0,7] x B— X be continuous functions, where B is a subset
of X. We also assume that f(-,u(+)) : [0,7] — X is a bounded function and there
exists a constant Ly > 0 such that

1f(t,u(s)) — f(s,0(s))llx < Ly([t = s[ + [[u(s) = v(s)llx)-
If we put t — s = —n in the second term on the right hand side of (4.1]) to obtain

t 0
/0 B(t — 5)f (s, u(s))ds = / k(=) f(t -+ 1, ult + n))dn

—t
= [ kst nuyan,

then can be rewritten as
% + At u(t))u(t) = F(t,u), (4.2)
where F : [0,T] x Cy — X given by

Fit.6)= [ K+ n)an,
here k is bounded on [0,77; i.e., sup;cp 7y k()] < Mz < oo, for some positive
constant My. For (t,9), (s,v¢) € [0,T] x Cp, we have

||F(ta¢)) - F(8,¢)‘|X
0 0
<| g k(—n)f(tJrn,cé(n))dn—/ k(=) f (s +n,4(n))dn|

—Ss

< / I+ . 600)

+ / (=L + . 6@) — £(s +m,0(m))llxdn

—S

< My Myt —s| + MeTLy ([t = s| + [[6(n) — ¢(n)llx)
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< Mo My [t — s[+ MaTLg([t — s| +[|¢ — ¥llc,)
< Lp(ft—s[+ ¢ —lle,),

where Ly = MyMy +TMsLy and || f(t, ¢)||x < M, for some positive constant Mj.

Thus all the conditions of theorem are satisfied, so we may apply the results
established in the earlier sections to ensure the existence and uniqueness of the
solution.
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